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Limit and Continuity

1.1 Functions

1.1 Definition: function

In the calculus of one variable, a function y = f(x) is a rule assigning a unique real
number y to a real number z in a subset D C R. Here z is called the independent variable
and y the dependent variable. The set D is called the domain of the function and the set R
of all y values is called the range of the function. The function is denoted by f, while f(z)
represents the value y at z, i.e., y = f(z).

1.2 Example: domain of function

1. The function f(z) = 22 assigns the square Y
22 for any number z. The domain D is the
whole real line, i.e., D = (—o00,+00). The
range R is the interval [0, +00).
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2. The function g(z) = 22 is defined on the Y
interval [—1,1]. The function g has the
same rule as the function f in (i) except y=9g(z)
the domains are different. The function :
f has the whole real line as the domain, w
while g has the closed interval [—1,1] as i

its domain. -z
. 1. Y
3. The function h(z) = _ s defined every- ’
where except at * = 0. So the domain
D is the whole real line with 0 deleted, 1
i.e., D = (—00,0) U (0, +00). The range R V=
is the whole real line with 0 deleted, i.e., L
R = (—00,0) U (0, +00). = o -

1.3 Example: natural domain of function

The domain of a function sometimes is not given explicitly. In this case, the domain can be
found from the expression of the function or from the context. It is called the natural domain.

1. The natural domain of the polynomial Y
f(x) = 23 + 1 is the whole real line.

/" '

2. The natural domain of the rational func- Y
tion ! I
()= —p—s |
. (x—1)(z+2) . @
. . . ’ (x—1)(x+2)
is the whole real line with —2 and 1 !
deleted, i.e., > X

D = (—00,—2) U (=2,1) U (1, +00).
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3. The function h(z) = \/z is defined for any Y
x > 0, so the natural domain is [0, +00).

> T

4. The function

k() =+ (z—1)(z + 2)

is defined for all  such that (z—1)(z+2) >
0. The inequality implies that = > 1
or x < —2. So the natural domain is
D = (—o00,—2] U [1, +00). -2 o 1

> T

2 _
5. The natural domain of p(z) = a
e

1
5 is (—00,1) U (1,+00). Note that x = 1 is not in

the domain of p since p(z) cannot be evaluated at = 1. If we let ¢(z) = = + 1 whose
natural domain is (—oo, +00), then p(z) = ¢(x) when a # 1. Be alert that p and ¢ are
not the same functions, since they have different domains.

1.4 Example: application - natural domain

Consider a rectangle with one side with
length = and the other side with length y.
Suppose the sum of lengths of four sides is L. Y
Then the area

L—2x

Alz)=z-y=x- 5 T

Since z is the length of one side, we have 0 < z < 17 So the natural domain of the
function A is the closed interval [0, %L] When z = 0 or 5L, the rectangle is degenerate, i.c.,
the area of the rectangle is zero.
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1.5 Example: transcendental functions

Typical transcendental functions are exponential functions, sine function, cosine function,
logarithmic functions. The following are examples of transcendental functions:
1/z

2™, 2%, logyx, x%, /% sinzx.

A general transcendental function is a function that does not satisfy a polynomial equation.

Exponential Functions

1.6 Definition: exponentiation and exponential function

For a positive number b (called the base) and a real number 5 (called the exponent), the
exponentiation b defines a real number.

The exponential function is f(z) = a”, where a is a positive number. It has domain R and
range (0, +00).

1.7 Theorem: Laws of Exponents

Let a, b be positive numbers and «, § be real numbers. The following laws of exponents
hold:

1. a®-af = a®*P. 4. (a-b)* =a™-b°.

1.8 Example: application - exponential function

A hot object tends to cool down to the surrounding temperature. Newton expressed this
as the following relationship (known as Newton’s Law of Cooling):

T(t) =T, + (TO - Te)a_t7

where T'(t) is the temperature at a time ¢, Tj is the temperature at t = 0, T is the temperature
of the environment around the cooling object, and a is some constant.
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Trigonometric Functions

1.9 Definition: trigonometric functions

Trigonometric functions of an acute angle
are ratios of different pairs of sides of a right-
angled triangle, as shown in the figure:

. opposite adjacent .
sinf=——— cos = —— &
hypotenuse hypotenuse o opposite
opposite adjacent
tanf = ———, cot = ———,
adjacent opposite [

cscf — hypoter'luse’ socf — hyp?tenuse adiacert
opposite adjacent
In general, for an angle 6, with 6 € [0, 27), Y
if we let P(z,y) be the point on the terminal
side of # and if let r be the distance |OP|, the Py
values of the sine and the cosine are defined
as " 9
sin@zy, cosf = 2. -z
T T o

For 6 outside [0,27), the values of the sine and the cosine are defined in terms of the
following periodic property:

sin(f + 27) = sin 6, cos(f + 2m) = cos .

sin 0

The tangent function is defined by tanf = The cosecant, secant, and cotangent

cosf’
function are the reciprocals of the sine, cosine, and tangent functions.

) Y

sin 0 cos b

0] z i 3m 7
=1 =1
domain:  (—o0,00)

range: [-1,1] range: [=1,1]

g
B
Q

tan 0 cot 6

} } }
| | |
| | |
o = el o : \‘9
1 !
! !
| |
| |
| |

I

I

I

I

I

I
domain: (—o00,00) — {+3,£3F, ... domain:  (—o0,00) — {£m, +3m,...}
range: (—00, 00) range: (=00, 00)
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J

5 ) : 0 0

A

domain:  (—o0,00) — {*m, +3m,...} domain: (—o0,00) — {£3,£% ...}
range: (=00, —1] U [1, 00) range: (=00, —1] U [1,00)

1.10 Theorem: exact values on special angles

For some special angles between 0 and 7, we have the following table of exact values:

degree | radian sine cosine

0° 0 0 1

o ™ 1 V3

30 6 3 7

o s V2 V2

45 1 7 7
o T \/§ 1
60 3 Pl 3
90° o 1 0

For other trigonometric functions, the exact values at these special angles can be obtained
by using
sin 0 cosf 1 1

tanf = —— cot) = — secl = —— cscl = .
. cosf’ sinf’ cosf’ sin 6

For angles in other ranges, one may use the following equalities:

sin(x + 7) = —sinz, cos(x 4+ 7) = —cosz, tan(zx+ w) = tanuw,
csc(z +7) = —cscx, cos(x+ m) = —secx, cot(x+ )= cotuz.

1.11 Theorem: Two Key Identities of Trigonometric Functions

e The basic relationship between the sine
and the cosine is given by the Pythagorean
identity: Y
sin? 6 + cos® 6§ = 1.
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e Fuler’s formula, the fundamental rela- Im
tionship between the trigonometric functions
and the complex exponential function: for ¢’ = cosf + isind
any real number 6:

sin 6

¢ = cosf + isin#, = — Re
COos

where 7 is the imaginary unit satisfying % =
—1.

Remark: complex functions

e Any complex number can be expressed in the form a + bi, where a and b are real
numbers. The number «a is called the real part of a + bi, and b is its imaginary part.

e The complex exponential function e*’ can be treated similarly as other real expo-
nential functions.

e Many trigonometric identities can be proved by using the Pythagorean identity
sin? @ + cos?§ = 1 and Euler’s formula e*’ = cosf + isind. For instance, from the
following:

cos(a+ B) + isin(a + 3)
_ ei(aJr,B) — eia . eiﬁ
= (cosa +isina) - (cos 8+ isinf)

= (cosa cos B — sin a sin B) + i(sin « cos § + cos a sin 3),

by identifying the real and imaginary parts on both sides, we have the angle sum
identities:

cos(a+ ) = cosa cos B — sin « sin 3,

sin(a + ) = sin a cos 8 4 cos « sin §.

e The proof of Euler’s formula requires advanced knowledge of mathematics, so is
omitted here.

1.12 Example: piecewise function

There are various ways to express functions, numerically, graphically, or using mathemat-
ical expressions.

Some functions may have different mathematical expressions over different parts of its
domain. Here are some examples.
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1 Y
x, if x <0;
f(x)—{ sinz, if x> 0. ) y=1/@)
x
-1 (0] i m
1 \\\\_///
2 Y
[ cosz, ifx#0;
9(5”)_{ 0, ifz=0. vmo@ 1

3. Y
cosz, ifx<—1; y = h(z) 2
h(z) =< sinz, if -1<z<1; "
2, if x > 1. /
x
—or  _3 - L1 O 1
2}\\_,///2 -1

1.13 MATLAB: symbolic function

MATLAB supports creating the symbolic function with the help of the command syms.
There are two ways to creat a symbolic function in MATLAB. The first way creates the
symbolic function by first creating the symbolic variable. The following example shows how
to create the function y = f(x) = 22 through creating the symbolic variable x.

>> syms X;
>> y = x72;

where syms x creates the symbolic variable x.
The second way is to create the symbolic function and the symbolic variable simultaneously,
which is shown in the following:

>> syms f(x);
>> f(x) = x72;

where syms f(x) creates the symbolic function f (x) as well as the symbolic variable x.

Moreover, we can plot the figure of y = f(z) = 22 using the plot command in MATLAB.
The MATLAB code below shows how to plot the function y = f(z) = 2? in the domain
D =[-1,1].
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> x = -1:0.01:1;

>> figure

>> plot(x,x.72)

>> xlabel('x"')

>> ylabel('y = x72')

With the above MATLAB code, we can generate the figure of y = f(z) = 22 in the domain
D = [-1,1], shown in the following:

\. J

1.14 Engineering Example: signal

The signal is a basic concept in signal processing, communication systems and electrical
engineering. Signals in nature are mathematical functions. For example, the independent
variable can be the time; while the dependent variable can be electric current, flow rate,
sound, motion of an object, and energy, etc.

1.2 Limit

1.15 Example: behaviors near a point

Consider two types of behaviors of functions near a point.

1. Consider f(z) = x2. When z approaches Y
0, f(z) approaches 0. \ !
y=a?
\
-1 O 1 v

1 1
2. Consider g(z) = - and h(z) = sin = When z approaches 0, both g(x) and h(x) do

not approach any finite number.
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1.16 Definition: limit of function

We say a function f with domain D has a finite limit L at a if f(z) approaches L when

x € D approaches a. In this case, we write lim f(z) = L.
r—a

1.17 Example: tangent line

Consider the function f(z) = 222 and the
tangent line of the graph of y = f(z) at x = 1.
We first consider the secant line of the graph
near r = 1.

The secant line passes through two points

Py=(1,3) and P = (14 h,3(1+ h)?). The

slope of the secant line is

%(1+h)2—%: B
(1+h)—1 h 2

S(h) =

As the point P approaches Py, i.e., as h approaches 0, the secant line approaches the
tangent line. In the language of limits, the tangent line is the limit of the secant line. Hence
the limit of the slope of the secant line is the slope S of the tangent line, i.e.,

1(1+h)?

secant line

tangent line

S = lim S(h) = }llir%(l +in)=1.
—

h—0

1.18 Example: eliminating the zero factor

=1
Consider the function f(z) = xgil The
B —

function is not defined at 1. In fact, if we sub-
-1 0

stitute x by 1 in L, we will get —, which
2 -1 0

is meaningless.

However, the limit of the function,
-1

lim ——, only involves values of the func-
r—1 11,‘2 —1

tion near x = 1, but not the value at z = 1.

-1
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Indeed, the value of the limit is %, that can be obtained by eliminating the same “zero”
factor  — 1 in the numerator and the denominator:

i z—1 I r—1 factori
im =lim —— actorin,
e=122 —1 o1 (z4+1)(z—1) &
1
= lim cancelling 0-factor
z—1x+1

— 1
=3,

This example shows that the limit of of a function at x = 1 is irrelevant to the actual value
of the function at x = 1.

Note that in the definition of limit, we do not require a in the domain D. In
particular, the actual value of f(a) even when a € D plays no role in the definition of
limit as shown in the current example.

1.19 Example: search for rigorous definition of limits (optional)

The intuitive definition of the limit of a function f(x) at = a is that f(z) approaches a
number L when z approaches a. To phrase in another way, lim f(z) = L if, when z is close
r—a

to a, f(z) is close to L.
Consider two functions

We know that
lim f(z) = 0= lim g(z).
When z is close to 0, say |z| < 0.01, f(z) = 22 is close to L = 0, i.e. |f(x)—0| = |z2| < 0.0001.
For the function g(z) = /z, if we choose |z| < 0.01, then we can only obtain |g(z)| < 0.1.
Even though 0.1 is a small number, the number 0.0001 is much smaller than 0.1. If we require
lg(z)| < 0.0001 = 10~%, we need to choose |z| < 1075,
Now we can rephrase li_r>n f(z) = L as follows: we can make f(x) arbitrarily close to L by

choose = sufficiently close to a.

In the above example, if we make f(x) = 22 close to 0 within 0.01, we choose z close to 0
within 0.1; if we make g(x) = v/ close to 0 within 0.01, we choose x close to 0 within 10~8.

The statement “we can make f(z) arbitrarily close to L” can be phrased as “Given a
positive €, which might be very small, we require |f(z) — L| < €”; the statement “choosing
x sufficiently close to a" can be rephrased as “there exists a positive number § such that
|z —al <4."

Now we can write the rigorous definition of limit ilg}l f(x) = L as follows:

Given an € > 0, there exists § > 0 such that, whenever |z —a| < §, we have |f(z) — L| < e.

For the function f(z) = 2, given ¢ = 0.01, there exists § = 0.1 such that, whenever
|z| < § = 0.1, we have |f(z) — 0] = |z2| < € = 0.01; given € = 0.0001, there exists § = 0.01
such that, whenever |z| < § = 0.01, we have |f(z) — 0| = |2%| < e = 0.0001.
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1.20 Definition: rigorous definition of limit (optional)

Th limit of f(x) equals L as 2 approaches a, denoted by

lim f(z) = L,

r—a

if, given an € > 0, there exists § > 0 such that, whenever |x — a| < §, we have |f(z) — L| < e.

1.21 MATLAB: limit

MATLAB can calculate the limit of a function with command limit. The following ex-
ample shows how to calculate the limit of f(x) = 2% when x approaches 2, i.e., lim2 22, in
T—r

MATLAB.

>> syms X;
>> limit(x"2,x,2)

ans =

4

MATLAB returns 4 as the result of the limit. .
The following example shows the calculation of lim - 1 in MATLAB.

r—1 1’2 —

>> syms x;
> f = (x - 1)/(x"2 - 1);
>> limit (f,x,1)

ans =

1/2

MATLAB returns % as the result of the limit.

1.22 Engineering Example: unit-impulse signal

Consider the function pe(t)
® 2%, if —e<t<e
Dell) = e
‘ ,  otherwise.

The graph of p.(t) is shown.
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Clearly, as € gets smaller, the graph of p.(t) 3(t)
gets narrower and taller. In particular, as
e — 0, the function p.(t) approaches the
Dirac delta function §(¢), and can be mathe-
matically written as

= t
o(t) = lim p (). 0

Note that the Dirac delta function equals to 0 everywhere except for 0, and the “area”
under the function equals 1. The Dirac delta function §(t) is depicted as shown.

In engineering fields, especially signal processing, the Dirac delta function is also known
as the unit-impulse signal. The output of a system with the unit-impulse signal input is
called the unit-impulse response. The unit-impulse response can completely describe a linear
time-invariant (LTI) system, such as communication channels.

Limit Rules

1.23 Theorem: arithmetic rules of limits

Suppose lim f(z) and lim g(z) exist. Then the following rules hold.
Tr—a r—a

1. Sum Rule:
lim [£(z) + g(2)] = lim f(z) + lim g(z).

Tr—ra Tr—a

2. Difference Rule:

lim [£(z) — g(2)] = lim f(x) — lim g(a).

r—a Tr—ra r—a

3. Product Rule:
lim [f(z) g(z)] = lim f(z) - lim g(z).

r—a r—a Tr—ra

In particular, lim [cf(z)] = ¢ lim f(z), where ¢ is any constant.
r—a r—a

4. Quotient Rule: If lim g(z) # 0, then
r—a

f@) _ Jm f@)
M g@)  Hmg(e)’

1.24 Example: arithmetic rules

Using the product rule of limits, we get lim 22 = (lim x)? = . By induction, it is easy

r—a r—a

to have lim z™ = a™ for any positive integer n.
r—a
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Then using the sum rule of limits, we get

lim (cpz™ + cp12™ 4 -+ 1z + )
r—a
= cpa™ + cp_1a™ N+ - 4 cra + cp.

Thus for any polynomial f(x), we have liLn f(x) = f(a).

If f(z) and g(x) are polynomials with g(a) # 0, then for the rational function r(z) = f@)

g(x)’

by using the quotient rule, we have

o ) mS@) g
A = I @) T g~ g@)

1.25 Pitfall: arithmetic rules - conditions not met

For every arithmetic rule, there are associated conditions under which the rule holds. If

these conditions are not all satisfied, then the corresponding rule may fail.
2

For example, if we hope to calculate lim we cannot directly apply the quotient
T—>

14 -1’
rule since lim (z4 — 1) = 0.
z—1

The correct way to calculate the limit is Y
first to simplify the expression by eliminating I B
the “zero” factor: y= %
z% -1 _ z2 —1 1 /
zi—1 (22-1)(z2+1) z2+1 5\\
-1 O 1 v
Then we can apply the quotient rule to get

ooz . 1 1
lim = lim ——— = 3.
14 —1 1 32 + 1

1.26 Theorem: Squeeze Theorem

Suppose

1. f(z) < g(z) < h(z) near a (not necessarily at a).

2. lim f(x) = lim h(z) = L.

r—a r—a

Then lim g(z) = L.

r—a
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1.27 Example: Squeeze Theorem

Calculate lim 2z sin —.
z—0 xT

We cannot use the product rule since
o1 .
lim sin — does not exist. However, we can

x—0 xT
apply the Squeeze Theorem. In fact, since

0<

xsin —| < |z|, we have
x

o1
—|z| < zsin — < |z
4

1
Because lim |z| = lim (—|z|) = 0, by the Squeeze Theorem, we get lim xsin — = 0.
x—0 z—0 z—0 xT

1.28 Example: Squeeze Theorem and arithmetic rules

r—1

1 1
Calculate lim (z — 1)? < 1T sin 1>.
x? — x —

can be made arbitrarily large when x approaches 1 and sin

Since the values of 5
T2 — T —

1 1
is bounded by 1, 5 + sin . does not have limit (or approaches co) and is not
x? — x —

bounded either. Thus we can apply neither the product rule nor the Squeeze Theorem.
However, we can do the following changes before we take the limit:

1 1
p— 2 1
(x—1) <m2_1+smx_1)
1

= (Jj = 1)2 . m + (l‘ — 1)2 sin r—1 expanding
-1
=7 il + (z — 1)2 sin T cancelling O-factor
x r —

For the first term above, we have

x—1

im = applying the quotient rule
z—=1x+ 1

For the second term, since

—(z—1)2 < (x —1)%sin 1 - <(zx—1)?

T —

and both (z — 1)? and —(z — 1)? approaches zero as * — 1, we apply the Squeeze Theorem
and get

1
i — 2 =]
J%1_>ml(:v 1) sin — 0
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One-Sided Limits

1.29 Definition: one-sided limits

We write
lim f(z)=1L
r—a—
and say the left-hand limit of f(z) as x approaches a [or the limit of f(z) as = ap-
proaches a from the left] is equal to L, if f(x) is arbitrarily close to L for all x sufficiently
close to a with z < a.

Similarly, we write
lim f(z)=1L
x—at
and say the right-hand limit of f(z) as = approaches a [or the limit of f(x) as x ap-
proaches a from the right] is equal to L, if f(z) is arbitrarily close to L for all z sufficiently
close to a with > a.

1.30 Theorem: relationship - the limit and the one-sided limits

lim f(z) = L if and only if lim f(z) = lim_f(z) = L.

r—a rz—at

1.31 Example: one-sided limits

1. When we calculate the limit lir% \/, since
T—>

2 must be non-negative, we in fact are cal-
culating the right-hand limit lim /z.

z—0t
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2. Consider the function

_Joz+1, ifx <0
f@)_{ sinz, if x> 0. 4

e When z <0, f(z) =z + 1. So, y=f(z)1

/10 b \dw
2
-1

lim f(z)= lirgl_(x—i- 1)=1.

z—0—

e When z > 0, f(z) =sinz. So,

li = li inz = 0.

i B

Because lim f(x) # lim f(z), we conclude that the limit lim f(x) does not exist.
z—0~ z—0+t z—0

3. Consider the function

() = x, if z < 0;
g\ = sinz, ifz> 0. Y

e When z < 0, g(z) = . So, y=g(z)

lim g(z) = lim z=0.

z—0— z—0— 1 [9) 1 \ X
2

e When z > 0, g(x) =sinz. So, -

lim g(z) = lim sinx = 0.
r—0t g( ) r—0*

Because lim g(z) =0= lim g(x), we conclude that lim g(z) = 0.
z—0— z—0+ z—0

1.32 MATLAB: one-sided limits

The MATLAB command limit can also calculate the one-sided limit of a function. The

following example shows how to calculate the left-hand limit of f(x) = x? as x approaches
2,ie., lim 22, in MATLAB.

T—2~

>> syms X;
>> limit(x72,x,2,"'left')

ans =

4

MATLAB returns 4 as the result of the left-hand limit.

The right-hand limit of f(z) = 22 as x approaches 2, i.e., lim+ %
T—2

2. can also be calculated

using similar MATLAB code, shown as follows:

>> syms X;
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>> limit(x~2,x%,2, 'right')
ans =

4

MATLAB returns 4 as the result of the right-hand limit.

1.33 Example: lim sinz and lim cos x

Tr—ra r—ra

Firstly, let us calculate ilg% sin . Y

From the diagram, we see that the arc-
length from the point (1,0) to the point
(cos z, sin x) is equal to = which is bigger than
the blue side of the triangle with length equal
to sinxz. Thus when 0 < z < 7/2, we have
0 <sinz < z.

(cosz,sinx)

By the Squeeze Theorem, we get lim+ sinz = 0. Because sinz is an odd function, i.e.,
z—0
sin(—x) = —sinz, we further have lim sinz = lim [—sin(—z)] = 0. Thus we get
z—0— —z—0t
lim sinz = 0.
z—0
Furthermore, since

. . . T —a xr+a . rT—a
|sinz —sina| = |2sin cos < 2|sin ,
2 2
by the Squeeze Theorem, we get lim sin z = sin a.
r—ra
. PN =
Since cos z = sin (2 x) = —sin (3: 2), we have
lim cosx = lim [— sin (J; — g)]
Tr—a r—ra
=— lim sinz = —sin(a— %) = cosa.
r—a—7%

2

sin 6

1

im

1.34 Example: 1
6—0

sin 0
We cannot apply the quotient rule to calculate the limit girr(l) 5 since the limit of the
—

denominator is zero.
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We use geometry and the Squeeze Theo- Y
rem to calculate the limit. In fact, from the r
diagram shown, for 0 < 6 < 7, we have

Area AOSP < Area sector OSP

1 tan 6
< Area AOST, i 0
or 0
> T
O 0sf @ S
%~sin9-<ﬂ'12(9~ﬁ)<%-1-tan9. o
These inequalities give
sin 6
cosf < — < 1.
0
. . . .. sinf
Since lim cosf® = cos0 = 1, by the Squeeze Theorem, we obtain lim —— = 1. Because
0—0+ 6—0+ 0
sin @ is an odd function, we further have
in 6 in(—0 in 0
lim 227 — Jim sin(=6) — lim 2 1.
0—0— 0 0—0— —0 00+ 6
sin 0
Hence, lim — =1
6—0 0

Limits at Infinities

1.35 Example: limits at infinities

1
For the function y = —, we see that when %l
x
x takes arbitrarily large values, f(x) will ap-
proach 0. The line y = 0 is called the .
asymptote of the function. This is one of the V=3
key components in curve sketching. .
= -

1.36 Definition: limits at infinities

o If the values of f(x) can be made arbitrarily close to L by taking z sufficiently large
positive values, then we write
lim f(z)=L.

r—+o0

e If the values of f(z) can be made arbitrarily close to L by taking x sufficiently large
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negative values, then we write
i ) = e
e If the values of f(z) can be made arbitrarily close to L by taking |z| sufficiently large
values, then we write
lim f(z) = L.

Tr— 00

1.37 Definition: horizontal asymptote

The line y = b is called a horizontal asymptote of the curve y = f(z) if either

or
L Sl

1.38 Example: horizontal asymptote

The arithmetic rules and the Squeeze Theorem still hold for limits at infinities.

2
. . ¢+ 1 . . o
For the rational function —————, we can apply some arithmetic rules of limits to
202 +x+3
calculate the limit at infinity:
2
a5 1
xlglgo m comparing the leading powers
1
1+ -
= lim T L 3 dividing each term by z2
x

=

1
lim (1 + 2)
T—00 a8
= 1 3 =3 using the arithmetic rules of limits
lim (2 + -+ 2)
T—00 x X

Thus, this function has a horizontal asymptote x = %
Y
A
B 22 +1
=3 r2+2+3
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1.39 Example: limit at infinity - difference of two radicals

Rationalizing radicals is a usual approach to deal with limits of this type before applying
arithmetic rules:

lim (Vz+1-+x)

r—+o0
. (Ve+1-vo) (Ve +14 a) Y kv
= lim multiplying —————
o oo NCESEE NCES T
———\2
= lim ( T 1) — (\/E)Q simplifying
z—+oo x4+ 1+ /x
. 1 e
= EEI_POO m simplifying
=0.
This shows that y = 0 is a horizontal Y

asymptote of the function.

O 1

> T

1.40 MATLAB: limits at infinities

With the help of positive infinity inf, MATLAB can calculate the limit of a function at
infinities. The MATLAB code in the following shows how to calculate ll}r_’l:l (Ve +1-x).

>> syms X;
>> f = sqrt(x+1)-sqrt(x);
>> limit (£f,x,inf)

ans =

0

From the MATLAB code above, we see that

lim (Vz+1-+vz)=0.

T—r+00

1.41 Example: limit at infinity - polynomials

Let f(x) = 2" + ay,_12" ' 4+ .-+ + a17 + ap be a polynomial. We can rewrite

f@y=a" (1422 4.4 20,

x xm
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ap—1

a
When z approaches 4oo, the term 1+ + -+ —: approaches 1, and the term x"
x

approaches co. In fact, if n is an even integer, ™ approaches +oo; if n is an odd integer, x™
approaches +co. Thus we get the following useful result:

e When n is an even positive integer, a degree-n polynomial f(z) = z™
approaches positive infinity when x approaches infinites.

e When 7 is an odd positive integer, f(x) = 2" +a,,_12" '+ - -+a12+ay approaches posi-
tive infinity (respectively, negative infinity) when x approaches positive infinity (respectively,
negative infinity).

+ -+ a1z + ag

1.42 Example: limits at infinity - slant asymptote

. _ 3 —22% +1 e
Let us study the behaviors of the function f(z) = —5gz o hear the infinities.
x
We factor out the highest power in numerator and denominator and have
2 1 2 1
S1-=+ = 1——+—
2 —22+1 < m+x3> ( x+x3)
= =X - .

522 11 1 1
v $2(2+2> <2+2)
i X

By applying the arithmetic rules, we have
2 1

(1-2+2) ,
T x 4
1

(2+ %)

lim 1 (@)
r— 400 xT
Furthermore, we have
A @) = 32]

. 23— 252+ 1 1
Im (—F—5—F— 357
222 +1

422+ — 2 _
422 4+ 2 -

We see that as © — 400, the difference between f(z) and %z — 1 approaches zero. This

means that, near the positive infinity, the function y = f(x) behaves like the function y =
%x — 1. Similarly, the function also behaves like the function y = %x — 1 near the negative

infinity. The line y = $z — 1 is called a slant asymptote of the function f(z).

lim
T—r 400

=

lim
r—r+00

so that

= lim
T—r+00
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Remark:

An alternating approach of finding a slant asymptote for a rational function is to
use polynomial long division. For the above example, the long division gives

e —202+1=(3z-1) (22> + 1)+ 3(—x+4)
so that 5 )
—2z2 41 —z+4
w:%%HL,
222 + 1 422 42

The quotient %x — 1 gives the slant asymptote of the function f.

1.43 Engineering Example: initial value theorem

In electronic engineering and control system, the time-domain behaviour of a system can be
characterized by the step response, which is the output of a system in the time domain when
the input is a unit-step function. The unit-step input means the input changes from 0 to 1
in a very short time. In other words, there is a sudden input. Note that a sudden input may
cause a fast and possibly large system performance deviation from its long-term steady state,
which may have severe effects on a certain system component or even the overall system.
Moreover, if a sudden input occurs, it may take time for the system output to settle down to
some vicinity of its final state before the system can act properly. Hence, it is important to
understand how the system responds to a sudden input, i.e., understand the step response.

The initial slope of the step response is one of the important quantities to describe the
step response. One way to calculate the initial slope of the step response is to use the Initial
Value Theorem. Let the initial slope of the step response of a system be denoted by
}% f(¢), the Initial Value Theorem says that

lim f(t) = lim sF(s),
where F(s) is the (one-sided) Laplace transform of the step response f(t) and s is a complex
number frequency parameter. Note that the Laplace transform provides an alternative way
of analyzing the system in the frequency domain.

Now, we use the Initial Value Theorem to
calculate the initial slope of the step response

for a resistor-capacitor (RC) circuit. —
Given that the step response of the RC cir- 2
cuit is ve(t) = (1 - e’ﬁ) u(t), where R is .
+ )
the resistance of the resistor, C'is the capaci- urlt) C—) C— vl
tance of the capacitor and u(t) is the unit-step
function, then the Laplace transform of this

IH

step response is Vo (s) = m
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According to the property of Laplace transform, the Laplace transform of the slope of the
step response can be calculated as

1

Then, we use the Initial Value Theorem to calculate the initial slope of the step response and
have

: ] R S 1
B d)= B @RG)= I e T = W

1
This shows that the initial slope of the step response is RO

1.44 Engineering Example: final value theorem

A system or process is in a steady state when the behaviour of this system or process
is unchanging in time. The steady state is an important concept in many fields, e.g., eco-
nomics, electronics, chemical engineering, etc. For example, many design specifications of
the electronic systems are given in terms of the steady-state characteristics. Given that the
step response of a system is f(¢), then the steady state of a system is defined as tiigloo f(@).

According to the definition, the steady state can be obtained by calculating the limit of the
step response when time ¢ approaches infinity. Alternatively, we can use the Final Value
Theorem to calculate the steady state. The Final Value Theorem is provided in the follow-
ing.

Jim_7(2) = lim P (s,
where F'(s) is the (one-sided) Laplace transform of f(¢) and s is a complex number frequency

parameter. Note that the Laplace transform provides an alternative way of analyzing the
system in the frequency domain.

Now, we use the Final Value Theorem 1

to calculate the steady state of a resistor- f
capacitor (RC) circuit.

Given that the Laplace transform of the vr(t) c
1

s(RC-s+1)’
where R is the resistance of the resistor and
C is the capacitance of the capacitor.

step response is Vi (s)

IH

By applying the Final Value Theorem, we have

. . L 5 B
tl}inoovc(t) o 21—{% ele) = gl—{% s(RC-s+1) =1

This shows that the steady state of the RC circuit is 1.
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Infinite Limits

1.45 Example: infinite limits

1 1
We know both functions f(z) = sin — and g(x) = — do not have limit at 2z = 0. However,
9 9

we do know the behavior of g(x) near 0. In fact, when = approaches 0 from the right (z > 0),
the values of g(z) can be made arbitrarily large positive, and when x approaches 0 from the
left (z < 0), the values of g(z) can be made arbitrarily large negative. The infinite limits are
related to vertical asymptotes of the graph of a function.

1.46 Definition: infinite limits

o If the values of f(x) can be made arbitrarily large by taking x sufficiently close to a (but
not equal to a), then we write
lim f(z) = oco.

r—a

o If the values of f(x) can be made arbitrarily large positive by taking = sufficiently close
to a (but not equal to a), then we write

lim f(z) = +oo.

r—a

o If the values of f(x) can be made arbitrarily large negative by taking x sufficiently close
to a (but not equal to a), then we write

lim f(z) = —c0.

r—a

Similarly, if we take z sufficiently close to from the left-hand side or the right-hand side of
a, then we can define

lim f(z) = oo, lim f(z) = +oo, lim f(z) = —oo,
and
lim f(z) = oo, lim f(x) = +oo, lim f(z) = —o0.

r—at r—at r—at
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1.47 Definition: vertical asymptote

The line = = a is called a vertical asymptote of the curve y = f(x) if at least one of the
following is true:

lim f(z) = +oo, lim f(z) = +oo, lim f(z) = +o0,
r—a T—a— rz—at
lim f(z) = —o0, lim f(z) = —o0, lim f(z) = —o0.
r—a T—a— r—at

1.48 Example: vertical asymptotes

x
(z —1)(z+2)

When z approaches 1 from the right, z — 1 approaches 0 and the values of f(z) can be
made arbitrarily large. To determine whether it is the positive infinity or negative infinity,
let us check the sign of f(x). In fact, when z approaches 1 from the right, (z — 1) > 0,
x + 2 approaches 3 and hence, for z near 1 and x > 1, f(z) has the positive sign. So

lin{lJr f(z) = +00. Hence x = 1 is a vertical asymptote for the graph of the function. One
x

Consider the function f(z) =

can calculate similarly to get

li =
Jlim f(z) = —oo, y
lim f(z) = 400, 1
z——2+ I
Az, f(z) = oo Ve
: > T

0 since when x — oo, if we ignore —1 in |
(x—1) and 2 in (z + 2), we get lim f(z) = !
T—r 00 |

|

|
|
|
|
:
It also has a horizontal asymptote line y = 2 O\ 1
|
|
|
|
|

1.49 Pitfall: zero of the denominator <% vertical asymptote

z2 —1
Consider the function f(z) = ————.
f(@) (x+2)(x—1)
The denominator equals (z + 2)(z — 1) which have two roots x = —2 and = = 1. It seems
f(x) should have vertical asymptotes © = —2 and = = 1. However,
i z2 —1
im ———
@ E-1
—1 1
= lim w factoring the numerator
2N @r@-1)
1
— lim ~ + cancelling 0-factor
z—1 1 + 2

2

= 3.
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Thus x = 1 is not a vertical asymptote of
the function. This example shows that a zero
of the denominator is not necessarily a verti-
cal asymptote.

1.3 Continuous Functions

1.50 Example: continuous function - motivation

Consider the following functions: f(x) = m, g(x) = E, and h(z) = x. The graphs are
45 x
given below.

Y

y y 1

A A

y=f(=) 1 i) L y = h(z)
O 1 - o] 1 - [0 >
=il

We can see that the graph of h(z) moves continuously as z moves along the z-axis while
the graphs of both f(z) and g(z) have a break at z = 0. In order to distinguish these two
different behaviors of functions, we introduce the concept of continuous function. Let us
check the difference between these three functions in order to get a correct definition. For
the function f(x), the limit ili% f(z) does not exist. For the function g(x), the limit ili% g(x)

exists but g(x) is not defined at x = 0. For the function h(x), the limit lirr%J h(x) exists and
z—

equals the function value at z = 0, i.e., lirr%) h(z) = h(0).
T—

1.51 Definition: continuous function

e A function f is continuous at x = a if

1. lim f(z) exists;
r—a

2. f(z) is defined at = = q;




28

Limit and Continuity

3. lim f(x) = f(a).

r—ra

e A function f is continuous in an interval (o, §) if it is continuous at every number in

the interval.
e A function f is continuous on an closed interval [, 8] if it is continuous at every

number in the interval (a, 8), and also continuous at the endpoints. The latter means that

lim f(z)=f(o) and lim f(z) = f(B).

z—at [~

e If f is not continuous at a point @ in its domain, we say that f is discontinuous at a.

1.52 Theorem: continuity with arithmetic operations

If f and g are continuous at a and c is a constant, then the following functions are also

continuous at a:
1. f+g; 4. [-g;

2. f—g;

3. cf; 5. g, provided that g(a) # 0.

1.53 Example: discontinuous functions

1. Consider the function Y
A
I
—, ifx #0; y=f(z) 1]
fl)=q =
0, if z = 0. o z
=il
It is easy to calculate the one-sided limits:
lim f(z) = lim =l _ — 1,
z—0~ z—0—- X z—0- T
lim f(z) = lim Jzl = lim ~=1.
r—0+ z—0t T z—0t X

Since the left and right-hand limits are not equal, the limit lirr%] f(z) does not exists.
z—

Hence, the function f is not continuous at x = 0.

2. Consider the function Y
A
= if 75 0; y = g(z) q
gle)=9 &
0, ifz=0. - . z
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It is clear that g(x) =1 if 2 # 0, so that

lim g(z) =1, lim g(z) =1.

z—0~ z—0F

Since the left and right-hand limits are both equal to 1, the limit lin}) g(z) exists and
z—

equals to 1. However, since lir% g(z) =1 # g(0) = 0, the function is not continuous at
r—r
2 = (0,

1.54 Example: continuous elementary functions

Besides the facts on continuity under arithmetic operations, we can prove the following
elementary functions are continuous in their domains.

1. Polynomials are continuous in R.
2. The functions sin z and cos x are continuous in R.

3. If n is an odd positive integer, the function f(xz) = ¥/ is continuous for all z. If n is
an even positive integer, the function f(x) = {/x is continuous for all = > 0.

Composite Functions

1.55 Definition: composite function

Let f and g be two functions such that the range of g is contained in the domain of f, we
can get a new function, called the composite function h, defined by h(x) = f(g(z)).

1.56 Example: composite functions

Let f(z) = v/x and g(z) = 2% + 1. Then
the composite function f(g(x)) = vz?+ 1.
Note that the composition of two functions
depends on the order of the composition. For
example, g(f(x)) = (Vx)? +1 =2+ 1. Thus
Fg()) # 9(£(2).

In fact, f(g(x)) and g(f(x)) have not only
different expressions, but also different do-
mains: the function f(g(x)) is defined for all ol 1
real number z; the function g(f(x)) is defined
for x > 0.

MATLAB can show the composite function with command compose. The following exam-

1.57 MATLAB: composite function
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1
ple shows the composite function h(z) = f (g(x)), where f(x) = — and g(z) = 1 + 22.
45

>> syms X;

>> f = 1/x;

>> g = 1+x72;

>> h = compose(f,g)

1.58 Theorem: continuity of composition of continuous functions

Given two continuous functions f and g such that the composition f(g(x)) exists. Then
the composite function f(g(x)) is continuous.

1.59 Example: continuous composite functions

Let f(x) = sinz and g(z) = 2 + 1. Then the composite functions f(g(z)) = sin(x? + 1)
and g(f(z)) = (sinx)? + 1 are continuous.

Intermediate Value Theorem

1.60 Theorem: Intermediate Value Theorem

Let f be a continuous function over a closed interval [a, b]. For any number £ between f(a)
and f(b), there exists at least one ¢ in the interval [a, b] such that f(c) = &.

@) peomccmcsccsscas ] o) p--------------- ‘
g / 5 /
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1.61 Remark: key hypothesis in the Intermediate Value Theorem

Continuity of f is the key hypothesis in the Intermediate Value Theorem. If f is not
continuous, then the conclusion of the theorem may not hold.

For example, consider the function f de- Y

fined on [—1, 3]: i
y = f(z)
sinz, if0<z<1; 2
f(x)_{z ifl1<z<3. §=15f----------

Clearly, f(0) = 0 and f(3) = 2. For the in- .z
termediate value £ = 1.5, there is no values ¢ o f 8
in [0, 3] such that f(c) = 1.5.

1.62 Example: Intermediate Value Theorem - existence of roots

1. Consider the function f(z) = 3. It is Y
clear that f is continuous on [—1, 1], with
f(=1) = =1 and f(1) = 1. To see whether 1

there exists ¢ in the interval [—1,1] such

that f(c) = 0, we examine the equation

f(xz) = 0. Such a solution is a root of f. = 0 R
It is easy to see that f indeed has a root /

¢ = 0, for which we do not need to apply

the Intermediate Value Theorem.

2. Consider another function g(z) = 23 —5z+ Y
2. It is not obvious that g has a root in I
[0,1]. However, it is clear g is continu- 2 = 5r 42
ous, with ¢(0) = 2 and g(1) = —2. Since \

-2 < 0 < 2 (ie., 0 is an intermediate

value), from the Intermediate Value Theo-
rem, there exists ¢ in the interval [0, 1] such
that g(c¢) = 0, i.e., g(z) = 0 has a root in
the interval [0, 1].

1.63 Example: Intermediate Value Theorem - third-order polynomial

The Intermediate Value Theorem can be used to show that f(z) = ® +ax? + bz + ¢, which
is continuous everywhere, always has a real root for any numbers a,b and c.

In fact, since liIJIrl f(x) = +o0, there exists b > 0 such that f(b) > 0. Similarly since
Tr—r+00

lim f(z) = —oo0, there exists a < 0 such that f(a) < 0. Because 0 is an intermediate value
r—r—00

of f(a) and f(b), from the Intermediate Value Theorem, on the closed interval [a,b], there
exists ¢ in [a,b] such that f(c) = 0.
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1.64 Engineering Example: amplitude modulation

Communication technology plays an important role in modern society by connecting peo-
ple together. For example, radio broadcast program has been very popular for providing
information and entertainment to people. There are two popular transmission technologies
used for radio broadcasting, namely, AM (amplitude modulation) and FM (frequency mod-
ulation). For both schemes, the programs (music, news, stories, etc.) are brought to people
by radio waves, which serve as the carrier signal. In particular, in AM, the carrier signal is a
sinusoidal function, and the sinusoidal waveform is modulated by an information-bearing
audio waveform before transmission. In this way, the amplitude (signal strength) of the
carrier signal is varied in proportion to the information-bearing signal to be transmitted.

1.65 Engineering Example: sinusoidal function - signal processing

An engineering system usually can be described by its response to a certain input function.
The sinusoidal function is one of such input functions. The sinusoidal function, denoted as
sin z, is one of the trigonometric functions, which is thus a periodical function. The sinusoidal
function sin x (i.e., with period 2) is plotted in the following.

Many systems, e.g., audio system, can be described by their responses to the sinusoidal
function. For linear time-invariant (LTT) systems, the sinusoidal input is especially important,
because the output is also a sinusoidal function with the same frequency as the input, but
possibly different amplitudes and phase angels. Then, the frequency response, which is an
important way of charactering a system, will be utilized to measure the amplitude and the
phase angel of the sinusoidal output.

1.66 Engineering Example: sinusoidal function - aeronautics and astronautics

As one of the four “earth-like” terrestrial planets in the solar system, Mars has been
explored by multiple organizations and space agencies. For example, the National Aeronautics
and Space Administration (NASA) has been exploring Mars for more than 40 years. In
January 2004, NASA landed on the surface of Mars with the Mars exploration rovers, spirit
and Opportunity. However, humans have not landed on Mars yet. To successfully complete
the “human landing on Mars” mission, the communication between Mars and Earth is vital.
But, there is normally a significant communication delay due to the long distance between
these two planets (on average, over 100 million kilometers). Since Mars and Earth orbit Sun
at different rates, the distance between them is constantly varying. A natural question thus
arises as to when is Mars closest to Earth (so that the communication delay is the smallest)?
According to some data collected by NASA scientists and equipments, it turns out that the
distance between Mars and Earth can be modelled as a sinusoidal function (with shift),
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which is plotted in the following.

Y (x108 km)

y = 1.72sin (555t) x 10° +2.27 x 10°

386
4

2.27

0.557

t (x102 days)

O 2 4 6 7.72 10

We can see from the above figure that the distance between Mars and Earth is in a 772-day
(i.e., around 26 months) cycle and the closest distance between these two planets is around
5.57 x 107 kilometers. Given that the radio waves which can carry information travel in space
at the speed of light, the one-way communication time is around 3.1 minutes when Mars is
closest to Earth.

1.67 Engineering Example: unit-step function

In mathematics, the unit-step function is Y
defined as follows:
9 y=H(z) 1T
H(z) = 1, ifx>0;
10, ifz<O. T
-1 |0 1

It is a discontinuous function and not contin-
uous at x = 0.

The unit-step function is a fundamental function in engineering and can be widely applied
to many fields, e.g., circuit analysis and communication systems. In particular, for circuit
analysis, the unit-step function can model the behaviour of a switch (on/off). Moreover, it
can also describe sudden changes of the voltage or the current in a circuit. In communication
systems, the sum of unit-step functions can be used to represent waveforms.

1.4 Some Transcendental Functions

Exponential Functions

1.68 Theorem: properties of exponential functions

The exponential function is f(z) = a*, where a is a positive number.

1. The exponential function f(z) = a” has domain R and range (0, 4+00).

2. The exponential function f(z) = a” is a continuous function.
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3. The graph of the exponential function f(z) = a® depends the value of a.

4. If a > 1, then lim a®* =4ocoand lim a*=0;if 0 <a <1, then lim ¢ =0 and
T—+400 T——00 z—+o00

lim a* = +o0.
r——00

5. The following are the graphs of a” for various bases.

0.8" —

1.69 Definition: the number e

Among all exponential functions a® with different base a, there is a base which will play
an important role in calculus. This number is denoted by e, defined by

1\?
e= lim (1 + —) .
xr—r+00 a5

This limit exists and e is an irrational number, approximately 2.71828.

1.70 MATLAB: exponential functions

In MATLAB, the exponential functions can be simply written in the following form.

>> syms X;
>> f = 37x

where 3 is the base.
Specifically, the command exp can be used for the exponential functions with base e. The
following examples show the exponential functions e and e?, respectively.

>> exp (1)
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ans =

2.7183
>> exp (2)
ans =

7.3891

1.71 Example: exponential function - population growth

Suppose a bacteria culture with 100 bac-
teria triples in every hour. To write the Y

function describing the bacteria population !
growth, let x be the variable representing 2500
number of hours, and y = f(z) be the func- 2000
tion of bacteria population by z hours. We y =100 - 37
observe 1900
£(1) =100 x 3, o
f(2) = 100 x 32, 0
f(3) =100 x 3°. o ; ; e

So, in general, we get y = 100 - 3.

1.72 Example: exponential function - radioactive decay

Carbon-14 is a radioactive substance with half-life 5730 years. Half-life means that 1-pound
of Carbon-14 will be half-pound after 5730 years.

Suppose the initial amount of Carbon-14 is Ay and f(t) represents the amount after ¢
years. Then

f(0) = A,
f(5730) = Ao/2,
f(2 x 5730) = Ag/22.
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So, f(k x 5730) = Ag/2%. Let k x 5730 = ¢. Y
t A
Then we get k = 57307 so that the amount
of Carbon-14 after t-years is Ay
y = Ap - 27t/5730
A
f(t) = == = Ag- 2757, 05 x 4
QW .5 0
1 0.25 x Ag
If we further write a = 275730, then we get .
y = f(t) = Apa’, which is an exponential O|  570x1 5730x2 57303
function.

1.73 Example: exponential function - bank interest

A bank has a savings account with the annual interest rate r. Let P be the initial deposit.
If the bank provides interest m times per year, then after ¢ years, the amount A is given by

AzP(l—k%)mt.

If the interest is calculated continuously, i.e. let m go to infinity, the amount A is given by

r mt
A= lim P(H—)
m

m—+00
mrt
_ 7 T {(1+T) }
m——+00 m

:P[ i (1+ T)Tr

m——+oo m

—_

xrt
=P { lim (1+) ] = Pe™t.
T——+00 x

Here the number e appears naturally.

The graph compares different models for Y
fixed P and r. It shows that the yield in-
creases as m increases. In other words, the
bank will pay you more money if the inter-
est is compounded more often. The amount
will reach its maximum if the bank calculates
the compound interest (for which they will

avoid).

m = +00

m =4

m =1

> ¢ (year)
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Inverse Function

1.74 Definition: one-to-one

We say f(x) is one-to-one if it never takes on the same value twice, i.e., if z; # xa, then
f(x1) # f(x2), or equivalently, if f(z1) = f(z2), then x1 = x5.

1.75 Theorem: horizontal line test

A function is one-to-one if and only if no horizontal line intersects its graph more than
once.

1.76 Example: one-to-one functions

1. The function f(x) = 23 is a one-to-one Y
function. It is easy to check that if f(x1) =
f(x2), then x1 = x5. Tt is also easy to ver-
ify that the function f passes the horizon-
tal line test.

2. The function g(z) = 2? defined over

(—00,+00) is not one-to-one because
g(1) =1 = g(—1). It is easy to see that
the function fails the horizontal line test.

3. The function h(z) = x? with the domain

[0, +00) is one-to-one. In fact, if 27 = 3
and both x; and x5 are non-negative, we
must have 1 = zo. It is also easy to verify
that the function h passes the horizontal

line test.

1.77 Definition: inverse function

One can regard a function f with domain D and range R as a map f from D to R. If f
is one-to-one, then we can construct a map from R to D whose composition with f is the
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identity map. The corresponding function of the new map is called the inverse function.
Let f be a one-to-one function with domain D and range R. Then its inverse function f~!
has domain R and range D and is defined by

fTly) =2 <= fl@)=y

for any y in R. Thus,

domain of f~! = range of f,

range of f~! = domain of f.

Theorem: cancellation equations

-1

The function f and its inverse function f~" satisfy the following cancellation

equations:
L (f(z)) = for every x in D;
f(f'(z)) ==z for every z in R.

1.78 Method: find the inverse function

1. Write y = f(z).
2. Solve this equation for z in terms of y (if possible).

3. To express f~! as a function of z, interchange = and y. The resulting equation is

y=f"Y).

Example: inverse functions

1. The function f(x) = 23 is a one-to-one
function. The inverse function of f is
[~ (@) = ¥z since f(f1(z)) = (Vz)* =

x.

The inverse function f~! can be found by
the following steps: solving y = x> to get
x = {7y, then interchanging z and y to
have y = /.

One can see the graph of the inverse function f~!(x) = ¥/ is the mirror image of that
of the function f(x) = 2 with respect to the diagonal line y = z as the mirror.
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2. The function h(z) = 22 defined on the
domain [0, +00) is one-to-one. Its inverse
function is h=1(z) = /z.

One also sees the graph of the inverse func-
tion h=!(z) = y/x is the mirror image of

x
that of the function h(x) = 2% with respect .
to the diagonal line y = x as the mirror. //\\///‘\
3. The function p(z) = z? defined on the
domain [—o0,0) is one-to-one. Its inverse
function is p~1(z) = —/z.
One again sees the graph of the inverse
function p~!(z) = —/7 is the mirror im- z

age of that of the function h(x) = 2 with
respect to the diagonal line y = z as the
mirror.

If f is a one-to-one function, then f(a) =b Y
if and only if f=1(b) = a. So, the point (a, b) v
is on the graph of f if and only if the point / e '\
(b, a) is on the graph of f~!. Hence, the graph o

of f~1is the reflection of the graph of f about ,y:/f(z) /
- T

the line y = z.

1.81 Theorem: continuity of the inverse function

The inverse function of any continuous one-to-one function is also continuous.

1.82 MATLAB: inverse function

In MATLAB, the inverse function can be calculated using command finverse. The fol-
lowing example shows how to calculate the inverse function of f(z) = 23 + 1 in MATLAB.

>> syms x;
> f = x73 + 1;
>> finverse (f)
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ans =

(x - 1)°(1/3)

The following figure plots both the function f(x) = #3+1 and its inverse function f~!(z) =

Vr—1.

>> x = -3:0.02:3;

>> y = x.73 + 1;

>> y_i = nthroot(x - 1,3);

>> figure

>> plot(x,y,'r")

>> hold on

>> plot(x,y_i,'b")

>> axis([-3 3 -3 3]) % Change the axis limits so that both ..
the x-axis and the y-axis range from -3 to 3

>> xlabel('x')

>> ylabel('y")

>> grid

>> legend ({'$f(x) = x73 + 1$','$£f°{-1}3(x) = ..
\sqrt [3]{x-1}$"'}, 'Interpreter', 'latex')

1.83 Definition: logarithmic function

Since the exponential function a® is one-to-one, it has an inverse. The inverse function of
f(z) = a® is called logarithmic function with base a, denoted by log, x. We use Inz for
log, x.
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1.84 Theorem: Laws of Logarithms

Let a, b be positive numbers not equal to 1, A, B be positive numbers, and « be a real

numbers.
1. log,(A- B) =log, A +log, B. 4. al°s.4 = A.
A log, A
Z\= — 5. log, A = .
2. log, (B) log, A — log, B. 08, e
3. log, A* = alog, A. 6. log,a =1, log,1=0.

1.85 Theorem: properties of logarithmic functions

Assume a is positive number not equal to 1.
1. The logarithmic function f(z) = log, x has domain (0, +00) and range R.
2. The logarithmic function f(z) = log, x is a continuous function.

3. The graph of the logarithmic function f(z) = log,  depends on the value of a.

4. If a > 1, then lir_~r_1 log, z = 400 and lirnglogax = —o0; if 0 < a < 1, then
Tr—r+00 xr—>
lim log,x = —oco0 and lim log, x = +o0.
T—+00 r—0t

5. The following are the graphs of log, x for various bases.

logygz =

log, /4«

1.86 Example: logarithmic functions

Let us look at some examples using the fact that exponential functions and logarithmic
functions are inverse to each other.

1. To solve the equation In(z — 1) = 0, we take exponential on both sides of the equation
simultaneously to have e(*~1) = ¢0, Using the identity e = a, we get z — 1 = 1, so
that ©z = 2.
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2. To solve the equation 2*~! = 5 we take logarithm on both sides of the equation
simultaneously to have log, 2*~! = log, 5. Using the identity log, a® = «, we get
x — 1 =log, 5, so that

x =1+ log, 5 = log, 2 + log, 5 = log, 10.

1.87 MATLAB: logarithmic functions

MATLAB provides commands for logarithmic functions with different bases, e.g., log2
for base 2, log for base e, and logl0 for base 10. The following examples show functions
f(z) =logy(z), g(x) = In(z) and h(z) = logyo(z) in MATLAB.

>> syms X,
>> f = log2(x)

log(x)/log(2)
>> g = log(x)

g =

log (x)

>> h = logl0(x)
h =

log(x)/log(10)

Inverse Trigonometric Functions

1.88 Definition: inverse trigonometric functions

e The function sinx restricted on [~F, 7] Y

has unique inverse function, denoted by

sin™'z or arcsinx, that has domain [—1,1]

sin~'z
and range [—7, 7]. That is, . '
s
sinlr=y (Jz| <1) I o 1 : %

— siny=x, —5 <y <

voly
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e The function of cosz restricted on [0, 7]
has unique inverse function, denoted by
cos~!lx or arccosz, that has domain [—1,1]

and range [0, 7]. That is,

costz=y (Jz|] <1)
< cosy=z, 0<y<m.

e The function of tanxz restricted on

(=%, %) has unique inverse function, denoted
by tan~!z or arctanz, that has domain

(=00, 400) and range (=%, 5). That is,

tan 'z =y (z €R)
— tany==x, —5 <y < 3.

e The function of cot x restricted on (0, )
has unique inverse function, denoted by
cot ™! z or arccot z, that has domain (—oo, 00)
and range (0, 7). That is,

cot7'z=y (z €R)
< coty ==, y € (0,m).

e The function of cscx restricted on
[~5,0) U (0, 5], has unique inverse function,
denoted by csc™!z or arccscz, that has do-
main |z| > 1 and range [-5,0)U (0, 5]. That
is,

csclz =y (Jz| >1)
< cscy=2x, y€[-5,00U (0, ]

Sl
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e The function of sec z restricted on [0, §)U Y
(5,7, has unique inverse function, denoted 1
by sec™! z or arcsec z, that has domain |z| > —’J i
1 and range [0, 3)U (§,7]. Thatis, — ——7__ sl ,i, seca
1
=1l ﬂ/”’
secx=y (Jz| >1) 5 >z

s

< secy =2z, y€[0,%)U(5,7] -1

1.89 Example: inverse trigonometric functions

1. Calculate sin~! (‘/7§>

Solution Let § = sin™? (‘/75) Then, by the definition of sin=!, @ is an angle in =%, 2]
and sin 6 = \/75 Sof=7%.
2. Calculate cos™! (—%:7)

Solution Let = cos™! (—‘/75) Then, by the definition of cos™!, @ is an angle in [0, 7]

and cosf = —\/75. So 6 = ?ﬁT’T.

3. Find cos(sin~! ¢) for ¢ in [0, 1].

Solution Let 6 = sin~'¢, then sinf = c. "

We can draw a triangle with the opposite ¢
side of length ¢ and hypotenuse of length 1. d
Then the adjacent side has length v/1 — c2. Vi
Hence,

cos(sin"!c) = cosf = /1 —c2/1=+/1—c2

1.90 MATLAB: trigonometric and inverse trigonometric functions

In MATLAB, there are several commands for calculating the trigonometric and inverse
trigonometric functions, which are provided in the following table.




1.4 Some Transcendental Functions

45

Command Function
sin Sine function
cos Cosine function
tan Tangent function
cot Cotangent function
sec Secant function
csc Cosecant function
asin Inverse sine function
acos Inverse cosine function
atan Inverse tangent function
acot Inverse cotangent function
asec Inverse secant function
acsc Inverse cosecant function

The following examples show the calculations of sin (%) and tan~1(1), respectively, in
MATLAB.

>> sin(pi/2)

ans =

>> atan (1)
ans =

0.7854

Besides calculating the values of the trigonometric and inverse trigonometric functions,
graphs of the trigonometric and inverse trigonometric functions can also be easily plotted by
MATLAB. The following code shows the plot of cos™!(x) within the interval [—1, 1]:

> x = -1:0.01:1;
>> y acos (x);
>> figure

>> plot(x,y,'r
>> xlabel('x')
>> ylabel('y =
>> grid

")

cos~{-1}(x)")

The plotted figure is shown below.




46

Limit and Continuity

-1 -0.5 0 0.5 1

1.91 Theorem: continuity of basic elementary functions

The following types of basic elementary functions are continuous at every point in their
domains:

polynomials, rational functions, root functions,
trigonometric functions, inverse trigonometric functions,
exponential functions, logarithmic functions.

1.92 Engineering Example: inverse tangent - aeronautics and astronautics

It is said that the National Aeronautics and Space Administration (NASA) astronauts will
explore the surface of Moon again by 2020. This time, the astronauts are going to stay, build
outposts, and pave a way for the journeys to Mars and beyond. It is thus critical to have a
reliable and robust surface-to-surface communication between astronauts on Moon, and also
keep constant communications with Earth. This will likely be accomplished by a combined
use of communication satellites in orbit around Moon and communication equipments on
the lunar surface. In the case of no satellite coverage over an outpost, the astronauts there
will purely rely on the communication equipments on the lunar surface, e.g., communication
towers. Since Moon is a sphere, the surface-to-surface communication is limited by the height
of the communication tower. In particular, the communication signals cannot be received
beyond the point of tangency P in the following figure.

| Parameter | Description ‘

radius of Moon (1738.14 km)
tower height
line of sight distance
point of tangency
arc length
central angle measure

Qe |yl
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In the case of no satellite coverage over a certain area on the lunar surface, if there is a
communication tower with height 60 meters, then calculate the maximum distance that the
astronaut can explore in this area.

First, we note that the area which the astronaut can explore should be within the com-
munication range of the communication tower, i.e., not beyond the point of tangency P.
Moreover, the distance that the astronaut can explore refers to the one on the lunar surface.
Hence, the maximum distance is the arc length a in the above figure.

In order to calculate the arc length a, we first need to calculate the central angel measure
« which can be obtained by using the inverse tangent function. Specifically, we have

a=tan"! <£i> .
r

We have known the Moon radius r = 1738.14 km. Now, we need to calculate the line of
sight distance d. We note that r2 + d? = (r + h)*, so we have

d= (7‘+h)2—7‘2

- \/ (1738.14 + 0.06)* — 1738.142 ~ 14.44 (km).

Substituting the value of d to the first equation, we obtain

14.44
_ -1 ~
o = tan (1738.14) =~ 0.0083.

Finally, we can calculate the arc length a, i.e., the maximum distance that the astronaut
can explore, as follows:

6
a= g x 2mr =0.0083 x 1738.14 ~ 14.43 (k).
™

1.93 Engineering Example: decibel

The decibel (dB) is used to measure the ratio of two quantities with the same unit. For
example, in terms of decibel, the ratio of two quantities A and B, which have the same unit,
is defined as

101og,, (%) (dB).

The decibel has been widely used in a variety of science and engineering fields, such as
electronics and control theory. For example, in electronics, the gains of amplifiers, the signal-
to-noise ratio (SNR), and the attenuations of signals are often represented in decibel.

Note that the decibel can be used to express the ratio of A with respect to any absolute
value B or a fixed reference value B. In the latter case, a suffix which indicates the reference
value is usually appended to the decibel symbol. For example, if the reference value B is 1
volt, then the suffix is “V7”, e.g., 10 dBV; if the reference value B is 1 milliwatt, then the
suffix is “m”, e.g., 10 dBm.

The use of the decibel has several advantages. First, since the decibel is on a logarithmic
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scale, it means that a very big ratio can be represented in a convenient way. For example, if
A is a trillion times of B, then in terms of decibel, we have

A

which is a more compact representation than 1,000,000, 000, 000.

Second, due to the logarithmic scale property, the decibel can be used for simplifying the
calculations of multiplied effects of a system. For example, a multi-component system has
three components with gains g1 qg (dB), g2.a (dB) and g3 45 (dB), respectively. Then the
overall gain ¢, ap (dB) of the system can be calculated as

Jo,aB = 10log;, (90)
= 101logyq (919293)
91,dB __92,dB __93,dB
= 101logy, (10 521075 10 7% )

91,dB 92,dB 93,dB
— 101og;, (10717 ) + 10log,q (10755 ) + 101og,q (10757 )
= g1,dB + g2,dB + g3,dB;

where g,, g1, g2 and g3 are the overall gain, the gain of the 1st component, the gain of the 2nd
component and the gain of the 3rd component in the linear scale, respectively. The above
additive operation is more convenient than the multiplication of multiple gains.

1.94 Engineering Example: RC charging circuit

The capacitor is an electronic component which can store electrical energy. If a resistor
is connected in series with the capacitor to form a resistor-capacitor (RC) circuit, then the
capacitor will charge up gradually through the resistor until the voltage across this capacitor
reaches the value of the supply voltage.

An example of the RC circuit is shown, q
where R represents the resistance of the re- i
sistor, C represents the capacitance of the v G) o= w0
capacitor, Vy represents the supply voltage, & =
and vo(t) represents the voltage across the
capacitor. #

Assume that V, = 10 V, R = 4.7 x 10* Q, C = 1072 F, and the initial voltage (i.e.,
the voltage at ¢ = 0) across the capacitor is 0, it can be shown that the voltage across the
capacitor is given by

ve(t) = V(1 — e ®50) (¢t > 0).

We can find the time taken for the capacitor to achieve v (t) = 9.8 V.
In fact, to achieve vo(t) = 9.8 V, we need to solve the following equation:

Vi(1—e 7)) =938,
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Substituting the values of Vi, R and C into the equation above, we have
10(1 — e~ Trxexa0=7 ) = 9.8.

After some algebraic manipulations, we find that the time taken can be represented in terms
of a logarithmic function, and it is shown as follows:

t = —47In(1 — 0.98) ~ 183.86 (s).

Note that the maximum voltage the capacitor can achieve is the supply voltage Vs. The
result above thus shows that it takes 183.86 seconds which is around 3 minutes for the
capacitor to virtually fully charged (i.e., achieve 98% of its maximum value).

Moreover, in RC circuit, the term 7 = RC' is defined as the time constant. In this example,
T = RC =47 (s). We notice that 1826 ~ 4, which means the time taken for the capacitor to
achieve 98% of its maximum voltage is 4 times of the time constant. The time period taken
for the capacitor to reach this 47 point (i.e., achieve 98% of the maximum voltage) is known
as the transient period.
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Summary

Definition: basic concepts

e function : ftDCR—=R
(D = domain, R = range)

e function continuous at a: lim f(z) = f(a)
r—ra

e function continuous in /: lim f(z) = f(a) for every a € I

r—a
e composite function : fg(z))
e one-to-one function : if 1 # o, then f(z1) # f(z2)

[ <= f passes the horizontal line test. ]

e inverse function : fFllyy=2z <= fla)=y
(f has to be one-to-one)

Definition: limit

limit : lim f(z)=1L
r—a

<= f(«) approaches L when 2 € D approaches a

Definition: asymptotes

e horizontal asymptote y = b if at least one of the following is true:

lim f(z)=0, lim f(z)=0.

T—r+00 T——00

e vertical asymptote x = a if at least one of the following is true:

lim f(z) = +oo, lim f(z) = +oo, lim f(z) = +o0,

T—a T—a~ r—at
lim f(z) = —oo0, lim f(z) = —o0, lim f(z)= —oc.
T—a T—a~ r—at

Theorem: limit rules and theorems

Suppose lim f(z) and lim g(z) exist. Then the following rules hold.
Tr—a r—ra

1. Sum Rule:
lim [£(2) + g(a)] = lim f(2) + lim g().

r—a T—a

2. Difference Rule:

lim [f(z) — g(2)] = lim f(z) — lim g().

Tr—ra Tr—ra Tr—a
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3. Product Rule:
lim [£(z) g(2)] = lim £(z) - lim g(x).

r—a Tr—a r—a

In particular, lim [cf(z)] = ¢ lim f(z), where c is any constant.
Tr—ra Tr—ra

4. Quotient Rule: If lim g(z) # 0, then
r—a

flz) lm f(z)
e g(@)  lim g(z)

r—a

5. Squeeze Theorem: If f(z) < g(z) < h(z) and lim f(z) = lim h(z) = L, then

T—ra T—ra
lim g(x) = L.
r—ra
6. Limit and One-Sided Limit: lim f(z) = L if and only if lim f(z) = lim f(x)=
I T—a T—a— r—at

Theorem: continuity of basic elementary functions

The following types of basic elementary functions are continuous at every point in their
domains:

polynomials, rational functions, root functions,
trigonometric functions, inverse trigonometric functions,
exponential functions, logarithmic functions.

Theorem: composite function and inverse function

The composite function of two continuous functions is a continuous function.
The inverse function of a one-to-one continuous function is a continuous function.

Theorem: continuity of arithmetic operations

If f and g are continuous at a and c is a constant, then the following functions are also
continuous at a:

1. f+g; 4. f-g;

2. f-g
3. cf; 5. 5, provided that g(a) # 0.
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Theorem: two important limits

Method: find and graph the inverse function

If f is a one-to-one function, then f(a) =b Y
if and only if f~1(b) = a. So, the point (a, b) o
is on the graph of f if and only if the point / 7 :
(b, a) is on the graph of f~!. Hence, the graph o

of f~1is the reflection of the graph of f about ’y:/f(z) 7 /
z

the line y = x.

Theorem: Laws of Exponents

Let a, b be positive numbers and «, 5 be real numbers.

1. a®-aP = a*th. 4. (a-b)* =a™-b°.

Theorem: Laws of Logarithms

Let a, b be positive numbers not equal to 1, A, B be positive numbers, and « be a real
numbers.

1. log,(A- B) =log, A + log, B. 4. a8 4 = A,
A log, A
Z) = — 5. log, A = ——.
2. log, <B> log, A — log, B. 08, T
3. log, A% = alog, A. 6. log,a =1, log,1=0.

Theorem: properties of exponential functions

The exponential function is f(z) = a*, where a is a positive number.
1. The exponential function f(z) = a®* has domain R and range (0, 400).
2. The exponential function f(z) = a® is a continuous function.

3. The graph of the exponential function f(x) = a® depends the value of a.
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4. If a > 1, then lim a® =+occand lim a®* =0;if 0 <a <1, then lim a® =0 and

Tr—r+o0 T——00 r—+00
lim a* = +oc0.
T—r—00

5. The following are the graphs of a® for various bases.

Y
\ LY
(2)°

10® 2

0.8° —

Theorem: properties of logarithmic functions

Assume a is positive number not equal to 1.
. The logarithmic function f(x) = log, = has domain (0, 4+00) and range R.
. The logarithmic function f(z) = log, x is a continuous function.

1
2
3. The graph of the logarithmic function f(z) = log, z depends the value of a.
4

.Ifa > 1, then lim log,x = 400 and lim log,z = —oo; if 0 < a < 1, then
. r—+00 . z—0t
wEI-ﬁI-loo log, x = —o0 and xlgng log, x = +o0.

5. The following are the graphs of log, x for various bases.

Y

/

log, 5«

Inx
log,z —

loggz =

log, /4«
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Definition: some inverse functions

o y=log, z < z =aY

y=sin"lz (|z| <1) <= siny ==z, - <

y=cos 'z (|z|<1) < cosy=1z, 0<y
ey=tan'z (z€R) < tany==x, I <y<Z;
ey=cot !z (x €R) += coty ==z, y € (0,7);
ey=cscla (|g] >1) < cscy=uz, ye[-5,0)U(0,3];
(|

I\/\/

o y=sec !z 1) <= secy =z, y€[0,5)U (5,7

Theorem: Intermediate Value Theorem

Let f be a continuous function over a closed interval [a, b], for any number £ between f(a)
and f(b), there exists at least one c in the interval [a,b] such that f(c) = &.
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Differentiation

2.1 Derivatives

2.1 Example: instantaneous velocity

Let y = f(t) = t2 be the distant function describing a movement of a particle on the x-axis
and t is the time variable. The velocity of the particle is not a constant and depends uopn the
time ¢. So we call the velocity at time ¢ the instantaneous velocity v(¢). How to calculate
the instantaneous velocity? We know how to find the average velocity. So let’s calculate the
average velocity from time ¢t = 1 to time ¢t. The distance traveled by the particle within the
time is f(t) — f(1) = t?> — 12. The time spent is t — 1. Thus the average velocity is

fO—fa) _ #-1

= =t+1
t—1 t—1 +

Clearly this average velocity doesn’t equal the instantaneous velocity at ¢ = 1. However, if
we use the average velocity to approximate the instantaneous velocity at ¢ = 1, the approx-
imation is better if ¢ is closer to 1. Using the idea of limits, it is reasonable to say that the
instantaneous velocity v(1) is the limit of the average velocity as t approaches 1, i.e.,

= th_r)r%(t—i-l) =2

2.2 Example: slope of tangent line

Consider the function f(z) = %xz and the tangent line of the graph of y = f(x) at z = 1.

We first consider the secant line of the graph at z = 1.
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secant line

(L+h)? tangent line

NI

|
|
|
|
|
|
| |
| |
] ] > T
[9) / 1 1+h

) and P = (1 + h,3(1 + h)?). The

N

The secant line passes through two points Py = (1,
slope of the secant line is
sA+h?—3 htgh®
(I1+h)—1 h

S(h) =

As the point P approaches Py, i.e., as h approaches 0, the secant line approaches the
tangent line. In the language of limits, the tangent line is the limit of the secant line. Hence
the limit of the slope of the secant line is the slope S of the tangent line, i.e.

S = lim S(h) = lim Ja+h) =) _ lim (1 +

h) = 1.
h—0 h—0 h h—0 )

1
2

2.3 Remark: derivative - motivation

Given a function y = f(z), take a point a in the domain of the function. The change in

y from a to x is f(z) — f(a). The average rate of change is M. The instantaneous
T—a
rate of change at a is the limit of average rate of change when x approaches a, i.e.,
1) = fe)
T—a T —a

Since many important concepts such as velocity and slope of the tangent line of a function
can be described in this way, we will call such kind of limit the derivative of the function at
T = a.

2.4 Definition: derivative

Given a function f and a point a in the domain of f, the derivative of f at x = a is

x)— f(a
o 1@ = £(@)
Tr—a T — Qa
provided the limit exists. In this case, we say f has a derivative at z = a.
For single variable functions, the term “being differentiable” is used as synonymous with

“having a derivative”.
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2.5 Definition: notations of derivative

There are several widely used notations for derivatives.
e The derivative of f(z) at © = a is denoted by f’(a).

o The limit lim £ —f(@)

T—a T —a

can be written as
h) —
i F@tB) = fl@)
h—0 h
where we replace « by a + h. When z varies, h varies so that x approaches a if and only if i

goes to zero.
e The limit lim M

T—a T —a

can be written as

lim fla+ Az) — f(a)

Az—0 Az

)

where Az = x — a is the another symbol representing the change in z.
e We can also calculate the derivative of f at any point of the domain. Thus we define the
derivative of the function at x:

Az—0 Ax

o If we write the change in y as Ay = f(z + Az) — f(x), then the derivative can also be
expressed as

Ay
"() = lim —=.
F'(@) Avmo Az
L L . Ay
Hence the change in y is Ay, the change in = is Az, the average rate of change is g’ and
2

the (instantaneous) rate of change of the function at x is the limit of the average rate of
change as Ax approaches zero.
df (=)
dx

e Leibniz notation: f’(z) can also be expressed as . If we write y = f(x), we can

also write % for f'(x).

e We sometimes use f/(z)|z—q, or

df(x)

to denote f’(a).

r=a

2.6 Example: calculate derivatives by the definition

1. Find f'(z) for f(z) = 22.
Solution By the definition,
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In the above calculation, the changing variable is h, while z should be treated as a

constant.

2. Find f'(z) for f

Solution By the deﬁnltlon7

In the above calculation, again the changing variable is h, while x should be treated as
a constant. When we calculate }llin% Vh+x =/, we used the fact that the function
—

vh + z is a continuous function as a function of A.

Also from the calculation above, we see that f’(0) does not exist.

= /z where z > 0.

T \/as—l-
T ko

(vx+ —Vo)Wz +h+ V)

= lim
h—0 ./x+ _|_\/_)
. h
=lim ———
h—0 h(v/z + h+\/T)
1 1

S erhive)  2vE

2.7 MATLAB: derivative

In MATLAB, the derivative of a function can be calculated using command diff. More-
over, using the symbolic substitution command subs, we can obtain the value of the deriva-
tive at a certain point. The MATLAB code below shows the calculations of f’(z), where
f(x) = 22, and the value of f/(3).

>> syms X;

>> f = x72;

>> d = diff (f)
d =

2%x

>> subs(d,x,3)

ans =
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2.8 Example: tangent line

Find the equation of the tangent line of the graph of y = z2 at = 1.

Solution By using the definition, we can Y
calculate the derivative f/(1) = 2, which is .
the slope of the tangent line. Since the tan-
gent lien passes through the point (1, f(1)) = y—1=2(x—1)
(1,1), the equation of the tangent line is

y—1=2.-(z—1).

> T

2.9 Example: velocity

If we toss a ball straightly up into the air with initial velocity 98 m/s, the distance (mea-
sured in meters) of the ball to the ground is given by the function f(t) = —4.9t> + 98t where
t is the time measured in seconds. Find the velocity of the ball at time ¢ and find the time
and the distance travelled when the ball reaches the highest height.

Solution Since the velocity v(t) is the derivative of the distance function, we obtain

—4.9(h+t)> 4+ 98(h +t)] — (—4.9t% + 98¢)

o(t) = (1) = Jim | .
. —4.9(2ht + h?) + 98h
= lim
h—0 h
= lim[—4.9(2t + h) + 98] = —9.8t + 98.
h—0

The ball reaches the highest height when the velocity is zero. So let v(t) = 0, we get
—9.8t+ 98 = 0 and ¢t = 10. So in ten seconds, the ball reaches the highest height. The

distance travelled during the ten seconds is f(10) = —490 + 980 = 490 meters.

Relationship Between Differentiability and Continuity

2.10 Theorem: differentiability and continuity

If f is differentiable at a, then f is continuous at a. The converse is false; that is, there are
functions that are continuous but not differentiable.
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Pitfall: continuous but not differentiable

Indeed, consider the function f(z) = |z|. It is continuous everywhere. However,
since
lim —(h) () = lim [~ = lim _h—O =1,
o0+ h h—0t A h—0t h
Ly M: M7 M: T —h-0 - 1,
h—0~ h h—0~ h h—0~
0
we know that }lbin%) 1) does not exist. So, f is not differentiable at x = 0.
—

Justification:

If f is differentiable at a, then lim f) = f(a) = f'(a) exists. Thus,

tim [7(2) — f() = tim ZO=TD g
i SO S@)
=im = e LaE=g=710)0=0

Hence lim f(z) = f(a), so that f is continuous at a.
T—a

2.11 Engineering Example: electric current

An electric current is the flow of electric charge. Electric currents can cause Joule heating
which creates light in the incandescent light bulbs. Electric currents can also cause magnetic
fields which are used in motor, inductors and generators.

In mathematics, the electric current can be defined as the rate at which the electric charge
flows through a given surface, which is given as follows:

d
-9
dt
where I represents the electric current, ) represents the electric charge, and ¢ represents the

time.

2.12 Engineering Example: angular velocity

The angular velocity is a basic concept in physics. It is the rate at which a particle rotates
around a center point. In other words, the angular velocity represents how fast an object
goes around something. For example, the angular velocity of Earth represents how fast the
Earth obits the Sun.
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Mathematically, the angular velocity is de-
fined as the rate of a particle’s angular dis- w=12
placement change relative to the origin and
can be expressed as follows: /N

d¢
oA’
where w represents the angular velocity, ¢ represents the angular displacement, and ¢ repre-
sents the time. The angular velocity can be depicted in the figure.

Suppose a person is jogging on a circular track with angular displacement ¢(t) = %t
(radians). Calculate this person’s angular velocity.

According to the definition of angular velocity, we have

de(t) _ d(zt) -
w=—1"= % = % (radians/second).

2.13 Engineering Example: acceleration

Acceleration widely exists in our life. For example, when a car speeds up, the passengers
might experience a force of pushing them back to seats. This feeling occurs because they are
accelerating. In layman’s words, acceleration means any process where the velocity (either
the magnitude or the direction) changes. In particular, the magnitude of the velocity is called
speed. Mathematically, the magnitude of the acceleration is defined as the rate of the speed
change of an object with respect to time, and given as follows:

a_dv
Cde’

where a represents the acceleration, v represents the speed, and ¢ represents the time.
Suppose a person is running on the track. At the starting stage, the speed of this person
is v(t) =t (meter/second). Calculate the acceleration of this person.
According to the definition of acceleration, we have

_ do(®) _ dt
Codt dt

a = 1 (meter/second?).

2.2 Rules of Differentiation

2.14 Theorem: rules of differentiation

Suppose f'(z) and ¢’(z) exist. Then the following rules of differentiation hold.

1. Sum Rule:
[f (@) + g(@)]' = f'(z) + ¢'(2).
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2. Difference Rule:
3. Product Rule:

4. Quotient Rule: If g(a) # 0, then

[f(x)]' _9(=@) f'(z) — f(x) g'(x).
g(x) [9(x))?

Justification:

By the definition, for the sum and difference rules, we have

[f(z) £ g(=))'
_ iy M@t £ g+ )~ [£(@) £ 9(@)
h—0 h
_ i @R = f@)] g+ h) = g(@)
h—0 h
i [f@ ) = 1@ | gt h) — g@)
h—0 h h
_ o f@th) - fx) . gleth)—g(x)
e
= f'(z) £4'(2).
For the product rule, we may re-write the derivative as follows:
[f (2)g()]
_ g @+ gl +h) — f(a)g(a)
h—0 h
— [ Lol )~ ot Bote) , flo+ Hole) = el
h—0 h h

If f is differentiable, f is continuous, so that

lim f(z+ 1) = f(2).

Hence,
[f(2)g(=)]
:}lbiir%)f(x+h)-}lli_r)%g(x+h})l_g(x) +flbli% f(x"f'h}z_f(w) 9(z)
= f(2)g'(x) + 9(z) f'(z).

The quotient rule can be shown similarly.
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2.15 Example: derivatives of polynomials

Show that
(anz" tan_ 12"+ daz+ ao)/ =naz" 14+ +ay.
Solution We prove the equality in following steps.

1. If f(x) = ¢, then f'(z) = 0.
In fact, by the definition,

o c—c
(@) = Jim == =0.
2. If f(xz) =z, then f'(z) = 1.
In fact, by the definition,
by (z+h)—z . h
o= ~imn"
n—1

3. If f(x) = 2™ for an positive integer n, then f'(z) = nx
This can be proved by induction on n.
First, we know that the formula (z™)" = nz”~' holds for n = 1.

Suppose the formula holds for n = &, i.e., (q:k)/ = ka*=1. Then, for n = k + 1, from
the product rule,

F(z) = (xk+1)’ _ (xxk)’
=z -2 +z- (a:k)/

=zF 4+ ka* = (k + 1)z

e . / —
Hence, for any positive integer n, (z")" = na" 1.

4. If f(x) = cg(x), then f'(x) = cg'(x).
In fact, applying the product rule gives

(cg)) =c-g+c-g=0+c-g' =cg’.
5. Let f(x) = apa™ + -+ 4+ a1 + ag be a polynomial. Then
f(@) =naz" '+ +a;.
In fact,

() = (anz™) + -+ (a12) + (ag)’ sum rule
=na,z" P+ +a; +0 items 1, 3, 4

=na,z" '+ +a;.
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2.16 Example: reciprocal rule

Suppose f is differentiable. By applying the quotient rule, we get the following reciprocal

rule:
{ 1 ]'(D’-f(x)—l-f’(x)f’(fv).
f(z) f(z)? f(z)?

2.17 Example: horizontal tangent line

Find points where the tangent lines of y = f(x) = 22® — 322 — 122 + 1 are horizontal.

Solution A line is horizontal if and only if the slope of the line is zero. Since the slope of
the tangent line is given by f’(z), we just need to find points where f'(x) = 0.

Since Y

(22° — 32% — 122 + 1)

=2.322-3.22—12 yan i
9 > T
=6(z“—z—2) / -l O\ 2
= 6(z —2)(z + 1), y=22%— 32— 12z +1 {
—-19

we know that at © = 2 and x = —1, the tan- /
gent lines are horizontal.

2.18 MATLAB: rules of differentiation

With diff, we can easily calculate the derivatives of f(z) + g(x), f(x) — g(z), f(z) g(z)

and @ Following examples show the derivatives of f(z) g(x) and (x; in MATLAB.
g(zx

g()

>> syms f(x) g(x);
>> diff (f(x)*g(x),x)

ans =
f(x)*xdiff (g(x), x) + g(x)*diff (f(x), x)
>> diff (£(x)/g(x),x)

ans =

diff (£(x), x)/g(x) - (£(x)*diff(g(x), x))/g(x)~2
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Differentiation of Trigonometric Functions

2.19 Theorem: derivatives of trigonometric functions

1. (sinz)’ = cosz; 4. (cscx) = —cscx cotx;
2. (cosz) = —sinw; 5. (secx)’ = secx tanz;
3. (tanz)’ = sec? x; 6. (cotz) = —csc?z.

Justification:

The derivatives of all six trigonometric functions can be found as follows.

1. By using some trigonometric identities (addition and double angle identities), continuity
sin h
of sin z, and the limit %im —— =1, we have
—

sin(xz + h) — sinx

(sinz)’ = lim

h—0 h
. sinz cosh+cosz sinh —sinz
= lim
h—0 h
. sinz(cosh —1) +sinh cosz
= lim
h—0 h
92 9
= lim [Sinm' Z2sin7(h/2) (h/2) +cosz - smh]
h—0 h
L . . sin(h/2) . sinh
=sinz - }ILI_% {— sin(h/2) - h—/2] +cosz - }llli% W

=0+ cosx =cosz.

2. By using some trigonometric identities (addition and double angle identities), continuity

inh
of sin z, and the limit lim S
h—0

=1, we have

(cos z)’ = lim cos(xz + h) — cosx

h—0 h
_ cosx cosh —sinx sinh — cos
a h—0 h

. cosz(cosh —1) —sinh sinx

= lim

h—0 h

9 w2 g

:hm [COSI'M—Sin{E'w]

h—0 h
. ) . sin(h/2) ) . sinh
=cosz - }1}_}1110 [— sin(h/2) - h—/2] —sinx - }1}_}1%

=0—sinx = —sinz.
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3. By applying the quotient rule, we have

. ! . .

, sin x (sinz)’ cos x — sin x(cos )’

(tanz)" = = 3
cosx cos?
cosx cosx —sinz(—sinz) cos’z +sin’x %
= > = > = sec” x.
cos? cos?

4. By applying the quotient rule, we have

(cscx) = ( L >/ _ (1)'sinz — (sinz)’

2

sinx sin“ x
—CcosZ

= ——5— = —cotx cscx.
sin“ x

5. By applying the quotient rule, we have

(secx) = ( 1 )l (1) cosz — (cosz)’

COS T cos? x
sin x
= 5= = tan x secx.
COS* &

6. By applying the quotient rule, we have

cosx>’ _ (cosx)"sinx — cosx(sin x)’
2

(cotz) = (

sinx sin“ x
—sinx sinx — cosx cosx
sin? x
—cos?z —sin’ 9
= ————>—— = —csc°T.

sin“ x

2.20 MATLAB: derivatives of trigonometric functions

We can calculate the derivatives of trigonometric functions easily using command diff.
Moreover, with the help of the variable precision arithmetic command vpa and the symbolic
substitution command subs, we can calculate the value of the derivative of a trigonometric
function at a certain point. The following example shows the calculations of f’(x), where

f(x) =sin(zx), and f'(1).

>> syms X;

>> f = sin(x);
>> d = diff (f)
d =

cos (x)
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>> v1 = subs(d,x,1)
vl =
cos (1)

>> vpa(vl)
ans =

0.54030230586813971740093660744298

2.21 Example: tangent line - trigonometric functions

Find the equation of horizontal tangent line(s) of y = f(z) = sinz + cosz in (0, 7).

Solution Horizontal tangent lines have zero slope. The slope of the tangent line is given
by the derivative of f. Thus we calculate

f'(x) = (sinx + cosz)’ = cosw —sinz =0 = tanz = 1.

Solving the equation gives x = 7/4. Since Y

f(§)=sing +cosf = V2, we get the equa- ! .
. . . _ 5

tion of the horizontal tangent line ) Y

y =sinx 4 cosx

y=v2. \

3 T
T Z\
=i

N

2.22 Engineering Example: electric current - capacitor

Consider a circuit with a capacitor below, where C' is the capacitance of the capacitor, i(t)
is the current through the capacitor, and ve(t) is the voltage across the capacitor.

ve(t)

velt)
|
i(t) [
C

Given that ve(t) = 4cost, where t > 0, calculate the electric current i(t) where i(t) =
Cd’uc(t)
dt -

First, we calculate d”gt(t), and we have

dvc(t)
dt

= —4sint.




68 Differentiation

Therefore, the current i(t) is given by

i(t) = —4C'sint

W

where specifies the direction of the current.

Chain Rule

2.23 Theorem: chain rule

If ¢ is differentiable at a and f is differentiable at g(a), then the composite function F,
defined by F(z) = f(g(z)), is differentiable at a and the derivative F’(a) is given by the
product:

F'(a) = f'(g(a)) - ¢'(a).

Or
dy _ dy du
de  du dz’
This is the so-called chain rule.

Justification:

Suppose u = g(z) is differentiable at @ and y = f(u) is differentiable at b = g(a). If Az is
an increment in z and Au and Ay are the corresponding increments in u and y, then, from
the hypotheses,

. Au o, . Ay,
s ~9 @ B R, =0

Thus,

Au = g¢'(a)Az +e;Ax, where e; — 0 as Az — 0;

Ay = f'(b)Au + e3Au, where g5 — 0 as Au — 0.
Hence,

Ay = [f'(b) + e2]Au = [f'(b) + e2][¢ (a) + e1] Az,

so that

A
=2 = [f'(5) +eallg' (@) + ).
Since g is differentiable at a, it must be continuous at a and thus Alim0 gla+ Azx) = g(a) so
—

that Awu goes to zero as Ax goes to zero. This gives that both e; — 0 and g5 — 0 as Az — 0.
Therefore,

A
F'(a) = lim =X = lim [f'(b) +esllg(a) +21]

= f'(b)g'(a) = f'(9(a))g' ().

This proves the chain rule.
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2.24 Example: chain rule

1. Compute the derivative of h(z) = sin? z.

Solution Write y = f(u) = u? and u = g(z) = sinz. Then h(z) = f(g(x)). Thus, by
the chain rule,

dy
/ _
Wiz) = du

g (x) = 2u|,_ )-cosz = 2sinz cosz.
u=g(z)

2. Compute the derivative of h(x) = sin(z?).

Solution Write y = f(u) = sinu and u = g(z) = 2%. Then h(z) = f(g(x)). Thus, by
the chain rule,

h'(z) = dy

= - -g'(z) = cos u|u:g(w) 2x =2z cos(:c2).

u=g(z)

2.25 MATLAB: chain rule

The following example shows the calculation of F’(z), where F(x) = f(g(z)), in MATLAB.
It verifies that the Chain Rule holds in general.

>> syms f(x) g(x);
>> F(x) = compose (f(x),g(x))

F(x) =
f(g(x))
>> diff (F(x))

ans =

D(f) (g(x))*diff (g(x), x)

2.26 Engineering Example: maximum wind speed

Consider the maximum wind speed at the site of the building. Denote the maximum
wind speed as V' (the wind direction is ignored for simplicity) and the probability that this
maximum wind speed is no larger than v as Fy (v). Empirical data indicate that, in many
locations, Fy (v) has the following form:

where u and k are positive parameters.
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Specifically, in Boston, plausible values of u and k are 49.4 miles per hour (mph) and 6.5,
respectively. Hence, in Boston, Fy (v) can be written as

where the unit of the maximum wind speed V' is mph.

Calculate F7, (v) by the chain rule.

Let f(v) = e” and g(v) = — (454)_6'5. Then, Fy (v) can be rewritten as Fy (v) = f (g(v)).
By the chain rule, we have

Fy(v) = f' (g(v)) ¢’ (v)
= eg(v)(_49.46.5) (0_6,5)/

_ ae—(ﬁ)‘“vq.s’

where a = 6.5 x 49.4%% ~ 6.6395 x 1011, Note that in probability theory and statistics, Fy (v)
is called the cumulative distribution function of V and F{,(v) is called the probability density

function of V| which are both important functions to determine the statistical characteristics
of V.

2.27 Engineering Example: electric current in RC circuit

Consider a resistor-capacitor (RC) circuit below, where R is the resistance of the resistor,
C' is the capacitance of the capacitor and ve(t) is the voltage across the capacitor.

i(t)

ot (t) ¢ == "w)

L
Given that vo(t) = 1—e~ 7 (¢ > 0), calculate the electric current i(t) where i(t) = C dvst(t)
First, we calculate dvgt(t). Let y =1 —e* and u = — 5. Then, Ugt(t) can be written as
%. By the chain rule, we have
dy _ dy ' du 1 1 _

O " dw @ <‘%>:m@

dvc(t)

Substituting the above result into i(¢) = C o

shown in the following:

, we can obtain the electric current i(t), as
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2.28 Engineering Example: reliability function

In reliability engineering, which is an interdisciplinary field of engineering and engineering
management, the reliability function gives the probability that a component will survive
beyond any given specified time. Suppose the reliability function of a component is given by

Rt)=e VT (t>0).

Calculate w
d(1—R(t
First, given the expression of R(t), % can be written as

aq-rw) 41—

dt dt
Let f(t) =1 — ¢! and g(t) = —v/t. Then, w can be rewritten as
d(1-R(@) _ df (g(®))
dt T

By the chain rule, we have

df( (t)> / / g(t 1 _ 1 -Vt
d—gt:f (9(t) g'(t) = —e ()(—2—\/5> =5 Vi

d(1-R(t
Note that R(t) and 40 - k@)
and the probability density function of the lifetime of the component, respectively. Besides
the engineering field, the reliability function can also be used for the study in other fields,
e.g., the duration of marriage, the death of a patient, etc. In these cases, the reliability
function is commonly known as the survival function.

are the complementary cumulative distribution function

Differentiation of Inverse Functions

2.29 Theorem: differentiation of inverse function

If f is differentiable and has an inverse function f~! over an interval I, then f~! is also
differentiable on I whose derivative equals
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For short, the formula can be re-written as

dr_ 1
dy dy’
dz

. J

Justification:

We can apply the chain rule to prove the formula for differentiation of inverse functions.
If applying the differentiation with respect to x to the identity

(@) ==,
we obtain
df (f~ (= df(u df Yz
)y, o e
df M=) _ 1
dz df(u)
du e pr(a

2.30 Example: derivative of /x

Let f(z) = 2™ with n a positive integer, then f~1(x) = {/z. We write f(u) = u™. Thus
df(u) dJ;gLu) = n(z)""!, and

——~— = nu"~!. Thus we get
du

2.31 Example: derivative of z

Consider the function z* where a is a rational number. If a is positive, we can write
a = n/m, where n and m are positive integers, so that

z® = (%/z)".

Write g(z) = %/ and f(u) = u™. Then z® = f(g(z)). Applying the chain rule, we get

a\/ du’ m 4 m n—1 1 i
du w= T m
= ﬁx%-‘r#_l =S Eaj%_l :aaja_l.
m m

If a is negative, we can write % = x~°, where b = —a is a positive rational number. Then
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1
z% = —. Applying the quotient rule gives
az

Justification:

We can use the formula of derivative of inverse functions to calculate the derivatives of the
inverse trigonometric functions. For example,
1 1
(sin_1 a:)/ = — =
(Sln u) |u=sin*1(x)
The last expression can be simplified as fol-
lows. Let # = sin~! z, then sinf = z. Draw
a right triangle with one angle || whose op-
posite side has length |z| and hypotenuse has 1
length 1. Then the adjacent side has length

v1— 2. Thus, cosf = /1 — z2. .

cos(sin~t z)’

Hence,
1 1

cosf V11— x2

The other five derivatives can be calculated similarly.

(sin_1 x)' =

2.33 Engineering Example: roof truss design

There is a symmetrical roof truss shown below, where the span AB is 16 m.
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A B

Now, we need to design the rise r. Find the rate at which the angle 6 between the rafter AC
and the span AB changes with the rise r, i.e., find g—f.
First, let the length of the span AB be Iap. We note that tan = ﬁ = g. So, we have
2

6 =tan~! (g) .

Let u = g, f(z) = tanx, then 6 = f~Y(u). According to the chain rule, we have

dg  df'(u)

dr — dr
~df () du
T du dr

Moreover, according to the theorem for the differentiation of inverse function, we can calculate

df~(u) 1

du df(z)
dz

e=f~1(u)
1

sec? (tan™!(u))
cos? (tan™" (u))
sin? (tan™"(u)) + cos? (tan™*(u))

1
1+ tan? (tan~"(u))
1
142’
Therefore, we can get
dd 1 du
dr  1+wu2dr
1 1
= 1 . 2§
+(5)
8
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2.3 Differentiation of Exponential and Logarithmic Functions

2.34 Theorem: derivatives of exponential functions

In general, for any a > 0,

J

Justification:

1 x
Since e = lim <1 aF —) , by making a change of variable, we get
x

x——+00
= lim (1+y)"v.
e ygg+( +y)

From the continuity of the logarithmic function, we have

In(1
lim In(1 +y) = lim In(1+4y)/Y =Ine=1.
y—0t Yy y—0t+

Denote y = e — 1. It is easy to see that y — 0% is equivalent to h — 0. Thus, we get

In(1
lim ~ i 2OFY
h—o+ eh — 1 y—0t+ Yy
We further get
he
li = lim — = lim ——— =1.
hig)l— e —1  nhoteh—1 hooreh—1
So, we know that lim = 1. Hence,
h—0 eh -1
z+h _ e’ eh -1
x\/ — 1 € — o7, 1 — w‘
R N
In general,
z+h _ x h _1
(a®)" = lim Y 7% 4 lim 2
h—0 h h—0
hlna 1
=a” Ina-lim ——— =a” Ina.

h—0 hlna
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In general, for any a > 0, a # 1,
1

xlna’

(log, )" =

Justification:

Let f(u) = a* and u = log, x. Then the equality a!°®? = 2 can be re-written as a* = .
Applying the chain rule, we get
a“lna- du 1.
dz
Hence, 1 . .
; u
(log, 2)’ = dz ~ a*lna  zlna

2.36 Example: derivative of In |z|

1
Show that (In|z|)’ = — for any x # 0.
X
Solution In fact, we know that for = > 0, Y
(inal)’ = (o) =
=

If x < 0, then, by the chain rule,

(Infz])" = [In(—=)]’

Il

—
|

—

S~—
Il
8| =

2.37 Example: derivative of composite function

Calculate the derivative of In(a® + 1).

Solution By applying the chain rule, we have

(a® 1)y = L 1ne

In(a” + 1)) = o

a®+1
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Logarithmic Differentiation

2.38 Method: logarithmic differentiation

1.

Take natural logarithms of both sides of an equation y = f(z) and use the Laws of
Logarithms to simplify.

. Differentiate implicitly with respect to z.

. Solve the resulting equation for ¥’.

2.39 Example: logarithmic differentiation

1.

The “logarithmic differentiation” method can often be used to calculate the derivatives for
exponential functions in the form [u(z)]"®), or products u; (x)ug(x) - - - ug(x) with relatively
larger k.

Calculate the derivative of x# where x > 0 and p is a real constant.

Solution Let f(x) = a*. Taking logarithm of both sides gives
In f(z) =lnz* = plnz.

Then we can take derivative of both sides of the last equation and apply the chain rule
to obtain

Thus,

. Calculate the derivative of x* where x > 0.

Solution Let f(x) = a®. Taking logarithm of both sides gives
In f(z) =lnz® =zlna.

Then we can take derivative of both sides of the last equation and apply the chain rule
to obtain

1 1
——f(z)=lnz+z-—=hz+1
& @

Thus,
f'(z) = f(z) - (Inz+1) = z"(lnz + 1).
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Ty /1 — 2
3. Calculate the derivative of f(x) = ﬁ.

Solution We can calculate this derivative directly using the product rule and the
quotient rule. Since there are many terms, it is quite involved. In the following, we
make use of logarithm for a simpler calculation. In fact, we have

e*v1 — z2
1 =In——
b () =L

=z+ 1ln(l —2?) —In(l + 2 + 2?).
Taking derivative of both sides of the equation and applying the chain rule, we obtain

T 1+ 22
1—22 14+z+22’

mf(x)zl—

so that

(@) ezm<1 T 1+ 2z )

:1+m+ac2 C1—22 1+a+a?

2.40 Engineering Example: atmospheric pressure

The atmospheric pressure on earth changes with the altitude of the surface. The weather
conditions, such as the temperature and the humidity, also affect the atmospheric pressure,
so it is necessary to know these to calculate an accurate atmospheric pressure at a certain lo-
cation. However, for general conditions, the National Aeronautics and Space Administration
(NASA) has averaged the conditions for all parts of the earth year-round, and it is shown
that the atmospheric pressure decreases as the altitude increases.

Specifically, at low altitudes above sea level (e.g., the first 1000 meters above sea level),
the atmospheric pressure decreases by approximately 11.3 Pa per meter. For higher altitudes
where the standard temperature lapse rate (i.e., the rate at which the temperature changes
with the altitude) is zero, the atmospheric pressure is shown in the following equation:

P(h) = Bye™ F15 (h=he)

where
| Parameter | Explanation

P, static pressure of layer b (Pa)
g gravitational acceleration : 9.80665 (m / SZ>
M molar mass of Earth’s air : 0.0289644 (kg/mol)
R universal gas constant : 8.3144598 (J/mol/K)
T standard temperature of layer b (K)
hy height at bottom of layer b (m)

with b € [0, 6] (b € Z) in accordance with each of seven successive layers of the atmosphere.
b(h)

Calculat
alculate — -
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In P(h), we treat h as the independent variable and all the other parameters as constants.
Then, by the chain rule, we have

dP(h) —sMh-n,) [ gM '
an e T rT, M)

gM (h—hs)

_gM
=L petn

RT;,
Note that the result above represents the rate at which the atmospheric pressure changes

with the altitude.

For example, in the stratosphere (i.e., b = 1), the standard temperature lapse rate is 0. We
dP(h)

thus can use the above expressions of P(h) and to calculate the atmospheric pressure

and its changing rate, respectively. In particular, when b = 1, we have

| Parameter | Value |
P 22632.10 (Pa)
T 216.65 (K)
h1 11000 (m)

dP(h)

Therefore, P(h) and in the stratosphere can be calculated as follows:

9.80665x0.0289644 (h* 11000)

P(h) = 22632.10¢ ™~ Ss1itsosx316.65

~ 2.2 x 10%e—1:6x107*(h=11000) (Pa),
dP(h) 9.80665 x 0.0289644 _ 9.80665x0.0289644 (p _ 11((0
= - x 22632.10 x e~ 53144598 x216.65 ( )
dh 8.3144598 x 216.65

~ _3.66—1.6><10’4(h—11000) (Pa/m).

dP(h)

Note that the sign “—7 i
ote that the sign in —

altitude.

means that the atmospheric pressure decreases with the

2.41 Engineering Example: entropy - information theory

First introduced by Claude Shannon in 1948, in information theory, the entropy is used
to quantitively measure the information which is produced by a stochastic source of data.
Specifically, when a low-probability event occurs at the source, then the event carries more
information than when a high-probability event occurs. The amount of information conveyed
by each event becomes a random variable whose expected value is the entropy. Hence, the
low-probability event has more entropy. In general, the more uncertain a event is, the more
information the event carries and the more the entropy of this event is. In other words, the
entropy refers to uncertainty or disorder.

For a communication system, if it has two inputs 0 and 1 and they occur with probability
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pand 1 —p (0 < p < 1), respectively, then the entropy of the source is defined as

H(p) = —plogyp — (1 — p) logy (1 — p).

Calculate %(m in this communication system.

By applying the product rule and the chain rule, we have

dH(p
2) — —10g,0— p (logy )’ — (~D)logs(1 — p) — (1.~ p) (g1~ D)
I Lol =) = (1 = )
= —logop—p_y 5 +logy(1—p P a—pna
= logy(1 — p) — log, p.
Note that dH(p ) shows the changing rate of the entropy H(p) with respect to the probability

of the input p Now, we investigate how H(p) changes with p.

In particular, since log,(1 — p) is a decreasing function of p and log, p is an increasing

function of p, dH(p)

ldH()

is thus a decreasing function of p. Moreover, we notice that when p is

smal > O Whrle when p gets bigger and approaches 1, dH(p ) < 0. We thus know that

there exists a point p* € (0,1) such that H(p*) = 0. Furthermore, since %]()p) > 0 means

H(p) increases with p and %}Sm < 0 means H(p) decreases with p, the entropy H(p) is thus
maximized at p*. This shows that when p is neither too small nor too big, i.e., the input is
more uncertain, more entropy can be achieved.

Actually, we can plot the figure of H(p) as 7
follows: ()
A
Indeed, we see from the figure above that y = logy(1 —p) —logy p
H(p) increases with p up to a certain point, 1
denoted as p*, then it decreases with p. In
other words, more entropy is obtained when
p is neither too big nor too small, i.e., when
the input is more uncertain. o 1

2.4 Implicit Differentiation

2.42 Example: implicit differentiation - circle

For the function y = f(z) defined by y* + 2% = 1, we can take the derivative of y with
respect to = of both sides of the equation. By treating y as a function of x and applying the
chain rule, we get

d (x2 + y2) dy

=0=2 2u-— =0
dx Tty dx ’
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so that
dy x

dz Y
This function y = f(x) is defined implicitly. We keep in mind that y is a function of z.

We can find the derivative d_y by “implicit differentiation”.
x

Method: implicit differentiation

1. Replace y by y(z) in the given equation which defines the function y = y(z) implicitly.

2. Differentiate both sides of the equation with respect to x, by applying the rules of
differentiation.

d
3. Solve for Y from the resulting equation.

dx

2.44 Example: implicit differentiation

The equation 2y* — 22 —siny +1 = 0 (x > 0) gives a curve on the plane. Use implicit
d
differentiation to find y’' = d—y and then determine the tangent line of the curve at the point
x

P =(1,0).

Solution By treating y as a function of x, we differentiate both sides of the equation
2y* — 222 — siny + 1 = 0 with respect to x and get

8y3y — 2z —y cosy = 0.

Solving the equation for y’ gives

0 2z
&= 8y3 — cosy’
The point P = (1,0) satisfies the equation Y
and thus lies on the curve. The tangent line t

2yt — 22 —siny +1=0

of the curve at the point has slope

g 2D
P 8(03) — cos0

Hence the tangent line at P is given by the
equation y=—2(x—1)
y=—-2(x—1).
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2.45 MATLAB: implicit differentiation

MATLAB supports the implicit differentiation if the symbolic function y(x) is appropriately
created. The following example shows the calculation of 3y’ in MATLAB, where x and y satisfy
the equation 2y* — 22 —siny + 1 = 0.

>> syms x y(x) t
>> f = 2xy(x)~4 - x72 - sin(y(x)) + 1;
>> d diff (£f,x)

d =
8xy(x) "3xdiff (y(x), x) - 2*x - cos(y(x))*diff (y(x), x)
>> d0 = subs(d,diff (y(x),x),t)

do =

8xt*y(x) "3 - 2*x - txcos(y(x))

>> s = solve(dO,t)

s =

-(2*x)/(cos(y(x)) - 8*xy(x)~3)

where d0 = subs(d,diff (y(x),x),t) is to replace diff (y(x),x) with t, so that the com-
mand solve can work to obtain the expression of t (i.e., the expression of diff (y(x),x) or
y'). Note that if we solve d = 0 with respect to diff (y(x),x) directly, i.e., using command
solve(d,diff (y(x),x)), MATLAB is unable to find the explicit solution.

Moreover, based on the expression of diff (y(x),x) or ', which was calculated above, we
can easily determine the slope of the tangent line at point (1,0).

>> s_x = subs(s,x,1) % substitute x = 1
s_x =

-2/(cos(y(1)) - 8*y(1)73)

>> s_xy = subs(s_x,y,0) % substitute y = 0
S_xy =

-2
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[ MATLAB shows that the slope of the tangent line at point (1,0) is —2. ]

2.5 Related Rates

2.46 Example: application - related rates

John observes a rising helium balloon. He
stands 100 meters away from the launch site.
The balloon rises vertically at the constant
speed 2 meter/second. How fast is the angle
of the elevation of the balloon increasing 50 (1)
seconds after the launch? (The angle of ele- 100
vation is the angle between the ground and
John’s line of sight to the balloon.)

Solution Let y(t) be the distance traveled by the balloon from the launch site at time ¢.
Let 6(t) be the angle of elevation at time ¢.

The speed of the balloon is y/(t), which equals to 2 m/s. “How fast is the angle of the
elevation” means that we need to find the rate of change of 6(t), i.e., the derivative 8’ (¢).

The relation between y(t) and 6(¢) is given by

y(t) = 100 - tan 0(t).
Taking the differentiation of both sides of the equation above, we obtain

;o 100-0(t)
vyt = cos?6(t)

Since we need to find 6'(t), we obtain
/
2
0'(t) = le(tO) cos? (t) = T cos? 0(t).
We need to find cos6(t) at t = 50. In fact,

y(50) = 2 x 50 = 100.

From the relation between y(t) and 6(t), we have 100 = 100 - tan 6(50), so that 6(50) = 7.
Thus we obtain
V2

cos 0(50) = cos(F) = -

0'(50) = % : (?)2 =0.01.

Therefore, we have
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Since two rates of change, i.e., derivatives €’(t) and y'(t), are related by the equation

1) = LD cos pr).

This is a typical problem of related rates. In general, so-called related rates problems
involve finding a rate at which a quantity changes by relating that quantity to other quantities
whose rates of change are known.

2.47 Example: related rates - area

An oil tank springs an oil leak on the ground, and the oil spreads in a circular patch around
the tank. If the radius of the oil patch increases at a rate of 10 meters/hour, how fast is the
area of the patch increasing when the patch has a radius of 20 meters?

Solution

Step 1: Label all variables:

Let r(t) be the radius of the oil patch at time ¢ and A(t) be the area of the oil patch at
time ¢.

The rate of the area change is the quantity A’(t).

Step 2: Write the relation between concerned variables:

The area of the patch is

A(t) = mr(t)2.

Step 3: Write the relations between rates:
We take the differentiation with respect to ¢ on both sides of the equation above,

A'(t) = 2mr(t) - r'(t).

Step 4: List all known quantities:
The radius of the oil patch increases at a rate of 10 meters/hour, that is,

r'(t) = 10.
At the time tg when the patch has a radius of 20 meters, we have
r(to) =20, 7'(tp) = 10.

Step 5: Find the desired rate:
Combining all the results above gives

A'(to) = 2mr(to) - 7' (to) = 27 - 20 - 10 = 4007 ~ 1256.64 (m?/h).

2.48 Example: related rates - distance

Two sailing boats sail towards a docking P 30
port. Boat A sails due west at the con- |
stant speed 8 miles/hour and Boat B sails due |
north at the constant speed 10 miles/hour. |

How fast is the distance between the boats |
changing when the westbound boat is 30 1
miles from the port and the northbound boat ‘
is 40 miles from the port? B
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Solution

Step 1: Label all variables:

Let x(t) be the distance of the westbound boat to the port at time ¢. Let y(¢) be the
distance of the northbound boat to the port at time ¢. Let z(t) be the distance between two
boats at time t.

The rate of the distance change is the quantity z’(t).

Step 2: Write the relation between concerned variables:

From the Pythagorean theorem,

2(1)? = 2(t)* +y(t)*.

Step 3: Write the relations between the rates:
We take the differentiation with respect to ¢ on both sides of the equation above,

£(t) - 2'(6) + y(0) - y'(t)

22(t) - 2/(t) = 2a(t) - /() + 29(t) -/ (t) = 2/(¢) = e

Step 4: List all given quantities:
At the time ¢ty when westbound boat is 30 miles from the port, we have

z(to) = 30, y(to) =40, a'(to) = -8, ¥'(to) = —10.

Notice that the derivatives 2/(¢) and y’(t) are negative, since the distances from both boats
to the port decrease in time.

Step 5: Determine other quantities from the given quantities:

We can determine the quantity z(tg) by using the Pythagorean identity:

2(to) = /2(to)? + y(to)? = V/302 + 402 = 50.

Step 6: Find the desired rate:
Combining all the results above gives

z(to) - @' (to) +y(to) - y'(to)) _ —8-30 —10-40

o) = = —12.8 (mi/h).

Z/(to) =

2.6 Linear Approximation

2.49 Example: linear approximation

tangent line
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Geometrically, the tangent line of a graph y = f(z) at © = a is close to the graph when x
is very close to a. Algebraically, the value f(a)+ f/(a)(z — a) is very close to f(x) when z is
close to a, that is, when = = a,

f@) = f(a) + f'(a)(z — a).

2.50 Theorem: linear approximation

Let f be differentiable at a. Then the linear function y = f(a)+ f'(a)(x — a) approximates
y = f(x) near x = a, that is, when z = a,

f(@) = f(a) + f'(a)(z — a).

This linear function y = f(a) + f'(a)(x — a) is called the linear approximation (or
linearization) of f at z = a.

2.51 Example: linear approximation - numerical approximation

1
Consider the function f(z) = +/1+ x. Its derivative is f'(xr) = ——==. The tangent

2v1+x
line at z = 0is y = f(0) + f/(0)x = 1+ %x We know that, for small z, y = 1 + %x
approximates v/1 + z. Numerically, we can verify this. For different values of small x, we
make the following table

T 1+ 1+ 1z

0.1 1.04880884817 | 1.05
0.01 | 1.00498756211 | 1.005
0.001 | 1.00049987506 | 1.0005

We see that the approximation is getting better when x is closer to 0.

2.52 Example: linear approximation - numerical approximation

Find approximate value of +/1.02.

Solution Consider the function f(z) = /1+z. Since f'(z) = m, the linear
+x

approximation of f is
y=1+ %x
Thus, we have an approximate value of v/1.02:
V1.02 ~ 14 £(0.02) ~ 1.006667.

The real value of v/1.02 is 1.0066227 - - - .
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2.53 Definition: differential

The differential of y = f(x) at x, denoted Yy
as dy or df(x), is i

dy = f'(x) Ax.

We often call the change in x, Ax, as the
differential of the independent variable, de-
noted as dz, that is dx = Az. Hence,

dy = f'(x)dz. %

2.54 Example: differential - numerical approximation

Compute the differential of the function f(x) = cosz. Use it to find approximate value of
cos 94°.

Solution For the function y = cos z, we have y' = —sinz, so that dy = — sinz dz. Thus,
cos(a + Ax) —cosa = Ay ~ dy = —sinadx = —sina Axz.

?otice that 94° = 90° 4 4° = %7‘1’ + %‘077 = %w + %w. By taking a = %7‘(’ and Az = 4l57r, we
ave

cos 94°

cos(a + Ax) ~ cosa — sina - Ax
= cos 3 — sin 37 - (557)
=0-1-47~ —0.0698132.

The real value of cos94° is —0.0697565 - - - .

2.55 MATLAB: linear approximation

In MATLARB, the linear approximation of a function can be calculated using the command
taylor. The following examples show the calculations of the linear approximations of f(z) =
V1+zat x =0 and f(z) = cosz at x = a, respectively.

>> syms X;
>> f = (1+x)°(1/3);
>> taylor(f,x,0, 'Order',2)

ans =
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x/3 + 1

>> syms x a;

>> f = cos(x);

>> taylor (f,x,a, 'Order',2)

ans =

cos(a) + sin(a)x*(a-x)

Because the linear approximation f(z) = f(a) + f'(a)(z — a) has two terms, we specify
‘Order’ and 2 in the command taylor in the MATLAB code above.

2.56 Engineering Example: small signal analysis

In electronic circuits, many of the components that make up of the circuits are nonlinear,
e.g., diodes, transistors and vacuum tubes. For these nonlinear components, the current
through them is not proportional to the voltage, which makes calculations and analysis
complicated. Moreover, there are many applications where nonlinear devices only operate
in a very restricted range of voltage or current, such as many sensor applications and audio
amplifiers. For easy calculations and analysis of the voltage and current, a method called
small signal analysis (or incremental analysis) is proposed to approximate circuits containing
nonlinear elements with linear equations over a restricted region. Specifically, if the time-
varying alternating current (AC) signal of an electronic current is small compared to the
deterministic direct current (DC) bias, then using linear approximation, the nonlinear
circuit elements are replaced by linear elements over a restricted range in the resultant AC-
equivalent circuit. The small signal analysis method widely applies to electronic circuits
where the AC signals are small compared to the DC ones, e.g., radio receivers, sensors,
telecommunications and signal processing circuits.

A nonlinear circuit example is shown in the following, where the diode is a nonlinear
component.

| Parameter | Description |
L Vb DC voltage
Ip DC current
N o Vg AC voltage
CD " v SZ iq AC current
vp = Vp +wvg | total voltage
ip = Ip +1i4 | total current

=

vy input voltage

For the total voltage vp and the total current ip of the above circuit, we have ip = f (vp).
Note that ip is a nonlinear function of vp due to the nonlinear diode. We will then use the
small signal analysis method to approximate the behaviour of this circuit near the DC bias
point.

In particular, at vp = Vp, using linear approximation, the function ip = f(vp) can be
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approximated as

. df (v
’LD%f(VD)-F% '(’UD—VD)
UD  yp=vp
df (v
— f (VD) + # - vg-
VD lup=vp
Note that ip = Ip + ig and Ip can be written as Ip = f(Vp). Hence, the term
d
M - vg can be treated as the AC current ig, and we have
dvp vp=VD
d
id = —f (UD) - Vd-
dUD O=Vis
df (vp) . oL . .
Further, we note that “don is independent of vg, so i4 is in proportion with vy
UD 'UD=VD

after linear approximation, i.e.,
tg X Vqg.

A graphical interpretation of the small signal analysis is shown below.

UD

The point (Vp, Ip) representing the steady DC voltage and current is called the operating
point. Note that the small signal analysis is dependent on the operating point, i.e., the DC
bias voltage and current. From the figure above, we see that over a restricted range around
vp = Vp, the time-varying AC current ¢4 becomes a linear function of the AC voltage vy (or
graphically, we approximate A with B in the restricted region), which facilitates the analysis
of the nonlinear circuit over this range.
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2.7 Higher Derivatives

2.57 Definition: higher derivatives

The second derivative of f is the derivative of the derivative of f:

/

(@) = (') ().

The third derivative of f is the derivative of the second derivative of f:

(@) = (f") (@).

In general, the n-th derivative of f is the derivative of the (n — 1)th derivative of f:

@) = (10 @)

2.58 Example: higher derivatives

Calculate the second derivative of f(x) = sin x2.

Solution We apply the chain rule to calculate the first derivative:

f'(x) = (cos x?) - 2z = 2z cos z2.

Then we need to use product rule and the chain rule to calculate the second derivative:

(@) = (f'(2)) = (2w cos z®)’
= (22)" - cosz? + 2z - (cos ?

%) = 2cos x? — 4z% sin 22,

2.59 Example: higher derivatives - polynomials

dk
For any polynomial P, (x) of degree n, show that @Pn(x) =0 for k > n.
Solution Since (z™)" = ma™~! for integer m, we know that d—m(xm) = m! and hence
dm+1 dk r
W(Z‘m) = (m!)’ = 0. Thus we obtain @(xm) =0if £ > m. If kK > n, then
dlc k
i @) = 37 (@0 + az 4o+ ana”)
d* dr ar
= aow(l) + alw(m) qP oo TP anﬂ(ﬂf )

—04+0+---+0=0.
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2.60 Example: higher derivatives - sin z and cos x

Prove that
n dn

sinz = sin(z + inm), o CO5% = cos(z + ).
x

dxn

Solution Both equalities can be proved by induction. Here we only demonstrate the proof

of the first equality.
Clearly, since (sinz)’ = cosz = sin(z + 37), the equality holds for n = 1.
k

d
Suppose the equality holds for n = k, that is, Tk sinx = sin(x + %kﬂ') Thus,
x

dk+1 dk
msinm = (dk Sinx)
T T

= [sin(z + %kﬂr)],
=sin(z + $km + 3m)

=sin [z + 3(k + 1))

!

So, the equality holds for n = k + 1.
Hence, the first equality holds for all n > 1.

2.61 Example: higher derivatives - implicit differentiation

For the function y = f(x) defined implicitly by y? + 22 = 1, by implicit differentiation, we
get

dy dy x
2L 42 =0= 2 =_2
v dx e dz Y
For finding the second derivative, we can adopt one of the following two approaches.
. .. dy T
(1) By differentiating Qg = o Once more, we have
€ Y
dy
dz? dx y) y?
1 z
_— ':E . —_—
B Y v) 22 4 y? 1
- Y2 - T _E'

d
(2) By implicitly differentiating 2y d—y + 2z = 0, we have
%

dy 2 d?y
2 — 20— +2=0
(dx) A ’
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so that

2.62 Example: acceleration

Let f(t) = th be the distance function of a free-fall object and ¢ be the time. Its derivative

is the velocity v(t) = f'(t) = gt. The rate of change of the velocity is the acceleration a(¢):
a(t) =v'(t) = f”(t). Thus the acceleration is the second derivative of f(t).

In general, if y = f(t) is a distance function, then the first derivative of f is the velocity
v(t) = f'(t) and the second derivative of f is the acceleration a(t) = v'(t) = f”(¢).

2.63 Engineering Example: Newton’s second law of motion

Newton’s second law of motion presents the relationship between the net force acting on
an object and the rate of the object’s momentum change. This is one of the most important
laws in physics. It was first proposed by Isaac Newton in his book “Philosophiae Naturalis
Principia Mathematica (Mathematical Principles of Natural Philosophy)”, which was first
published in 1687. In terms of magnitude, Newton’s second law is given in the following:

_dp_ dv

F = —
a - ar

where F' is the net force acting on an object, p is the momentum of the object, v is the speed,
and t is the time.
Note that the speed v equals to the rate of an object’s displacement change with respect to

time, i.e., v = —, where x is the displacement of an object. Then, we can rewrite Newton’s
second law as
d?z

F=mZZ%
e

Suppose that a ball of mass 0.25 kg is rolling on the ground, and it starts to decelerate at
t = 0. The displacement of this ball from its original position at ¢t = 0 is z(¢) = 2t — 0.2t
(0 <t <5). What is the resistive force acting on the ball?

According to Newton’s second law, we have

2 d? (2t — 0.2¢2 —0.
2t) _ o5 ( ) _0.25 x 32041

F= s A
g2 at2 dt

= —0.1(N).

The result above shows that the magnitude of the resistive force acting on the ball is 0.1 N.

The sign “—” means the direction of the resistive force is opposite to the rolling direction of
the ball.
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Leibniz Formula

2.64 Theorem: Leibniz Formula

If £(®) and g™ exits, so is (f - g)(™ and the Leibniz Formula holds:

n

@) 9] =3 (1)1 g )

=0

This is also called the Leibniz Rule.

Justification:

The formula can be proved by induction. In fact, it is clear that the formula holds for
n=1:

@) @) = @) o) + 1) @) =3 (1) 190 o)

=0

Suppose the formula holds for n = k, that is,

@)@ = 3 (5)ro@- s+

=0

Thus,
[f(z) - g(a)]*FV
) £ (a) - g<’“-i><x>]

Il
——
I M»
o
VR

S X

-y (k> [£69(s) - 9% @) + 1O () - 41~ o)

_ f(k+1) + Z < >f(z ) g(k-i-l—i) (.17)

= f(’i’i)(fv)g(w)
+¢z: K f1) + <Ij>] FO(@) - g* 1)) + f(z) gD
— S <k 'l' 1) f(’)(x) (k+1 z)( )

So, the Leibniz Formula holds for all n > 1.
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2.65 Example: Leibniz Formula

d?‘l
Compute e (x2e$) for n > 1.
7
Solution We know that
(z?) = 2z, ()" =2, (%)@ =0 for all i > 2.
Thus, by the Leibniz Formula, we have

dr
di (1,26:0) _ IQ(ex)(n) +n(:r2)’(e‘”)("71) +
n

n(nil) "¢ x\(n—
T(xz) (e )( )

= [2? 4+ 2nz + n(n — 1)] *.
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Summary

Definition: basic concepts

derivative : f'(z) = lim flz+h) = f(z)
h—0 h

higher derivative : M (z) = (f(”’l))/ (), n>2

differential : dy = f'(z)dz

linear approximation : f(z)=~ f(a)+ f'(a)(z — a)

Theorem: rules of differentiation

Suppose f'(z) and ¢'(z) exist. Then the following rules of differentiation hold.

1. Sum Rule:
[f(2) + g(@)) = f'(z) + ¢' ().

2. Difference Rule:
3. Product Rule:

4. Quotient Rule: If g(a) # 0, then

[f(x)]/ _9(=@) f'(z) — f(x) g'(x).
g(x) [9(x))?

5. Chain Rule: Suppose f’ and ¢’ exist. Then
[flg(@)) = f'(9(x)) - ¢'(2),

or in Leibniz notation,

dy _dy du
dz  du dz’
6. Inverse Function: Suppose f is one-to-one and differentiable with non-zero derivative.
Then 1
!
f2)] = ——.
R (i)

7. Leibniz Formula: Suppose f(™) and g™ exist. Then

n

@) 9@ =3 (1) 70 g )

=0
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Summary

Theorem: derivatives of some elementary functions

2 P N P W

(sinz)’ = cosx i Ly 1
. (CSC r) = ————
! ( ) |x|vVaz? —1
(cosz) = —sinx
1
(tanz) = sec? 15. (Sec_l z) = |m|x—2_1
(cscx) = —cscx cotx
_ 1
(secz) =secx tanx 16. (cot™la) = T2

. Take natural logarithms of both sides of an equation y = f(z) and use the Laws of
Logarithms to simplify.

. Differentiate implicitly with respect to z.

. Solve the resulting equation for ¥’.

. Replace y by y(x) in the given equation which defines the function y = y(z) implicitly.

. Differentiate both sides of the equation with respect to x, by applying the rules of

d
. Solve for d_y from the resulting equation.

differentiation.

T
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Applications of Differentiation

3.1 Maximum and Minimum Values

3.1 Definition: extreme values

Suppose f is a function defined over a domain D and ¢ is a number in D.

Definition: absolute extreme values

The number f(c) is the
e absolute maximum value of f if f(c) > f(z) for all z in D;

e absolute minimum value of f if f(¢) < f(z) for all z in D.

Definition: local extreme values

The number f(c) is a
e local maximum value of f if f(¢) > f(x) when « is near ¢;

e local minimum value of f if f(¢) < f(x) when « is near c.

When f attains its extremum at a point x = ¢, we call x = ¢ an extreme point of f.

3.2 Example: absolute maximum and absolute minimum

1. Consider f(x) = 2?2 defined over the interval [—1,1]. From the graph of the function,
we see that
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e f has the absolute maximum value

fED) =1 y
A

e f has the absolute minimum value y= f(z)

£(0) =0; ot
e f has two local maximum values

fE) =15 s
e f has one local minimum value - o !

7(0) = 0.

2. Consider g(x) = x? defined over the interval (—1,1). From the graph of the function,
we see that

e g has no absolute maximum value;

e g has the absolute minimum value ‘7{
g(O) = 07 y=g(x)
. 1
e ¢ has no local maximum value;
e g has one local minimum value g(0) =
0. > &
-1 o 1

3. Consider h(z) = x? defined over (—o0,+0o0). From the graph of the function, we see
that

e h has no absolute maximum value;

e h has the absolute minimum value :f/
h(0) = 0; y = h(z)
e h has no local maximum value; !
e h has one local minimum value
h(0) = 0. = o —

1
4. Consider k(z) = — defined over (0, +00). From the graph of the function, we see that
%

e [ has no absolute maximum value; Y
A
e k has no absolute minimum value;

e k has no local maximum value; y = k(z)

e k has no local minimum value.

> T
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5. Consider r(x) = cosz defined over (—oo,+00). From the graph, we see that, for
n=0+1,+2, ...

e r has the absolute maximum value
r(2nm) = 1,

e r has the absolute minimum value
r((2n+ 1)) = —1;

e 7 has local maximum values r(2n7) = ' d .

1; \’y—%”f? INT S
e 7 has local minimum values r((2n +
1)r) = —1.

6. Counsider the function p(z) = xe~* with the graph given below. We see that

e p has the absolute maximum value
p(1) = 1/e; v
e p has no absolute minimum value;

e p has a local maximum values p(1) =

1/e; 0 1 v
e p has no local minimum value.

7. For the function ¢(z) = |z|, we see that

q has no absolute maximum value;

q has the absolute minimum value
q(0) = 0;
e ¢ has no local maximum value;

¢ has one local minimum value ¢(0) =
0.

T

3.3 Theorem: Fermat’s Theorem

If f has a local maximum or minimum value at an interior point ¢ in the domain D of f,
and if f'(c) exists, then f'(c) = 0.

A point ¢ is an interior point of D if there is an open interval (a, b) such that ¢ € (a,b) C
D.

. J

Justification:

Without loss of generality, suppose f has a local maximum at ¢, that is,

f(x) < f(e) for x sufficiently close to c.
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This implies that
fle+h) = f(e) <0,

for all A sufficiently close to 0, since c¢ is an interior point. Thus, if ~ > 0 and h is sufficiently

small, we have
e =1 ¢

Since f is differentiable at ¢, we have

flet+h) = f(0)

"(¢)=1i <0.
o=t = =
Similarly, if h < 0 and h is sufficiently small, we have
fle+m =1 -,
h >
Since f is differentiable at ¢, we have
h) —
f@g:1mliﬁi_L;ﬂQ20,
h—0- h

Since both f’(c) < 0 and f’(¢) > 0 hold, we get f/(c) = 0.
The case of a local minimum can be proved in a similar manner.

Remark: interior point <= not a boundary point

That a point is an interior point means that it is not a boundary point. For example, the
point 0 is an interior point of the interval [—1,1] since 0 € (—1,1) C [—1, 1]. The point —1 is
not an interior point of [—1, 1], but a boundary point.

The point 0 is not an interior point of the interval (0,1) since it is even not a point in
(0,1). In fact, 0 is a boundary point of (0,1). The number 1071% is an interior point of
(0,1) since 10719 € (0.5 x 107199 1.5 x 107199) < (0,1).

Remark: locations of local extrema

Fermat’s Theorem concludes that a local extreme value f(c), where ¢ is in the domain of
f, only occurs at one of the following three types of locations:

o an interior point where f’(c) = 0;
« an interior point where f’(c) does not exist;

e a boundary point.

3.4 Definition: critical point

Let f be defined over a domain D. A number ¢ in D is called a critical point of f if
either f'(¢) =0 or f'(c) does not exist.
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3.5 Theorem: Fermat’s Theorem - rephrase

If f has a local maximum or minimum value at an interior point ¢ in the domain D of f,
then c is a critical point of f.

3.6 Example: local extreme occur at critical points

1. Consider the function p(x) = 22° — 322 — 122 + 1 with the graph given below. The
derivative of p is

p'(z) =62% — 62z — 12 =6(z> —z — 2) = 6(z — 2)(z + 1).

Solving p'(x) = 0 gives x = 2 or = —1. Y
Thus these two points are all the critical !
points of p. From the graph, we see that
the function p attains local extreme values

at these points. / e O\ 5T
y=2x3—32% - 12z + 1
/ —19 AZ

2. Consider the function ¢(z) = |z|. Since g(z) does not have derivative at = 0, so that
x = 0 is a critical point. The function also attains a local minimum value as well as an
absolute minimum value at = = 0.

8

3.7 Pitfall: critical points do not necessarily yield local extreme values

Fermat’s Theorem states that a local extremed value only occurs at an interior critical
point or at a boundary point. However, not all critical points will yield local extreme values.
1. Consider g(x) = x3. Since ¢/(z) = 322, Y
x = 0 is a critical point of g. From the
graph of function, we see that z = 0 is not o= gl
a local extreme point.
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2. Consider the function

cosz, ifz < —1;
h(z) =4 sinz, if -1<z<1;
2, if x > 1.

It is not differentiable at points x =
and 1, so that they are critical points.
From the graph, we see that x = —1 is a
local maximum point and 1 is not a local
extreme point.

N ;-

-2 _3 -7 /L
5T

> T

O 1

3.8 Theorem: Extreme Value Theorem

Let f be a continuous function defined over a finite closed interval [a,b]. Then f(z) has at
least one absolute maximum point and one absolute minimum point in the interval [a, b].

3.9 Example: continuous function on a finite closed interval

The function f(x) = z? is continuous on
the finite closed interval [—1,1]. So the Ex-
treme Value Theorem applies. In fact, the
function has the absolute maximum value
f(=1) = f(1) = 1 and the absolute minimum
value f(0) = 0.

2

The function g(z) = z* is continuous on
the finite interval (—1,1). However, the Ex-
treme Value Theorem does not apply to the
function g, since the interval (—1,1) is not
closed. In fact, it is easy to see that the func-
tion g does not have absolute maximum value.

> T

Consider the function h:

cosz, ifz < —1;
h(z) =14 sinz, if -1<z<1;
2, if £ > 1.

The function is not continuous on the domain

(=00, +00), and the domain is not closed nor

TInite. Nevertheless, 10 1as all absolute Iaxi-
mum and absolute minimum.
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3.12 Method: finding absolute extrema

Given a continuous function f over a finite closed interval [a, b].

1. Find the critical points and evaluate the values of f at critical points.
2. Evaluate the values of f at the boundary points z = a and = = b.

3. The largest value and smallest value from steps 1 and 2 are the absolute maximum
value and the absolute minimum value respectively.

Example: absolute maximum and absolute minimum

Consider f(z) = 22 defined over the in- Y
terval [—2,1]. The function f is continuous,
and the domain [—2,1] is a finite closed in-
terval. Since the function f satisfies all the
hypotheses in the Extreme Value Theorem,
the function f must have the absolute maxi-
mum value and the absolute minimum value.

To find the absolute extrema, we precede as follows:

(1) First try to determine the critical points. Indeed, by solving the equation f/(z) = 2z =
0, we see that the critical point of f is & = 0. Thus, we get the value f(0) = 0.

(2) Next we evaluate the values of f at two boundary points: f(—2) = (—2)? = 4 and
r)=1.

(3) Among these three values, the largest one is f(—2) = 4 and the smallest one is f(0) = 0.
So the absolute maximum value occurs at x = —2 and the absolute minimum value occurs
at x = 0.

3.14 MATLAB: maximum and minimum values

1. To obtain the local maximum or minimum value of a function, we can first plot the
function in MATLAB to see the rough location of the local maximum or minimum value.
The following code shows how to plot the figure of the function p(x) = 22% 322 —122+1.

>> syms X;

>> p(x) = 2%x73 - 3*%x72 - 12*%xx + 1;
>> x_array = -3:0.05:3;

>> y_array p(x_array) ;

>> figure

>> plot(x_array,y_array,'r')
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>> grid
>> xlabel ('x")
>> ylabel('p(x) ')

After running the MATLAB code above, o
we have the figure for the function p. .

From this figure, we see that, for the .
function p, the local maximum value is
around z = —1 and the local minimum

value is around z = 2. According to Fer- /
mat’s Theorem, we know that p’ (Zmax) =
' (Tmin) = 0, where Zyax and i, are the o
points obtaining the local maximum value

and the local minimum value, respectively.

To obtain the exact locations of the local maximum and minimum values of p, we need
the following MATLAB code.

>> d = diff (p);
>> d_fun = matlabFunction (d)

d_fun =
function_handle with value:

0(x)x.*¥-6.0+x.72.%¥6.0-1.2el

>> max_p = fzero(d_fun,-1)
max_p =

=il
>> min_p = fzero(d_fun,2)
min_p =

2

where matlabFunction(d) is to convert the symbolic function d to a function handle
which can be analyzed by the command fzero. Note that the command solve is
not used here, because MATLAB may not be able to obtain explicit solutions for some
equations; while fzero can numerically find the zero of a function near the initial guess.
MATLAB returns that the local maximum value can be achieved at x = —1, and the
local minimum value can be achieved at = = 2.
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2. The following example shows how to find the absolute minimum value of the function

f(x) = 2% — 2.12 + 1.1025. First, we plot the curve of f. The MATLAB code is shown

below.

>> syms X;

>> f(x) = x72 - 2.1%x + 1.1025;
>> x_array = -1:0.2:3;

>> y_array = f(x_array);

>> figure

>> plot(x_array,y_array,'r')

>> xlabel('x")

>> ylabel ('f(x)")

>> grid

Then, we have the figure showing the
graph of f.

From this figure, we see that the absolute
minimum value of f(z) is around z = 1.
To find the exact location of the abso-
lute minimum value, we need the following
MATLAB code.

>> d = diff (£f);
>> d_fun = matlabFunction(d)

d_fun =
function_handle with value:

@(x)x.*2.0-2.1el1./1.0el

>> min_p = fzero(d_fun,1)
min_p =
1.0500

MATLAB returns that the absolute minimum value of f(z) can be achieved at + = 1.05.
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3.15 Engineering Example: fugacity coefficient

In chemical thermodynamics, the fugacity is an effective partial pressure of a real gas. It
equals the pressure of an ideal gas which has the same temperature and molar Gibbs free
energy as this real gas. For example, the Nitrogen gas (N3) at 0 °C and a pressure of P = 100
atmospheres (atm) has a fugacity of f = 97.03 atm. This means that the molar Gibbs free
energy of this real Nitrogen gas is the same with the ideal gas at 0 °C and a pressure of 97.03
atm. The pressure and the fugacity of a gas is related through a parameter called fugacity

coefficient, which is defined as ¢ =

example, the fugacity coefficient of the Nitrogen gas at 0 °C and a pressure of P = 100 atm
is 0.9703. Note that for the ideal gas, the fugacity coefficient is always 1.

The fugacity coefficient can be rewritten in the form of the compressibility factor which
is a correction factor describing the deviation of a real gas from ideal gas behaviour. In
particular, under certain conditions, the fugacity coefficient in terms of the compressibility

factor is provided as follows:

g0:f(x):x—l—ln(x—l)—ln<1+%)

where x (z > 1) is the compressibility factor.

Use MATLAB to calculate the minimum value of the fugacity coefficient function and the

corresponding compressibility factor.

First, we plot the function f(z) =2 —1—1In(z —1) —In (1+ 1) in MATLAB to see the
rough location of the minimum value. The code is shown in the following.

~, where f is the fugacity and P is the pressure. For

>>
>>
>>
>>
>>
>>
>>
>>
>>

syms X

f(x) = x - 1 - log(x - 1) - log(1l + 1/x);

x_array = 1.1:0.1:10;
y_array = f(x_array);
figure

plot (x_array,y_array,'r')
grid

xlabel ('x")

ylabel ('f(x) ")

From the graph of f, we see that the min-
imum value is around & = 2. According to
Fermat’s Theorem, to obtain the minimum
value of f(z), we need to calculate the value
of z which satisfies f/(z) = 0.

Next, we run the following MATLAB code.
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>> df diff (£)

af (x)

df _fun =

function_handle with value:

>> x_min = fzero(df_fun,b2)
Xx_min =

1.8393

1/(x72*%(1/x + 1)) - 1/(x - 1) + 1

>> df _fun = matlabFunction (df)

@(x)-1.0./(x-1.0)+1.0./x.72./(1.0./x+1.0)+1.0

ibility factor x = 1.8393.

It shows that f/(1.8393) = 0, i.e., the minimum value of f(z) is achieved when the compress-

Substituting « = 1.8393 into the fugacity coefficient function f(z), we have the minimum
value of the fugacity coefficient shown as follows.

>> f_min = vpa(f(x_min))

f_min =

0.58031458931953300345263227407065

The result shows that the minimum value of the fugacity coefficient is around 0.5803.

3.2 Monotone Functions and Mean Value Theorem

3.16 Definition: monotone functions

A function f is said to be

e increasing on an interval I if
fzr) < flx2)
e decreasing on an interval [ if

f(z1) > f(z2)

whenever x1 < x5 in [

whenever 1 < x5 in I.
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Such functions are also said to be monotone (or monotonic) functions.

3.17 Example: monotone functions

1. The function f(x) = z? is decreasing on Y
the interval (—oo, 0) and increasing on the \
interval (0, 400). 9 ,

2. The function g(z) = 2% is increasing on Y
the whole real line (—oo, +00).

1
3. The function h(z) = - is deceasing on the

interval (—o0,0) as well as on the interval
(0, +00). -

4. The function k(x) = sinz is increasing on
g 1 1 2
the interval (—5m, 57) and decreasing on

the interval (3, 3).

3.18 Theorem: Mean Value Theorem

Suppose f is a function that satisfies the following:

1. fis continuous on the closed interval [a, b].

2. f is differentiable in the open interval (a,b).
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Then there exists at least one number ¢ in (a, b) such that

or, equivalently,

An equation of the line segment connecting (a, f(a)) and (b, f(b)) is

y=fla) - 10T )
As shown in the figure, at x with a < x < b, consider the auxiliary function
f(b) — f(a)

W) = (@) - f(a) - T2 — )

Since f is continuous on [a, b], so is h. By the Extreme Value Theorem, there exist absolute
maximum point M and absolute minimum point m.

If one of m and M is attained at an interior point of (a,b), since h is differentiable in (a, b),
by Fermat’s Theorem, there exists ¢ € (a, b) such that h'(c) = 0. Since

W) = () - {0 I@,

Justification:
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we get
o= 101
If both m and M are attained at the boundary points of [a, b], since
h@) = (@) — fla) - TO=T0 _ay g,
n(e) = 1)~ f(@) ~ LU =D g

we must have m = M = 0. This means that h must be a constant function. Thus, for any
¢ € (a,b), we have h/(c) = 0. Similarly as above, we again have

3.19 Pitfall: when the hypotheses in the Mean Value Theorem fail

The hypotheses of the Mean Value Theorem are that the function f is continuous on the
closed interval [a,b] and differentiable in the open interval (a,b). We will see that if any of
these fails, then the conclusion of the Mean Value Theorem does not necessarily hold.

1. Consider the function f defined on [0, 1]:

1, ifo<z <1,
f@){a if 2 = 0.

Clearly, f is discontinuous at = 1, so that f is not continuous on [0,1]. Obviously,
for any x € (0,1), f'(z) =0 and

fM)-f0) _1-0_

= = I,
1-0 1-0
So there exists no ¢ in (0,1) such that
f(1) = £(0)
!
fiey = 1021

2. Consider the function g(x) = |z| defined over [—1,1]. We know that ¢’(0) does not
exist, so g is not differentiable in (—1,1). It is easy to see that

o) —g(=1) _1-1 _
1-(-1) 2

0,
and

(z) = -1, if-1<z<0;
IWEI=1 1, ifo<az<l.

Clearly, there exists no ¢ inside (—1,1) such that

g g(1) —g(-1)
9O="T"n
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3.20 Theorem: Monotone Test

Suppose f is differentiable on an interval I.

1. If f/(x) > 0 on I, then f is increasing on I.

2. If f'(x) < 0on I, then f is decreasing on I.

Justification:

Suppose f'(z) > 0 on (a,b). We take any two numbers x1,22 € (a,b) such that with
21 < 3. By the Mean Value Theorem, there is ¢ € (21, x2) such that

f(x1) = f(z2) = f'(c)(x1 — x2) <O,

which implies that f(z1) < f(z2). Hence, f is increasing on (a, b).
The other case can be proved similarly.

3.21 Example: determine intervals of monotonicity

Consider the function f(z) = 223 — 322 — 12z + 1. To find the intervals where f is
monotone, by the Monotone Test, we need to determine the intervals in which f’ keeps its
sign unchanged.

In fact,

fl(z) =622 —6x—12=6(z> -z —2) =6(z — 2)(z + 1),

so that it has two real roots © = —1 and x = 2. These two numbers divide the interval
(—00,400) into three open intervals (—oo, —1), (—1,2), and (2,400). Since the function f’
is continuous and nonzero over each of these intervals, by the Intermediate Value Theorem,
it must be either positive or negative on each interval. In (—oo, —1), since f’ is positive for
large negative x, f’(x) is positive on (—oo, —1). The function f’ changes its sign on two sides
of z = —1 and z = 2, so that f/(z) is negative on (—1,2) and positive on (2, +00).

Y Y

A A

y = f(z) \/
y=f'(2) -19

Thus the function f(x) is increasing over the intervals (—oo, —1) and (2, 400), and de-
creasing over the interval (—1,2).
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3.22 Method: solving inequalities by using the number line

There is a method that works for solving inequalities of the form f(x) > 0, or inequalities
involving >, <, or <, where f is a polynomial. It consists of the following major steps:

(1) Solve the equation f(x) = 0 to find all real roots.

(2) Specify the roots on the number line.

(3) Sketch the graph of y = f(x) by starting from a near —oco. If the order of f is odd, the
graph of f is below the number line; if the order of f is even, the graph is above the number
line.

(4) From the left to the right, the curve y = f(z) intersects the number line at the roots,
one after another.

(5) The curve y = f(x) crosses the number line at roots when the multiplicities are odd
and does not cross at roots when the multiplicities are even.

(6) The inequality f(x) > 0 holds on the interval over which the graph of y = f(z) is above
the number line.

The method can be modified for inequalities with f being rational functions or even tran-
scendental functions.

3.23 Theorem: zero derivative implies constant function

Suppose f is differentiable in (a,b). If f'(z) = 0 for all = in (a,b), then f is a constant
function.

Justification:

For any two numbers z1,z2 in (a,b), by the Mean Value Theorem, there is a number
x* € (#1,22) C (a,b) such that
f(@1) = fz2) = f'(a")(x1 — 22).

Since f’(z) = 0 for all z in an interval (a,b), we have f’(z*) = 0. Thus, f(x1) = f(x2). This
shows that at any two numbers in (a,b), the values of f are the same. So, f is constant on
(a,b).

3.24 Example: identity proving

Show that when |z| < 3, the following identity holds:
3arccos r — arccos(3z — 42%) = 7.

Solution When |z| < %,

[3arccos z — arccos(3z — 4x3)]/

3 1
- + 3 — 1227
V1— a2 \/1—(335—4333)2( )

3 1

__\/1—x2+\/1—x2~(1—4x2)

(3 —122%) =0,
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so we have
3arccos z — arccos(3z — 4z3) = C, —f<car<

where C' is a constant. Setting z = 0 gives C' = m. Hence,
3arccosx — arccos(3z — 4x3) = T, —t<z<i
It is easy to verify that the identity also holds when =z = j:%. Therefore,

3arccos z — arccos(3x — 4a3) = T, 2| < 1.

3.25 MATLAB: monotone function

The following example shows how to determine the monotone intervals of the function
f(z) =223 — 322 — 12z + 1 in MATLAB.

>> syms X;
>> f(x) = 2%x73 - 3*%x”2 - 12%x + 1;
>> d(x) = diff (f(x),x);

>> rts_d = solve(d(x) == 0,x)
rts_d =

={l

2
>> x_array = -3:0.05:3;

>> figure

>> plot(x_array,d(x_array),'b')
>> xlabel('x"')

>> ylabel ('f''(x)")

>> grid

Note that for a string (e.g., x inside ‘x’ and £" (x) inside ‘“£"(x)’ ), we need to use double
single quotes to obtain a single quote (simply using one single quote represents conjugate
transpose in MATLAB), e.g., we use ‘£"(x)’ to represent f'(z).

From the MATLAB code above, we have 60
the graph of f’ and see that f/(z) = 0 has 50
two roots: © = —1 and z = 2. We also see 0
that f/ is negative on (—1,2), and positive %
on (—oo,—1) and (2,+00). According to the 2

Monotone Test, we know that f is decreasing
on the interval (—1,2), and f is increasing on
the intervals (—oo, —1) and (2, +00).
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Actually, we can plot f to check the above results.

>> f(x) = 2%x73 - 3%x72 - 12%x + 1;
>> figure

>> plot(x_array,f(x_array),'r')

>> xlabel('x')

>> ylabel ('f(x)")

>> grid

We see from the graph of f that indeed 10
f is decreasing on (—1,2), and increasing on
(=00, —1) and (2, +00).

3.3 Tests for Local Extrema and Concavity

Local Extrema

3.26 Theorem: First Derivative Test

Suppose that ¢ is a critical point of a continuous function f.
1. If f/ changes from positive to negative at c, then f has a local maximum value at c.
2. If f’ changes from negative to positive at c, then f has a local minimum value at c.

3. If f' does not change sign at c, then f has no local extreme value at c.
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Y Yy
y A
@) <0 f/(@)>0 f@>0 /| N\ f@<0
|
|
| |
|
} |
0 - x o) L - T
f' changes from positive to negative at ¢ f' changes from negative to positive at ¢
Y Yy
y "
f'(z)>0 f'(z) <0
f(z) >0 ! ! f(z) <0
| |
0 ¢ - ) ¢ -
No maximum or minimum No maximum or minimum

Justification:

Near ¢, suppose f’(z) is positive for a < & < ¢ and negative for ¢ < x < b. Then f(x)
is continuous on [a, ¢| and differentiable on (a,c). Thus f(z) is increasing over [a,c|, i.e. for
any x with a < 2 < ¢, f(z) < f(c). By the similar argument, f(z) is decreasing over [c, b,
i.e. for any x with ¢ < z < b, f(¢) > f(z). Therefore ¢ is a local maximum point.

The same argument applies to the other two cases.

3.27 Example: local extrema using the First Derivative Test

1. Consider the function f(r) = 22® — 322 — 12z + 1. Its derivative is

f(x) = 62% — 6z — 12 = 6(x — 2)(z + 1).
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By solving the equation f’(x) = 0, we see Y
that f has critical points x = —1,2. It !
is easy to see that f’(x) is positive for X
r < —1, negative for —1 < z < 2, and VAN
it . e > T
positive for z > 2. Thus, by the First / Y 0\ 3
Derivative Test, we know that z = —1 is a ‘
. 5 . y=2x3— 322 — 12z + 1
local maximum point and z = 2 is a local ’ o LZ
minimum point. / -
. Consider the function g(z) = 3. TIts Y

. Consider the function

. Consider r(x) = 5sinz — 32 cosx over (—5,5). Its derivative is

derivative is ¢’() = 3z%. By solving the
equation ¢'(z) = 0, we see that g has one
critical point x = 0. It is easy to see
that near x = 0, ¢’(z) does not change
signs. Thus, by the First Derivative Test, -1/0 1
we know that £ = 0 is not a local extreme =i
point.

> T

It is not differentiable at z = 0, so that y = |z]
h has a critical point at x+ = 0. When
x < 0, h(z) = =1 < 0; when = > 0,
R'(z) =1 > 0. Thus, by the First Deriva-

tive Test, x = 0 is a local minimum point. -1 @) -

1 1

r'(z) = 1 cosz — L(cosz — wsinz) = Fxsina.

Solving 7' (z) = %:r sinz = 0 in the interval (—5,5) gives three critical points —m, 0, 7.

In fact, the derivative r’(r) = Lz sinz has Yy

simple root at x = —7 and 7, and a double
root at © = 0. The later is because

-5 s ? 5 r
a _ 1 -
LI

- 7@ sin
lim =3
0 12
Since sinz is positive for —5 < z < —m, we know that /() is negative near z = —5.

Thus, we can sketch the graph of r’, as shown.
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From the graph of 7/, we see that r'(z) changes from negative to positive at the critical
point x = —m, does not change sign at the critical point x = 0, and changes from
positive to negative at the critical point = = 7.

Hence, by the First Derivative Test, f has Y
a local minimum value at x = —m, not a

local extreme at x = 0, and a local maxi- \ y=r(x) 1] /\
mum value at v = . =

3.28 Theorem: Second Derivative Test

Suppose f(c) exists .
1. If f'(¢) =0 and f”(c) > 0, then f has a local minimum value at c.
2. If f’(¢) =0and f”(c) <0, then f has a local mazimum value at c.

3. If f'(¢) =0and f"(c) =0, it is inconclusive about local extreme of f at c.

Justification:

1. Assume f'(c) = 0 and f"(c) > 0. Since f”(c) exists and is positive, we know that, for
’ = e
x mnear c, fi@) = () > 0. Hence f'(z) < f'(¢) =0 for z < ¢, and f'(z) > f'(c) = 0 for
x—c
x > c. By the First Derivative Test, ¢ is a local minimum point.

2. The proof for this case is similar as case 1.

3. We use two functions to demonstrate this. They both satisfy the hypotheses, but the
first function has no local extreme value at ¢ while the second has a local maximum value at
@

(1) Consider f(x) = 2. It is easy to see that f/(0) = 0, f”(0) = 0, and f”(z) = 6x is
continuous near z = 0. Since f(z) < 0= f(0) when = < 0 and f(z) > 0 = f(0), f(0) is not
a local extreme value.

(2) Consider g(x) = a*. It is easy to see that ¢’(0) = 0, ¢"(0) = 0, and ¢"(z) = 1222 is
continuous near x = 0. Since g(z) > 0 = ¢(0) for all real z, g(0) is a local minimum value.

3.29 Example: local extrema using the Second Derivative Test

1. Consider f(z) = 223 — 322 — 12z + 1. Its derivatives are
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f(z) = 62% — 62 — 12 Yy
=6(z—2)(z+1),

1"(z) =12z — 6. .
/ \ > T

Solving f'(z) = 0 gives x = —1,2. Since / -1 O\ 2
f"(-=1) = =18 < 0, f(-1) = 8 is a lo- y— 22° — 327 — 1924 1

cal maximum value; f”/(2) = 18 > 0, thus ’ " N
f(2) = —19 is a local minimum value. /

2. Consider r(z) = §sinz — jzcosx over (—5,5). Its derivatives are

cosz — (cosz — xsinz) = Lzsinz,

1
2
r'(z) = L (sinz + z cos x).

Solving r’(z) = asinz = 0 in the interval Yy

(=5,5) gives three critical points —, 0, 7.

Since 1’ (—m) = 47 > 0, r has a local min-

imax value at @ = —m; r''(m) = —37 < 0,
r has a local minimum value at z = 7.

However, since 7/(0) = 0, the Second Derivative Test is inconclusive in this case. In
fact, we can apply the First Derivative Test to conclude that r has not a local extreme
at x = 0, since r’ does not change sign at the critical point z = 0.

3.30 Pitfall: the Second Derivative Test may not be applicable

Consider the function f(z) = z|z|. When z # 0,

N 2z, ifx <O0;
f(a:)—{ 2z, ifz > 0.

To calculate the derivative f/(0), we use the definition of derivative.

_ —9272
fim & =FO _ g 22 o (—2z) =0,
z—0~ z—0 h—0- T h—0—
_ 222
i 7]”(1’) 1(0) = lim o lim (2z) = 0.
z—0+ x—0 h—0t T h—0+

Since the left limit and right limit are equal, f'(0) = 0. Thus f’(z) = 2|z| for all z € R.
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Clearly f’(x) has no derivative at x = 0. Y
Hence f does not have the second derivative
at x = 0, so that the Second Derivative Test
cannot be applied to the function f.

However, we can still apply the First
Derivative Test to show that f(0) is not a
local extreme value, since f/(0) = 0 and f’
does not change sign at x = 0.

3.31 MATLAB: tests for local extrema

The following example shows the tests for local extrema of the function f(z) = 223 — 322 —
12z + 1.
We first test the local extrema of f using First Derivative Test.

>> syms X;
>> f(x) = 2%x73 - 3*xx72 - 12*xx + 1;

>> d(x) = diff (£f(x),x);
>> rts_d = solve(d(x) == 0,x)
rts_d =
=il
2
>> x_array = -3:0.05:3;

>> figure

>> plot(x_array,d(x_array),'b")
>> xlabel('x")

>> ylabel ('f''(x)')

>> grid

From the MATLAB code above, we have 60
the graph of f’ and see that f’(z) = 0 has 50
two roots: * = —1 and x = 2. We also see "
that f’ is negative on (—1,2), and positive on %
(—o00,—1) and (2,400). According to First 2
Derivative Test, we know that f has a local . o
maximum value at £ = —1 and a local mini- .
mum value at z = 2. »
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Next, we test the local extrema of f using Second Derivative Test.

>>

d2(x) = diff (f(x),x,2)

d2(x) =

12*xx - 6

>>

ans

-18

>>

ans

18

d2(-1)

d2(2)

We see from the MATLAB code above that f”(—1) = —18 < 0 and f”(2) = 18 > 0. Hence,
according to Second Derivative Test, f has a local maximum value at © = —1 and a local

minimum value at z = 2.

Actually, we can plot f to check the above results.

>>
>>
>>
>>
>>

figure

plot (x_array,f(x_array),'r')
xlabel('x")

ylabel ('f(x) ")

grid

We see from the figure that f indeed has a
local maximum value at x+ = —1 and a local
minimum value at x = 2.
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Concavity

3.32 Definition: concave up and concave down

Suppose f is defined over an interval I. The function f is said to be

e concave up if its graph is above all its tangent lines over the interval;

e concave down if its graph is below all its tangent lines over the interval.

A point P is an inflection point of f if f is continuous at P and changes concavity at P.

3.33 Example: concave up and concave down

> T

1. The function y = 22 is concave up on R.

2. The function y = —2? is concave down on R.

3. The function y = 23 is concave down over the interval (—oo,0) and concave up over

the interval (0, 00). The point 0 is an inflection point of f.

3.34 Theorem: Concavity Test

Suppose [’ exists on an interval I.
1. If f”(z) > 0 on I, then f is concave up on I.

2. If f”(z) <0 on I, then f is concave down on I.

3.35 Example: Concavity Test

1. For the function y; = 2, we have y{ = 2 > 0. Thus, by the Concavity Test, this
function is concave up on R. For the function yo = —2%, we have y§ = —2 < 0 and the

function is concave down on R.
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Y Y
2 1
1 x
1
-1 O 1 r
y=a’
2. For the function f(z) = z3, f’(z) = 6. Y

Since f”(x) < 0 when z < 0, by the Con-
cavity Test, f is concave down on (—o0, 0).
Similarly, since f”(z) > 0 when z > 0, f
is concave up on (0,00). Thus, 0 is an in- -1

x
flection point. 0 !
-1
3. Consider g(z) = 22% — 32?2 — 122 + 1. Y
The second derivative ¢”(z) = 122 — 6 =
6(2z—1). Since ¢”(z) < 0 when z < %, by
the Concavity Test, g is concave down on /‘\ :
(=00, 3). Similarly, since g”(z) > 0 when T 0 z
x> 1, g is concave up on (%, +00). Thus,
x = 3 is an inflection point. i

y =223 —3z% - 12c+1
|

3.36 MATLAB: concavity

The example below shows the concavity test of the function f(z) = 22® — 322 — 122 + 1.

>> syms X;
>> f(x) = 2%x73 - 3*%xx"2 - 12*xx + 1;
>> d2(x) = diff(f(x),x,2)

d2(x) =
12xx - 6
>> rts_d2 = solve(d2(x) == 0,x)

rts_d2 =
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1/2

>> x_array = -3:0.05:3;
>> figure
>> plot(x_array,d2(x_array),'r')

>> grid

From the MATLAB code, we know that f” %
is a linear function and f”(z) = 0 has one 20
root: x = % Furthermore, from the figure of 0
f" above, we see that f”(z) < 0if z < 3 and .

f"(z) > 0if f’(z) > 3. Hence, according

to the Concavity Test, f is concave down on
(—oo, %) and concave up on (%, +oo), while

T = % is thus an inflection point.
-40

£(x)

-10

-20

-30

-50
-3

Actually, we can plot f to check the above results.

>> figure

>> plot(x_array,f(x_array),'r')
>> xlabel('x"')

>> ylabel ('f(x)"')

>> grid

We can see from the graph of f that f is in- 0
deed concave down on (—oo 1) and concave

’2
up on (%,—1—00).

3.37 Engineering Example: genetics

According to genetics, if a parent provides a gene A with probability p (0 < p <1) and a
gene a with probability 1—p, then the offspring is of the genotype AA with probability p?, the
genotype Aa with probability 2p(1—p) and the genotype aa with probability (1—p)2. Suppose
that there are 100 people. Among them, 25 of them is of the genotype AA, 47 of them is of the
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genotype Aa, and 28 of them is of the genotype aa. Let f(p) be the probability of observing
this specific sequence among these 100 people. Then, we can calculate the probability f(p)
as follows:

28

1®) = ()7 2p (1 = )" [(1 - p)*]
_ 247p97(1 _ p)103'

Calculate the probability p such that f(p) is maximized.
First, using the rules of differentiation, we calculate the first derivative of f in the following:

f/(p) — 247 [97p96(1 7p)103 o 103p9(1 7p)102]
= 217p%(1 — p)10%(97 — 200p).

Next, we calculate the value of p in the open interval (0,1) at which f can achieve the
local maximum value. Note that when p € (0, 1), we have p?5(1 —p)192 > 0. Hence, from the
97

expression above, we know that f'(p) = 0 when p = 555 = 0.485 and

f'(p) >0, if p<0.485;
f'(p) <0, if p>0.485.

According to First Derivative Test, f can achieve the local maximum value at p = 0.485.

To verify whether f can achieve its absolute maximum value at p = 0.485, we need to
calculate the values of f(p) at the boundary points p = 0 and p = 1, respectively. We can
easily calculate that f(0) = f(1) = 0 < p(0.485). Therefore, we conclude that f can achieve
the absolute maximum value at p = 0.485.

MATLAB solution:
Alternatively, this problem can also be solved using MATLAB.
First, we calculate f’ and the root of f’(p) = 0 using the following MATLAB code.

>> syms p

>> f(p) = 2747xp~97x(1-p) ~103;
>> df (p) = simplify(diff (£(p)))
af (p) =

-140737488355328*p~96*(200*p - 97)*(p - 1) 7102

>> df_root = solve(df(p) == 0,p>0,p<1l) % specify the range of p
df _root =

97/200

In order to verify whether p = % is a local maximum point or a local minimum point, we

plot the figure of f’ using the following MATLAB code.
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>> p_array = 0:0.01:1;

>> df _array = df(p_array);

>> figure

>> plot(p_array,df_array,'r')
>> grid

>> xlabel('p"')

>> ylabel ('f''(p)')

The figure is plotted as shown. We see 22107
from tlhe figure ‘Fhat f’(pg7 > 0if p < % 15
and f'(p) < 01if p > 555. According to 1
First Derivative Test, we thus know that at 05
p= %, f achieves a local maximum value. g o
-0.5
.
1.5
2
0 0.2 0.4 0.6 0.8 1
p
97

At last, to verify whether p = 555 is an absolute maximum point, we need to calculate
the value of f(0) and f(1), respectively. It can be easily shown that f(0) = f(1) = 0 and

f (%) > 0. Therefore, p = % is an absolute maximum point and f achieves the absolute

maximum value at p = 55.

3.38 Engineering Example: beam testing problem

Quality control is a process of reviewing the quality of all factors to confirm the fulfillment
of the quality requirements. A quality control engineer is testing the failure rate of a certain
type of beams under stress. To conduct the testing, beams are put under steady stress for
some time. Suppose that the beam can pass the test with probability p, then it cannot
pass the test with probability 1 — p. If the quality control engineer conducts trials for 100
beams and 5 of them do not pass the test, then the probability of observing this sequence of
successes and failures is

fp) =p"1-p)°.

Calculate the probability p such that f(p) is maximized.
First, using the rules of differentiation, we calculate the first derivative of f(p) in the
following:

£ (p) = 95p™(1 — p)® — 5p**(1 — p)*
= p®*(1 — p)*(95 — 100p).

Next, we calculate the value of the local maximum point p in the open interval (0,1). Note
that when p € (0, 1), we have p*(1 — p)* > 0. Hence, from the expression above, we know




126 Applications of Differentiation

that f/(p) = 0 when p = 2% = 0.95 and

f'(p) >0, ifp<0.95;
f'(p) <0, ifp>0.95.

According to First Derivative Test, we know that f(p) can achieve a local maximum value
at p = 0.95.

To verify whether p = 0.95 is an absolute maximum point, we now calculate the values of
f(p) at p =0 and p = 1, respectively. It can be easily calculated that f(0) = f(1) = 0 and
£(0.95) > 0. Therefore, we conclude that f(p) is maximized at p = 0.95.

MATLARB solution:
Alternatively, this problem can also be solved using MATLAB.
First, we calculate f'(p) and the root of f'(p) = 0 using the following MATLAB code.

>> syms p

>> £(p) = p~95%(1-p)~5;

>> df (p) = simplify(diff (£(p)))

df (p) =

—5%p~94% (20%p - 19)*(p - 1)°4

>> df _root = solve(df(p) == 0,p>0,p<1l) % specify the range of p

df _root =

19/20

In order to check whether p = % is a local maximum point or a local minimum point, we
plot the figure of f/(p) using the following MATLAB code:

>> p_array = 0:0.01:1;

>> df _array = df(p_array);

>> figure

>> plot(p_array,df_array,'b')
>> grid

>> xlabel('p')

>> ylabel ('f''(p)")
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The figure is plotted as shown. x10?

6

From the figure, we see that f'(p) > 0 if 4

p < % and f'(p) < 0 if p > %. Hence, 2
according to First Derivative Test, we know 0
that p = 13 is a local maximum point. S
-4

6

-8

-10
0 01 02 03 04 05 06 07 08 09 1

P

At last, to check whether p = é—g is an absolute maximum point, we need to calculate the
values of f(p) at p =0 and p = 1, respectively. It can be easily shown that f(0) = f(1) =0

and 1]; (%) > 0. Therefore, p = % is an absolute maximum point and f is maximized at

P =35-

3.39 Engineering Example: profit maximization

In economics, profit maximization is a short run or long run process by which a firm can
determine the price, input and output levels to make the greatest profit. Given price p € R,
the demand of a product is d(p). If the unit cost is ¢, then to maximize the profit, the seller’s
objective is

I%XMMW—Q

Calculate the value of p which satisfies the seller’s objective in the following cases:
1. If d(p) is a linear demand, i.e., d(p) = a — bp.

2. If d(p) is an exponential demand, i.e., d(p) = Aexp (—%).

3. In the constant elasticity of substitution case, i.e., d(p) = ap™® (b > 1).

Let the objective function be f(p) = d(p)(p — ¢). First, by the Product Rule, we can easily
calculate f/(p) as follows:

f'(p) =d'(p)(p —c) +d(p)
Next, we calculate the value of p which maximizes f(p) in different cases, respectively.

1. If d(p) = a — bp, we have

f)=(-b)(p—c)+a—1bp
= —2bp + bc + a.

Then, the root of f/(p) =0isp=3 (c+ %).
It can be easily verified that

{fﬁﬂ>& ifp<g(e+t);
f'(p) <0, ifp>%(c+%).
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Hence, according to First Derivative Test, we know that p = % (c + %) maximizes f(p),
i.e., it satisfies the seller’s objective. Note that the optimal price p = % (c + %) increases
with the unit cost c.

2. If d(p) = Aexp (—S), we have

Then, we can calculate that the root of f'(p) =0is p=0+c.
It can be easily verified that

f'lp) >0, ifp<b+c
fl(p) <0, ifp>0+ec.

Hence, according to First Derivative Test, we know that p = 6 + ¢ maximizes f(p), i.e.,
it satisfies the seller’s objective. Note that p = 6 + ¢ > ¢, which means the optimal
price is greater than and increasing with the unit cost c.

3. If d(p) = ap™?, we have
f'(p) = (—ab)p~ "V (p—c) + ap™
=p~"[(a —ab) + abep™'].

Then, the root of f/(p) =01isp = bb_cl~

It can be easily verified that

{ fp) >0, ifp<
f'(p) <0, ifp> 5.

Hence, according to First Derivative Test, we know that p = bbc maximizes f(p), i.e.,

=
it satisfies the seller’s objective. Note that p = bb_—cl > ¢, which means the optimal price

is greater than and increasing with the unit cost c.

3.40 Engineering Example: maximum power transfer
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Consider the circuit in the following figure. A load of resistance Ry is connected over a
power source of voltage Vg and internal resistance Rg.
According to Ohm’s Law, we have

Vs
Electric Current : [ = —————;
Rs + Ry,
VZR
Output Power : P = S—L2
(Rs + RL)

Calculate the the value of Ry, such that the output power P is maximized.
2
Let f(Rp) =P = (R‘s/i—];%LL)” then by Quotient Rule, we have

_V3(Rs+ R1)®> —2V2R. (Rs + Rp)

f'(Rr)

(Rs + Rp)*
_ VZ(Rs — Ry)
(Rs + Ry)®

Then, the root of f' (Ry) =01is Ry, = Rs. Moreover, we can easily verify that

f'(Rr) >0, if0< Ry < Rg;
f"(Rp) <0, if Ry > Rs.

Hence, according to First Derivative Test, we know that Ry = Rg maximizes f (Ry), i.e.,
the maximum power transfer occurs in the load when the load resistance (Ry) equals to the
source resistance (Rg). This is called a “matched condition”, and it illustrates the theorem
that the maximum power would be transferred to the output when the impedance of the
external device matches that of the source. Note that improper impedance matching would
lead to excessive power use and dissipation.

3.41 Engineering Example: projectile motion

Consider the case where a ball is thrown with initial velocity w and an angle 6
(0° < 0 < 90°) against the ground.

1. Find the relationship between the horizontal distance that the ball can reach s,, and
the variables v and 6.

2. Prove that in order to throw a ball as far as possible, we need to start the motion with
an angle of 45°.

AV .
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1. First, we note that for the motion, the only force that affects the system is the gravi-
tational force in the vertical direction. For the vertical movement, we have

Uy = usinf

where u,, is the velocity in the y-axis direction.

With the velocity in the y-axis direction u,, we can calculate the displacement of the
ball in the y-direction at time ¢, which is shown in the following:

Sy = Uyt — %th
= (usin )t — 1gt°.
When the ball hits the ground again, i.e., s, = 0, we have

(usin)t — 1gt2 = 0.
:>t(%gt—usin9) =0.

2u sin 6
Solving the above equation, we can obtain two roots: ¢ = 0 and ¢t = . Note
g
that at ¢ = 0, the ball is at its initial position. Hence, the ball hits the ground again
2u sin 6 2u sin 6

at t =

and the ball

. In other words, the projectile motion ends at t =
g
hits the ground again.

Next, we consider the horizontal movement of the ball. The velocity in the z-axis
direction can be calculated as follows:

Uy = ucosf.

With the velocity in the z-axis direction u,, we can calculate the displacement of the
ball in the z-direction at time ¢, which is shown in the following:

Sz = ugt = (ucosf)t.

e 2u sin 0

, the displacement of the ball in the z-direction is

2

2usin 6 2
usm 0sf = Lsin& cos 0.
g

Sy =1U

2 2
2. Let f(0) = s, = “% §in6 cosf. To calculate the maximum horizontal movement of
9

the ball, i.e., to maximize s,, we first need to calculate f’ (). According to Product
Rule, the calculation is shown in the following:

2
(0 = 2u (cos? 6 — sin?0) .
g
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In the range of (07 %), f'(#) = 0 has a solution at § = §. Moreover, it can be easily
verified that

{fo>0 oo
[ <o, if <0<

Hence, according to First Derivative Test, we know that 6 = 7 is a local maximum
point. In order to prove that § = 7 is also an absolute maximum point, we need to
calculate the values of f (0) and f (7). It can be easily calculated that f (0) = f (7) =
0 < f(%). Therefore, § = Z is also an absolute maximum point, i.e., in order to throw

a ball as far as possible, we need to start the motion with an angle of 45°.

MATLAB solution:

2 2
We now turn to the use of MATLAB. Let f(0) = s, = 2% sing cosé. Specifically, we

calculate f’(6) and the roots of f’(#) = 0 using MATLAB.

>> syms a x % a:2u”2/g, x:theta
>> f(x) = axsin(x)*cos(x);
>> df (x) = diff (f(x),x)

af (x) =

axcos(x)~2 - ax*sin(x) "2

>> root_df = solve(df(x) == 0,x)
root_df =

pi/é4

From the MATLAB code above, we see that f’ (%) =0, i.e., f/(45°) = 0. In order to

check whether f’ (%) = 0 is a local maximum point or a local minimum point, we need

to know the sign of f’(6) (i.e., positive or negative) when 0 < 6 < 7 and § < 6 <,
2 2

respectively. Since a = ll > 0, we plot the figures of g () = cos?6 — sin?6 for

g
0<0< 7 and § <0 <, respectively, using the following MATLAB code.

>> syms x % x:theta

>> g(x) = cos(x)~2 - sin(x)~2;
>> x_arrayl = linspace(0,pi/4,100);
>> g_arrayl = g(x_arrayl);

>> subplot(1,2,1)

>> plot(x_arrayl,g_arrayl,'r')
>> xlabel ('\theta')

>> ylabel ('g(\theta)')
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>> grid

>> x_array2 = linspace(pi/4,pi/2,100);
>> g_array2 = g(x_array2);

>> subplot (1,2,2)

>> plot(x_array2,g_array2,'b')

>> xlabel ('\theta')

>> ylabel ('g(\theta) ')

>> grid

The figure plotted is shown as follows:

Note that 7 ~ 0.7854. We thus see from the figure above that

g(0) >0, f0<O<TZ; fr(@) >0, if0<0<7;
g(0) <0, if f<6<m [0 <o, if <6<
According to First Derivative Test, we know that § = 7 is a local maximum point. In

order to prove that § = 7 is also an absolute maximum point, we need to calculate the

4
values of f(0) and f (). It can be easily obtained that f(0) = f(r) =0 < f(%).
Therefore, § = 7 is also an absolute maximum point, i.e., in order to throw a ball as
far as possible, we need to start the motion with an angle of 45°.

Example: indeterminate forms

. .. . . . sinx .
1. In calculating limits, we often encounter indeterminate forms such as hmo —— where it
r—> xr

0
becomes the indeterminate form 0 if we naively plug « = 0 into the expression. In order

sinx

to calculate the limit, we used some geometry of the sine function to get lin}) =1.
T—

xT
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2
e —1
T if we directly plug x = 1 into the expression, we will get the

2. For the limit lim
x—1

0
indeterminate form o To calculate the actual limit, we can perform the cancellation

2 1 2 1
x :x—|—landlimx =lim(z+1) = 2.
rx—1 z—1 r — z—1
R | : . 0. .
3. For the limit hrn1 1 it is an indeterminate form 0 if we plug x = 1 into the
z—1x —

expression. We will develop a general approach to find such a limit.

3.43 Definition: indeterminate forms

The following are typical indeterminate forms:

indeterminate form of type %
] ) two standard indeterminate forms
indeterminate form of type =

)
indeterminate form of type 0 - 0o } indeterminate product
indeterminate form of type co — oo } indeterminate difference
indeterminate form of type 0°

indeterminate form of type co® 3 indeterminate powers

indeterminate form of type 1°°

Here the form % means a limit of the form
lim 7f(x) ,

where f(xz) — 0 and g(z) — 0 as © — a. The other indeterminate forms arise similarly in
the corresponding symbolic expressions.

3.44 Example: indeterminate forms

The following are some examples of indeterminate forms:

0 . Inz 0. . z.
o —: lim ; e 0% g%ﬂx )

0 z—1 1 — ]_ az

00 xT
o —: lim —; o 0. : 1/x.

pos o (o xll)l}_loox ;
e 0-o00: lim (sinz)lnx;

z—0t+

. 1\*
® 00 — 0C: lim (vVz+1-—/x); o 1°°: wl;rrgo (13}) .

T—+o0
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3.45 Theorem: L’Hospital’s Rule

Suppose

1. f and g are differentiable functions;
2. ¢'(x) is not zero on an open interval I containing a except possibly at a;

3. lim f(z)=0= liin g(z) or lim f(z) = oo = lim g(x);

r—a r—a T—ra

. flx) .
4. lim exists or is oo.
T—a g’(x)

Then
o 1@ S

z—a g(x) ml_rg g’(x) ’

The rule also holds when limits are one-sided limits or when z — a is replaced by x — co.

0
3.46 Example: 0 form

Inx

Find the limit lim .
z—=1qx —1

Solution For the given limit, we can verify the hypotheses of I’'Hospital’s Rule:
1. Both functions Inz and z — 1 are differentiable;
2. (x — 1)’ =1 is nowhere zero near z = 1;
3. limInz =0 and lim (z — 1) = 0;

x—1 , z%:ll

|

4 lim By

=1 (x— 1) a1z
Thus, legitimately we can apply "'Hospital’s Rule and get
Inz 5 ,. (Inz) 1

=lim —— =1lim—=1.
z—>1qx —1 r—1 ({E—]_)/ x—1

3.47 Example: e form
00

el e it Th e

x——+oco I

Solution For the given limit, we can verify the hypotheses of I’'Hospital’s Rule:
1. Both functions e* and x are differentiable;
2. 7’ =1 is nowhere zero;

3. lim e =4ooand lim x = +oc;
T—+00 , T—r—+00
xT
4. lim (e?) = lim e =+o0.

r—r+o0 (x)/ T—r+00
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Thus, legitimately we can apply "'Hospital’s Rule and get

. H ,. (e7) . -
lim — = lim = lim e* = +4o0.
x—>+o00 I T—r+00 (,’13)/ T—r+00

x

3.48 Example: using I’Hospital’s Rule repeatedly

Find the limit lim —.
x——+oco I
Analysis: If we apply 'Hospital’s Rule, we get
xT x\/ xr
lim c i lim (e?) = lim e—.
r—+oo I T——+00 (mz)/ z——+o00 21

For the last limit, we again apply ’'Hospital’s Rule and get

. H O (e®)’ o e
:cgr—&r-loo 2% xl}I—&l:loo (2.’[)’ o xEI—&r-loo 2 00

x

These two steps need to be justified by checking the hypotheses of I’'Hospital’s Rule.

x

Solution For the limit lim e—, we can verify the hypotheses of ’'Hospital’s Rule:
x—+oo 21

1. Both functions e* and 2z are differentiable;
2. (2z)" = 2 is nowhere zero when z is large;

3. lim e” =+4ooand lim 2z = +oc;
r—>+00 T—+00
(ea: / eZL’

4. = lim — = +oo.

93~1>Iiloo (23’,‘)/ Tr—+00 2
Thus, legitimately we can apply I’Hospital’s Rule and get

: H o, () e

T

~

x

For the original limit lim we can verify the hypotheses of ’'Hospital’s Rule:
r—r

e
+oo ?7
1. Both functions e* and 22 are differentiable;
2. (2%)" = 2z is nowhere zero when x is large;

3. lim e®* =+4ooand lim 22 = +o0;
r—r+o0 r—+o0
. (ez)/ . ew
4. As shown above, lim = lim — = +4o0.

T—+00 (sz)’ T—+00 2J;
Thus, legitimately we can apply ’'Hospital’s Rule and get

lim — = lim = +00.
z—+00 I z—+00 (x2)’

Il
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Since the verification of the hypotheses of 'Hospital’s Rule is straightforward, often
xT

e
we omit this step. Thus, for finding the limit lim —, typically, we simply write:
Tx—>+o00o I

) ey (ex)/ ) P
lim — = lim = lim —
x——+0c0 I x——+00 ((ﬁz)' x——+00 2£C
x\/ aB

lim (e?) = lim € _ +00

3.49 Pitfall: 'Hospital’s Rule

1_si
1. Consider lim 78@1:.
z—0 1 +sinx

If one calculates the limit by using I’Hospital’s Rule without verifying the hypotheses,

one would get

. l—sinz g, (1-—sinz) . —cosz
lim ———— = lim ———— = lim =-1
z—01+sinz  2-0 (1+sinz) 220 cosz

However, this is a wrong value! The correct value can be obtained by the continuity:

1 —sinx 1—sin0_

I R

The reason for the failure is that one of the hypotheses of I’'Hospital’s Rule is not
satisfied. In fact, we see that lin%) (1 —sinz) = 1, which is neither zero nor co.
xr—r
T +sinx
2. Consider lim ;
r—+o0 €T
If one applies I’'Hospital’s Rule, one would get
r+sinz u (x + sinx)’

lim — = lim ——— = lim (14 cosx).
z—+00 T z—+00 (:p)’ z—+00

Clearly, the last limit does not exist. However, we have

lim S8BT <1+Sinm)=1.

r—+00 x r—+00 x

This contradiction shows that not all indeterminate form can apply I’Hospital’s Rule.
The failure in this example is due to the fact that the limit hr—? (1 + coszx) does not
r—r+00

exist. This is one of the hypotheses of I’'Hospital’s Rule.
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3.50 Example: 0 - oo form

Find the limit lim (sinz)lnz.
r—0t

Solution The given limit is indeterminate form of 0-oco. We may first convert it to a form
%)

of — then apply I’'Hospital’s Rule, as shown in the following;:
00

1
lim (sinz)lnz = lim nm71
z—0+t z—0t (Sin x)
H (Inz)’

= lim

im —

z—0% — (sinz)” " - cosw
. sin? z

= lim —— =0

=0+ —T COS T

0
We may first convert it to a form of 0 then apply I’Hospital’s Rule, as shown in the

following:
lim (sinz)lnz = lim qu
z—0t z—0t (ln x)
. /
" lim+ (sinx) /
z—0 [(ln :17)71:|
cos T

z—0t — (ln a’;) . .'I/'_l

= lim [—xln2 T - CcoS x] .
z—0+

We see that the last limit seems more complicated than the original one. This shows

. .. . . 0 o0 |
that sometimes it is an art to convert indeterminate form to 6 or — in order to
00
rightfully apply 'Hospital’s Rule.

3.51 Example: co — oo form

Find the limit

(Vo +1-va).

lim
T—r+00

Solution The given limit is indeterminate form of co — co. We may first convert it to a
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0
form of 0 then apply 'Hospital’s Rule, as shown in the following:
VA 1
lim (Vz+1-+vz)= lim \/5( s —1)
T——400 : \/5
Vi+z—l-1

T—+00 (p*l/z

(VitzT-1)
x%&loo (1771/2)/
. 1l+2 H)=V2. (—27?)

z— 400 —%x*3/2

1
= lim

-
r—+o00 \/5.1/1+$—1

3.52 Example: 0° form

Find the limit lim z®.
r—0t

Solution Let y = x*. If taking logarithm of both sides, we get Iny = Ina2* = zlnx.
1

Clearly, z1lnz is 0 - oo form. We can change it into 2 form nff and apply ’'Hospital’s Rule
00 x

to get

o

=
E
&)

== 1 7

[
8
n
&,
I

Since y = e™¥, by the continuity of the exponential function, we get

lim 2% = lim ™Y =¢% = 1.
r—0+ z—0+

3.53 Example: oo® form

Find the limit lim /2.
T—r+00

o _ Inx

Solution Let y = x'/*. If taking logarithm of both sides, we get Iny = Inz'/* = —.
@
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1
Clearly, i is s form. Applying ’'Hospital’s Rule gives
o 00

. Inz g . (Inz)’
lim — = lim 7
T—+o00 I T——+00 (:E)
—1
= lim = =0.

z—+oo 1
Since y = e™¥, by the continuity of the exponential function, we get

lim zY* = lim ™Y =¢%=1.
x—+00 x—+00

3.54 Example: 1*° form

xT

Find the limit lim <1 — l) .
xTr—r 00

1\* 1
Solution Let y = (1 — —> . If taking logarithm of both sides, we get Iny = xz In (1 - —
x

Clearly, it is 0 - co form. We can change it into 0 form

1
In (1 — —)
T
x—1 ’

If we let 2z = 2!, then £ — oo <= z — 0. Thus, by applying ’'Hospital’s Rule, we get

lim T = lim In(1 - 2)
T—00 B z—0 z
R L)
z—0 (Z)
= lim ! =—
201 — 2

Since y = e™¥, by the continuity of the exponential function, we get

1 xr
lim (1 — —) = lim ™Y = ¢ L.

r—00 xT —00

;)

3.55 MATLAB: indeterminate forms

We use MATLAB to calculate the following limits:
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. Inz > IF .
g Py e
em
. i —_— g 1/x.
B 5t * ol
o lim (sinz)lnz;
z—0 1\®
Lo — = e lim (1-2) .

>> syms x;
>> f = log(x)/(x-1);
>> limit (f,x,1)

ans =

>> f = exp(x)/x;
>> limit (f,x,inf)

ans =
Inf

>> f = sin(x)*log(x);
>> limit (f,x,0, 'right')

ans =

>> f = sqrt(x + 1) - sqrt(x);
>> limit (f,x,inf)

ans =

>> f = x7x;
>> limit(f,x,0, 'right"')

ans =
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>> f = x7(1/x);
>> limit (f,x,inf)

ans =

>> f = (1 - 1/x) " x;
>> 1limit (f,x,inf)

ans =

exp (-1)

3.56 Definition: symmetry

(A) Suppose the domain D of f is symmetric about the origin.
e fiseven if f(—z) = f(x) for all z in D.
o fisodd if f(—z) = —f(z) for all z in D.

(B) A function f is said to be periodic if f(z+p) = f(z) for every number z in its domain,
where p is a positive constant. The smallest such number p is called the period.

3.57 Example: even and odd functions

1. f(z) =22 g(z) = cosz, and h(z) = 3z* — 2% — } are even functions.

1 y= co%;z;/lJ\ \ 1{ /
T > T > T
-1 O 1 iz O is Y o T
2 \/2 —1 2\-/ W
|

y=x
y= 3zt — 222 — é
|

Suppose (a, b) is a point on the graph of an even function y = F(z). Since
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we know that (—a,b) is also on the graph of F. This means that the graph of every
even function is symmetric with respect to the y-axis.

2. f(x) =23, g(x) = cosx, and h(z) = —2° + 22% — x are odd functions.
) Y
A
Y
1 1
U:‘L; y =sinx IV\
xT x
-1/70 1 T
“ix 10 1
—1 “

we know that (—a, —b) is also on the graph of F. This means that the graph of every
odd function is symmetric with respect to the origin.

3.58 Method: guidelines for curve sketching

By following the guidelines, you are able to make a sketch that displays the most important
aspects of a given function y = f(z).

A. Domain: Domain D is the set of values of x for which f is defined.

B. Intercepts:
The y-intercept is f(0). The z-intercepts are the real solutions of the equation f(x) = 0.

C. Symmetry:
(i) If f(—=z) = f(z) for all z € D, then f is an even function and the curve is symmetric
about the y-axis.
(i) If f(—x) = —f(x) for all x € D, then f is an odd function and the curve is symmetric
about the origin.
(iii) If f(x + p) = f(x) for all x € D, where p is a positive constant, then f is a
periodic function and the smallest such number p is the period.

D. Asymptotes:
(i) The line y = L is a horizontal asymptote of the curve y = f(z) if either

wgrlloof(x) =L or zgr_noof(x) =1L.

(ii) The line x = a is a vertical asymptote of the curve y = f(x) if at least one of the
following statements is true:

lim f(z) = +o00, lim f(z) =400, lim f(z)= 400,

T—a T—a— z—at

lim f(z) = —o0, lim f(z)=—-o00, lim f(z)= —cc.
z—a x—a~ z—at
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E. Intervals of Increase and Decrease:
Apply the Increasing/Decreasing Test:

(a) If f/(x) > 0 on an interval I, then f is increasing on I.
(b) If f/(x) < 0 on an interval I, then f is decreasing on I.

F. Local Maximum and Minimum Values:

First find the critical points, the numbers ¢ where f’(¢) = 0 or f’(c) does not exist. Then
apply the First Derivative Test or the Second Derivative Test to determine whether f(c) is a
local maximum or minimum value.

(i) First Derivative Test: Suppose that c is a critical number of a continuous function f.

a changes from positive to negative at c, then f has a local maximum at c.
If f/ ch f itive t ti t ¢, th h local i t
(b) If f’ changes from negative to positive at ¢, then f has a local minimum at c.
c oes not change sign at ¢, then f has no local maximum or minimum at c.
If f/ d t ch i t ¢, th h local i ini t

ii) Second Derivative Test: Suppose f” is continuous near c.
(ii) pp

(a) If f'(¢) =0 and f”(c) > 0, then f has a local minimum at c.
(b) If f'(¢) =0 and f(c) <0, then f has a local maximum at c.

G. Concavity and Points of Inflection:

(i) Apply the Concavity Test:

(a) If f”(z) > 0 on an interval, then the graph of f is concave upward on that interval.
(b) If f”(z) < 0 on an interval, then the graph of f is concave downward on that
interval.

(ii) Inflection Points: At these points, the curve changes the direction of concavity.

H. Sketch the Curve: Sketch the curve y = f(x) by using the information in items A-G.

3.59 Example: curve sketching

Sketch the function f(r) = 22® — 322 — 122 + 1.
A. Domain: The function f is defined at every point, so that the domain is the whole
real line (—o0, +00).
B. Intercepts: The y-intercept is f(0) = 1. The z-intercepts are the real solutions of the
equation f(z) = 0, that is,
22% — 32 — 122 +1=0.

The exact values of solutions can be approximated by using the Intermediate Value Theorem.
In fact, we can obtain the following bounds for the three roots of f:

f(=2)=-3, f(-15)=55 = —2<mz <—15;
fO)=1, f(0.5) = =55 =0 < < 0.5
f(3)=-8, f(35) =8 — 3 < 13 < 3.5.

C. Symmetry: The function f is neither even nor odd, and it is not a periodic function
either.
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D. Asymptotes: The function f is defined everywhere and thus has no vertical asymptote.
Since 5 1o )
lim (22° —32° —12z4+1)= lim 23(2-> - =4 = ) = o0,
r—too r—too €T 562 xg
the function f does not have any horizontal asymptote either.
E. Intervals of Increase or Decrease: Since

fl(z) =622 — 62 —12=6(x> —z —2) =6(z+ 1)(z — 2),

we see that the derivative f’ has two simple roots = —1 and z = 2. These two points
divide the interval (—o0, +00) into three open intervals (—oo, —1), (—1,2), and (2, +00). We
solve the inequalities f/(x) = 0 by using the number line and know that f’ is positive on
(=00, —1), negative in (—1,2), and positive in (2,+0c0). Thus, by the Monotone Test, the
function f is increasing over the intervals (—oo, —1) and (2, +00), and decreasing over the
interval (—1,2).

F. Local Maximum and Minimum Values: The roots of f/, x = —1 and = = 2, are
critical points of f. The second derivative

f(z)=122—-6

gives f”(—1) < 0 and f”(2) > 0. By the Second Derivative Test, f has a local maximum
value f(—1) = 8 and a local minimum value f(—1) = —19.

G. Concavity and Inflection Points: Since f”(z) < 0 when z < %, by the Concavity
Test, f is concave down on (—oo, 1). Similarly, since f”(z) > 0 when z > 1, f is concave up
on (%,Jroo). Thus, z = % is an inflection point, with f(%) = 71—21.

H. Sketch the Curve: Use the results obtained in items A-G, we can sketch the graph
of f(x) = 22® — 3z% — 12z + 1.

y=22%— 322 — 12z + 1

RS

3.60 Example: curve sketching

Sketch the function f(z) = %
%

A. Domain: The function f is defined at every point, so that the domain is the whole

real line (—oo, +00).
B. Intercepts: The y-intercept is f(0) = 0. The z-intercept(s) is the real solutions of the
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equation f(z) = 0, that is,

:Z: —
224+1
which gives the unique solution x = 0. Thus, the curve passes through the z-axis at the
origin.
C. Symmetry: Since
=48 x

_f(x)a

A o e

the function f is odd, so the graph is symmetric about the origin.

The function f is not a periodic function.

D. Asymptotes: The function f is defined everywhere and thus has no vertical asymptote.
Since 1

xggloo z2+1 - wgglooi =0,

the function f has the xz-axis as its horizontal asymptote.
E. Intervals of Increase or Decrease, and
F. Local Maximum and Minimum Values: Since

z+1)(z—1
fay = G D=1
(2 +1)
we see that the derivative f’ has two simple roots = —1 and z = 1. These two points

divide the interval (—oo, 4+00) into three open intervals (—oo, —1), (—1,1), and (1, +00). We
solve the inequalities f'(x) 2 0 by using the number line, we know that f’ is negative on
(—o0, —1), positive in (—1, 1), and negative in (1, +00). Thus, by the Monotone Test and the
First Derivative Test, we can have the following table:

| interval [ sign of f’ [ monotonicity |

(=00, —1) - h
=1 0 local min
(-1,1) + /"
1 0 local max
(17 +OO) — \l
This table gives the intervals in which the function is monotone and the locations of the local
extrema. In fact, the local minimum value is f(—1) = —1 and the local maximum value is
f)=3.
G. Concavity and Inflection Points: The second derivative f is
() = 2z (2% — 3).
(2 +1)3
It has three simple roots + = —/3, z = 0, and z = /3. These three points divide the

interval (—oo, +00) into four open intervals (—oco, —v/3), (=/3,0), (0,v/3), and (v/3, 4+00).
We solve the inequalities f”(x) = 0 by using the number line and know that f” is negative
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in (—o0, —/3), positive in (—/3,0), negative in (0,/3), and positive in (v/3, +00). Thus, by
the Concavity Test, we can have the following table:

] interval \ sign of f” \ concavity ‘
(—00, —/3) = PN
-3 0 inflection
0

0 inflection
(07 \/g) — -
NE] 0 inflection

This table gives the intervals in which the function is concave up/down and the locations of
the inflection points. In fact, the inflection points are at z = 0 and = = ++/3.
H. Sketch the Curve: Use the results obtained in items A-G, we can sketch the graph

of f(x) = x;_:'_ T

> T

3.61 Example: curve sketching

Sketch the function f(z) = =1
72 —

A. Domain: The function f(z) = —
B —
domain of f is (—oo,—1) U (—1,1) U (1, 400).
B. Intercepts: The y-intercept is f(0) = 0. The z-intercept(s) is the real solutions of the
equation f(z) = 0, that is,

7 is defined everywhere except £1, so that the

3
x
2 10
734 =1l
which gives the unique solution z = 0. Thus, the curve passes through the z-axis at the
origin.
C. Symmetry: Since
(—z)3 23
f(=x) = - —f(x),

(—2)2—-1 22-1

the function f is odd, so the graph is symmetric about the origin.
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The function f is not a periodic function.
D. Asymptotes: Since

3 3
. z .
lim — = lim — = —00,
z——1— x4 —1 z—1- 2% — 1
) z3 x3
lim = li 400,

2 im — -
z——1t % — 1 z—1+ x4 — 1

so that

23 x
J;H;o(mz_l —36) R U
This shows that y = z is a slant asymptote along both infinity directions, i.e., the graph of
f(x) gets closer to the line y =  when & — co. We also see that the graph of f is above the
asymptote for z > 0 and below the asymptote for x < 0.
E. Intervals of Increase or Decrease, and
F. Local Maximum and Minimum Values: The derivative f’ is

z2(z? — 3)

f(z) = @1

Its denominator has two double roots at x = +1, while the numerator has two simple roots
z = —/3 and z = /3, and a double root z = 0. These five points divide the inter-
val (—o00,+00) into six open intervals (—oo, —v/3), (—v/3,—1), (=1,0), (0,1), (1,/3), and
(v/3,+00). We solve the inequalities f'(x) = 0 by using the number line and know that f’
changes its signs only at = ++/3. By the Monotone Test and the First Derivative Test, we
can have the following table:

] interval \ sign of f’ \ monotonicity ‘
-3 0 local max
(—=v3,-1) - N
-1 not exist
(_17 0) \,1
0 0 no extreme
(07 1) _ \J
1 not exist
V3 0 local min
(V/3, +00) + /
This table gives the intervals in which the function is monotone and the locations of the local
extrema. In fact, the local maximum value is f(—v/3) = —37‘/5 and the local minimum value

is f(v/3) = 2.
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G. Concavity and Inflection Points: The second derivative f’ is

P 2z(x? + 3)
f(z) = o1

Its denominator has two triple roots at x = +£1, while the numerator has one simple root
2 = 0. These three points divide the interval (—oo, +00) into four open intervals (—oo, —1),
(—1,0), (0,1), and (1,+00). We solve the inequalities f”(x) = 0 by using the number line
and know that f” changes its signs at © = +1 and z = 0. By the Concavity Test, we can
have the following table:

| interval | sign of f” | concavity |

(—o0,-1) - —~
-1 not exist
0 0 inflection
(0’ 1) — -
1 not exist
(1,+00) i -

The function has one inflection point at = 0, with f(0) = 0. The other two points 2 = +1
are not inflection points, since they are not in the domain of f.
H. Sketch the Curve: Use the results obtained in items A-G, we can sketch the graph
3
of f(x)

x
2 -1

3.62 MATLAB: curve sketching

There are several commands to plot figures in MATLAB.

1. The following example shows the plots of f(z) = 223 — 322 —12x+1 and g(z) = oS
in the same figure.

syms Xx;
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f(x) = 2%¥x73 - 3%x72 - 12%x + 1;
g(x) x/(x"2 + 1);

x_array = -3:0.05:3; % x-axis ranges from -3 to 3 with
step size 0.05

subplot(2,1,1) % create 2 rows and 1 column of graphs and
place the current figure in the 1st position

plot(x_array,f(x_array),'r')

xlabel ('x"')

ylabel ('f(x) ")

grid

subplot (2,1,2)

x_array2 = linspace(-3,3,121); % a vector with 121 evenly
spaced points from -3 to 3

plot (x_array2,g(x_array2),'b')

xlabel ('x ")

ylabel ('g(x) ")

grid

Note that we use different commands to generate vectors for x-axis, but the vectors
generated, i.e., x_array and x_array?2, are the same.

The figure plotting f and g is shown below.

f(x)

-20

-40

0.5

-0.5

2. The following example shows the plot of f(z) = 233 - using the command fplot.
B —

syms x;
f(x) = x73/(x72 - 1);

fplot (£(x))
xlabel ('x")
ylabel ('f(x) ')
grid
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fplot(@(x)x."3./(x.72 - 1),[-4,4])

function; 2nd input: x-axis ranges from -4 to 4

xlabel ('x"')
ylabel ('f(x) ")
grid

% 1st input: anonymous
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3.6 Parametric Curves

3.63 Definition: parametric equations and parametric curve

Suppose that  and y are both given as functions of a third variable ¢ (called a parameter)
by the so-called parametric equations:

r=ft), y=g(t), ast<b

As t varies, the point (z,y) = (f(¢),g(t)) varies and traces out a curve, which we call a
parametric curve. The points (f(a),g(a)) and (f(b), g(b)) are called the initial point and
terminal point of the curve.

3.64 Example: parametric equations and parametric curve

The parametric equations
xr =-cost, y=sint, 0<t<2m

describe the unit circle. In fact, for each value of ¢, the corresponding ordered pair (x,y) is
a point on the circle centered at (0,0) with radius 1. To be more explicit, for some special
values of ¢, we can generate the following table and the corresponding points (z, y) which are
on the circle.

Y

y
t | (z,y)
0 (1,0) - t=12,(0,1) o
e iy =5 R ) PR
4 2 9 2
z 1(0,1) ) oo |
3m (_ﬁ ﬁ) 0] t =2, (1,0)
4 2 2
m (_1,0)
3?” (0’_1) t=3r (0,-1)
27 | (1,0)

From the figure, we see that as ¢ increases from the initial value ¢ = 0 to the final value
of t = 27, the curve is generated from the initial point (1,0) to the final point (1,0). The
parametric equations trace out the unit circle in the counterclockwise direction. The initial
point and the final point coincide at the same location.
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3.65 Example: parametric equations of a line

The parametric equations

r=x9+at, y=gyo+b, —oco<t<+o0,

b
where xg, Yo, a, and b are constants, describ a line with slope —, if a £ 0. If a = 0 and b # 0,
a

the line is vertical.

3.66 Example: parametric equations of cycloid

Suppose a point P starting at the origin on the circumference of a circle of radius r traces
out a curve as the circle rolls along the z-axis. Show that the parametric equations of the
curve are

x=r(t—sint), y=r(l—cost),
where the parameter ¢ is the angle of the rotation of the circle with ¢ = 0 when P is at the

origin.

Solution We take ¢, the angle of the rotation of the circle, as the parameter. Suppose the
circle has rotated through ¢ radians. From the figure, we see that the distance it has rolled
from the origin is

|OT| = arc PT = rt,

so that the coordinates of the center of the circle is C(rt,r). Let the coordinates of P be
(z,y). Then

x = |0OT| —|PQ|=rt —rsint = r(t — sint),
y=1|TC|—|QC| =r —rcost =r(l— cost).

These give the parametric equations of the cycloid.

Y

A

3.67 Remark: non-uniqueness of parametrization

A curve can have more than one parametrizations. For example, it is easy to verify that
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the unit circle 22 + y? = 1 admits the following parametrizations:

(1) z=cost, y=sint, 0<t<2m;
— g _ 5
(2) x=sint, y=cost, § <t< .

3.68 Theorem: tangent to parametric curve

Suppose a parametric curve is given by the parametric equations

r=f(t), y=g().

If f and g are differentiable functions, and if f/(¢) # 0, then the chain rule gives the slope of
the tangent line at (z,y) = (f(¢), g(¢)):

dy dy/dt  ¢'(t)

de  dx/dt  f/(t)

Theorem: horizontal tangent

The parametric curve has a horizontal tangent at (z,y) = (f(t), g(t)) if

dy_ ’ - d_m_ /
E—g(t)_oa dt_f(t)#o.

Theorem: vertical tangent

The parametric curve has a vertical tangent at (z,y) = (f(¢), g(¢)) if

dx_ ooy dy

3.69 MATLAB: parametric curves

In MATLAB, parametric curves can be plotted using the command plot. The following
examples show the plot of two parametric curves.

1. The parametric equations are
r =cost, y=sint, 0<t< 27

The parametric curve is plotted using the following code:

>> t = linspace (0,2*pi,200);
>> x cos(t);

>> y sin(t);

>> figure
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>> plot(x,y,'r"')
>> grid

>> xlabel('x")
>> ylabel('y')

. The parametric equations are

The parametric curve is shown below.

N
e

> 0

0.2

04

0.6

-0.8

-1

-1 -08 -06 -04 02 0 02 04 06 08 1
X

r=t—sint, y=1-—cost, 0<t<An

The parametric curve is plotted using the following code:

>> t = linspace(0,4*pi,200) ;
>> x = t - sin(t);

>> y =1 - cos(t);

>> figure

>> plot(x,y,'b')

>> grid

>> xlabel('x"')

>> ylabel('y')

The parametric curve is shown below.
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Polar Coordinates and Polar Curves

3.70 Definition: Cartesian coordinates and polar coordinates

A point (z,y) in Cartesian coordinates can Y
be expressed in polar coordinates by

P(r,0) = P(z,y)

x =rcosb, y =rsind.

Conversely, we can express r and 6 in terms
of z and y:

r? = g2 442, tand = 2.
x

3.71 Definition: polar curve

The graph of a polar equation r» = f(6), or more generally F(r,0) = 0, consists of all points
P that have at least one polar representation (r, ) whose coordinates satisfy the equation.

3.72 Example: polar curve - Archimedean spiral

The general Archimedean spiral is a polar curve described by the equation
r=a+bd, 6>0,

where a and b are real numbers. Sketch the curve with a =2 and b = 1.

Solution For 6 > 0, in Cartesian coordinates, the equation r = 2 + 6 gives a line of slope
1 in the first quadrant, starting from the point (0,2), as in the following left figure. As 6
increases from 0, it shows that r increases monotonically from 2. It gives a spiral curve, as
shown in the following right figure.

', o
2 A
240° ”///////wylmylmrmulml\uum\\\“‘ 300°

255880702

3.73 Example: polar curve - three-leaved rose

Sketch the curve with the given polar equation

r = 2sin 36.
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Solution The function is periodic of period %77, and a full revolution is 27, so the least
common multiple is 27. Thus, we sketch » = 2sin 36, 0 < 6 < 2, in Cartesian coordinates
in the following left figure.

(1) As 0 increases from 0 to §, r increases from 0 to 2; as ¢ increases from § to %, 7
decreases from 2 to 0. Since r is positive, the curve is in the first quadrant.

(2) As 0 increases from % to 7, r decreases further from 0 to —2; as 6 increases from 7 to
%’r, r increases from —2 to 0. Since r is negative, the curve is in the lower-half plane.

(3) As 6 increases from %’r to %’T, r increases from 0 to 2; as € increases from %” to w, r
decreases from 2 to 0. Since r is positive, the curve is in the second quadrant.

Thus, as 6 varies from 0 to 7, the curve traces a three-leaved rose.

(4) As 6 increases from 7 to 27, since r = —2sin(30 — 7), we know that the curve traces
the same three-leaved rose once more.

105 90° 750
0 i -
T 120° i "y, GO
o oy,
o m,

r = 2sin 30

"
240 . gy it 300°

255° 270° 285°

3.74 Example: polar curve sketching

Sketch the curve with the given polar equation
r=a -+ bcosb,
where (A) a=b=4; (B) a=3and b=5.

Solution For any given a and b, the function r = a+ bcos 6 is periodic of period 27. Since
a full revolution is 27, we only need to sketch the polar curve for 0 < 0 < 2.

(A) For 0 < 0 < 2, we sketch » = 4+ 4 cos 0 in Cartesian coordinates in the following left
figure. As 6 increases from 0 to 7, it shows that r decreases from 4 to 0. Since r is positive,
the curve is in the upper-half plane. As 6 increases from 7 to 27, r increases from 0 to 4.
Again since r is positive, the curve is in the lower-half plane. Thus, as € varies from 0 to 2,
the curve completes one loop, as shown in the following right figure. This is a cardioid.
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(B) For 0 < 0 < 27, we sketch r = 3+ 5cos 6 in Cartesian coordinates in the following left
figure.

(1) As 6 increases from 0 to cos™!(—2) ~ 2.2143 (rad) ~ 126.87°, r decreases from 8 to 0.
Since r is positive, the curve is in the upper-half plane.

(2) As 6 increases from cos™'(—2) to m, r decreases further from 0 to —3. Since r is
negative, the curve is in the fourth quadrant.

(3) As 6 increases from 7 to 2m — cos™!(—2) &~ 4.0689 (rad) ~ 233.13°, r increases from
—2 to 0. Since r is negative, the curve is in the first quadrant.

In fact, when 6 varies from cos™(—2) to 2 — cos™!(—2), the curve completes the small
loop.

(4) As 6 increases from 2 — cos™!(—2) to 27, r increases from 0 to 8, and the curve is in
the lower-half plane.

The curve also completes a large loop, as shown in the following right figure. We get a

limagon.
/r‘ o
A 105" TS
e y
r=3+5cosf
8
@ @
4
O o T ¢
“t4t, o
-2 "y, as
240° iy, gy i s 300°
255° 270° °

3.75 Method: determine symmetry of a polar curve

(a) If a polar equation is unchanged when 6
is replaced by —#@, the curve is symmetric
about the polar axis.
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(b) If the equation is unchanged when r is re-
placed by —r, or when 6 is replaced by
0 + 7, the curve is symmetric about the
pole.

¢ e equation is unchanged when 6 is re-

If th tion i hanged when 6 i
placed by m — 6, the curve is symmetric
about the vertical line 6 = 7.

3.76 Theorem: tangent to polar curve

Suppose a polar curve is given by the equation r = f(#). Then we can write its parametric
equations as

x =rcosf = f(0)cosb, y=rsinf = f(#)siné.
If f is differentiable, and if j—z = f'(6) cosf — f(0)sin® # 0, then the chain rule gives the
slope of the tangent line at (x,y) = (f(0) cos 8, f(6) sin 9):

dy dy/df  f'(0)sin® + f(6)cosb

dz  daz/df  f/(0)cos® — f(6)sinh’

Theorem: horizontal tangent

The parametric curve has a horizontal tangent at (x,y) = (f(0) cos @, f(0) sin8) if

Y P50+ f(0)cosh =0, ST = f(0)cosd — f(B)sinf £ 0.

Theorem: vertical tangent

The parametric curve has a vertical tangent at (x,y) = (f(0) cos 8, f(0) sin§) if

dx dy

= f'(0)cos® — f(0)sinf = 0, = F(0)sin@ + f(0) cos b # 0.

3.77 Example: highest point of limagon

Find the highest point of limagon » = 3 4+ 5 cos 6.




3.6 Parametric Curves

159

Solution The function » = 3 + 5cos 8 is periodic of period 27. Since a full revolution is
27, we only need to determine the highest point for 0 < 6 < 2.
The parametric equations for the limacon are

x=(3+5cos0)cosf, y=(3+5cosf)sinf, 0<60<2r.

d dy d d
At the highest point, we must have d—g = ﬁ . d—; =0- d—z = 0. It is easy to have
dy N s
0= (—5sind)sinf + (3 + 5cosb) cos

= —5(1 — cos? ) + (3 + 5cosf) cos 0
=10cos?# + 3cosf — 5.

cos = (-3 +1/209) ~ 0.5728 or (-3 —/209) ~ —0.8728.
Thus, for 0 < 0 < 2w, there are four critical points:
01 = cos™! (55(—3 4+ v/209)) ~ 0.9608,
02 = cos™! (55(—3 — v/209)) ~ 2.6318,
03 = 2m — cos™* (55(—3 + v/209)) ~ 3.6514,
04 = 2m — cos™* (35(—3 — v209)) = 5.3224,

at which the corresponding Cartesian coordinates (z,y) are

(z1,91) = (3.35926,4.8067),
(z2,y2) = (1.19074, —0.6657),
(z3,y3) = (1.19074,0.6657),
(z4,y4) = (3.35926, —4.8067).

The Cartesian coordinates of two endpoints when § = 0 and 6 = 27 coincide at (8,0). By
comparing the values of the y-coordinates at these five points, we see that the highest point
of the curve attains at (z1,y1), approximately at (3.35926,4.8067).
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3.78 MATLAB: polar curves

In MATLAB, the command polarplot facilitates the plot of polar curves. Two examples
are provided below to show how to plot polar curves in MATLAB.

1. The polar curve is described by the following equation:
r = 2sin 36.

This polar curve can be plotted using the following code:

>> theta = linspace (0,2*pi,200);
>> r = 2*xsin(3*theta);

>> figure

>> polarplot (theta,r)

The polar curve plotted is shown below.

120 2 60

150 30
180 0

210 330

240 300
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2. The polar curve is described by the following equation:
r=4+4cos#,

This polar curve can be plotted using the following code:

>> theta = linspace (0,2*pi,200);
>> r = 4 + 4xcos(theta);

>> figure

>> polarplot (theta,r,'r"')

The polar curve plotted is shown below.
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270
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3.7 Optimization

3.79 Example: optimization - largest area

John has 120 meters of fencing to build a rectangular fence along a straight river. He needs
to build three sides, and the side along the river does not need fencing. What are the lengths
of sides of the field to have the largest area?

Solution This is a typical example of optimization problems. Its solution involves a few
steps, shown below.

Step 1: Introduce variables.

Let = be the length of the side of the rectangle perpendicular to the river and y be the
length of the other side.

Step 2: Write down the function to be optimized and the constraints on variables. Simplify
the function under the constraints.

(1) We need to maximize the area of the rectangle, which is A = zy.

(2) There are some constraints for variables z and y. Clearly, we must have 2z 4+ y = 120,
or y = 120 — 2x. We also have 0 < z < 60 and 0 < y < 120.

(3) Substitute y = 120 — 2z into the function we need to optimize, we get

A(z) = 2(120 — 2z) = 120z — 222,

where 0 < x < 60.
Step 3: Solve the optimization problem.
This is a problem of finding maximum for the function A(x) = 120x — 222 defined in a
finite closed interval [0, 120].
In fact, the function A is continuous on [0, 120] and differentiable in (0,120). The derivative
of A is
A(z) = 120 — 4z.

Solving A’(x) = 0 gives only one critical point = 30 in [0,120]. We can use one of the
following two approaches to determine the absolute maximum value of A in the interval
[0, 120].

(a) We evaluate the function A at two boundary points = 0 and « = 120 and the critical
point at x = 30:

A(0) = 0 = A(60), A(30) = 30 x 60 = 1800.

By choosing the largest value, we get the absolute maximum value A(30) = 1800.

(b) Tt is easy to see that

A(x) >0, if0<z<30;
A'(z) <0, if30 <z < 120.
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Thus, by the First Derivative Test, the function A has a local maximum value at z = 30.
Since A is increasing on (0, 30), and decreasing on (30, 120), the local maximum value is also
the absolute maximum.

Hence, the function A attains the absolute maximum value A(30) = 1800.

3.80 Example: optimization - Snell’s law of refraction

Fermat’s principle says that light travels along the path of shortest traveling time. In the
figure below, we consider a light ray traveling from point A located in one medium to point
B in another medium. The media are separated by the x-axis. Assume that the speed of
light is respectively ¢; and ¢y in the media. Denote by #; the angle of incidence and 65 the
angle of refraction.

The total time for light to travel along the path ACB is
T(z) = (time from A to C) + (time from C to B)

_ Va2 + z2 N Vb2 + (d — )2
@il C2 '

We shall determine the value of x by applying Fermat’s Principle to minimize the function
T on [0,d].
In fact, the derivative of T is
75 d—x
ava+ 12 /b2 + (d—x)?
We claim that the equation 7"(z) = 0 has a unique solution on [0, d]. Indeed, the equation
has a solution by the Intermediate Value Theorem, and

d d
— <0, T(d)=—— >0.
CQ\/b2+d2 ()

cva? + d?
The solution is unique since 7" is increasing on (0, d):

T (z) =

T'(0) = —

2 2
T"(z) = L (a2 + 22)~3/2 + b—(bQ +(d—-2))"%? >0.
C1 C2
Let © = xg be the unique solution of the equation 77(z) = 0 on (0, d). The above argument
shows that
T'(z) <0, if0<z <z
{T’(m)>0, if xg <z <d.
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Thus, by the First Derivative Test, the function 7" has a local minimum at = = zy. Since
T is increasing on (z,d), and decreasing on (0, zg), the local minimum is also the absolute
minimum. Hence, along the path AC' B when x = xg, light travels from A to B in the shortest
time.
When x = xg, the equation T"(xq) = 0 gives
Zo d— i)

c1y/a? + 3 - co /02 + (d — )2

In terms of the angles of incidence and refraction, we have

sin 6 sin 6y

C1 C2

which gives Snell’s law
sin 0 c1

sinfly ¢

3.81 Example: optimization - shortest distance

Find points on the parabola y = %xz that is closest to the point (4,1).

Solution The distance from a point (z,y) on the parabola to the point (4,1) is

d=/(z =02+ (22 - 1)2.

We need to minimize the function d. It is equivalent to minimize the function f(x) = d?(z),
which is computationally easier.
In fact, the derivative f’ is

(@) =[(z—4)2 + (322 — 1)2]/ =2z —4)+2322 -1z =23-38.

By solving f/(x) = 0, we see that f has only one critical point z = 2. It is easy to see that

fl(x) <0, ifx<2;
fl(x)>0, ifz>2.

Thus, by the First Derivative Test, the function f has a local minimum value at £ = 2. Since
f is decreasing on (—o0,2), and increasing on (2, +00), the local minimum value is also the
absolute minimum.

Hence, the shortest distance is attained Y
when z = 2, with \

d=+/(2-4)2+(22/2-1)2 = V5. y=
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3.82 MATLAB: optimization

John has 120 meters of fencing to build a rectangular fence along a straight river. He needs
to build three sides, and the side along the river does not need fencing. What are the lengths
of sides of the field to have the largest area?

The following MATLAB code solves the above optimization problem.

>> syms x y S(x);

>> y = 120 - 2%x; 7 the side parallel to the river
>> S(x) = x*y; ' area

>> d(x) = diff(S(x),x)

d(x) =

120 - 4*x

>> rts_d = solve(d(x) == 0,x)
rts_d =

30

>> x_array = 0:0.5:60; 7/ x < 60
>> figure

>> plot(x_array,d(x_array),'r")
>> xlabel('x"')

>> ylabel ('S''(x)")

>> grid

150

100

50

-50

-100

-150

We see from the above MATLAB code that S’(x) = 0 has one root: & = 30. Moreover,
we note from the above figure of S’(z) that S’(xz) > 0 on (0,30) and S’(z) < 0 on (30, 60).
According to the First Derivative Test, S(z) has a local maximum value at 2 = 30. Moreover,
since S’(z) > 0 on (0, 30), i.e., S(z) is increasing on (0,30), and S’(x) < 0 on (30,60), i.e.,
S(z) is decreasing on (30,60), we know that S(z) also has an absolute maximum value at
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x = 30. Therefore, to have the largest area, the length perpendicular to the river should be
30 meters, and the side parallel to the river should be 120 — 2 x 30 = 60 meters.

3.83 Engineering Example: bending moment

When an external force is applied to a structural element, e.g., beam, and it causes this el-
ement to bend, we say the bending moment is induced. The bending moment is an important
concept in physics and engineering, especially civil and mechanical engineering.

Suppose there is a beam of length L with uniform distributed loading of ¢ per unit length.
At the distance z of the beam, the bending moment M is given by

Find the value of x which gives the maximum bending moment and calculate this maximum
bending moment.
First, let f(z) = M = —%2® + 92£x (0 <z < L). Then, we have

o) = —am %'

It is easy to see that
. I
fl(x) >0, if0<z<3;
flx) <0, ifL<z<L.

Thus, by the First Derivative Test, we know that f(x) has a local maximum value at x = £.

Moreover, since f’(z) > 0 on [O, %), i.e., f(z) is increasing on [O, %), and f’(z) < 0on (%, L2],
i.e., S(x) is decreasing on (%, L], we know that f(z) also has an absolute maximum value at
B = % Hence, at x = %, the bending moment is the maximum.

To calculate the corresponding maximum bending moment, we substitute x = % into f(z)

and have
f L\ gL 2+qLL_qL2
2/ 2\2 22 8"
2

The result above shows that the maximum bending moment is %.
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3.84 Engineering Example: tank volume optimization

One piece of metal is provided to build a water tank. For this purpose, four corners of the
metal should be cut, as illustrated in the figure below.

Find the value of x such that the volume of the water tank is maximized and calculate the
maximum volume of the water tank.
First, the volume of the water tank can be calculated as follows:

V(z) = (6—2z)(3 — 22)x
= 42% — 1822 + 18z.

The derivative of V(z) is
V'(x) = 1222 — 362 + 18.
As we know, the roots of an equation ax? + bz + ¢ = 0 are given by

v —b+ Vb% — dac

2a
We thus can calculate the roots of V'(x) = 1222 — 362 + 18 = 0 as

e 36 + 362 —4 x 12 x 18
B 24
~ 0.634 or 2.366.

Since 2z < 3, the value of x should satisfy 0 < < 1.5, which shows that x cannot be 2.336.
We will then check whether x = 0.634 is a maximum point.
The second derivative of V' (z) can be easily calculated and shown below:

V" (x) = 24z — 36.
Substituting z = 0.634 into V"' (z), we have
V"(0.634) = 15.216 — 36 < 0.

According to the Second Derivative Test, we know that V(x) has a local maximum value at
x = 0.634. To check whether x = 0.634 is also an absolute maximum point, we rewrite V'(z)
as

V'(z) = 2(z — 0.634)(z — 2.366).
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Obviously, we know that

V'(z) >0, if0<z<0.634;
V'(z) <0, if0.634 <z < 1.5,

which means V' (z) is increasing on (0,0.634) and decreasing on (0.634,1.5). Therefore, z =
0.634 is also an absolute maximum point, i.e., the volume of the water tank is maximized at
x = 0.634 (m). Finally, substituting = 0.634 into V' (x), we have the maximum volume of
the water tank as

V(0.634) = 4 x 0.634% — 18 x 0.634 4 18 x 0.634 ~ 5.196 (m?) .

3.85 Engineering Example: entropy optimization

In information theory, the entropy refers to the uncertainty or the disorder of an event. If
an event has more uncertainty, then it carries more information and has more entropy.

For a communication system, if it has two inputs 0 and 1 and they occur with probability
pand 1 —p (0 < p < 1), respectively, then the entropy of the source is given by

H(p) = —plogyp — (1 — p)logy(1 — p).

Find the value of p such that the entropy H(p) is maximized and calculate the maximum
entropy.
By applying the product rule and the chain rule, we have

dH (p)

5~ ler —p(logyp) — (=1)logy(1 — p) — (1 — p) (logy(1 — p))’
1 —1
= —logzp—Pm +1logy(1 —p) — (1 —P)m

= logy(1 — p) — log, p.

According to Fermat’s Theorem, we first calculate the value of p such that %I()p) =0 It

can be calculated that %ﬁm = 0. Moreover, since log, = is an increasing function, we
p=0.5
notice that when p < 0.5, %;m > 0; while when p > 0.5, %}f') < 0. Therefore, according to

the first derivative test, the entropy H(p) is maximized at p = 0.5.
Substituting p = 0.5 into the expression of H(p), we have

H(p) = —0.5 x logy 0.5 — (1 — 0.5) x log,(1 — 0.5)
= —log, 0.5 =1 (bit).

The maximum entropy is thus 1 bit.
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3.8 Newton’s Method

3.86 Method: Newton’s iteration

To find approximations to a solution r of the equation f(z) = 0, we start with an initial
guessing value zy, which is not equal to r in general. To improve the approximation, consider
the tangent line to the curve y = f(z) at the point (zo, f(x0)). An equation of the line is

y— f(zo) = f’(xo)(x — x0),

whose z-intercept gives the first approximation x1, obtained by putting y = 0 in the last

equation:
0 — f(=zo) = f'(zo)(x1 — T0) = 21 — 2o = _;/((i?)))
— == e

The formula for z; is meaningful if f'(z) # 0.
We repeat this procedure with x( replaced by the first approximation x1, using the tangent
line at (z1, f(x1)). This gives a second approximation:

2y = 2y — 1)
f'(@1)
If we keep repeating this process, we generate a sequence of approximations
X1,T9,23,T4,.... In general, if x, is the nth approximation and f’(x,) # 0, then the
next approximation is given by

Tn41 = Tp — f’(l‘ )
n

This recursive formula is called Newton’s iteration and the sequence {z,} generated is
called Newton’s approximations.

Y
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Theorem: convergence of Newton’s approximations

If zq is chosen to be sufficiently close to a solution r of f(z) =0, and if f/(z,) #0
forn =1,2,3,..., then the sequence {x,} generated by Newton’s iteration converges
to r:

lim z, = 7.
n—oo

3.87 Example: Newton’s method

Given f(x) = 2% — 5z + 1. Use six steps of Newton’s method to approximate all three real
roots of f.

1. Choose an initial guessing value for each root.

The function f is a polynomial of degree 3, so it has at most three real roots. Since

f(=3) <0, f(=2)>0;
f(0)>0, f(1) <0
f(2) <0, f(3)>0,

by the Intermediate Value Theorem, f must have one root in each of the three intervals
(—3,-2), (0,1), and (2, 3).

Hence, it is plausible to choose the initial guessing values —2.5, 0.5, 2.5 for Newton’s
iterations for approximating the three roots of f.

2. Write the recursive formula of Newton’s method.

For f(z) = 23 — 5x + 1, we have
f'(z) = (2® — 5z + 1) = 32 — 5.

Thus, the recursive formula of Newton’s method is

oy _f(xn):x _zi—5xn+1:2x%—l
T T ) " 322 — 5 322 -5
3. Perform the iteration.
For the initial guessing value zo = —2.5,
273 —1  2(-2.5)3 -1
= = = —2.345455
1T 325 3(—25)2-5 ’
223 —1  2(—2.345455)% — 1
P27 322 5 3(—2.345455)2 — 5 ’
2x3 — 1
T5 = A= = 2330059,

"~ 3x7-5
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We list Newton’s approximations of all three roots in the following table.

|

T " M
—2.500000 0.500000 2.500000
—2.345455 0.176471 2.200000
—2.330203 0.201568 2.131933
—2.330059 0.201640 2.128428
—2.330059 0.201640 2.128419
—2.330059 0.201640 2.128419

U | W N = O]

Remark: when to stop for Newton’s iteration

There is a need for a good estimation of the error of the approximation. However,
since the actual value of the root is not know, it is not easy to get the estimation
of the error. The rule of thumb is that if we want n decimal accuracy, we should
compute until two successive approximations agree up to n decimal places.

Remark: how many steps needed

For a given accuracy, the number of steps of Newton’s iteration can vary. In the
example, if the initial guessing value is zy = 1.3, then Newton’s approximations are

(k] =
0 [ 1.300000
1 | 48.485718
2 | 32.346600
12| 2128441
13| 2.128419

It takes 13 steps of Newton’s iterations to achieve 6 decimal accuracy.

3.88 Pitfall: convergence of Newton’s method

In Newtons’s method, f’(x,) appears in the denominator of the formula. When f’(x,,) is
zero, the method breaks down. When f’(x,,) is close to zero, the method is slow to converge
to the actual root or may fail to converge.

2
Consider f(z) = 3827::_1 Then the recursive formula of Newton’s method is
0
f(zn) (322 +1)  x,
Tnal =0 = oS = o= —m g = (1 -3,

Clearly the function f has 0 as the only real root. For the following three initial guessing
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values zg = 1, 0.15, and 1.1, we list the corresponding Newton’s approximations:

Tk | Tk | Tk |
1.000000 0.150000 1.200000
—1.000000 0.069938 | —1.992000
1.000000 0.034456 | 10.860575
—1.000000 0.017166 | —1.92 x 103
1.000000 0.008576 1.06 x 1019
—1.000000 0.004287 | —1.76 x 1039
1.000000 0.002143 8.21 x 1077

DO = | W N O]

From the computations, we see that the approximations with the initial guessing values
xo = 1 and xo = 1.2 fail to converge.

3.89 MATLAB: Newton’s method

The following example shows how to calculate the roots of f(z) = 3 —5x+1 in MATLAB.
We note that f is a polynomial of degree 3, so it has at most three real roots. To roughly
estimate these roots, we first plot the figure of f as follows.

>> syms x;

>> f(x) = x73 - bxx + 1;

>> x_array = -3:0.05:3;

>> figure

>> plot(x_array,f(x_array),'r')
>> xlabel('x"')

>> ylabel ('f(x)"')

>> grid

From the figure above, we see that there are 3 roots of f, and these roots are on intervals
(=3,-2), (0,1) and (2, 3), respectively. Hence, we choose the initial guessing values —2.5,
0.5 and 2.5 for Newton’s iterations for approximating the three roots of f(x).

Next, we use Newton’s method to approximate these three roots of f. The MATLAB code
is provided below.
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syms Xx;
f(x) = x°3 - 5%xx + 1; % function
d(x) = diff (f(x),x);
n = 5;
N_max = 10; J maximum no. of iterations
x = zeros (1,N_max);
x0 = - 2.5; % initial guess
x(1) = x0;
for num = 1:N_max
x(num + 1) = x(num) - f(x(num))/d(x(num));
if abs(x(num + 1) - x(num))<10~(-(n + 1)) % to ensure n ..
decimal accuracy
break; % accuracy achieved, so exit!
end
end
x_iter = x(1:(num + 1)) % show iteration results

By inputting different initial guessing values, we can obtain approximations of all three
roots. Moreover, we can have 15-digit approximations by using the command format long.
The Newton’s approximations of all three roots with initial guessing values —2.5, 0.5 and 2.5,
respectively, are listed in the following table.

| Z | Zi | T |
—2.500000000000000 | 0.500000000000000 | 2.500000000000000
—2.345454545454545 | 0.176470588235294 | 2.200000000000000
—2.330203407719357 | 0.201568074338339 | 2.131932773109244
—2.330058752527104 | 0.201639675087802 | 2.128428202971012
—2.330058739567982 | 0.201639675723405 | 2.128419063906659
2.128419063844577

U | W N = O

Note that to ensure the 5 decimal accuracy, it requires the absolute difference of two
successive approximations to be less than 1076 in the MATLAB code. In this case, the
initial guessing values of —2.5 and 0.5 result in 4 iterations, and the initial guessing value of
2.5 results in 5 iterations.

3.90 Engineering Example: projectile - Newton’s method

Consider the case where a ball is thrown with initial velocity w and an angle 6
(0° < 0 <90°) against the ground, as shown in the following figure. Then, at time ¢, the

1
displacement of the ball in the y-direction is s, = usinft — §gt2, where g ~ 9.8 m/s? is

the standard gravity. Suppose that the initial velocity is 40 m/s and the angle against the
ground is 45°. Use Newton’s method to calculate the time ¢ at which the ball is 10 meters
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above the ground during the falling down stage.

Y

A\ .

o

When u = 40 m/s and § = 45°, the displacement of the ball in the y-direction is
9.8
F(t) = 40sin(45°)t — =% = 20V/2t — 4.9¢°.

Note that /2 ~ 1.414, we thus have
f(t) ~ 28.28t — 4.9t°.
First, we need to find an initial guessing value xg. We notice that

f(5) = 18.9 > 10;
£(6) =~ —6.7 < 10,

5o, by the Intermediate Value Theorem, one of the roots of f(¢) = 10 is in the interval (5, 6).
Moreover, since f(5) > f(6), the root of f(¢) = 10 in the interval (5,6) is the time during
the falling down stage of the ball. Hence, we set the initial guessing value as o = 5.5.

Before performing the iterations, we first define a function g(t) = f(t) — 10 = 20v/2t —
4.9t — 10. To write the recursive formula of Newton’s method, we need to calculate ¢'(t),
which is shown in the following

g (t) = 20v/2 — 9.8¢.
Then, the recursive formula of Newton’s method can be written as
9(tn) _ . 201/2t,, — 4.9t2 — 10
gta) " 2012 — 9.8,
From the initial guessing value ty = 5.5, we have

g(to) 55 g(5.5)

tn+1 =ty —

T g/(t;)66:1568_ 7(02)
=55— m = 5.396099,
ty =t — 5,((?1)) = 5.396099 — %
~0.052906
= 5306099 — — o, = 5.393048,
ty =ty — 5,((2)) = 5.393948 — %
— 5393948 — — 0000019 _ 5 o007,

—24.576419
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We see that three steps are required to achieve 5 decimal accuracy. Moreover, since t3 =
5.393947, we can conclude that at ¢ = 5.393947, the ball is in the falling down stage and is
10 meters above the ground.

MATLAB solution:
We now turn to the use of MATLAB. Let g(t) = f(t) — 10 = 20y/2t — 4.9t> — 10. We will
run the following MATLAB code of the Newton’s method to calculate the result.

syms t;
g(t) = 20*xsqrt(2)*t - 4.9%xt"2 - 10;
d(t) = diff(g(t),t);
n = 5; % n decimal accuracy
N _max = 10; % maximum no. of iterations
x = zeros (1,N_max);
x0 = 5.5; % initial guess
x(1) = x0;
for num = 1:N_max
x(num + 1) = x(num) - g(x(num))/d(x(num));
if abs(x(num + 1) - x(num))<10"(-(n + 1)) % to ensure n ..
decimal accuracy
break; Y% accuracy achieved, so exit!
end
end
x_iter = x(1:(num + 1)) % show iteration results

Starting from the initial guessing value ty = 5.5, we can obtain approximations of the root
near 5.5. Note that by using the command format long, we can have 15-digit approxima-
tions. The Newton’s approximations are listed in the following table.

| th |
5.500000000000000
5.306098675752262
5.303048136613312
5.303047214525773

W N = Of =

We see that 3 iterations are needed to ensure 5 decimal accuracy. At t = 5.393947214525773,
the ball is in the falling down stage and is 10 meters above the ground.

3.91 Engineering Example: water tank design

One piece of metal is provided to build a water tank. For this purpose, four corners of the
metal should be cut, as illustrated in the figure below.
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By Newton’s method, find the value of x such that the volume of the water tank is 3.5 m3
and the water tank covers the least area on the ground.
First, the volume of the water tank can be calculated as follows:

V(z)=(6—2z)(3 —2x)x
= 4z° — 182” + 18z.

To find the value of z such that the volume of the water tank V(z) is 3.5 m®, we actually
need to find z which satisfies 423 — 1822 + 18z = 3.5. Let g(z) = 423 — 1822 + 18z — 3.5.
The derivative of g(z) is

g (z) = 122% — 36z + 18.

Then, the recursive formula of Newton’s method can be written as

Tpgl = Tn — 9(zn)
n - n
g (xn)
423 — 1822 + 18z, — 3.5
= :L‘n —_

1222 — 36z, + 18
The function g(z) is a polynomial of degree 3, so it has at most three real roots. Since

g(0) =-35<0, g¢g(1)=0.5>0;
9(1)=05>0, g(1.5)=—3.5<0;
9(3) = —3.5<0, g(4) =36.5>0,

by the Intermediate Value Theorem, g(x) must have one root in each of the three intervals
(0,1), (1,1.5), and (3,4). Note that 2z < 3, so we have 0 < z < 1.5. Moreover, the area that
the water tank covers on the ground can be written as (6 — 2x)(3 — 2z) which is a decreasing
function of . Hence, if we are looking for the value of x such that the water tank covers the
least area on the ground, the value of x should be as large as possible, i.e., it is within the
interval (1, 1.5). Therefore, we choose the initial value xo as 1.25.

Now, we use the recursive formula of Newton’s method to calculate the root of g(z) = 0
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within (1,1.5). From the initial guessing value zo = 1.25, we have

o= So =125 50
~1.3125
= 1.25 — —=-=> = 1.000909,
T2 =1 — 5,((”;11)) — 1.090909 — %
~0.092035
= 1090909 — —“oo=od = LOTTT4G,
T3 = To — ;((Z)) = 1.077746 — %
—0.000863
= LOTTTA6 — o = 1.077620.

We see that three steps are required to achieve 3 decimal accuracy. Moreover, since 3 =
1.077620, we can conclude that the volume of the water tank is 3.5 m® and the water tank
covers the least area on the ground if z = 1.078 m.

MATLAB solution:
We now turn to the use of MATLAB. Let g(z) = 423 — 1822 + 18z — 3.5. We will run the
following MATLAB code of the Newton’s method to calculate the result.

syms x;
g(x) = 4xx~3 - 18%x~2 + 18*%x - 3.5;
d(x) = diff(g(x),x);

n = 3; % n decimal accuracy
N _max = 10; % maximum no. of iterations
x_array = zeros(1,N_max);

x0 = 1.25; % initial guess
x_array (1) = x0;

for num = 1:N_max
x_array(num + 1) = x_array(num) - ..
g(x_array(num))/d(x_array (num)) ;
if abs(x_array(num + 1) - x_array(num))<10~(-(n + 1)) 7% ..
to ensure n decimal accuracy
break; % accuracy achieved, so exit!
end
end

x_iter = x_array(1:(num + 1)) % show iteration results
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Starting from the initial guessing value xyg = 1.25, we can obtain approximations of the
root near 1.25. The Newton’s approximations are listed in the following table.

| t |
1.250000000000000
1.090909090909091
1.077745540511498
1.077620217673657
1.077620206075159

=W N = O

We see that in order to ensure 3 decimal accuracy, 4 iterations are needed if running the
MATLAB code above. At x = 1.077620206075159, i.e., z = 1.078 m, the volume of the water
tank is 3.5 m® and the water tank covers the least area on the ground.

3.92 Engineering Example: tank optimization - Newton’s method

One piece of metal is provided to build a water tank. For this purpose, four corners of the
metal should be cut, as illustrated in the figure below.

— T —>

INE
1

By Newton’s method, find the value of x such that the volume of the water tank is maximized.
First, the volume of the water tank can be calculated as follows:

V(z) = (6 —2z)(3 — 22)x
= 4z° — 182% 4 18z.

The derivative of V (z) is
V'(z) = 1222 — 362 + 18.

To find the value of z such that the volume of the water tank V' (x) is maximized, we need
to find = which satisfies V/(z) = 1222 — 36z + 18 = 0, i.e., find the root of V'(z) = 1222 —
36x + 18 = 0. As such, we let f(x) = V'(z) = 1222 — 36z + 18, and the derivative of f(z) is

f'(z) = 24z — 36.
Then, the recursive formula of Newton’s method can be written as

Tyl = Tn — f(zn)
f/(xn)
1222 — 36z, + 18
24z, -36

::Ijn
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Before using Newton’s method to find the value of x, we need to find an initial guessing
value zg. Hence, we plot the figure of f(z) = V’/(z), as shown below.

fw) = T<<:c>

Note that 2z < 3, so we have 0 < z < 1.5. To find the value of 2 which maximizes V (z),
we need to find the root of V/(z) = 0 within the interval (0,1.5). From the figure of V'(z)
above, we notice that there is one root within the interval (0,1.5) and it is roughly in the
middle of this interval. Thus, we choose the initial guessing value xy around this root and
set it as 0.75.

Now, we use the recursive formula of Newton’s method to calculate the root of f(x) =
V’/(x) = 0 within (0,1.5). From the initial guessing value z¢ = 0.75, we have

21 = w0 — ;,((ZZ)) —0.75 — J{ ,((%'.77?)
= 0.75— __271285 = 0.625,

z2 =11 — ]{,((3;11)) —0.625 — J{m
= 0.625 — ()_'1873 — 0633928,

T3 =3 — }f/((z)) — 0633928 — J{m
— 0633928 — % = 0.633974.

We see that three steps are required to achieve 3 decimal accuracy. Moreover, from the
figure of V'(z) above, we see that if = is smaller than the root of V'(z) within (0, 1.5), then
V'(z) > 0, i.e., V/(x) is an increasing function; if z is larger than this root, then V'(z) < 0,
i.e., V'(x) is a decreasing function. So this root is an absolute maximum point. Therefore,
we can conclude that the volume of the water tank is maximized when x = 0.634 (m).

MATLAB solution:
We now turn to the use of MATLAB. Let f(z) = V'(x) = 1222 — 36z + 18. We will run
the following MATLAB code of the Newton’s method to calculate the result.

syms X;
f(x) = 12*xx"2 - 36%x + 18;
d(x) = diff(f(x),x);
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n = 3; % n decimal accuracy
N_max = 10; % maximum no. of iterations
x_array = zeros(l,N_max);
x0 = 0.75; % initial guess
x_array (1) = x0;
for num = 1:N_max
x_array (num + 1) = x_array(num) - ..
f(x_array(num))/d(x_array (num)) ;
if abs(x_array(num + 1) - x_array(num))<10"(-(n + 1)) % ..

to ensure n decimal accuracy
break; % accuracy achieved, so exit!
end
end

x_iter = x_array(l:(num + 1)) J show iteration results

Starting from the initial guessing value xyg = 0.75, we can obtain approximations of the
root near 0.75. The Newton’s approximations are listed in the following table.

| t |
0.750000000000000
0.625000000000000
0.633928571428571
0.633974594992636

WM =] Of =

We see that 3 iterations are needed to ensure 3 decimal accuracy. Moreover, as explained in
the first part, the root of V'(z) within (0, 1.5) is an absolute maximum point. Therefore, we
can conclude that when z = 0.634 (m), the volume of the water tank is maximized.

The Newton’s method is utilized to find the root of f(z) = 0 by iteratively approx-
imating the root from an initial guessing value. Hence, any function whose root is
required to be found can be set to be f(x), e.g., V'(x) instead of V(z) is set to be
f(z) in this example.
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Summary

Summary

Definition: basic concepts

Extrema :

absolute maximum :
absolute minimum :
local maximum :

local minimum :

SpecialPoints :
critical point c:
interior point ¢ of D :

inflection point P :

Monotonicity :
increasing :

decreasing :

Concavity :
concave up :

concave down :

if f(c) > f(x) for all x in D
if f(¢) < f(x) for all x in D
if f(c¢) > f(z) when z is near ¢
if f(¢) < f(x) when x is near ¢

either f'(¢) =0 or f’(c) does not exist
if there exists (a,b) such that ¢ € (a,b) C D

at P, f is continuous and changes concavity

if f(z1) < f(z2) whenever z1 < z3 in (a,b)
if f(x1) > f(x2) whenever 21 < x5 in (a,b)

if the graph of f is above all its
tangent lines over (a,b)

if the graph of f is below all its
tangent lines over (a,b)

then c is a critical point of f.

Theorem: Fermat’s Theorem

If f has a local maximum or minimum value at an interior point ¢ in the domain D of f,

Theorem: Extreme Value Theorem

Let f be a continuous function defined over a finite closed interval [a,b]. Then f(z) has at
least one absolute maximum point and one absolute minimum point in the interval [a, ].

Method: find absolute extrema

2. Evaluate the values of f at the

Given a continuous function f over a finite closed interval [a, b].

1. Find the critical points and evaluate the values of f at critical points.

boundary points * = a and = = b.

3. The largest value and smallest value from steps 1 and 2 are the absolute maximum
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value and the absolute minimum value respectively.

Theorem: Mean Value Theorem
Suppose f is a function that satisfies the following:
1. f is continuous on the closed interval [a, b].
2. f is differentiable in the open interval (a,b).

Then there exists at least one number ¢ in (a, b) such that

f() = f(a)

7o =221

or, equivalently,

Theorem: zero derivative implies constant function

Suppose f is differentiable in (a,b). If f'(x) = 0 for all = in (a,b), then f is a constant
function.

Theorem: Monotone Test

Suppose f is differentiable on an interval I.

1. If f/(x) > 0 on I, then f is increasing on I.

2. If f/(z) < 0 on I, then f is decreasing on I.

Theorem: First Derivative Test

Suppose that c is a critical point of a continuous function f.

1. If f/ changes from positive to negative at c, then f has a local maximum value at c.
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2. If f’ changes from megative to positive at c, then f has a local minimum value at c.

3. If f' does not change sign at c, then f has no local extreme value at c.

Y Y
f(@) <0 f'(@)>0 f@>0 /1 N\ f@<0
I
I
1 I
1 I
I 1
0 ¢ v 9] c v
f' changes from positive to negative at ¢ f' changes from negative to positive at ¢
Y Yy
f(x) >0 f(x) <0
f(z)>0 ! ! fl(z) <0
I I
[6) 7 @ Z [4) c \ =
No maximum or minimum No maximum or minimum

Theorem: Second Derivative Test

Suppose f” is continuous near c.
1. If f'(¢c) =0and f”(c) > 0, then f has a local minimum value at c.
2. If f'(¢) =0 and f"(c) <0, then f has a local mazimum value at c.

3. If f'(¢) =0 and f’(c) =0, it is inconclusive about local extreme of f at c.

Theorem: Concavity Test

Suppose f” exists on an interval I.

1. If f”(z) > 0 on I, then f is concave up on I.

2. If f”(x) <0 on I, then f is concave down on I.
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Theorem: 1'Hospital’s Rule

Suppose

1. f and g are differentiable functions;

2. ¢'(x) is not zero on an open interval I containing a except possibly at a;
3. lim f(z)=0= ilg}zg(x) or lim f(z) = oo = lim g(x);

r—a r—a T—ra
f'(=)

i - exists or is oo.
r—a g ([L‘)

Then
o 1@ _ 1)

z—a g(x) z—a g’(m)'

The rule also holds when limits are one-sided limits or when z — a is replaced by x — co.

Method: guidelines for curve sketching

By following the guidelines, you are able to make a sketch that displays the most important
aspects of a given function y = f(z).

A. Domain: Domain D is the set of values of x for which f is defined.

B. Intercepts:
The y-intercept is f(0). The a-intercepts are the real solutions of the equation f(z) = 0.

C. Symmetry:
(i) If f(—z) = f(x) for all x € D, then f is an even function and the curve is symmetric
about the y-axis.
(i) If f(—x) = —f(x) for all x € D, then f is an odd function and the curve is symmetric
about the origin.
(iii) If f(z + p) = f(z) for all x € D, where p is a positive constant, then f is a
periodic function and the smallest such number p is the period.

D. Asymptotes:
(i) The line y = L is a horizontal asymptote of the curve y = f(x) if either

lim f(z)=L or lim f(z)=L.

T—>00 r—>—00

(ii) The line x = a is a vertical asymptote of the curve y = f(x) if at least one of the
following statements is true:

lim f(z) = oo, lim f(z) = oo, lim f(z) = oo,
T—a T—a— rx—aT

lim f(z) = —o0, lim f(z)=—o00, lim f(z)= —oc.
r—a r—a— r—at

E. Intervals of Increase or Decrease:
Apply the Increasing/Decreasing Test:
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(a) If f'(z) > 0 on an interval I, then f is increasing on I.
(b) If f'(x) < 0 on an interval I, then f is decreasing on I.

F. Local Maximum and Minimum Values:

First find the critical points, the numbers ¢ where f'(¢) = 0 or f’(c) does not exist. Then
apply the First Derivative Test or the Second Derivative Test to determine whether f(c) is a
local maximum or minimum value.

(i) First Derivative Test: Suppose that ¢ is a critical number of a continuous function f.

(a) If f’ changes from positive to negative at ¢, then f has a local maximum at c.
(b) If f’ changes from negative to positive at ¢, then f has a local minimum at c.
(¢) If f" does not change sign at ¢, then f has no local maximum or minimum at c.

(ii) Second Derivative Test: Suppose f” is continuous near c.

(a) If f'(¢) =0 and f”(c) > 0, then f has a local minimum at c.
(b) If f'(¢) =0 and f"”(c) < 0, then f has a local maximum at c.

G. Concavity and Points of Inflection:

(i) Apply the Concavity Test:

(a) If f”(x) > 0 on an interval, then the graph of f is concave upward on that interval.
(b) If f”(z) < 0 on an interval, then the graph of f is concave downward on that
interval.

(ii) Inflection Points: At these points, the curve changes the direction of concavity.

H. Sketch the Curve: Sketch the curve y = f(z) by using the information in items A-G.

Theorem: convergence of Newton’s approximations

If 2o is chosen to be sufficiently close to a solution r of f(z) = 0, and if f'(z,) # 0 for

n=1,2,3,..., then the sequence {x,} generated by Newton’s iteration
f(an)
anrl:xn_f,(I?:L), n:0,1,2,...

converges to r:

lim z, =r.
n—oo
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4.1 Areas under Curves

4.1 Example: area under a curve

To find the area A of the region bounded by the curve y = f(x) = 22 and the z-axis over
[0, 1], we divide the interval [0, 1] into n subintervals of equal length - Let

n—1 n

2
x0:07 Iy = - Ty = —, °a0g Tn—-1 = ) 1‘":—21
n n

3

be the endpoints of these subintervals. For each i (1 < ¢ < n), over the i-th subinterval
[€;—1,2;], we use the the area of the rectangle with height f(z;) to approximate the area of
the region between the curve and the x-axis over the interval [z;_1, z,].

Yy Y

/ 1

RS" RSZn

| 1111 .

O] 21 w2 Tim1 T z, =1 O 1
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The sum of n rectangles is

RS, = f(3) -3+ 1(3) R+ 1(2) - &
1 nn+1)2n+1)
2 2
=(1+2 +...+n)-$= o .

Clearly RS,, approximates the area A, and when n get larger, the approximation gets better.

1)(2 1
Since lim RS, = lim nn+ )(3n—|— ) = éy we get A = %

n—o0o n—o0o n
We can similarly choose the left endpoint of each subinterval instead of the right endpoint
to make a new approximation to A. Denote it as LS,,. By the same manner, we also get
A= lim LS, = %

n— oo

O] 71 72 Ti-1 T T, =1

For any fixed n, if we choose z} in the interval [x;_1, ;] arbitrarily and use the rectangle
of height f(x}) over the base [z;_1, ;] to make approximation, we will get the sum

Sn=[f@D) +-- + F@R)] - 7.

Clearly LS,, < S, < RS,,. As n — o0, since both LS, and RS,, converge to the same limit
%, by using a similar argument as the Squeeze Theorem, we get

lim S, = %
n—oo

4.2 Remark: sigma notation

We often encounter sums with multiple terms, for example,

1+22+- - +n?
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For convenience, we use a sigma notation to write
1422+ 0 =)

Here 42 is the general term of the summation. The symbol X is the Greek capital letter
Sigma corresponding to our letter ‘S’, and refers to the initial letter of the word ‘Sum’ So
this expression means the sum of all the terms 32, where i takes the values from 1 to n.

In general, for fixed numbers k and n with k£ < n, let a; be a number depending on i.
Then the sum ay + agy1 + - -+ + a,, can be represented in terms of the following sigma sum

notation:
n

E a; = ap + agr1+ -+ an.
i=k

4.3 Definition: definite integral

Let f be a function defined over [a,b]. Divide the interval into n subintervals of equal

h—
length a

[zo, @1], [®1,22], -5 [Bn—1,2n].

b—a
Let Az = x; —x;—1 = ——. Choose z} in [z;_1, ;] for each subinterval. The Riemann sum
n

is "
> f@))Aw.
=1

The function f is said to be integrable if the limit of the Riemann sum exists and has a
unique limit, i.e.,

lim Zf(xf)Am =L
i=1

Az—0 “—

for all choices of z}. The limit is called the definite integral of f (or Riemann integral)
from a to b, denoted by
b
[ t@aa,

where the function f is called the integrand, a is the lower limit, and b is the upper limit.

Theorem: necessary condition

If f is integrable on [a, b], then f must be bounded on [a, b].

4.4 Theorem: integrable functions

If f is continuous over [a,b] or bounded on [a,b] with a finite number of discontinuous
points, then f is integrable on [a, b].
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4.5 Example: integrable functions

The function Y
cosx, ifz < —1; . ,
h(z) =« sinz, if-1<x<1; o
2, ifz>1 !
/2\3 1/ O 1 - T
is integrable on [—2,2] since it is discontin- o ’W” °
uous only at the points x = —1 and x = 1.

The function is bounded and continuous away
from these two discontinuities.

4.6 Pitfall: nonexistence of definite integrals

21
1
/ —dax, y=-
1T 1

is continuous everywhere except at x = 0. 0 2
However, the integral does not exist since
f(x) is not bounded.

> T

The function — is not integrable on [—1, 2].
@

4.7 Definition: area and net area

o Let Z be a region. The net area of & is the area of the part of #Z above the z-axis
minus the area of the part of # below the z-axis. If % is bounded by the graph y = f(x)
and the z-axis over the interval [a, b], then the net area of the region % is

/ab f(z)da.

o Let # be a region. The area of & is the area of the part of # above the z-axis plus
the area of the part of % below the z-axis. If #Z is bounded by the graph y = f(z) and the
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x-axis over the interval [a,b], then the area of the region Z is

/ ' |f@)]de.

4.8 Example: area and net area

1
1. The integral x dx calculates the area of

0
the region between the curve y = x and the
x-axis over the interval [0,1]. This gives
a triangular region above the x-axis, with

the area % Thus, the area equals the net

y=a

area in this case.

1

2. The integral / xdzx calculates the net
=1
area of the region between the curve y = x

and the z-axis over the interval [—1,1].
The net area is the area of the region in

> T

the first quadrant, which is %, minus the
area of the region in the third quadrant,
1

which is also oh Hence the net area is 0.

The area of the region is % + % = I,

1
3. The integral xdx calculates the net

=2
area of the region between the curve y = x
and the z-axis over the interval [—2,1].

The net area is the area of the region in the
first quadrant, which is %, minus the area

of the region in the third quadrant, which
is 2. Hence the net area is f%. However,

the area of the region is % +2= %

> T
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Properties of Definite Integrals

4.9 Theorem: properties of definite integrals

Let f and g be integrable functions over an interval I and let a < b < ¢ be points in I.

1. If f and g are integrable over [a,b], then f + ¢ is integrable over [a, b], and we have
b b b
[ @ +g@) do= [ f@)do+ [ gla)da.
2. If f is integrable over [a,b], then kf(x) is integrable over [a,b], and we have
b b
/ kf(x)de = k/ f(z)da.

3. If f is integrable over [a,b] and [b, ¢], then f is integrable over [a, ¢], and we have

/abf(:z:)d:l:—i—/bcf(x)dx: /acf(w)dx.

4. /aaf(z)dx =0.

5. If f and g are both integrable over [a,b], and f(z) < g(x), then

/a ' fle)dz < / o)

/abf(x)dx

7. (Mean Value Theorem for Integrals) If f is continuous on [a, ], then there is ¢ €
[a, b] such that

< / ' |f@) da.

b
/ f(@)dz = F(e)(b— a).

Justification: Part 1

The proof of these properties follows directly from the definition of the definite integral.

Let’s prove the last two statements.
Consider the Riemann sum of the function f for any partition:

a=29<2 < - <Tp_1 <Tp="h,

which divides the interval [a,b] into n subintervals. For each index i, choose z] inside the
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subinterval [z;_1, ;] and make the Riemann sum

n

=1

where Az; = x; —x;_1 > 0 is the length of the subinterval [z;_1,2;]. Using the same partition
and same choice of z}, we can also have the Riemann sum of the function |f(z)]| ,

n

Ru(1f]) =Y _1f(=})| A,

=l

Recall the triangle inequality
la+ 8] < |a| + 18]
Apply the inequality to the Riemann sum, we get

n

<Y [f@)|Azi, ie, |Ra(f)] < Ra(lf])-

i=1

e
i=1

Take limits of both sides as n — oo, we get

ILm |R,.(f)| < 1i_>m R, (1)), order rule of limits
li_)m R, (f )‘ < li_)m R.(|f]), continuity of the absolute value function

[ 1wl < [ 0

Justification: Part 2

If f is continuous on [a,b], by the Extreme Value Theorem, the function f can attain its
minimum m and maximum M:

f(cl):mv f(Cg):M,
where ¢1, 2 € [a,b]. Since m < f(z) < M, we have
b
Bf—a) < / F(@)dz < M(b—a).

Thus,

b
i [ f@do < fleo).

By the Intermediate Value Theorem, there is a number ¢ between c; and cq, such that

fla) <

b
10 = 5= [ f@d
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Obviously, ¢ € [a, b] and the equality holds:

b
[ t@de= @6 a.

4.10 Example: simple definite integrals

1
Y
1. The integral x dx represents the area y

0
of the triangular region bounded by the y==z
graph y = x and the z-axis over [0,1], .
which equals % So,

1 |
O 1
_ 1
/ zdr = 3.
0

2. From the properties of definite integrals, Y
we have the net area of the region bounded
by the graph y = 2x+1 and the z-axis over 3
[0, 1]:

/01(2x—|—1)dx:/01(2m)dx—|—/011dx

1 1
:2/ xdaz—i—/ 1dx
0 0

=2-1+1=2 0 1

y=2cr+1

> T

3. For the piecewise function
x, if 2<x<—1;
flz)=<9 1, if-1<z<1;
—x, ifl<a<3, y=f(z)

by using the different expressions over dif-
ferent intervals, we have T O s

/z /(@) da
/21f(:c)der/llf(x)dx+/13f(x)dx B
2 ) )

:[2 xdx+[11dx+/1 (—x)dx

3 _ 7

> T
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We note that the contributions from the integrals with negative integrands are negative.

Average Value of a Function

4.11 Example: average temperature

Since temperatures fluctuate throughout the day, as well as varying substantially depending
on the locations, average temperatures gives you a more accurate picture of the temperature
in a specific location than a single measurement ever could. For example, knowing the average
temperature of a given week in Hong Kong will certainly help a traveler to prepare his trip
to the city.

The average temperature can be calculated from several temperature measurements using

the formula:
sum of measured temperatures

average temperature =
number of measurements

For instance, for calculating the average temperature on January 1, 2019, one may first
measure temperature every hour in Central, Hong Kong to get a dataset of 24 temperatures.
Then using the formula above, one may obtain an approximation of the average temperature.
Apparently, increasing the number of measurements should get a better result in reflecting
Hong Kong’s temperature situation on the new year day.

4.12 Definition: average value of a function

The average value of f on the interval [a,b] is

1 b
fave: mL f(x)dx,

provided that the integral exists.

To compute the average value of a function y = f(x) on [a,b], we start by dividing
the interval [a,b] into n equal subintervals, each with length Az = (b — a)/n. Then we
choose points z7, ..., ) in successive subintervals and calculate the average of the numbers

F(@i), .. f(as):
Fai) + o+ foh)

n

Since n = (b — a)/Ax, the average value becomes

f(x‘l‘()bta)/—i—AJ;(xfl) = i - [f@))Az + -+ f(z})Ax]

Justification:
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so that
1

: s Lo
nh—{gob—a;f(mi)Ax_b—a/a f(z)dz.

Therefore, we define the average value of f on [a,b] as

b
fave:ﬁ/a f(x)da:

4.13 Example: average distance from the Pluto to the Sun

The perihelion is the shortest distance from a planet to the Sun, and aphelion is the longest
distance. The sun is at one of the two foci. For the Pluto, the perihelion is 4.44 billion km
and the aphelion is 7.38 billion km.

As shown in the figure, assume that the or- Y
bit of the Pluto is ]
2 2
£ + yf =1 Pluto,
a2 b ’
d

where 0 < b < a. It is known that the foci SN .
are located at (£va? — b2,0). Let us assume Sun J"’
the coordinates of the Sun is (va2 — b2,0). plelier Hy

Then the distance from the Pluto, located at (z,y), to the Sun is
d= \/(x— Va2 —b2)? + y?
2
= \/(x vaz—b2)2 4+ b2 (1 x2>
a

:a—wcg_mx)z
=0 (a2 = V). a*> V&' —Wafor —a<w <a

Thus, the average distance from the Pluto to the Sun is

D:i-/a at (ag—\/a2—b2x> dz
—a

2a

1 @ 1 @
z—-/ adx——ailx/az—lﬁ/ zdx
2a 2a a

—a

=—.a-2a—0=a.
% a a a
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In other words, the average distance equals to the average of the perihelion and aphelion:

_ perihelion + aphelion
= 5 .

D

4.14 Theorem: geometric interpretation on average value

If f is continuous on [a, b], then there exists Y
a number c in [a, b] such that

b
f(c):fave:ﬁ/ f(m)dx, fler-

that is

o |J YRR

| f@)do = 100 -a).

4.15 MATLAB: Riemann sums

In MATLAB, the command rsums is used to interactively approximate the integral of a

1
function by Riemann sum. The following example shows the approximation of / z? dz by
0

using the command.

>> syms X;
>> f = x72;
>> rsums (f,[0,1])

After running the MATLAB code above, the figure shown in the following is generated.

0.332500

0.8

0.6

0.4

0.2

N |

The figure above displays a graph of f(z) = 22 using 10 rectangles. In other words,
the interval [0,1] is divided into 10 subintervals. Note that the height of each rectangle
is determined by the value of f(x) = 22 in the middle of each subinterval. In this case,

1
/ 22 dz ~ 0.332500, which we can see from the top of the figure. Furthermore, we can
0
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adjust the number of the rectangles (from 2 to 128) by using the slider below the figure. For
example, if we choose the number of the rectangles to be 80, the graph of f(z) = 22 is shown
below.

0.333320

1
From the figure above, we see that / z? dz ~ 0.333320 which is closer to the real value
0

1
of/ 2’ dz (ie., ).
0

4.16 MATLAB: definite integrals

To calculate definite integrals, we can use the commands int and integral. Specifically,

int performs symbolic integration and integral performs numerical integration. The fol-
1

lowing example shows the calculation of / (1—2?)dz using int and integral, respectively.

=]l

>> syms X;

> f =1 - x72;

>> int(f,-1,1)

ans =

4/3

>> integral(@(x)1l - x.72,-1,1)

ans =

1.3333

We see from the MATLAB code above that the command int returns a symbolic number
%, while the command integral returns a floating-point number 1.3333. Note that the first
input of the command int is a symbolic expression, but the first input of the command
integral should be a function handle.
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[ Besides int and integral, the command quadgk can also be used for numerical integration. ]

4.17 MATLAB: definite integrals - polynomials

If the integrand is a polynomial, besides int and integral, we can also use the command
1

polyint to calculate the integral. The following example shows the calculation of / 1-
=i
2?) dx using polyint.
First, we calculate the coefficients of the new polynomial obtained after integration, and
we have the following:

> p = [-1 0 11; % -x"2 + 1
>> q polyint (p) % coefficients of the polynomial after
integration

-0.3333 0 1.0000 0

We see from the MATLAB code above that after integration, the new polynomial is
—0.333323 + z. Next, we calculate the values of —0.3333z3 + z at the lower limit —1 and the
upper limit 1, respectively, and obtain the result of the integral using the following code.

>> a -1; % lower 1limit

>> b 1; % upper limit

>> q_val = polyval(g,[a b]) % evaluate the values of q at a ..
and b, respectively

q_val =
-0.6667 0.6667
>> polyint_ans = diff(q_val) % q_val(2) - q_val(1l)

polyint_ans =

1.3333

1

The result shows that /(1 — 2¥)dr = 1.3333. Note that for diff(X),
—il

if the input X 1is a vector, the command diff(X) returns the result of

[X(2) — X(1), X(3) — X(2),...,X(n) — X(n—1)].
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4.18 Engineering Example: energy stored in a capacitor

The capacitor is an electrical component that can store electrical energy in an electric field.
Capacitors have been widely used as important parts of electrical circuits in many common
electrical devices. The following figures show a real capacitor and a symbol for the capacitor
in circuits, respectively.

SN ——

The energy stored in a capacitor is equal to the work done in establishing the electric
field from an uncharged state by moving charge for the negative to the positive plate of the
capacitor. Mathematically, the energy W stored in a capacitor can be written as a definite
integral, as shown in the following:

w [ v

where @ is the total charge stored in the capacitor, ¢ is a variable representing the charge,
and V is the voltage across the capacitor (which is a function of ¢).

4.19 Engineering Example: PID controller

The Proportional-Integral-Derivative (PID) controller is a closed-loop feedback component
widely used in industrial control systems and different types of other applications, e.g., the
cruise control on a car. The PID controller first calculates an error value as the difference
between a desired setpoint and a measured output. Then, based on the error value, a cor-
rection term based on the proportional (P), integral (I) and derivative (D) terms of the PID
controller is applied at the input. This process is executed continuously to achieve the desired
setpoint in an optimal way as well as to keep the system in a steady state.

Mathematically, the overall control function of the PID controller can be written as

t
wt) = Kpe(t)  +K; / e(t') dt' + Kddz—(:)
S—— 0 —_—

Proportional (P) term ~————~———" S
portl ®) Integral (I) term Derivative (D) term

where K, > 0, K; > 0 and K4 > 0 are the coefficients for the proportional (P), integral (I),
and derivative (D) terms, respectively, and e(t) is the error value.

4.20 Engineering Example: electrical energy

Any object that carries charges will experience electrical force created by electrical potential
difference (voltage) in electrical field. The force will drive charges to move orderly in one
direction. Such orderly movement of charges will form current. All electrical devices work
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based on the transformation of electrical energy to other types of energy, for example, heat,
light, mechanical energy, etc. The power generated/consumed by a component (battery,
resistor, etc.) is calculated by the product between the voltage across the component and
the current going through the component. Consider a circuit as shown in the following;:

oyt C) 0

=

The power generated by the power source at time t can be obtained by wvs(t)i(t), where
vs(t) is the voltage of the source and i(t) is the electric current. As a result, the electrical
energy E provided by the source during 7" can be calculated as

E= /O ' vs(t)i(t) dt.

4.21 Engineering Example: electricity voltage in China

The signal we get from the wall socket is from the power plant. This signal fluctuates in
terms of both the magnitude and the direction, we thus call it “Alternating Current (AC)
signal”. Specifically, the voltage provided by the AC signal can be formulated as

v(t) = vg sin (27 ft)

where f is the electricity frequency. Note that f = 50 Hz in China.

It is well known that China generally uses a 220 volts voltage. We may wonder whether
vg = 220 or not. Actually, vy represents the peak value of the voltage and vy = 311. Then,
why do we say “China uses a 220 volts voltage”?

Let’s consider the following two circuits.

m@ R|:| UCD RD

As we said, in practice, we use the AC signal, as shown in the left figure. Assume that
the AC signal provides power Pac for the resistance R. Can we find an equivalent Direct
Current (DC) signal, as shown in the right figure, which provides power Ppc for R such that
Ppc = Pac?

In order to answer this question, we first need to calculate the power Pac. Let the period
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of the AC signal be denoted by T'. Based on Ohm’s law, the calculation is shown below:

=7R ),

1 T ,2 t 1 T
Ppc = T/o v}é )dt va sin? (wt) dt
1 [T 51— cos(2uwt) 1 (03 [T v (T
= — —dt=— | — dt — — 2wt)dt
TR J, 7 2 TR 2/0 2/0C°S(w)

For the DC circuit in the right figure, based on Ohm’s law, the power provided for R can
be calculated as

2
v
PDC = E

If PDC = PAc, we have
2

v vg

)
R=38 = Y 7 0 (V)

Therefore, the “220 volts” is a DC equivalent voltage such that the DC signal provides the
same power as the AC signal v(t) = 311 sin (1007t).

4.2 Fundamental Theorem of Calculus

4.22 Theorem: Fundamental Theorem of Calculus

Let f be a continuous function on [a, b].
1. Then the function -
Ax) = / f(t)dt
is continuous on [a, b], differentiable in (a,b), and A’(z) = f(x).

2. If F is a differentiable function [a, b] such that F'(z) = f(x), then

b
/ F(@)dz = F(b) — F(a).

Justification: Part 1

Since f is continuous over [a,b], it has an absolute maximum and an absolute minimum
over [a,b], and thus it is bounded, i.e., there exists B such that |f(z)| < B for all z in [a, b].
Let ¢ be a point in [a,b]. Let & be an arbitrary point and assume x > ¢. By the properties
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of integration, we have

A(z) - Al0)| =

/am Ft)dt — /acf(t) dt‘ = /sz(t) dt‘

g/Cm|f(t)|dt§/det:B(x—c).

@

Thus when z — ¢, by the Squeeze Theorem, lim |A(z)—-A(c)] =0, ie., lim A(z) = A(c).
T—>C T—>rC
By the same argument, we get lim A(x) = A(c). Therefore we conclude that liLn A(z) =
T—rC™ x (63

A(e), i,e., A is continuous at c.
To show that f is differentiable in (a,b), we assume c is any point in (a,b). Without loss
of generality, assume x > c¢. We write:

Aw) = A©) - 1@ —0) = [ 10a- [ joa- [ jew

:/cmf(t)dt—/jf(c)dt

= / F(5) - ()] dt.

c

Let M (x) be the maximum value of the function |f(¢) — f(c)| over the interval between ¢ and
z, ie.,
[f(t) = f(c)] < M(x) for all ¢ between ¢ and z.

It depends on z. Since f(x) is continuous, M (x) goes to zero as = goes to 0. Thus we get

[0,
e

X ©
as
</
c

A - AE) _, (C)‘

xr—cC

f@t) = f(o)

pr— dt properties of integrals
x
< M dt the order rule
c T—C¢
M (z)
— =M
(- o) = M(z),

which goes to zero as z goes to 0. Thus

lim [M = 1(0).

r—rc Tr—cC r—cC Tr—cC

—f<c>} 0, ie. lim AR =4

Thus we obtain A’(c) = f(c).

h—
Partition the interval [a, b] with n subintervals of equal length -9 By the Mean Value
n

Justification: Part 2
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Theorem, there exists x in [z;,_1,2;] such that

b—a
—

Play) — El@—1) = F'(a)(es— z1) = flzi):

Then, we take the Riemann sum of the function f on [a, b]:

n

Zf(x?)'b_a =Y [F(zi) = Flzi1)] = F(2n) = F(xo) = F(b) — F(a).
(=il

n
p=ll

Thus by the definition of definite integral, we have

b - —a
[ f@de= lim Y- s(er) - 2 = ) - Fla).

4.23 Example: evaluate definite integrals

Evaluate

1 s 1
/ z2 dz, / sinzdz, and / e’ dx.
0 0 0

1. Since (123)" = 22, by the Fundamental Theorem of Calculus, we have

Solution

3
! 1
2 1 1
/ x dx = §x3|0 =3
0
2. Since (—cosz) = sinz, by the Fundamental Theorem of Calculus, we have

T
/ sinzdzr = —cosz|) = —cosm — (—cos0) =1+1=2.
0

3. Since (e*)’ = e*, by the Fundamental Theorem of Calculus, we have

1
1
/ e“dr=c"lp=e'—e"=e— 1
0

4.24 Example: area and net area

1. Find the net area of the region between the graph of f(x) = 22 — 1 and the z-axis over
[—2,2].
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Solution The net area of the region is the Y
integral of f over [—2,2]. It is easy to see 3‘
that

(ém?’—x) =z2-1. y=a*-1
Thus, by the Fundamental Theorem of 2
Calculus, the net area is 0

) ! > T
2 ) —2 71\ / 12

/2(x2—1)da:: (%x‘g—x)LZ N

|
—
Wl
—
[\)
w
S~—
|
[\
—
I
—
Wl
—
|
[\
~—
w
|
—
|
[\
~—
—
I
ol

2. Find the area of the region between the graph of f(x) = 22 — 1 and the x-axis over
[—2,2].

Solution The area of the region equals the sum of the area of the region above the
z-axis and the area of the region below the z-axis.

We need to find the intervals over which f does not change its sign. Solve
22-1=0=2=1 or z=-1.

Thus f(z) is positive over [—2, —1], negative over [—1, 1], and positive over [1,2]. Thus,
by the Fundamental Theorem of Calculus, the total area equals

2
/|x2—1’dx
=5
=i 1
:/ (mZ—l)dx—/ (z? —1)d /m—l
=& =il
3

= (32° - 2)|5 - (32* ~9)|L, + (3° —2);

3
[3(-2)° - (-2)]

Il
—
Wl
—~
I
—_
~—

w
[
—~
[
—
~—
—
I

~[36%) - 1]+ (-1 - (-1)]
+[3e) -2 - [J09) -1
Y Y

+ + > gp } | > T
-2 -1 1 2 Y 1 2
-1 —1
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4.25 Example: Derivatives of Integrals

Find the derivatives
d xT d .’L‘2
—/ sint?dt and —/ sin ¢2 dt.
dx /g dx Jq

1. We can use directly the Fundamental Theorem of Calculus to compute the first integral:

Solution

T
— sin 2 dt = sin 2.
dz /g

2. Here we need to apply the chain rule of differentiation. If we let f(u) = / sin ¢? dt
1

2

and u = g(z) = z*, we get

2

/1"1/’ sint?dt = f(g(x)).

So we apply the chain rule to get

2
d [* d [
— sint? dt = < / sin ¢2 dt)
dz J/; du /,

= sin uQ| , - 2T
U=x

d(x?)
., dz

U=x

=sinz?* - 2z = 2z sinzt.

4.26 Pitfall: nonexistence of definite integrals

2

1
Consider the integral / — dz.
o

—1 4
" 1
Since | == | = —;, if one had used the Fundamental Theorem of Calculus for this integral,
@ x
one would get the integral equal to
2

2
[ ()
1z T _

- l4(-1)=-%

incorrect equality

1
The computation is incorrect because the integrand — is not defined at z = 0 which is a
7

point in [—1,2]. In fact, if one uses Riemann sum to approximate this integral, the limit of
the Riemann sum diverges.
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4.3 Indefinite Integrals

4.27 Remark:

From the Fundamental Theorem of Calculus, in order to calculate a definite integral

/a ' f(z)dz,

it is important to know a function F(z) whose derivative is f(z), i.e., F'(x) = f(x). This
leads to the concept of indefinite integral, equivalently, antiderivative.

4.28 Definition: indefinite integral

The indefinite integral of f, denoted by

/f(:c) dzx

is the collection of all functions F' whose derivative equals f, i.e.,
F'(z) = f(z).

Any function F satisfying F'(z) = f(x) is called an antiderivative of f.

4.29 Example: finding indefinite integral

Find / 2z dx.

Solution We know that (22?) = 2z and (22 + 1)’ = 2z. In fact, for any constant C,
(22 + C) = 2x.

We know from the Mean Value Theorem that zero derivative implies constant function.
Thus, any differentiable function F with F'(x) = 2z must differ from 22 at most by a
constant. Hence, by the definition of indefinite integral, we have

/23:d:z:=z2—|—C'.

4.30 Theorem: linearity of indefinite integral

1. /[f(x)+g(x)} dx:/f(x) dx—i—/g(w)dx.

2. /kf(ac) dz = k:/f(:c) dz, where k is a constant.
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Justification:

The equalities follow from the linearity of differentiation.

4.31 Theorem: indefinite integrals of some elementary functions

1. /kdx:kx+C’ 6. /cosa:d:z::sin:r—l—C
ahtl

2. /x”dx: (n#-1)
p+1 7. [ sinzdxr = —cosz+C

2]

./di:1n|x|+c
T

8. /ewdw—e +C
4. /d—m:arctanx—i—C

2 +1

= arcsinx + C 9.

A=

10./ &7 :/seCQxd:c:tanx—i—C’

cos? x

d
11./ f :/csc2xdx=—cotx+0

sin“ x

12. /secx tanxzdz =secx + C

13. /cscm cotxder = —cscx + C

. J

Justification:

For formula 1, it is easy to see that (kz + C)’ = k for any constant C. We know from the
Mean Value Theorem that zero derivative implies constant function. Thus, any differentiable
function F' with F’(z) = k must differ from kz at most by a constant. Hence, by the definition
of indefinite integral, we have

/kdx:kx—i-C’.

Similar argument applies to other formulae, except formula 3.

For formula 3, if > 0, we have In |z| = Inz and
1

Inz) = =.

(nz) =

Since, from the Mean Value Theorem, zero derivative implies constant function, we know that

1
any differentiable function F with F’(z) = — must differ from Inz at most by a constant.
0

Hence, by the definition of indefinite integral, we know that for z > 0, / 7 ldz=Inz+C.
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If z < 0, we have In|z| = In(—2z) and, applying the chain rule,
(In(=2)" = — - (-)' =

1
x

By a similar argument as above, we know that for z < 0, / [ In(—z) + C.
a3

Combining two cases into one format, we obtain formul

/m_lda: =In|z| + C.

4.32 Remark: constants in indefinite integrals

It is easy to see that
/1dx:x+Cl,
/2xdxzx2+C2,
/(1+2a:)dx:x+x2+0,

where C1, Cs, and C are all arbitrary constants.
On the other hand, if we use the linearity of indefinite integrals, we have

/(1+2x)dx:/1dx+/2xdx

=24 Ci+22+Cy=x+224+C; + Cs.

It seems that we get different results from different ways of computations.

However, the constant C' in indefinite integrals means that it is an arbitrary constant. For
our example, since C7 and Cs are arbitrary constants, so is C7 + Cs. Therefore, it makes
sense to write x + 22 +C; + Cy as  + 22 + C.

4.33 Example: definite integral - Fundamental Theorem of Calculus

1
1
Evaluate / (x5 + 2cosx — 2) dx.
0 ¢+ 1

Solution We can first evaluate the indefinite integral:

1
5
2 ———]d
/(x + 2cosx 1‘2—1—1) x

1
= / o dx +2 / cosxdxr — / ————dz applying linearity
2+ 1

%mﬁ +2sinz —tan"lz + C using the known integrals
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Then, by applying the Fundamental Theorem of Calculus, we get

1
1
/0 (w5+2cosx—x2+1> dx = (%$6+2Sinx—tan’1x)|(1)
:%—i—QSinl—tan*ll

=4 +2sinl— 7.

4.34 Remark: displacement function and velocity function

If s(t) is the displacement function, then v(t) = s'(¢) is the velocity function from the
definition of derivatives.

Conversely, if we are given the velocity function v(t), then the indefinite integral

/v(t) dt

is a collection of displacement functions having v(t) as its velocity.

4.35 Example: velocity - application

A particle moves on a line with the velocity at time ¢, v(t) = t> —t — 6 (measured in meters
per second).

1. Find the displacement function of the particle as a function of the time ¢. Assume the
particle is at the position of the origin when time ¢ = 0.

Solution Let f be the displacement function of the particle satisfying f(0) = 0. Since
f'(t) =v(t), in order to find f, we just need to calculate the indefinite integral

50 = [va= [@-1-6)a=3¢ -4 —6r+c

The initial condition f(0) = 0 will determine the constant C. In fact, C' = 0.

2. Find the displacement traveled during the time period 1 <t < 4.

Solution It requires us to calculate the following definite integral.
4 4
/ v(t)dt = (3t — 3% —6t)|, = 2.
1

3. Find the distance traveled during the time period 1 <t < 4.

4
Solution This amounts to calculate the definite integral / lv(t)| dt.
1
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To do so, we need to find intervals where v has the same sign. In fact, let v(t) = 0, we
get
t?—t-6=0= (t-3)(t+2)=0=t=3o0rt=—2.

It is easy to see that v(t) is positive on (—oo, —2), negative on (-2, 3), and positive on
(3,00). Therefore the distance traveled during the time period 1 <t <4 is

/14 ()] dt = —/13v(t)dt+/:v(t)dt

3 4
— (- b -+ (P-4 - o)l = %

4.36 MATLARB: indefinite integrals

In MATLAB, the command int can be used to calculate indefinite integrals. The following
examples show the calculation of / " dz and / (t2 —t— 6) dt.

>> syms Xx;

>> f = x"n;
>> int (f,x)
ans =

piecewise(n == -1, log(x), n » -1, x"(n + 1)/(n + 1))

>> syms t;
>> g =t"2 -t - 6;

>> m = int(g)

m =

-(t*(- 2*%t72 + 3%t + 36))/6

>> m_cl = collect(m) % rewrite m in terms of the powers of t
m_cl =

t~3/3 - t72/2 - 6%t

>> pretty(m_cl) J rewrite m_cl in a format that resembles
type-set mathematics
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We see from the MATLAB code above that [ 2™ dz is a piecewise function. With the help

of collect and pretty, we can rewrite the results calculated by int. Note that for all the
results calculated by int, the constant term C' is not shown.

4.4 Substitution Method

4.37 Example: substitution method

For the function e””z, we apply the chain rule and get

d 2

We can decompose the computation into several steps. First, let u = 22. Then

d e d

xr u
—e¥ = —e¢
dx du

du
, da’

uU=x

By the definition of indefinite integral, we get
/23@6’”2 dz = e* + C.
Or, if we let u = 22, then we get du = (2%)’ do = 2z dx, and the integral can be rewritten as

/Qxexzdxz/eﬁ?xdw:/eudu:e“—l—C:emz+C.
du

This process is a typical case of the substitution method.

4.38 Theorem: substitution method for indefinite integral

Let uw = g(z) be a differentiable function and f be a continuous function. Suppose the
range of g is contained in the domain of f. Then

[ e sr30= f 00

. J

Justification:

It follows directly from the chain rule for differentiation. Let F(z) be a function whose
derivative is f(z), i.e., F'(z) = f(z). Equivalently, we have

/f(u) du = F(u) + C.
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Then by the chain rule of differentiation, we have

L plg) = B (@) = 1) - @) = Flo@) - o @)

or equivalently

/ Hel) -l e ol = / %F(g(:z:)) d

4.39 Example: substitution method for indefinite integrals

Using the substitution method to evaluate the integral

/de
voe+1

1. Let wu = x + 1. Then du = dz. Thus, we have

Z_d

——dz

vae+1

g +1,du=d
= —F— du U=2 =

\/a , Au X
= / (u% — u_%) du simplifying
= %U% —2ut +C evaluating
Z%(JH-U% —2(z+1)2 4+ C replacing u by z + 1
2

2. We can also make the following substitution v = v/z+ 1. Then x = u? — 1 and
dz = 2udu. Thus, we have

4
0
vr+1
2
—1
:/u " 2u du u=+vz+1, dr=2udu

= /(2u2 —2)du simplifying
= g —2u+C evaluating
= g (x+1)2 =2y +1+C. replacing u by vz + 1

From this example, we see that there might be more than one way to make substitution.
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4.40 Theorem: substitution method for definite integral

Let u = g(x), where ¢’(z) is continuous on [a,b], and let f be continuous on an interval
containing the range of g. Then

4.41 Example: substitution method for definite integrals

Evaluate .
2 3
sin® x cos x dx.
0

Solution If we let © = sinz, then
du = (sinz)’ dz = cos x dz.

When x = 0, u =sin0 = 0; when = 3, u = sin § = 1. Thus the integral can be evaluated
as follows:

z
sin® z cosz dz
0 v

du
! 3 substituting v = sinz, du = cosz dx
= [ w’(du) . o
a and changing the upper and lower limits
_ 1,41
at |0
1 _ 1
=(3-0 =1

4.42 Engineering Example: electrical power in a circuit

The electrical power can be supplied to business and homes by the electrical power industry
through electrical power grids, and it can be converted into other forms of energy, such as
heat, light and motion. The amount of power produced in a circuit is related to the electric
current, the voltage, etc.

In particular, in the case of an alternating current (AC) circuit with Ohmic resistive loads,
the Ohm’s law can be combined, and thus the electrical power during one time period (0, T)
is given by

R T
P== ;2
T/o i=(t)dt,

where i(t) is the alternating current.

Suppose that i(t) = Asin (wt), where A is the amplitude and w is the angular frequency.
Calculate P.

First, if i(t) = Asin (wt), the electrical power P can be calculated by solving the following
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integral:
A2 T
P= TR A sin? (wt) dt.
Let u = wt, then
du = wdt.
When t =0, u =w x 0=0; when t =T, u = wT. Thus the integral of P can be rewritten
as follows:
A2 wT
P= —R sin? udu.
Tw 0

Moreover, we note that sin? u = % — %cos(Zu), the integral above thus can be rewritten as
AR (T /101
P= T <§ ~5 cos(2u)) du
w Jo
A2R wT AZR wT
= d

= — - — 2u)d
7w |, U= o ; cos(2u)du
1 A?R (T
= §A2R " 9T cos(2u)du.
Furthermore, we let v = 2u, then
dv = 2du.

When v =0, v =2 x 0=0; when u = w7, v =2 X wT = 2wT. We thus have

wT 1 2wT
/ cos(2u)du = —/ cosvdv
0 2 Jo

1. sowr 1
zi[smv]o 2551n(2wT).

Therefore, we can obtain

1 1
P=>-A’R— —— A?Rsin (2wT).
> R T Rsin (2wT)

Note that T' = %", so P can be further simplified as

B N T T o _ 1l
P—2AR 87TARsm(47r)—2AR.
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4.43 Engineering Example: hazard function

The hazard function provides the instantaneous failure rate of a component at time ¢.
Mathematically, the hazard function h(¢) can be defined as the ratio of the probability density
function f(¢) and the complementary cumulative distribution function R(t) of the lifetime of
a component, i.e.,

Note that R(t) can be calculated in terms of f(t) as follows:

R(t)=1- / f(u)du,

so hazard function can be rewritten as

f(t)

) = = fg f(u)du

Suppose that the probability density function of a component is f(t) = ﬁe“/{. Find
h(t).
In order to calculate h(t), we first calculate the integral in the denominator:

/Otf(u)du = %/Ot %e‘ﬁdu.

Let v = \/u, then

1
dv = mdu

When v =0, v = V0 = 0; when v = t, v = v/t. We thus have

/Ot f(u)du = /0\/5 e "dv

— [e_“](\)/z —1—e Vi

Substituting the above result into the expression of h(t) and after some algebraic manipu-
lations, we have
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Trigonometric Substitutions

4.44 Example: integrals involving

Find the area of a circle of radius a.

Solution The area of the circle equals four Y
times the area of the part of the circle in the V yove—
first quadrant, which can be calculated via ‘
the area below the curve y = va? — 22 over 24y = a? \
the interval [0, a], i.e., we need to calculate o
the following integral z

4/ Va2 — x2dzx.
0

In order to remove the radical in the integrals, we use the following trigonometric substi-

tution for integrals involving a? — 2. Let x = asin@. Then dz = acosdf, and when x = 0,
¢ = 0; when x = a, 0 = 5. Hence,

a
4/ Va2 —x2dx
0

z
= 4/ Va2 —a2sin?6 - acosfdb making substitution z = asin 6
0

%

:4/ acos@ - acosfdb using 1 — sin” § = cos® 6
0
%

= 40 / (1 + cos26)df using the double-angle formula

0
= 2a” (0 + % sin26) 0% evaluating
= 2a? (% + 0) = ma?. simplifying

Expression | Corresponding Substitution Useful Identity

a?—2? |z =asinf, -F<0<7F 1 —sin%?6 = cos? 6

Val+ 2?2 |z =atanf, -F<0<7% 1+ tan? 6 = sec? 6

2 —a? | x = asech, . sec?f — 1 =tan?6
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4.46 Example: integrals involving

Evaluate the integral

/ dx
Ve

Solution In order to remove the radical in the integrals, we use the trigonometric substi-
tution x = secf. Then we have

22 —1=sec’f —1=tan’6, dz =sech tanfdb.

Thus
sec 6 tan 9 o
substituting = = sec 6
V(z2 —1)3 tan® 6
cos 6 . a5
= / —— d0 simplifying
sin“ 6

substituting u = sin 0

I
—
| -

o

&

1
=——4C evaluating
u
1
=———+4+C changing the variable from u to 6
sin 6
= —% +C. changing the variable from 6 to x
T —
Here we use the following diagram to convert
the variable from 6 to x: r 21
21
sinf = Y2 "2 O
T 1

4.47 Example: integrals involving

dx

Evaluate the integral /m

Solution Although the integrand contains no radicals, a trigonometric substitution can

still apply to simplify the term (1 4+ 22?)*. Indeed, using the trigonometric substitution

r = tan @, we have

1+ 22 =1+tan?0 =sec?d, d(tanf) = sec’Hdd.

dz sec? 0 9

_ /%(1+cos29)d0: 19+ 1sin20 + C.

The integral is
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To convert § back to x, we have # = tan~' z. From the triangle below, we have
in 6 ° 0 L
sinf = ——, cosf = ——,
V14 22 V14 22 VIt a2
2 x
sin20 = 2sinf cosf = ——r .
1+ x2 m|
1
Thus the integral is
dx 1. - g
=zt C
(te22 20 THog oy ™

4.5 Integration by Parts

4.48 Example: product rule and integration by parts

Let u(x) and v(x) be differentiable functions of . The product rule of differentiation gives
that
(uwv)’ = u'v + uv'.

Rewrite the expression as
w’ = (w) — u'v.

As an example, consider the integral / xe® dx. If we let

u(z) = x, v'(z) = €,

then, for the latter, we may choose v = e”. From the equality uv’ = (uv)’ — u'v, we get

/ ze® dx

- /x(ew)’ do = /u(m)v’(x) dx u=zand v =e€"

= / [(u(x)v(:r))/ - u’(m)v(x)} dz applying the product rule

= u(z)v(z) — /u’(x)v(x) dz definition of indefinite integral
= ze® — /ez dz

=ze’ —e*+C

This process is a typical case of so-called integration by parts.
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4.49 Theorem: integration by parts

Suppose u and v are differentiable functions of . Then

/u(:z:) ' (z)dr = u(z) - v(x) — /v(x) ' (x) dz,
dv du

/udvzuv—/vdu.

Furthermore, for definite integral,

or

Justification:

By the product rule of differentiation, we get
(w)" = v'v +uw’ = w' = (w)’ —v'v.

Integrating the both sides of the latter equality gives

/uv’dxz/(uv)’dx—/u'vdx:uv—/u'vd:c,
/udvzuv—/vdu.

By further applying the Fundamental Theorem of Calculus, we get the formula of integra-
tion by parts for definite integral.

or equivalently

4.50 Example: repeatedly integrating by parts

Evaluate the integral

Solution We make the following choice of v and v:

Functions in original integral | u = e* dv =sinzdz

Functions in new integral du =2e**dz | v = —cosz
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We obtain
/ e*® sinx dx
= /621(—COS z) dr = /u(m)v’(m) dz u=e?” and v = —cosx
= / [(u(m)v(m))/ — u’(x)v(a:)} dx applying the product rule
= u(z)v(zr) — /u'(x)v(:z:) dz definition of indefinite integral

e?®(—cosx) — /(f cos )2e** dz

= —C cosx—|—2/62”” cosz dzx.

By comparing the last integral / e?® cosx dz with the original integral / e?® sin x du,

we see that integration by parts converts the sine function to the cosine function in the
integrands. This motivates us to apply integration by part once more to the integral

/ €2 cos z dz.

To do so, we make the following choice of u and v:

Functions in original integral | v = e* dv = cosz dx
Functions in new integral du =2e**dz | v =sinx
We obtain
/ e** cos z dx
= /eQm(sin z) do = /u(;v)v'(x) dx u =€ and v =sinz
= / [(u(m)v(m))/ — u'(a:)v(x)} dx applying the product rule
= u(z)v(z) — /u’(m)v(x) dz definition of indefinite integral

= " siny — /Sinx 2% dx
= e*sing — 2 / e?® sin z dz.
Combining two relations obtained above gives

/621 sinzdr = —e?* cosz + 2¢** sinz — 4 / €2® sin z dx.
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Therefore, by treating the desired integral as an unknown, we get

/e% sinxdx = —%eh cos T + %e% sinz + C.

4.51 Pitfall: choices of v and v

If we choose u = €*, dv = x dx and hence v = %xQ to evaluate the integral

/ ze® dz.

Integrating by parts, we get

Now we see the resulting integration on the right hand side is more complicated than the
original one. Thus we made a wrong choice of v and v.
Instead, if we let uw = x and v = e*, we get

/azez dxz/m(ex)’dx

zxe“"—/erdx:xer—em—i—a

4.52 Example: recursive formula

In many cases, integration by parts can be used to yield recursive formula for integrals, so
that some complicated integrals can be evaluated through simpler integrals.

2
Consider the integral I, = cos? z dz.

0
For p > 1, if taking u(z) = cos?~! x and v(z) = sinz, we integrate by parts to have

3
e / cosP~ Lz - (sinz) dz
0

= 3
= [cos? 'z - sinz]? — / sing - (p— 1) cosP 2z - (—sinz) dz
0

(=)

™

3
=(p-— 1)/ (1 — cos® x) cosP % x dx
0

=(p—1)I,_5 — (p— 1)I,.
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Hence, we have the following recursive formula:
p—1
Ip = T p—2; p> 1.

It is easy to have that

[ME]

IO:/ 1dz = T;
0

z
I :/ cosxdx = 1.
0

Therefore, we have

z o 2n—1 2n—1 2n-3
/Ocos zdx = Iy, = o Ioy_o = ™ .271—2[27174
2n—1 2n -3 1
- = . B
2n 2n — 2 2
_(@2n-1)@n-3)---1 7w
m(2n—2)---2 2
_ @n)!T
- 22n+1(n!)2’
2 o1 _ _2n _2n 2n — 2
/OCOS xdx—[2n+1—m-[2n71—2n+1'2n_12n73

_2n 2n — 2 g[
241 2n—1 37!
(2n)(2n —2)---2
2n+1)(2n—1)---3
_22(nl)?
(2n+ 1)

-1

These hold for all integers n > 0.

4.53 Example: use substitution or integration by parts?

Expressions of similar integrals sometimes need different integration techniques.

/:rp Inzdz.

1. Assume p = —1. In this case, we use the substitution method. We take u = Inx
du = z~'dz. Thus,

Consider the integral of the form

/x_llnxdx:/udu:%uz—l—(}':%lnzx—i—C.

. Then
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2. Assume p # —1. In this case, we use integration by parts. In fact,

PN
/xplnmdx:/lnm~< > dz
p+1

p+1 p+1
- lnx—/x_i_ (Inz) dz
p

p+1 1
p+1 p+1
_ lnaz—/x x tdx
p+1 p+1
p+1 P
_ lnaz—/ x dx
p+1 p+1

4.54 Engineering Example: electric current - inductor

The inductor is a two-terminal electrical component that can store energy in a magnetic
field and is characterized by its inductance. The inductance is defined as the ratio of the
voltage to the rate of the change of the electric current. Mathematically, the inductance L is
defined as
v(t)

di(t)
dt

L =

where v(t) is the voltage across the inductor and i(t) is the electric current through the
inductor.

Alternatively, according to the fundamental theorem of calculus, the electric current
through the inductor i(¢) can be calculated as follows:

Suppose that L =5 x 1073 (H) and v(t) = 3te~! (V), find i(¢).
First, we know that

5

Integrating by parts, the integral above can be solved as

t t
/ ue  “dt = —/ u(e_“)/du
0 0
t
= — [uefu](t) —|—/ e “du
0

= —te ! — [e‘“]é

=1—et—tet

. 3 3 ! —u
i(t) = - x 10 ue” “du.
0

Therefore, the electric current through the inductor is

i(t) =600 (1 —e " —te") (A).
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4.6 Some Common Integrals

Trigonometric Integrals

4.55 Example: integrating products of sin mz and cos nx

1. Calculate
/ sin 22 cos 3x dx.

Solution By using the identity
sina cos B = 3 [sin(a — B) + sin(a + B)],
we have

/Sin2x cos 3z dz :/%(—sinx—i—sinfm) dz

1 _ 1
= 5cosx — 75 cosdx + C.

2. Calculate
/ cosdx cosx dx.

Solution By using the identity
cos v cos B = 3 [cos(a — B) + cos(a + )],
we have

/cos 4z cosxdx = /% (cos 3z + cos 5x) dz

S %Sil’l?}ﬂ?—l— %sin5x—|—0.

4.56 Method: integrating products of sinma and cosnz

For evaluating
/ sinmz cosnx dz, / sinmz sinnzx dx, / cosmx cos nx dz,

use the identities:

sina cos B = 3 [sin(a — B8) + sin(a + B)]
sina sin 8 = £ [cos(a — B) — cos(a + B)]
cosa cos B = 3 [cos(a — B) + cos(a + B)]
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4.57 Engineering Example: energy in a capacitor - calculation

The capacitor is a two-terminal electronic component that can store electrical energy in an
electric field. The electric power is the rate (per unit time) at which the electrical energy is
transferred by an electric circuit. Hence, to calculate the energy that is stored in a capacitor,
we can calculate the electric power of the capacitor first. In particular, the instantaneous
electric power of the capacitor P.(t) can be calculated by

P.(t) = ic.(t)vc(t)

where i.(t) is the electric current through the capacitor at time ¢ and v.(¢) is the voltage
across the capacitor at time t. Then, the energy stored in a capacitor during the time interval
(0,T¢) is given by

T, T,
W, = /0 Pu(t)dt = /0 i ()ve(t)dt.

Suppose that the voltage across a capacitor with capacitance C and zero energy storage
at time 0 is v.(t) = Asin (wt), where A is the amplitude and w is the angular frequency.
Calculate W, which is the energy stored during the time interval (0, 7).

First, the electric current through the capacitor can be calculated as

() = Cdvc(t) _ CA - d[sin (wt)]
dt dt

= CAw cos (wt) .

Hence, the energy stored in the capacitor during the time interval (0,7.) can be calculated
by solving the following integral:

Te
W, = CAw/ cos (wt) sin (wt) dt.
0

Let u = cos (wt), then we have du = —wsin (wt) dt. Moreover, when ¢ = 0, u = 1; when
t =T., u=cos(wT,). So we can get

cos(wTy) 1
W, = —C’A/ udu = CA udu
1 cos(wTy)
=CA [%uQ]ios(wT )= 1CA (1 - cos® (wTt))

= 1CAsin? (wTy).

4.58 Example: integrating products of powers of sinx and cosx

1. Calculate
/ sin? x cos z dz.

Solution We apply the substitution method and let v = sinz. Then we have du =
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cosz dz and get

/sian cosxdx:/uzdu

z%u?’—i—C:%sin?’m—i—C.

2. Calculate
/sin3 x cos? z dz.

Solution If we let u = cosz, then du = — sin x dz and

2 2

2 2 z) cos? x = (1 — u?)u.

sin® x cos®x = (1 — cos
Applying the substitution method gives
/sin3x cos’zdx = /(1 — u?)u?(—du)
=i’ —tud+C=131cos®z— Lcos*z+C.

3. Calculate
/sin2 x cos® z dz.

Solution By the double-angle formula, we write the integrand as

sin® 2 cos® x = 1(1 — cos2z) - $(1 + cos 2z)
= 1(1 — cos? 2x)
=111-1(1+ cos4x)]
= 1(1 - cos4x).

Thus,

/Sin2x cos’zdx = / +(1 = cos4z)dz

= dmp A of
= gT 3251n4x—|—C’.

4.59 Method: integrating products of powers of sin z and cos

For integrals of the form
/sin "z cos" x dux,
one can integrate by the following approach:

1. When m odd, n real: split off sinz, rewrite even power of sinz in terms of cosx, then
substitute u = cos x.

2. When n odd, m real: split off cos z, rewrite even power of cosx in terms of sin z, then
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substitute u = sin x.

3. When m and n both even nonnegative integers: use half-angle identities to transform
the integrand into a polynomial in terms of cos 2z, and apply previous strategies.

4.60 Theorem: the universal trigonometric substitution

Consider any integral of the form
/ R(sinz, cos z) dz,
where R is rational in sin z and cos z. Then the universal trigonometric substitution
t=tan(iz) or z=2tan 't

converts the integral into some integral of a rational function of ¢.

Justification:
For the given substitution ¢ = tan(3z),
from the triangle below, we have
. t VITE
1 +i
sin(51) = ——,
(2 ) m t
cos(iz) = 1 1 -
Vit
so that
t 1 2t
sinz = 2sin(3z) cos(iz) =2 . = ,
cosz = 2cos?(iz) —1=2 SN —ﬂ
a 2 I -

Thus, under the substitution, the function R(sin z,cosz) becomes

2t 1—¢2
R —?— 9
146271+ ¢2

which is a rational function in ¢. Furthermore, since

2
1+4¢2

. 26 1-1¢2 2
/R(s1n:c,cosx)dx:/R<l+t2, 1—|—t2> TiE dt.

This shows that the universal trigonometric substitution converts the given integral into some
integral of a rational function of ¢.

dt = Isec®’(iz)dz or dz= dt,

we get




4.6 Some Common Integrals 227

4.61 Example: integrating the secant function

Calculate /secx dz.

Solution We notice that if we make the
substitution ¢ = tan(4z), then, from the tri-
angle below, we have

VITE
1 t
1
cos(32) = ———,
(39) = =5 1 1
so that
1 1
secx = =
cosz  2cos?(iz)—1
_ 1 R
= 7 =—0.
9. _q 1t
1+¢2
It is easy to have
2
dt = %SQC2(%ZE) dzr or dx= m dt.
Thus, by applying the substitution rule, we get
1+t 2
de = | —— - ——=dt
/secx a5 /1—152 5
/ 2 dt tional int d
= [ ——=dt. rational integran
1—¢2 &

For the last integral, we write the integrand as its form of the partial fraction decomposition:

2 1 N 1
1—t2 1—t 1+4¢

1 1
/beC$d$—/<H+m> dt

=-—In[l—-t|+In1+¢t+C
1
zln‘1+tan(2x)

1 — tan(3x)

Hence,

+C.
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Rational Functions

4.62 Example: partial fractions for rational functions

1 1
1. Calculate the integral — dz.
alculate elnegra/<x_2+x+l> x

We can use substitution method.

/ 1 i 1 d:v—/ dx +/ dx
r—2 x+1 o r— 2 x+1
/du dv
= 74— -
U v

=lnlul+Injv|+C

splitting the integral

lettingu =2 —2andv=xz+1

evaluating integrals

=In|lz —2|+In|z+ 1|+ C. converting variables back to

2z — 1
2. Calculate the integral / Qxi dzx.
x?—x—2
We notice that
2r—1 1 o 1
S z—-2 z4+1’

so that the integral equals the previous one.

22—z —2

It seems a mystery to have the identity. However, there is an algorithm to derive this,
as demonstrated below.

Step 1 Factorize the denominator:

2—z—2=(z—2)(z+1).

Step 2 Write the partial fraction decomposition with coefficients to be determined:

2r—1 A " B
x—2 x+1

T2 —z—2

Step 3 Clear the denominators:

2z — 1 A B

x2—$—2:x—2+m+1

_ Az +1)+B(z—2)

(A+B)z+ A-2B
= .

2 —z—2 - 2 —x—2
Step 4 Solve for A and B by letting numerators of both sides equal:

2t—1=(A+B)zx+A—-2B=— A+B=2, A-2B=-1
— A=1, E=1

The above process is a special case of the method of partial fractions.
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4.63 Remark: integrals of rational functions

There are two facts worth knowing;:

1. Any real rational function can be expressed as partial fractions;

2. Any partial fraction can be integrated.

Both can be effectively implemented on computers symbolically.

4.64 Method: integrating rational functions by partial fractions

For an improper rational function P(x)/Q(x), where P and @ are polynomials with deg P >
deg @, one can use long division to reduce it to the form

P@) o R@)
2@ =P ey

where S(z) and R(x) are polynomials and R(z)/Q(x) is a proper rational function with
deg R < deg@. Hence, for integrating rational functions, it is essential to integrate proper
rational functions.

For any proper rational function, we can integrate it by using partial fractions in one of
the four cases:

1. The denominator @ has only distinct real roots.

In this case, we write
Q) = Az — M)(x — A2) - - (& — Ag).
In this case, a proper rational function R(z)/Q(x) can be expressed as

R(.T)_ A1 A2 Ak
Q(m)_:v—)\1+x—)\2+ +x—)\k'

For each fraction, we can make a substitution t = x — X to integrate:

1 1
/x_)\dx—/?dt—ln|t|+C.

2. The denominator @ is a product of linear factors and some of them are repeated.

Suppose the function (z— ) is repeated r times. Then instead of the single term —1)\,
one needs to use the form
A Ao Ay
s A T et T
1
For each fraction of the form W, we can make a substitution to integrate. In
P

fact, if m = 1, we can integrate the fraction as in Case 1. If m > 1, by making the
substitution t = x — A\, we get

1 1 t—m-‘,—l
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3. The denominator ) contains irreducible quadratic factors and none of them is repeated.

Suppose x2 + ax + b is an irreducible quadratic factor, with a® — 4b < 0. Then the
partial fraction for the proper rational function R(z)/Q(z) will have a term of the form

Ax + B
2 +ar+0b

whose integration can be re-written as

/ Az + B /%A(Zm—i—a)—l—(B—%aA)
— _dz = dz
24+ ar+b 2 4+ax+b
:/%A(gcQ—l—ax—i—b)’—i—(B—%aA) dz
2 +ar+b
B 1 A(2? + az +b) (B — 3ad)
= de + | ——=——=dz.
2 +ar+0b 2 +ar+0b

For the last two integrals on the right-hand side, they can be compute by using different
substitution. In fact, for the first integral, by using the substitution ¢t = 22 + ax + b, it

can be reduced to dt
- = In [t| + C;

for the second integral, by using the substitution ¢t = = + %a, we can reduce the last
integral to the form
/ L gt= Lt (L) 40
——— dt = — tan — :
2+ a2 e a

4. The denominator () contains a repeated irreducible quadratic factor.

Suppose @ contains the factor (22 + ax + b)", where a® — 4b < 0. Then instead of the

A B
single factor ﬁ, one needs to use the form
2 +axr+b
Ajx + By Asx + Bo n A,x + B,
2 +ar+b (22 +ax+0b)? (22 +azx +b)""

As in Case 3, we re-write the integral of a typical term as

/ Az + B da
(22 + ax + b)™

/ 1Az 4+ azx +b) / (B — 1aA)
= dz + [ ———=2——duz.
(2 +ax+b)m (22 4 ax + b)™

In fact, if m = 1, we can integrate the fraction as in Case 3. If m > 1, the first integral
on the right-hand side, by using the substitution ¢ = z? + ax + b, it can be reduced to

dt 1

fe (m — 1)tm—1 +&
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for the second integral, by using the substitution t = x + %a, we can reduce it to the

form
/ 1 dt
(t2 + a2)m :

By integrating by parts, we have

1
————dt
/(t2+0[2)m—1

- W ‘/t'(‘m+ 1)(# +a®) ™™ - 2t dt
- W +2(m—1) /(t2 +a®) (P + o —a?)dt

~ s+ 2= [~ e

So, we have the recursive formula

1
———dt
/(t2+a2)m

3 1 t L _2m-3 / 1 u
T 2m-Da2 (@ +a2)m 1 2m—Da? ] @ +a2)m 1

Using this formula recursively reduces the integral to the integral

1 1 [t

4.65 Example: partial fractions for various rational functions

6

2 +1
26
Solution The integrand 21 is an improper rational function. By long division, we
x

dx.

1. Calculate the integral /

have 6
a5 4 9 —1
= (z* — 1)+ ——.
2 +1 & =o' )+x2+1

The denominator 22 + 1 is an irreducible quadratic polynomial, so the term 21 is
%
in the form of partial fraction already. Hence,

/I.Gd —/ (4_ 2_|_]_)_|__71 d
P A 21
1
4 2

:%x5—§x3+x—tan71x:a
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222 +1
2. Calculate the integral / sl dx.
(z+1)(z—1)3
Solution We express the proper rational integrand as its partial fraction decomposition:
2z + 1 A B B B
e S S 2 3

(z+D)(z—-13 z+1 =z-1 (z—12 (z—-1)3
By clearing the denominators, we get

222 +1=Ai1(x — 1) + Bi(z + 1)(z — 1)2 4 Ba(z + 1)(z — 1) + Bs(z + 1).

So,
z=-1: 3=Ai (-2 = Ai=-3
r=1: 3=DB3-2 :}B?’:%’
differentiating then x =1: 4= By -2+ B3 :>Bzzg;
coefficients of z3 : 0=A; + B; :>31:%.
Thus, we have the partial fraction decomposition:
2z +1 1 1 1 1
(z+1)(z—1) x+1 z—1 (x—1) (x—1)
Hence,
/ 222 + 1
————=dz
(x +1)(x—1)3
1 1 1 1
3 3 5 3
= _3. 3. 5. 3. d
/[ Rl e L B e AL R e b e
1 1
__3 3 5 3
—f§1n|x+1|+§ln|x—l|—z~m—1.m+c_

3. Calculate the integral / %dx.
z° +1

Solution We express the proper rational integrand as its partial fraction decomposition:

x x Ay Bix 4+ Cy

B +1 (z+D(@2—2z+1) =xz+1 x2—z+1

By clearing the denominators, we get
r=A(z -z +1)+ (Biz+C)(z+1).

So,
#==l¢ —1=4,-3 =— A4,=-1,
x=0: O:A1+C1 :>Cl
coefficients of 22: 0= A; + B, =— By =
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Thus, we have the partial fraction decomposition:

1 %x—k%

& — _ 1 ui
3 x4+1 22—z +1

3 +1

Note that (22 — 2z + 1)’ = 2z — 1, so we further write the integrand as

1 +%(2x71)+%
z+1 2—x+1

ol

3+ 1

x
/7x3+1dx
:/[_ 1 é(2x—1)+§} "

'x—|—1+ 2 —z+1

Hence,

W=

dx
:féln|x+1|+%ln(x2fx+1)+%/m.
The last integral can be integrated as
/ dx / dz et
= - completing square
P @17+ ? pleting sq
\/gsec%dt 5
— | r—1= \ﬁtant
/ 3 sec?t 2

Therefore,
L = —tln|z+1|+iln(z? —z+1) + L tan™? 201 +C
3 +1 - 3 6 V3 \/g .
2
1
4. Calculate the integral / Z;dx.
zt 41
Solution The denominator z* + 1 can be factored as a product of irreducible quadratic

factors:
z*+1=(z*+22%) +1— 222
= (22 4+ 1)? — (vV2z)?
= (22 —V2z +1)(z®> +V2z +1).
Thus, we can express the proper rational integrand as its partial fraction decomposition:

I2+1 - A1I+B1 A2I+BQ
i+l 222z +1 2242241
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By clearing the denominators, we get

24+ 1=(A1z+ B1)(@® +V2x 4+ 1) + (Ao + By)(2? — V2 + 1).

So,

z=0:
coefficients of z3 :
coefficients of z :

coefficients of z2 :

Solving the system gives

1= By + By;
0=A; + As;
0= A; +V2B; + Ay — V/2By;
1 = By +V2A; + By — V24,.

A1 =0, A;=0, Bi=3, By=3.
Thus, we have the partial fraction decomposition:
2 +1 _ % . %
et+1  22-V2x+1 224+V2z+1
Since
dz = / dz completing square
72 — 2z +1 (x—\/iE)Q-i-%
L sec?tdt
= / \/51—2 B = \/LE = \/ig tant
5 sec”t
= /\/§dt
=2+ C = \/itan_l(ﬂx -1+,
similarly,
dz
— = V2tan"}(V2x+ 1)+ C,
/ 22 — 2 +1 Ve (V2 )
Therefore,
@ dz = = tan~1(v2z — 1) + = tan"1(v2z + 1) + C
417 V2 V2 '

4.66 MATLAB: partial fractions for rational functions

For integrating rational functions, one important step is to perform the partial fraction
decomposition for the rational functions. In MATLAB, the partial fraction decomposition
can be executed by using the command partfrac. The following MATLAB code shows how
222 + 1

to perform the partial fraction decomposition for the rational functions ———
(x+1)(z—1)3

and
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———, respectively.
3 +1 ? v

>> syms X
>> f(x) = (2%x72 + 1)/((x + 1)*x(x - 1)73);
>> partfrac(£f(x),x)

ans =

3/(8x(x - 1)) - 3/(8*(x + 1)) + 5/(4*x(x - 1)72) + 3/(2*x(x - ..
1)7°3)

>> g(x) = x/(x73 + 1);
>> partfrac(g(x),x)

ans =

(x/3 + 1/3)/(x"2 - x + 1) - 1/(3x(x + 1))

Based on the above results of the partial fraction decomposition, the integrals of

i Mﬁdx and [ I:%de can be solved by utilizing some integration methods such

as the substitution method.

4.7 Numerical Approximation of Integrals

4.67 Example: numerical integration

1
Consider the integral / e da.
0

We know that there is a function F'(z) whose derivative is ¢*” and the integral above equals
F(1) — F(0). However, there is no explicit expression of F'(z) in terms of known functions
such as polynomials, trigonometric functions and their inverses, and transcendental functions
and their inverses. We can use the definition of definite integrals to approximate the integral.

Recall the definition of definite integrals. Let f(z) = ¢*”. Divide the interval [0,1] into n
equal subintervals:
n—1 n

g By === 1,
n n

1
.’170:07 Tl = — «ovy Tp-1=
n

To approximate the integral numerically, one can use the Riemann sum of left end points:

1
/0 e dz ~ Ly = [f(zo) + f(z1) + -+ flzn_1)] - %7
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or the Riemann sum of right end points:
Lo 1
/eadwan:U@Q+f@ﬂ+~~+ﬂ%M-;

0

Or, one can use the Riemann sum of middle points. In fact, if we let

.  To+x1 1 .  T1t+ T2 3 N DBp—il 3F DBy, 2n —1
I =———=—, 5= ——"=—_ ..., T = =
! 2 on’ 2 2 o’ T 2 2n

be the middle points of each subinterval, then the Riemann sum of middle points is
* * * 1
My = [f(21) + f(22) + -+ f(z3)] -
For instance, if one takes n = 10, the approximation gives:

1
2
[ & dnm b= [5G + 1) + -+ 1)
_ (60.0025 400225 |y 60.9025) 01

~ 1.460393.

Or one can approximate the region under the graph of the function f on [z;_1,z;] by a
trapezoidal region, equivalently, the average of Riemann sums of left end points and right

end points:

T, = @ - % [f(zo) + 2f (1) + - + 2f (1) + f(zn)].

4.68 Method: numerical integration

Let f be integrable function over [a,b]. Divide the interval [a,b] into n equal subintervals

To=a, 1 :a—l—b_—a, R xn,lza—i—w, z, = b.
n n
e The left point rule is the Riemann sum Y
of left end points of f on [a,b]. The re- |
gion under the graph of the function f on
[x;—1, ;] is approximated by a rectangle.
b
/ f(z)dx =~ L,
a
b—a To T1 Ti—1Ti Tn &

= [f(@0) + f(@) + - + fl@a-1)] - —. left. point rule
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e The right point rule is the Riemann sum Y
of right end points of f on [a,b]. The re-
gion under the graph of the function f on
[z;—1,2;] is approximated by a rectangle.

> T
b—a zo T Tio1%  @n

n right point rule

e The trapezoidal rule is the average of Y
the Riemann sums of left end points and
right end points. The region under the
graph of the function f on [z;_1,z;] is ap-
proximated by a trapezoid.

b
/ flz)dx = T, Ll e N E—
b—a trapezoidal rule
= [f(@o) + 2/ (1) + -+ 2f (e 1) + fan)] - 5 2. 1o
o The midpoint rule is the Riemann sum Y
of middle points of f on [a,b]. The re-
gion under the graph of the function f on
[x;—1, ;] is approximated by a rectangle. .
b |
/ f(z)dz ~ M, o
" " « b—a zolaml Tir @ an T %
= [f(=]) + f(@3) + - + f(=,)] - , 2

e midpoint rule

Ti—1+ Z;
—

where ] =

4.69 Example: various numerical integrations and their errors

We use various rules to estimate the integral

I/ldx.
o 1+ a?

Take n = 4. The partition gives four subintervals

[0,0.25], [0.25,0.5], [0.5,0.75], [0.75,1].
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Each subinterval has length 0.25. The values at the partition points are

Yo = 1.000000, y; = 0.941176, y» = 0.800000,
ys = 0.640000, 34 = 0.500000.

Then we get the approximate values of the integral I according to various rules

R4 = 0.25 x (0.941176 + 0.800000 + 0.640000 + 0.500000) ~ 0.720294,
L, =0.25 x (1.000000 + 0.941176 + 0.800000 + 0.640000) ~ 0.845294,

_Ly+Ry 025

Ty 5 = x (1.000000 + 2 x 0.941176 + 2 x 0.800000

+2 % 0.640000 + 0.500000)
~ (0.782794.

The middle points are
0.125 < 0.375 < 0.625 < 0.875,

and the values at the middle points are
1 = 0.984615, yo = 0.876712, y3 =0.719101, y4 = 0.566372.
Then the midpoint rule gives
My = 0.25 x (0.984615 + 0.876712 + 0.719101 + 0.566372) ~ 0.786700.

If we double the number of partition points by taking n = 8, then the length of each
subinterval is 0.125, and we have

|

Yi I ‘

0 1.000000
0.125 | 0.984615 | 0.0625 | 0.996109
0.250 | 0.941176 | 0.1875 | 0.966038
0.325 | 0.876712 | 0.3125 | 0.911032
0.500 | 0.800000 | 0.4375 | 0.839344
0.625 | 0.719101 | 0.5625 | 0.759644
0.750 | 0.640000 | 0.6875 | 0.679045
0.875 | 0.566372 | 0.8125 | 0.602353
1.000 | 0.500000 | 0.9375 | 0.532225

&

O[O U = | W[ DN = O] =

Then we get the approximations
Lg ~ 0.815997, Rg~0.753497, T3~ 0.784747, Mg ~ 0.785721.
We actually know the exact value of the integral

1
d
1:/ T~ 0.785398.
o 1+=x
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We may compare the approximate values with the actual value in the following table.

| etor | n=4 | n=8 |
I—L —0.059896 | —0.030599
I—R, 0.065104 0.031901
I1-1T, 0.002604 0.000651
I — M, | —0.001302 | —0.000323

S

4.70 Theorem: error bounds of midpoint and trapezoidal rules

Suppose f” is continuous and |f”(x)| < K on [a,b]. Then

< K(b—a)?

K(b—a)?
- 12n2

b b
/llf(ac)dx—Tn /af(m)dx—Mn < Y

4.71 Remark: error bounds

We can make the following observations from the theorem.

1. Both midpoint rule and trapezoidal rule produce better approximation as n increases.

2. Generally, the error of the midpoint rule is about half of the error of the trapezoidal
rule.

Example: error bound of trapezoidal rule

Consider the integral

1
/ 2cosxdr.
0

How large n should we take so that trapezoidal rule is accurate within 0.00017
Since |(2cosz)’| = | — 2cosx| < 2, from the error bound, we know that the number n

should satisfy

2
— .0001
o2 < 0.0001,

1
so that n > —— ~ 40.8.

+/0.0006

Hence, if we take an integer n > 41, then the trapezoidal rule will yield a numerical value
that approximates the given integral with error smaller than 0.0001.

4.73 Method: Simpson’s Rule

Let f be integrable function over [a,b]. For an even integer n, divide the interval [a, b] into
n equal subintervals

b— —1)(b—
To = a, xlza—I——a, ey xn_lza—kw, T, = b.
n n
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b
Simpson’s rule is the approximation to the integral / f(z)da:
a

_b—a

b
[ @) e Sy = 22 [1(a0) + 4F () + 26 (o) + 4 (an) + -

+2f(zn—2) +4f(Tn-1) + f(zn)].

Justification:

(1) Let us first derive a formula for the area under a parabola of equation y = az?+bx + ¢
passing through the three points (—h,yo), (0,y1), and (h, y2).

Y The area is
=az’ + bz +c h
(015 (hoy) A= /h(aac2 +bx + ¢)dz
h
(o) = [302® + 3ba® +cz],__,

= 2ah3 + 2ch = 1h(2ah? + 6¢).

(2) Since the parabola passes through (—h,yo), (0,%1), and (h, y2), we have

yo = a(—h)> + b(—h) + ¢,
Yy = ¢,

Yo = ah® + bh +c.
It is easy to see that
Yo +4y1 + y2 = [a(—h)2 +b(—h) +c] +4c+ (ah?® 4 bh + ¢) = 2ah* + 6c,
which is the same the area under the parabola, so
A= Sh(yo + 4y1 + v2).

This formula shows that the area under the parabola depends only on the values of yg, y1, y2,
and h. It is clear that shifting this parabola horizontally does not change the area under it.

b
(3) For an integral / f(z)dz, we divide [a,b] into an even number n of subintervals of
a
h—
equal length Ax = —— by using n + 1 points
n
ro=a, x1=a+Azxr, x3=0a-+20Ax, ..., x,=a+nAx=0b

For each consecutive pair of subintervals, we apply the area under the parabola. Adding all
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the areas gives Simpson’s rule:

b
/ f(z)dz ~ %h(yo +4y1 +y2) + %h(y2 + 4ys + ya)

+

= Lh(yo +4y1 +2y2 + 4y +2ys + - + 2Yn—2 + 4Yn—1 + Yn)

4.74 Theorem: error bound of Simpson’s rule

Suppose f*) is continuous and |f(4) (z)| < K on [a,b]. Then

b
f(z)dz — S

a

K(b—a)®
< — 7
—  180n*

4.75 Remark: Simpson’s rule

1. In Simpson’s rule, the integrand f is approximated by a piecewise quadratic function.
In comparison, in the left point rule, the right point rule, the trapezoidal rule, or the
midpoint rule, the function f is approximated by a piecewise linear function.

2. Simpson’s rule is related to other rules by

3. The error of Simpson’s rule is smaller than the error in the trapezoidal rule. In other
words, Simpson’s rule generally yields a better result in evaluating integrals.

Example: error bound of Simpson’s rule

Consider the integral

1
/ 2cosxde.
0

How large n should we take so that Simpson’s rule is accurate to within 0.00017
Thus |(2cosz)?| = |2cos z| < 2. The number n should satisfy

2
— .0001
13073 < 0.0001,

1
so that n > —— ~ 3.25.
v/0.009

Hence, if we take an integer n > 4, then the Simpson’s rule will yield a numerical value
that approximates the given integral with error smaller than 0.0001.
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4.77 MATLAB: left point rule

The left-point rule of approximating an integral can be executed in MATLAB via program-

1
d
ming. In particular, the following MATLAB code shows the calculation of / TwQ using
0 x
the left-point rule.

0; % interval start
b =1; % interval end
4

n = 4; % number of subintervals
itv (b - a)/n; 7 subinterval length
x = linspace(a,b,n + 1); % n subintervals, n + 1 points

y = 1./(1 + x.72);

for k = 1:n % y value index
Ln = Ln + itvx*y(k);
end

In the MATLAB code above, the interval [0, 1] is partitioned into 4 subintervals. After
executing the above MATLAB code, the result can be seen by typing L, in the command
window, as shown in the following.

>> Ln

4.78 MATLAB: right point rule

The right-point rule of approximating an integral can be executed in MATLAB via pro-
dx

1
gramming. In particular, the following MATLAB code shows the calculation of / 1722
0

using the right-point rule.

Rn = 0;
a = 0; % interval start
b =1; % interval end
= 4; % number of subintervals
= (b - a)/n; % subinterval length

x = linspace(a,b,n + 1); % n subintervals, n + 1 points




4.7 Numerical Approximation of Integrals 243

y = 1./(1 + x.72);

for k = 1:n % y value index
Rn = Rn + itv*xy(k+1);
end

In the MATLAB code above, the interval [0,1] is partitioned into 4 subintervals. After
executing the above MATLAB code, the result can be seen by typing R,, in the command
window, as shown in the following.

>> Rn

4.79 MATLAB: midpoint rule

The midpoint rule of approximating an integral can be executed in MATLAB via program-

1
d
ming. In particular, the following MATLAB code shows the calculation of & using
o 1422

the midpoint rule.

Mn = 0;
a = 0; % interval start
b =1; % interval end
n = 4; % number of subintervals
itv = (b - a)/n; % subinterval length
x = linspace(a,b,n + 1); % n subintervals, n + 1 points
for k = 1:n % y value index
x.m = (x(k) + x(k + 1))/2; % midpoint
ym = 1/(1 + x_m~2); % y value at midpoint
Mn = Mn + itv*y_m;
end

In the MATLAB code above, the interval [0, 1] is partitioned into 4 subintervals. After
executing the above MATLAB code, the result can be seen by typing M, in the command
window, as shown in the following.

>> Mn

Mn =
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0.7867

4.80 MATLAB: trapezoidal rule

In MATLAB, the command trapz can be used to compute the approximation of an integral
using the trapezoidal rule. The following MATLAB code shows an example of how to use
dz

1
t to approximate ——
rapz Pproxi /0 1522

>> x = 0:0.25:1; % 4 subintervals with length 0.25 each
>y = 1./(1 + x.72);
>> T4 = trapz(x,y)

T4

0.7828

In the MATLAB code above, the interval [0,1] is partitioned into 4 subintervals of equal
length 0.25. Note that if there is only one input in trapz, i.e., the command is written as
trapz(y), then the length of the subinterval (or the gap between two neighbouring points)
will be set to the default value 1.

4.81 MATLAB: Simpson’s rule

1
d
The following MATLAB code shows the calculation of / TCCJJQ using Simpson’s rule.
0

0; % interval start
b =1; % interval end
4

n = ; % even number of subintervals
itv (b - a)/n; 7 subinterval length
x = linspace(a,b,n + 1); % n subintervals, n + 1 points

y = 1./(1 + x.72);

for k = 1:2:(n-1) % y value index
sum_term = y(k) + 4xy(k + 1) + y(k + 2);
Sn = Sn + itv*sum_term/3;

end

In the MATLAB code above, the interval [0,1] is partitioned into 4 subintervals. After
executing the above MATLAB code, the result can be seen by typing S, in the command
window, as shown in the following.
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>> Sn

0.7854

4.82 Engineering Example: error function

The error function is an important function in statistics, applied mathematics, physics, etc.
For example, it is useful in determining the bit error rate (BER) of a digital communication
system. The error function is defined as

erf(z) = %/0 et dt.

Use the left point rule, the right point rule, the midpoint rule, the trapezoidal rule and the
Simpson’s rule, respectively, to approximate erf(3).
First, erf(3) can be written as

2 [P e
erf(3) = ﬁ/o e ' dt.

Take n = 10. The partition gives ten subintervals as follows:

[0,0.3], [0.3,0.6], [0.6,0.9], [0.9,1.2], [1.2,1.5],
[1.5,1.8], [1.8,2.1], [2.1,2.4], [2.4,2.7], [2.7,3].

Each subinterval has length 0.3. Let y = f(t) = ~t*. The values of y = f(t) at the

partition points are

2
Vo

yo = 1.128379167095513, y; = 1.031260909618963,
yo = 0.787243431714287, y3 = 0.501968574240363,
ya = 0.267344347003539, ys = 0.118930289223629,
ys = 0.044191723332011, yr = 0.013715649999807,
ys = 0.003555648680878, y9 = 0.000769924759855,
y10 = 0.000139253051947,

where y; denotes the value of y = f(t) at the ith partition point. Then we get the approximate
values of erf(3) according to various rules. In particular, by the left point rule, the right point
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rule, the trapezoidal rule and the Simpson’s rule, respectively, we have

9
Lip =03 Z y; = 1.169207899700653,
i=0
10
Rip=0.3 Z y; = 0.830735925487584,

=1
0.3
Tio = — Y (yi + yi+1) = 0.999971912594118,
2 =0
0.3
S10 = — (Yo +4y1 + 2y2 + dys + - - + 2ys + 4yo + Y10)

=0.999977011297936.

Before using the midpoint rule to approximate erf(3), we first need to get the middle points
of each interval:

x] = 0.15, x5 = 0.45, x5 = 0.75, 23 = 1.05, xf = 1.35,
xg = 1.65, a3 = 1.95, af = 2.25, xg = 2.55, x, = 2.85.

The corresponding values of y = f(t) at each middle point are

f(x}) = 1.103274126650824, f (23) = 0.921532013012220,
f (%) = 0.642931069195207, f (x}) = 0.374666956970448,
f (%) = 0.182369986539023, f () = 0.074146103374068,
f(x3) = 0.025179684949841, f () = 0.007142319022018,
f(z5) = 0.001692213637679, f (x},) = 0.000334886877468.

The approximation of erf(3) by the midpoint rule is thus

10
My =03 f(x}) = 0.999980808068639.

i=1

Actually, the exact value of erf(3) can be calculated by MATLAB using command erf, as
shown below:

>> y = erf (3)
y’ =

0.999977909503001
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We may compare the approximate values with the actual value in the following table.
’ error ‘ n =10 ‘
y—L, —0.169229990197652
y— R, 0.169241984015417
y—1T, 5.996908883365570 x 10~°
y—Sp 8.982050653250084 x 10~7
y — M, | —2.898565637621253 x 106

4.8 Improper Integrals

4.83 Example: improper integrals over unbounded intervals

1
Consider the area of the graph of the function f(z) = — above the z-axis over the interval
2

[1,400). Since the interval [1,+00) is unbounded, we can consider the area over a finite
interval [1,T], and let T get larger and larger to approximate the required area. We need to
calculate

Thus the required area is
T
1 1
lim — dzr=_lim <1)1.
T—+oco 1 Z T—+oo T
We can use the following notation to denote this area, called an improper integral

too g T
/ — dz = lim — dz.
1 X T—4o0 1 az

1
If we want to know the area of the graph of the function f(z) = — above the z-axis over
%

the interval [1,+00), we need to calculate the improper integral
+oo 1 T 1
/ —dz = lim —dz= lim (In7T-1)=+o0.
1 a8 T—~+o00 1 x T—~+o00
Thus the required area is infinite.

Comparing these two improper integrals, the former is a finite number and the latter is
infinite. Since the improper integrals are in fact the limits of some integrals, we call the
former convergent and the latter divergent.
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4.84 Definition: improper integrals over infinite intervals

Suppose [ is a function defined over an in- Y
terval [a, +00) such that f is integrable over
[a,b] for any b > a. The improper integral
is defined as a limit of a definite integral as
follows:

+Oof(:z:)dm: lim bf(x)d:z:. .
/ /

b—+o00

We say the improper integral is convergent if the limit exists, otherwise divergent.

Similarly, we define
/ f(z)dz = lim / f(z)d.
— 0o b——oo Jy

If / f(z)dx and / f(z) dx are convergent, then we define

| 0w [ @ [ i@

where a is any fixed real number.

4.85 Example: improper integral over unbounded interval

0
Consider the improper integral / ze® dx.

— 00

0
By definition, we first calculate the definite integral / ze” dz on a finite interval. From
b

integration by parts, we have

0 0 0
/ xe® dx :/ xd(e®) = xe”‘|g —/ e®dr = —be® — e’”\g = —be® — 1+ €.
b b b
Thus,
0
/ rzedr = lim (—beb -1+ eb) ——

—69 b——o0
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Hence this improper integral is convergent to —1.

4.86 Example: divergent improper integral over unbounded interval

0
Consider the improper integral / cosx dx.

— 00

0
By definition, we first calculate the definite integral / cosx dx on a finite interval. From
b

integration by parts, we have

0
9 0 g
/ cosx dz = sinz|, = —sinb.
b
Thus,
0
coszdr = — lim sinb,
—6s b——o0

that is, the given improper integral is divergent.

4.87 Example: convergence/divergence of improper integral

+oo
1
Consider the improper integral / —da (p>0,p#1).
1 T

1
y:;(()<1;<1)

b
1
By definition, we first calculate the definite integral / — dz on a finite interval:
1 T

b zl-r [P
/—dx:
1 2P 1-p

pl—p 1
L l-p 1-p
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Thus,

| b—p 1 1
/ —dz = lim < — ) T when p > 1;

1 xP b—>+co \1—p 1—p p—
el ) pl—p 1
/ —dz = lim — —— | =00, whenp<l.
1 P b0 \1—p 1-—0p

So, when p > 1, the given improper integral is convergent; when p < 1, it is divergent.

4.88 Definition: improper integrals with unbounded integrands

Suppose f is a function defined over an in- Y
terval [a, b) such that f is integrable over [a, ]
for any ¢ with a < ¢ < b, and suppose f is
unbounded in [¢,b). We define the improper
integral as a limit of a definite integral as fol-

lows:
b C
/af(x)dleiil})/a f(z)dz. a c

We say the improper integral is convergent if the limit exists, otherwise divergent.

o

Similarly, if f is unbounded near a, we define

b b
/ f(x)dex =lim [ f(x)dx

c—a c

If f is unbounded near a and b, and if / f(z)dz and / f(x) dz are convergent, then we

define
/f da:—/f dar+/f

where c is any fixed real number with a < ¢ < b.

4.89 Example: improper integral with unbounded integrand

1
Consider the improper integral / Inz dx. The integrand Inz becomes unbounded near
0
x=0.
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| /
¢ a7

1
By definition, we first calculate the definite integral / Inz dz on [c,1]. From integration
(&3

by parts, we have
1 1
/lnxdx:xln:ﬂif/ ldx:fclncfx|:‘}:fclncfl+c.

Thus

)

c—

1
/ Inzxdz = lin(l)(—clnc— 14¢)=-1.
0

Here we used ’Hospital’s Rule and had lin% (—clnc) = 0. Hence, the given improper integral
G

is convergent to —1.

4.90 Example: convergence/divergence of improper integrals

1
Consider the improper integral / aPdz (p < 0, p # —1). The integrand zP becomes
0

unbounded near x = 0.

Y Y

y=aP (p<-1) y=aP (-1 <p<0)
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1
By definition, we first calculate the definite integral / zP dz on [c, 1]:

1 cptl
T p+1 p+1

c

Thus,

1 1
1 P+ 1
/xpdleim< ¢ ) when —1 < p < 0;
0

c—0 p+1_p+1 :p+1’
! 1 cPtl
/x”dx:lim —— — —— | =400, when p< —1.
0 c—0 p+1 p+1

So, when —1 < p < 0, the given improper integral is convergent; when p < —1, it is
divergent.

4.91 Pitfall: improper integrals

Consider the integral

If one mistakenly thought this was a definite integral, he would have calculated as follows

1
1

/ fdx:1n|xH1_1 =Inl—-Inl=0.

1T

1
This is incorrect since the integral is an improper integral, for — being unbounded near
x

0e[-1,1].
We could write a sum of two improper integrals

1 0 1
1 1 1
/ fdxz/ fdx—i—/ —dzx.
1z 1 9 B
One may naively calculate the improper integral as limits of the following definite integrals,
for b > 0,

—b 1
1 1 _
/ fdw—i—/ fdx:1n|x|’_i+1n\x|}izlnb—ln1+ln1—1nb:0.
» T

1 X

So, one might conclude that the improper integral is zero. In fact, this is a wrong answer
again.
The correct way is to apply the definition. For each of the two improper integrals,

0 1
1 1

/ —dz and / —dx,
—1 x 0 T
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one should first evaluate the corresponding definite integral. Indeed, for —1 < a < 0 and
0 < b <1, one gets

a 1 1 1 a 1
/ —dx—i—/ —dx:1n|x|‘ —l—ln|x|‘ =lnja]—In1+Inl—1Inbd.
1 b T -1 b
Clearly when a — 0 and b — 0, the expression above diverges. Therefore, the original

1

1

improper integral / — dx is divergent.

1

Similar results also hold for other types of improper integrals.

4.92 Theorem: Comparison Test for improper integrals

Let f and g be continuous over [a,+00) and 0 < f(z) < g(z). Then

+o0 +oo
1. If / g(z) dz converges, then / f(x) dx converges.

+00 §ace
2. If/ f(z) dz diverges, then / g(x) dx diverges.
a a

Similar results hold for other types of improper integrals.

4.93 Example: Comparison Test for convergence

T ] +sinz
Consider the improper integral / +—2 dz.
1 X
Since we have the inequality Y
A
1+sinz g 3 ,
z2 = 2’

and we know the improper integral

+oo
/ — da converges, the improper integral
1 X

T ] fsinw
——— dz converges. 9]
1 :I:

4.94 MATLAB: improper integrals over infinite intervals

In MATLAB, the commands integral, quadgk and int support calculating improper
integrals over infinite intervals, i.e., the input which specifies the interval of the integral can

be -Inf or Inf. The following example shows the calculation of / ze® dr using integral,
—0o0

quadgk and int, respectively.
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>> integral_ans = integral (@(x)x.*exp(x),-Inf,0)
integral_ans =
-1
>> quadgk_ans = quadgk (@(x)x.*exp(x),-Inf,0)
quadgk_ans =
-1.0000
>> syms t
>> f(t) = txexp(t);
>> int_ans = int(£f(t),-Inf,0)
int_ans =

-1

Note that the first input of the commands integral and quadgk should be a function handle,
and the first input of the command int is a symbolic expression.

4.95 MATLAB: improper integral with unbounded integrand

For convergent improper integrals with unbounded integrands, we can use the commands
integral, quadgk and int to calculate the results. The following example shows the calcu-

1
lation of / 2795 dz in MATLAB.
0

>> integral_ans = integral(@(x)x.~(-0.5),0,1)
integral_ans =
2.0000

>> quadgk_ans = quadgk(@(x)x.~(-0.5),0,1)

quadgk_ans
2.0000
>> syms t

>> f(t) = t7(-0.5);
>> int_ans int (£(t),0,1)
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int_ans =

However, for divergent improper integrals with unbounded integrands, we need to use the

1 1
1
command int. The following example shows the calculations of / —dz and / z 2 dz
-1 0
using int, respectively.

>> syms t
>> f(t) = 1/t;
>> int_ans = int(f(t),-1,1)

int_ans

NaN

>> £(t) t(-2);
>> int_ans = int(f(t),0,1)

int_ans =

Inf

1 1

1 1
It shows that the result of / — dz is NaN, i.e., Not-a-Number, which means / —dz is
1 1

1 1
divergent. The result of / z~2dx is Inf, i.e., 0o, which also means / 2 dx is divergent.
0 0

4.96 Engineering Example: Fourier transform

Mathematically, the Fourier transform f (&) (€ € R) of an integrable function f(z) is defined
as

i) = / F(@)e? 7€ de,

where f(z) is in the time domain, and f(¢) is in the frequency domain.

The Fourier transform decomposes a function in the time domain into the frequency-
domain components which make it up. It allows us to analyze a signal in the time domain
from a different perspective, i.e., in the frequency domain. The Fourier transform has wide
applications in communication engineering, differentiation equation analysis area, quantum
mechanics, etc. For example, the Fourier transform is used to help with the deduction of
noise in a communication system. Moreover, the Fourier transform can facilitate the analysis
of partial differential equations.
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4.97 Engineering Example: Laplace transform

The Laplace transform takes a function of a real variable ¢ (e.g., time) to a function of
a complex variable s (e.g., frequency). Mathematically, the Laplace transform f(s) of an
integrable function f(t) (£ € RT) is defined as follows

7s) = / " feyetat,

where f(t) is in the time domain, and f(s) is in the frequency domain.

Similar to the Fourier transform, the Laplace transform provides an alternative way of
analyzing a signal in the time domain, i.e., in the frequency domain. The Laplace transform
has been widely used in engineering and physics. For example, the Laplace transform has
been used to analyze the linear time-invariant system in control theory by transforming the
convolution to a multiplication which is easier to solve due to the algebraic form. Another
important application of the Laplace transform is to solve partial differential equations, which
has been extensively used in mechanical engineering and electrical engineering. In particular,
the Laplace transform can turn a linear differential equation to an algebraic equation which
can be easily solved by the formal rules of algebra, and the original linear differential equation
can then be solved using the inverse Laplace transform.

4.98 Engineering Example: unit-step function - integral form

In mathematics, the unit-step function can Y
defined in the following:
y=H(z)
1, ifz>0;
H(I)_{o, if £ < 0. — z

Alternatively, H(z) can also be defined as an integral of the Dirac delta function d(s),
which is provided as follows:

where d(s) is the Dirac delta function defined as

x, if x <0;
o) = { sinz, if x>0,

o0
and / 0(s)ds = 1.

In coor;munication theory, sum of the unit-step functions can be used for representations
of waveforms. Moreover, the unit-step response, which is the time behaviour of the output
of a general system when its input is a unit-step function, can be used to describe the
characteristics of a system and is thus widely used in electronic engineering and control
theory.
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4.99 Engineering Example: continuous-time convolution

In mathematics, the continuous-time convolution is defined as an improper function as
follows:

(f * o)t / F(r)glt - 7)dr

The function produced by convolution, i.e., (fxg)(t), shows how the shape of one function
(e.g., f(t)) is modified by the other one (e.g., g(t)). The continuous-time convolution has
wide applications in probability, statistics, signal processing and many other engineering
areas. For example, the convolution is an important computation tool to characterize the
linear time invariant (LTT) systems.

4.100 Engineering Example: integrator - signal processing

The integrator is a device whose output signal is the time integral of its input signal. It is
an important part in many engineering and scientific applications, such as signal processing
circuits and mechanical engineering devices.

In signal processing area, block diagrams are commonly seen to illustrate the signal flow
paths. One example is shown below, where the quadrate block represents an integrator.

x(t) ——» / — y(?)

Given that the input signal is x(¢) and the output signal is y(¢), then the integrator
represents the following integral:
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Summary

Definition: basic concepts

b n
definite integral : /a f(z)dx = AI;:IEOZ; flzhH)Ax

indefinite integral : /f(x) dx = F(x) + C, where F'(z) = f(z)

Theorem: properties of definite integrals

Let f and g be integrable functions over an interval I and let a < b < ¢ be points in .

1. If f and g are integrable over [a,b], then f + ¢ is integrable over [a, b], and we have
b b b
[ t@+g@) o= [ f@ao+ [ gy
2. If f is integrable over [a,b], then kf(x) is integrable over [a,b], and we have
b b
/ kf(x)dx = k/ f(z)da.

3. If f is integrable over [a,b] and [b, ¢|, then f is integrable over [a, c], and we have

/abf(x) dx—l—/bcf(x)dxz /:f(a:)da:.

4. /aaf(x)dx ~0.

5. If f and g are both integrable over [a,b], and f(z) < g(x), then

/a ' fle)dz < / ' g(a) e

/abf(x)dx

7. (Mean Value Theorem for Integrals) If f is continuous on [a, ], then there is ¢ €
[a, b] such that

< / @) da.

b
/ f(@)dz = F(e)(b— a).
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Theorem: linearity of indefinite integral

1. /[f(:v)—i—g(;v)] dx:/f(x)dcz:—i—/g(:v)dx.

2. /kf(x) dz = k/f(a:) dx, where k is a constant.

Theorem: Fundamental Theorem of Calculus

Let f be a continuous function on [a, b].

w)z/:f(t)dt

is continuous on [a, b], differentiable in (a,b), and A’(z) = f(x).

1. Then the function

2. If F is a differentiable function [a, b] such that F'(z) = f(x), then

1. /kdac:kac—i—C’ 6. /cosazdx:sinaz—i—C
Hdo= T (st -1)
2. /ac 48 = u#—1
p+1 7. | sihzdz = —cosz + C

5
—
|D-
Il
=
8
+
Q

z2+1

= arcsinxz + C 9. +C

a®dx =

8. /e’”dx—e +C
4. /d—x:arctanx—i—C

IF=

d
10./ :c :/secza:dx:tanx-l-C

cos? x

d
11./ ;E z/csczxdmz—cotx—{—C

sin® x

lna

12. /sec:c tanxdr =secx + C

13. /cscx cotzdr = —cscx + C
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Theorem: substitution method

Theorem: for indefinite integral

Let u = g(x) be a differentiable function and f be a continuous function. Suppose
the range of g is contained in the domain of f. Then

/ flg(@)) - ¢'(z)dz = / f(u) du.

Theorem: for definite integral

Let u = g(x), where ¢’(z) is continuous on [a,b], and let f be continuous on an
interval containing the range of g. Then
9(b)

b
/ flg(2)) - ¢'(z) da = / f(u) du.
@ g(a)

Theorem: integration by parts

Suppose u and v are differentiable functions of . Then

or
/udv:uv—/vdu.

Furthermore, for definite integral,

Let f be integrable function over [a,b]. Divide the interval [a, b] into n equal subintervals

— —1)(b—
boa xn_lzﬁw

, Tp =0,

e The left point rule is the Riemann sum of left end points of f on [a, b]:

b—a

b
[ @) o Lo = f(ao) + f(o0) + -+ fan)] -
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e The right point rule is the Riemann sum of right end points of f on [a, b]:

b—a
—

b
/ f(@)de ~ Ry = [f@1) + flaz) + - + f(@n)] -

e The trapezoidal rule is the average of Riemann sum of left end points and right end
points:

b—a
on

b
[ @) o T = [a0) + 2 (0) 4+ + 2 onma) + S @)
The region under the graph of the function f on [z;_1, ;] is approximated by a trape-
zoid.

e The midpoint rule is the Riemann sum of middle points of f on [a, b]:

g —Qa
/ f(@)do m M, = [f(}) + F(e5) + -+ flan)] - =2,

n

Ti—1+ T
5 )

e Simpson’s rule is the following approximation

where ] =

b —a
[ @) do Sy = 22 [f(a0) + 4f@r) + 2f(aa) + 47 (o2)

+o 4+ 2f(wn—2) + 4f(@n-1) + f(zn)],

where n is an even integer.

Theorem: error bounds of numerical integration

Theorem: error bounds of the midpoint and trapezoidal rules

Suppose f is continuous and |f”(x)| < K on [a,b]. Then

b 3
K(b—a)
@) de =Ty < =
b 3
K(b—a)
= < - 7
’ f(z)dz — M, | < Y
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Theorem: error bounds of Simpson’s rule

Suppose f®* is continuous and | f*)(2)| < K on [a,b]. Then

K(b —a)®
—  180n*

'(L

Definition: improper integrals

-/+°°f< dx—bggloo/ e
/ f(z x:blir_noo/b f(z)dx
/ fla dx—/ fla dx+/ fla

/ flx)da = hm f( )dx, if f is unbounded near b.

b b
. / f(z)dx = li_r)n f(z)dz, if f is unbounded near a.

b c b
. / flz)dx = / f(z)dx +/ f(z)dex, if f is unbounded near a and b (¢ is any fixed

a
real number between a and b).

Theorem: Comparison Test for improper integrals

Let f and g be continuous over [a,4+00) and 0 < f(z) < g(z). Then

—+o0 —+o0
1. If / g(x) dx converges, then / f(z)dz converges.

+oo +oo
2. If/ f(z)dz diverges, then / g(x) dx diverges.
a a

Similar results hold for other types of improper integrals.
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Applications of Integration

5.1 Areas of Regions Between Curves

5.1 Theorem: area of a region bounded by two curves

Let f and g be two continuous functions Y
with f(z) > g(z) over the interval [a,b]. The
area of the region between the graphs of f

and g over [a,b] is (

y = f(x)
b X
/ [(z) - 9(z)] da. |

5.2 Example: area bounded by two curves

Find the area of the closed region bounded by the graphs of the functions f(z) =

and g(z) = 3.

Solution We sketch the graphs of the given functions.
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We need first to find the intersections of the Y
two curves so that we know the interval over
which the two curves bound a closed region. y=—
In fact, by solving the equation '

> T

we have z = +1.

Over the interval [—1,1], f(z) > g(z). Thus, the area of the region bounded by two curves
is

1 1 _ 1 1
I P e T

= tan~! 1 —tan~(-1) = (} - )

— T _ =T _ | —T _
=7 r=lsg=1L

5.3 Example: multiple regions

Find the area of the closed region bounded by the graphs of the functions f(z) = z + 2
and g(z) = |x| over the interval [—2,1].

Solution Even though the interval [—2, 1] is given, the integral

/ (@) - ()] de

—2

is not the area of the region bounded by the curves over [—2,1]. This is because that neither
f(x) > g(x) hold over the whole interval [—2,1], nor g(x) > f(z) over the whole interval.
Hence, we need to determine the interval(s) over which f(x) > g(z) and f(z) < g(z),
respectively.

In fact, by solving the equation f(x) = Y
g(x), or x +2 = |z|, we get a unique solu-
tion z = —1. We see that g(x) > f(z) when
x < —=1; f(z) > g(x) when x > —1, as shown
in the figure.
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Thus, the area of the region bounded by the two curves is

—1 1
/ (o(z) — £()] dz + / ) — g()] &=

-2 -1

/__1[|x—(x+2)] dx+/1 (o 42— |of] dz

2 =1

—2 =1

/_1[—96—(1:—1-2)} dx+/0 [z 42— (—2)] dx+/01[x+2—33] dz

= (—x2—2x)|:;+ (962—1—2ﬂc)|(i1 + 2z
—(-142) — (—44+4)+0-(1-2)+2-0=4.

Geometrically, we see that the area is the same as

/ @) - g(z)] da.

—2

5.4 Theorem: area between two curves

In general, the area between the curve y = f(x) and y = g(x) over [a,b] is

b
[ 17 - g(z)] .

5.5 Example: areas between two curves

Find the area between y = cosz and y = sinx over [0, 7].

Solution We need to calculate the integral

s

)
/ |sinx — cosz|dx.
0

Firstly we find intervals where sinxz > Y
cosz. To do so, in the interval [0, 5], we solve !
the equation Yy =Ccosx

sinx = cosx

and get + = 7. We know that sinx < cosx
whenogmg%;siancosxwhen%ﬁxg o

5, as shown in the figure.

[SIE]
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Hence, the area between y = cosz and y = sinz over [0, 7] is

ks
2
/ |sinz — cos z|dx
0
T 3
:/ (cosx—sinm)dx—f—/ (sina — cosx) dz
0 T

o,
2
o,

= (sinx+cos:c)|§ + (—cosx — sinx) 2

s

= (sin § 4 cos ) — (sin0 4 cos0) + (—cos § —sin §) — (—cos § —sin )

=V2-1-14+v2=2v2-2.

5.6 Theorem: area bounded by two curves along the y-axis

Let A be the area of the region that lies be- y
tween two curves z = f(y) and = = ¢(y) and b
between the horizontal lines y = c and y = d,

where f and g are continuous functions and
f(y) > g(y) for all z in [¢,d]. Then

5.7 Example: areas between two curves

Find the common area of two disks 2% + y? < r? and (z — )% + 3 < r2.

Solution Solving two simultaneous equa-

tions Yy
22 442 =12, (x —1)2 +y? = 7 T
= = o=
gives y = :l:\/Tgr. It is easy to get the two arcs -
that enclosed the region are x = /r2 — y?2 %

and x = r — /72 — 92, as shown in the figure.

Thus, the common region is

[ V- (- vE=R) = [ -2V )
— B3y T

To evaluate the last integral, we make a trigonometric substitution y = rsint. Then the area
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is

@

5.8 MATLARB: area bounded by two curves along the z-axis

Find the area between y = cosz and y = sinx over [0, Z].
Solution First, we plot the curves of given functions.

>> syms X

>> y1(x) = cos(x);

>> y2(x) sin(x);

>> x_array = linspace(0,pi/2,200);

>> yl_array yl(x_array);

>> y2_array y2(x_array) ;

>> figure

>> plot(x_array,yl_array,'b',x_array,y2_array,'r') 7% plot two
curves on the same figure

>> legend('y = cos x','y = sin x')

>> xlabel('x")

>> ylabel('y")

>> grid

Note that to plot two curves on the same figure, we can write specifications of the two curves
using one plot command instead of two plot commands. The figure plotted is shown below.
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——y =cos x
0.9 —y=sinx

061 1

>0.5r ]

04r 1

031 1

0.2 1

0.1r 1

We see that y = cosx and y = sin z intersect at a point around = = 0.8. So, we try to find a
point around z = 0.8 such that cosx = sinx. This is shown in the following MATLAB code.

>> Delta_y = y1 - y2
Delta_y(x) =
cos(x) - sin(x)

>> Delta_y_hd = matlabFunction(Delta_y) % convert symbolic
expression to function handle

Delta_y_hd =
function_handle with value:
@(x)cos(x)-sin(x)
>> x0 = fzero(Delta_y_hd ,0.8)
x0 =

0.7854

We see from the result above that y = cosz and y = sinz intersect at 0 = 0.7854. Hence,
we can determine the two intervals over which the two curves bound a closed region, namely,
[0, 20] and [170, %] According to these two intervals, we calculate the area bounded by the
two curves as follows:
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>> areal = int(Delta_y,x,0,x0);

>> area2 = int(-Delta_y,x,x0,pi/2);
>> area = areal + area?2

area =

2x2°(1/2) - 2

The result shows that the area bounded by y = cosz and y = sinx over [0, §] is 2v/2 — 2.

5.9 MATLARB: area bounded by two curves along the y-axis

Find the common area of two disks 22 + y? < 3% and (z — 3)2 + y? < 32

Solution First, we notice that z2 + y? = 32 and (z — 3)2 + 32 = 32 are two circles.
Specifically, 22 +y? = 32 is a circle with the center at (0, 0) and radius 3, and (z—3)%+y? = 32
is a circle with the center at (3,0) and radius 3. We thus can plot a figure with these two
circles using the following MATLAB code:

>> cla % clear the axes
>> ¢l = viscircles ([0 0],3, 'Color','b'); % center: [0 O],
radius: 3

>> ¢c2 = viscircles([3 0],3,'Color','r'); % center: [3 0],
radius: 3
>> grid

>> legend ([cl,c2],{'x"2 + y~2 = 372"','(x - 3)72 + y™2 = 372'});
>> xlabel('x"')
>> ylabel('y')

Note that the command viscircles can plot a circle with given center and radius. Moreover,

to specify the colour of the circle, besides the parameter specifying the colour, e.g., ‘b’ and

‘r’, we also need to type in ‘Color’ in the command viscircles. Furthermore, since the

command viscircles does not clear the target axes before plotting circles, we need to first

remove any graphs that have been previously plotted in the axes using the cla command.
The figure plotted is shown below.
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— 2 4y? 32
— (-3 +y2 =32

S

From the figure above, we see that the intersections of the two circles are the ones of
the two functions x = /32 —y2 and z = 3 — /32 — y2. In particular, these two functions
intersect at points around y = —2.5 and y = 2.5, respectively. Therefore, we try to find the
points around y = —2.5 and y = 2.5, respectively, such that /32 —y2 = 3 — /32 — 92 by
using the following MATLAB code.

>> syms y

>> x1 = sqrt (372 - y~2);

>> x2 = 3 - sqrt(372 - y~2);
>> Delta_x = x1 - x2

Delta_x =

2%(9 - y~2)°(1/2) - 3

>> Delta_x_hd = matlabFunction(Delta_x) J convert symbolic
expression to function handle

Delta_x_hd =
function_handle with value:
@(y)sqrt(-y.~2+9.0) .*¥2.0-3.0

>> y1 = fzero(Delta_x_hd,-2.5)

-2.5981

>> y2 = fzero(Delta_x_hd ,2.5)
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y2 =

2.5981

The results above show that x = 1/32 — 92 and x = 3 — /32 — 32 intersect at yl = —2.5981
and y2 = 2.5981. Hence, we can determine the interval over which these two functions bound
a closed region, i.e., [yl,y2]. Then, we calculate the area bounded by the two curves as
follows:

>> area = int(Delta_x,yl,y2)

area =

6xpi - (9%37(1/2))/2

We see from the result above that the common area of two disks x2+y2 < 32 and (35—3)2+y2 <
32 is 6m — 23,

5.10 Theorem: area under a parametric curve

If a curve is traced out once by the parametric equations z = f(¢) and y = g(t), « <t < j,
then the area under the curve is

B8
/ ot) £'(2) dt.

Justification:

b
The area under a curve y = F(x) over [a,b] is A = / F(z)dz. By applying the substitu-

tion rule, we get
B
A= [ Fuo roa,

where F(a) = a and F(b) = . Since the curve y = F(x), a < x < b, is traced out by the
given parametric equations, we have

y=F(z)=F(f(1),

and y = g(t), so that F(f(¢t)) = g(t). Hence, we obtain the area formula in parametric
equations.
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5.11 Example: area under one arch of the cycloid

Find the area under one arch of the cycloid

x=r(t—sint), y=r(l—cost), 0<t<2m.
)
2r
x

(0] ‘ 2mr

Solution It is known that, for a given curve above the z-axis, the area under the curve

over an interval [a,b] is A = / y(x) dx. Thus, if the curve is given by parametric equations

a
x = z(t), y = y(t), then these equations can be served as a substitution.
Hence, the area under one arch of the cycloid is

0

T =r(t — sin
= / (1 — cost) - [r(t —sint)]’ dt { =7t t)
0

y =r(1— cost)

= r2 [1—2cost+ (1 + cos2t)] dt double-angle formula

o

= ’I"2 I:%t - 2Sint + iSIHQt] flo = 37TT'2.

5.12 MATLAB: area under one arch of the cycloid

Find the area under one arch of the cycloid
x=3(t —sint), y=3(1—cost), 0<t<2m.

Solution First, we plot the graph of the cycloid when 0 < ¢ < 27.

>> t_array = linspace (0,2xpi,200) ;

>> x_array = 3*(t_array - sin(t_array));
>> y_array 3%(1 - cos(t_array));

>> figure

>> plot(x_array,y_array,'r')

>> grid

>> xlabel('x')
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>> ylabel('y"')

The figure plotted is shown below.

6

5t

4+

>3r

0 2 4 6 8 1X0 12 14 16 18 20

Then, the area under one arch of the cycloid can be calculated as follows:

>> syms t
>> x(t) = 3*%x(t - sin(t));
>> y(t) = 3x(1 - cos(t));

>> dx(t) = diff(x(t),t);
>> area = int(y(t)*dx(t) ,0,2*pi)

area =

27%*pi

The result above shows that the area is 27.

5.13 Definition: volume

Let S be a solid that lies between x = a
and z = b. If the cross-sectional area of S in
the plane P,, through = and perpendicular to
the z-axis, is A(z), where A is a continuous
function, then the volume of S is

n b
V= nh—>r2<> z_; A(x])Ax = /a A(x) dz.

Similarly, if S is a solid that lies between y = ¢ and y = d and if the cross-sectional area
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of S through y perpendicular to the y-axis is A(y), where A is a continuous function, then
the volume of S is

n d
V= nlLH;OZ;A(yi)Ay :/c A(y) dy.

We normally say the above method as finding volume by using slices.

5.14 Example: volume of a pyramid - using slices

Find the volume of a pyramid whose base is a square with side L and whose height is h.

Solution We place the origin O of the coordinates at the vertex of the pyramid and the
zr-axis along its central axis. Any plane P, that passes through x and is perpendicular to
the z-axis intersects the pyramid in a square with side of length s, say. We can express s in
terms of by observing from the similar triangles:

r _h
s L
xL . : 2 _ L%,
and so s = e Thus, the cross-sectional area is A(z) = s = 2%

o
A
—
e = ——

The pyramid lies between x = 0 and = = h, so its volume is

h h 72 2
L L h
V:/ A(x)dx:/ 5l z2de = 5l (%mﬂo = %Lzh.
0 0

5.15 Example: volume of a solid - using slices

Consider a solid whose base is a circular disk with radius r. Find the volume of the solid
if parallel cross-sections perpendicular to the base are isosceles triangles with height h and
unequal side in the base.

Solution We sketch the diagram of the situation as in the figure.
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Yy
y=Vr2—z?
N
| 4
y=—VirT—a? Y m

Solving the equation 22 4 y? = r2 for x, we have the expressions of the top-half and the

bottom-half of the circle,
T = d+/r2 — 92

It is clear that the circle intersects the z-axis at x = £r.
By symmetry, without loss of generality, we can assume that cross-sections are perpendic-
ular to the z-axis. For —r < x < r, the area of the cross-section is

A(m) =1 217 =22 - h = hv/rZ — 22

Hence, the volume of the solid is
V= A(x)dxz/ hvr?2 —x?de=h V2 —z?dx.

We observe that the last integral is the area of semi-circular disk of radius r, so

V=nh- %71'7’2 = %ﬂrzh.

5.16 Example: volume of a ball - using slices

It is known that the area of circular disk of radius r is 772, Find the volume of the ball of

radius 7.

Solution A ball of radius r can be generated by rotating the upper semicircle y = /r2 — 2

about the z-axis. For —r < o < r, the cross-section is a circular disk, with area 7(r? — 22),
as shown in the figure.
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Thus, the volume of the ball is

V= n(r? — 2%)dz

-

= 2/ 7(r® — z?)dz = 27 (rz — %z3)|g = %m’?’.
0

5.17 Example: volume of a solid torus - using slices

Consider the region bounded by the curves
(z— R)? +¢* =r?, 0<r<R.

The solid obtained by rotating the region about the y-axis is the solid torus, as shown in the
figure.

Y

<>

[e—— R+ /17 —y2 —>]
[« R—/r7 =y >

We shall use the method of slices to compute the volume of the solid.
The region and a typical slice are shown in the figure.
We see that the slice is a washer, with outer radius R + /72 — 2, and inner radius

R — /72 — y2. So the cross-sectional area is

W(R-ﬁ-\/@)z—ﬂ(R— r2—y2>2.
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Thus, the volume of the solid torus is

V:/T [W(R+\/W)2—W(R— r2—y2>2] de

-T

,
= 7r/ 2R - 2+/12 — 2 dy factoring

-

T
= 47rR/ Vr? —y?dy.
—7
Since the last integral represents the area of the semicircular region of radius r, we have

V =4nR- imr? = 272 Rr2.

5.18 MATLAB: volume of a ball - using slices

Find the volume of a ball with radius 3.
Solution First, to well visualize the ball and the cross-section, we plot the ball and a
cross-section for a fixed x value in MATLAB by the following code:

% plot the sphere with radius r
N = 40;
r = 3; % sphere radius

[XX,YY,ZZ] = sphere(N); % unit sphere generated by three
(N+1) -by-(N+1) matrices XX, YY and ZZ

X = r*XX; % expand the sphere radius
Y = rxYY;

Z = r*xZ71Z;

figure

surf (X,Y,Z, 'FaceAlpha',0.2, 'FaceColor','b') % 'FaceAlpha':
face transparency-ranges from O (fully transparent) to 1
(fully opaque)

xlabel ('x')

ylabel('y")

zlabel('z"')

% plot the cross-section
x0 = 2; % cross-section is at x = 2
r0 = sqrt(r"2 - x072); % radius of the cross-sectional circle

yl = linspace(0,r0,200);
z1 zeros (1,length(y1));

for ind = 1:length(yl) ¥ first quadrant
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y = y1(ind);
z1(ind) = sqrt(r0°2 - y~2);
end
y2 = -y1(1l:length(yl)); % second quadrant

z2 = z1(1:length(z1));

y3 = -y1(1:(length(y1))); % third quadrant
z3 = -z1(1:(length(z1)));

y4 = y1(1:(length(y1l))); % fourth quadrant
z4 = -z1(1:(length(z1)));

y_array = [fliplr(yl),y2,fliplr(y3),y4]; % plot the circle
anticlockwise

z_array = [fliplr(zl),z2,fliplr(z3),z4];

x_array = ones(l,length(y_array))*x0;

x4 = ones(1,length(y4))*x0;

hold on
plot3(x_array,y_array,z_array, 'r','LineWidth',b4)

Note that the command sphere can be used to generate a ball with unit radius, the
command surf can be used to plot the surface of the ball, and the command plot3 can
be used to plot curves in three-dimensional space. Moreover, the face transparency and the
face colour of the ball can be specified when using surf, and the width of the curve can be
specified when using plot3.

The figure plotted is shown below.
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Since the cross-section is a circular disk with area 7(32 — 2?), as shown in the figure above,
we thus can calculate the volume of the ball by solving the following integral:

3
V= / 7(3% — x?)d.

-3

It can be implemented in MATLAB as follows:

>> syms x

>> f(x) = pi*(372 - x72);
>> V = int(£f(x),-3,3)

vV =

36*pi

The volume of the ball is thus 36m.

Method of Cylindrical Shells

5.19 Theorem: volume by cylindrical shells

The volume of the solid, obtained by ro- Y
tating about the y-axis the region under the

curve y = f(x) from a to b (0 < a < b), is v = f(x)

b
V:/ 2rx f(z) dz. ‘ z b v

We normally say the above method as finding volume by using shells.

Justification:

We divide the interval [a, b] into n subintervals [z;_1,x;] of equal width Az and let z} be a
point in the ith subinterval. If the rectangle with base [z;_1, ;] and height f(x}) is rotated
about the y-axis, then the result is a cylindrical shell with average radius z}, height f(z}),
and thickness Az, so its volume is

V; = (circumference) x (height) x (thickness) = (27z}) - f(a}) - Ax.

7
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Y
A
<P
f@y
x
a KT b

— a7 —>

Y

A
x

ﬂ 1)
Az

Hence an approximation to the volume V of S is given by the sum of the volumes of these
shells:

V= iVi = i?ﬂ':rff(xf)Ax
i=1 i=1

This gives the volume:
n b
V= nh_{glo Z 2l f(x))Ax = / 2rx f(x) de,
i=1 @

where the terms in the formula can be interpreted as

g radius of a typical cylinder shell
27 :  circumference

f(z): height

dz : thickness of the shell

b
[ em U@ @
@ N—— — ~—~—
circumference height thickness

5.20 Example: volume of a ball - using shells

Find the volume of the ball of radius 7.
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«<— T

The region and a typical shell are shown in the figure. We see that the shell has radius =,
circumference 2wz, and height 2v/72 — 22. So the volume is

V:/ 2mx - 20/ 1?2 — 22 dx
0
= (—271')/ Vr2 —z2. (r? — 2?) dz
0

T

[V

= 4773,

— (-2m)- 302 - o?)| =4

0

5.21 Example: volume of a solid torus - using shells

Consider the region bounded by the curves
(x—R?*+y*=r%, 0<r<R

The solid obtained by rotating the region about the y-axis is the solid torus, as shown in the
figure.

[fe—— =]
\
]

We shall use the method of cylindrical shells to compute the volume of the solid.
The region and a typical shell are shown in the figure.

We see that the shell has radius «, circumference 27z, and height 24/r2 — (z — R)2. So




282

Applications of Integration
the volume is

R+r

V:

2nx - 24/r? — (x — R)?dx
R—r
= / dr(u+ R)Vr?2 —u2du

u=x— R, du=dx
:471'/ (U\/T27UQ+R\/T27U2) du

:47r/ Rv/7r?2 —u?2du

=P

odd function

= 471'R/ V2 —u?du.

Since the last integral represents the area of the semicircular region of radius r, we have

V =47R - %ﬂ'TQ = 272 Rr2.

5.22 Example: rotating about a horizontal line

Find the volume of the solid obtained by rotating the region bounded by the curves

y=+2 and y=2a2
about the horizontal line y = —k (k > 0).

two intersections (0,0) and (1, 1). So the region bounded by the given curvesis 0 < z <1 as
well as 0 <y < 1.

Solution By solving the simultaneous equations y = v/x and y = 22, we see that there are
K
We compute the volume of the solid by slices and shells.

1. The region and a typical slice are shown in the following figures.

Y Y
A A
y = z2 Y=z
Y=z y=\=
1 1
N
O(—z»\ 1 !

We see that the slice is a washer, with inner radius 2% + k and outer radius /= + k. So
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the volume is
1
V= / [r(vVz +k)? — m(2® + k)?] dz
0

1

:71'/ (9:+2k\/57x472kx2) dz
0

= 25(9 + 20k).

2. The region and a typical shell are shown in the following figures.

We see that the shell has radius y + k, circumference 2m(y + k), and height \/y — y*.
So the volume is

1
v:/ 2m(y + k) - (/5 — ) dy
0

:271'/01 (y%—y?’—kky%—k‘yz) dx

= (9 + 20k).

Solid Generated by Parametric Curve

5.23 Example: solid generated by a parametric curve

Rotate the area under one arch of the cycloid
x=r(t—sint), y=r(l—cost), 0<t<2m,

about the xz-axis and the y-axis, respectively. Find the volumes of the two solids.
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2r

> T
0] 2mr

Solution

1. When rotating the region about the z-axis, we compute the volume of the solid by
slices.

A typical slice is shown in the following figure.

Y
A
2r
|
1 A
! >
9] I PV
!
27
The volume of the solid is V' = 7[y(x)]? dz. We can use the parametric equations

0
for the cycloid as a substitution for the definite integral. Thus, the volume of the solid
is

V= / rly(@)]? de
2

= / 7 [r(1 — cost)]? - [r(t — sint)]’ dt { x =r(t —sint)

. y=r(l —cost)
27
= 7r1"3/ (1 —cost)®dt
0
2m
= / (1 —3cost+3cos?t — cos®t) dt expanding
0
27
:wrg/ [1—3cost+ 3(1+ cos2t)
0
—(1 —sin®z) cost| dt

=3 [gt — 3sint + % sin 2t —sint + % sin® t]zo
= 53,

2. When rotating the region about the y-axis, we compute the volume of the solid by
shells.
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A typical shell is shown in the following figure.

Y

27
The volume of the solid is V = 27z - y(x) dz. We use the parametric equations for

0
the cycloid as a substitution for the definite integral. Thus, the volume of the solid is
27r
V= / 2nx - y(x) dz
0
2
= / 2mr(t —sint) - [r(1 — cost)] - [r(t —sint)]’ dt
0
27
= 27r7‘3/ (t —sint)(1 — cost)? dt.
0
The function sint - (1 — cost)? is a 27 periodic odd function, so
2m ™
/ sint - (1 —cost)?dt = / sint- (1 —cost)*dt = 0.
0 -
Hence,
2m
V= 27r7’3/ t(1 — cost)? dt
0
27
=27mr® / t(1 — 2cost + cos®t) dt
0

= 2773 ; t[1—2cost+ (1 + cos2t)] dt

= 2773 . [%t2 — 2tsint — 2cost + itsin 2t + %cos Qt] Zo




286 Applications of Integration

5.3 Arc Lengths

5.24 Definition: arc length

Suppose a curve is defined by y = f(x), where f is continuous and a < z < b. We approxi-
mate C by a collection of line segments, by dividing the interval [a, b] into n subintervals with
end points xg,x1,...,Z, and equal width Az. Denote the endpoints of the line segments
to be Py, P1,..., P,, where P; lines on the curve C' with coordinates (z;, f(z;)). Then, the
length L of the curve C' is defined as

5.25 Theorem: formulas for arc length of a smooth curve

If f is continuous on [a,b], then the length of the curve y = f(x), a <z < b, is

o= [ (@) o= [ Vi Tope

Similarly, If ¢’ is continuous on [c,d], then the length of the curve z = g(y), ¢ <

y <d, is B
/,/1+ dx dy—/ V1t

Definition: arc length function

If f’ is continuous on [a,b], the distance along the curve from the initial point
(a, f(a)) to the point (z, f(x)) defines the arc length function:

0= [ Vi+irera
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Justification:

Let Ayl =Yi —Yi—1 = f(l‘l) — f(xi—l)- Then
|Pio1Pi| = /(% — 1) + (i — 9i—1)% = V/(Ax)? + (Ayy)2.
By the Mean Value Theorem,

Ay; = f(xz) — flzic1) = f’(iﬂf)(% - $z‘71) = fl(ﬂff)Ax,

where z7 is between x;_; and z;. Thus,

|Pio1 P = B0 + (Bg)? = y/ (Aa)? + [f(e}) Ac®
=1+ [f(=)] As.

Hence,
L= Jim D \PorPl =l 3 1+ A
i=1 i=
b
- / V1+ @) de.

5.26 Example: arc length

Find the arc length of the curve y = z3 Yy
from (0,0) to (1,1).
1
Solution The equation y = z? gives y = i
%:1:%. Thus, the arc length of the curve from o
(0,0) to (1,1) is - .z
1

1 1
L:/ \/1+y’2dx=/ A/1+2zdx
0 0 *

13
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3, Thus, the

2
8

dx
The same curve can be expressed as x = y3, which gives Ei %y
Y

arc length from (0,0) to (1,1) is

/,/1+ dx dy—/ Vi+4y3dy.

Evaluation of the last integral (an improper integral!) is technically more complicated.
So, when there are more than one choices in finding a quantity (like area, volume,
arc length, etc), one may need to choose a wise setup.

5.27 Example: arc length of astroid

Find the circumference of the astroid z3 +

2 2
3 =q3.

Y

Solution The astroid is symmetric about
the z-axis and the y-axis. So, its circumfer-
ence is four time the arc length in the first
quadrant. In the first quadrant, y > 0. In
this region, solving the equation of the as-

troid gives
3
2 2\ 2
y — (aS — I3) 5

where 0 < x < a, so that

d 1 1
d—;gc = % . (a% —x%) 2 .(_1>%3§_% = —x_% (a,% —;1;%)2 .

Thus, the circumference of the astroid is

f4/ \/1+  (af - ot)] do

11 . .
= 4/ a3z~ 3 dx an improper integral
0
a
= 4qa3 lim 3 dx
e—=0t J
3. 2]
= 4a3 lim [§x§] = 6a
e—0t T=¢€
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5.28 MATLAB: arc length

Find the arc length of the curve y = 3 from (0,0) to (1,1).
3
Solution First, we plot the curve of y = 22 within the interval [0, 1].

>> syms X

>> f(x) = x7(3/2);

>> x_array = linspace(0,1,200);
>> figure

>> plot(x_array,f(x_array),'b')
>> xlabel('x')

>> ylabel('y')

>> grid

The figure plotted is shown below.

1

09
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06

>05
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02

0.1

0

0 01 02 03 04 05 06 07 08 09 1

To calculate the arc length of the curve in MATLAB, we provide two methods.

1. We calculate the arc length of the curve by using the arc length function.

>> syms x

>> f(x) = x~(3/2);

>> df (x) = diff (f(x),x)

df (x) =

(3*xx~(1/2))/2

>> arc_len = int(sqrt(1 + df(x)~2),0,1)

arc_len =

(13%137(1/2)) /27 - 8/27

The result above shows that the arc length is %ﬁ — %.
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2. We calculate an approximation of the arc length based on the arc length definition.

N = 1000; % number of line segments

X_array = linspace(O,l,N);

y_array = x_array. (3/2);

arc_len = O0;

for ind = 2:length(x_array)
x2 = x_array(ind) ;

x1 = x_array(ind - 1);

y2 y_array (ind) ;

y1 y_array(ind - 1);

seg_len = sqrt((y2 - y1)~2 + (x2 - x1)72);
arc_len arc_len + seg_len;

end

Note that the bigger the number of line segments N is, the more accurate the approxi-
mation is.

The result of the arc length can be seen when we type in arc_len in the command
window, as shown below.

>> format long
>> arc_len

arc_len =

1.439709685755622

It is shown that when N = 1000, the approximation is 1.439709685755622, which is
very close to the exact result 13VI3=8 ~ 1.439709873371550.

Arc Length of Parametric Curve

5.29 Theorem: arc length for parametric curve

Suppose a parametric curve is given by the parametric equations

e=f{t), y=g), a<t<p,

where f’ and ¢’ are continuous and the parametric curve is traversed exactly once as t
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increases from « to 8. Then the arc length is

- [ \/ (%)+ (%)th: [ VireP P a

Justification: Part 1

We divide the parameter interval [a,f] Y
into n subintervals of equal width A¢. If
to,t1,t2,...,t, are the endpoints of these
subintervals, then z; = f(¢;) and y; = ¢
g(t;) are the coordinates of points P;(z;,y;) /

that lie on C' and the polygon with vertices =
2

Py, Py,..., P, imates C'. S
0, P1 , P, approximates Pl\ U
Py

@ ti_1t; B8

The length L of C' is defined as the limit of the lengths of these approximating polygons
as m — oo: .
L= nlgr;o; |P,_1P;l.
=

Justification: Part 2

By the Mean Value Theorem, there are tf and ¢7* in (¢;,_1,t;) such that
f1(&

Az; = f(t:) — f(ti-1) = f'(t]) At
Ay =g(t:)) —g(ti-1) =g (ti*)At.

Thus,
IPio1 Pl = (B2 + (Bge)? = (/I ()] A0)2 + [g (1)) A2
= 1)) + g (7)) A,
and so

L= lim Z\/f' )2 + [g' (£:%)]2 At.

n—oo

The last sum resembles a Riemann sum for the function /[f’(¢)]2 + [¢/(¢)]? but it is not
exactly a Riemann sum because ¢} # ¢7* in general. Nevertheless, if f and ¢’ are continuous,
it can be shown that the limit is the same as if ¢; and ¢;* were equal, namely,

- / PO P
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5.30 Example: arc length of a parametric curve

Find the circumference of the astroid, given
by the parametric equations

B = a(:os?’t7 Y= as1n3t7
x =acos’t,
y =asin®t
(0<t<2m)

where 0 < ¢t < 27.

Solution The astroid is symmetric about [9) a
the z-axis and the y-axis. So, its circumfer-
ence is four time the arc length in the first
quadrant. Thus,

L= 4/2 \/[3a cos?t - (—sint)]? + [3asin?t - (cost)]2 dt
0
3

= 12a/ sint costdt
0

=12a [% sin? t] t%:o = ba.

5.31 MATLAB: arc length of a parametric curve

Find the circumference of the astroid, given by the parametric equations
x = cos® t, y= sin® t,

where 0 <t < 27.
Solution First, we plot the curve of 2 = cos®t, y = sin®t where 0 < t < 2.

>> syms t
>> x(t) = cos(t) ~3;
>> y(t) = sin(t)~3;

>> t_array = linspace (0,2xpi,200) ;
>> figure

>> plot(x(t_array),y(t_array),'r"')
>> xlabel('x')

>> ylabel('y")

>> grid

The figure plotted is shown below.




5.3 Arc Lengths 293

We see from the figure above that the plotted astroid is symmetric about the z-axis and the
y-axis. So, its circumference is four times the arc length in the first quadrant. We thus first
calculate the arc length of the curve in the first quadrant, and then multiply it by 4.

To calculate the arc length of the astroid in MATLAB, we provide two methods.

1. We calculate the arc length of the astroid by using the arc length function.

>> syms t

>> x(t) (cos(t))~3;
>> y(t) (sin(t)) ~3;
>> dx(t) = diff(x(t),t)

dx(t) =

-3xcos (t) "2*sin(t)

>> dy(t) = diff(y(t),t)

dy (t) =

3xcos (t)*sin(t) "2

>> arc_len = 4*int(sqrt((dx(t))~"2 + (dy(t))~2),0,pi/2)

arc_len =

6

The result above shows that the arc length of the astroid is 6.

2. We calculate an approximation of the arc length based on the arc length definition.

N = 1000; % number of line segments
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t_array = linspace(0,pi/2,N);

x_array = cos(t_array) ."3;

y_array = sin(t_array)."3;

arc_lenl = 0; % arc length in the 1st quadrant

for ind = 2:length(t_array)

x2 = x_array(ind);
x1 = x_array(ind - 1);
y2 = y_array(ind);
yl = y_array(ind - 1);
seg_len = sqrt((x2 - x1)72 + (y2 - y1)~2);
arc_lenl = arc_lenl + seg_len;
end
arc_len = 4xarc_lenl;

Note that the bigger the number of line segments N is, the more accurate the approxi-
mation is.

The result of the arc length can be seen when we type in arc_len in the command
window, as shown below.

>> format long
>> arc_len

arc_len =

5.999999381918176

It is shown that when N = 1000, the approximation is 5.999999381918176, which is
very close to the exact result 6.

5.32 Definition: surface area of revolution

Consider the surface is obtained by rotating the curve defined by y = f(x), where f is
positive and a < & < b. In order to define its surface area, we divide the interval [a, b] into
n subintervals with endpoints zg,x1,...,z, and equal width Az. The part of the surface
between z; 1 and x; is approximated by taking the line segment P;_;1P; and rotating it
about the z-axis, where P;(z;, f(x;)) lies on the curve. The result is a band with slant height
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|P;_1P;|]. Therefore, in the case where f is positive we define the surface area obtained by
rotating the curve y = f(z), a < z < b, about the z-axis as

Y

n
S = Jim )5 P,

i=1 P,
Py 1
where S; is the area of the band with slant m
height |P,_1 P;]. L d O x

5.33 Theorem: formula for surface area of revolution

If f’ is continuous on [a, b], then the surface area of the surface obtained by rotating
the curve y = f(z), a <z < b, about the x-axis, is

S— /27ry ,/1+ dx—/ 27 f(2) /1 + /(@) da.

Similarly, if ¢’ is contmuous on [c,d], then the surface area of the surface obtained
by rotating the curve x = g(y), ¢ < y < < d, about the y-axis, is

S= /2m ,/1+ d“" dy—/ 27 () \/1 + (9] dy-

Justification: Part 1

Let us first derive a formula for the area of a circular cone with base radius r and slant

height (.
l
l
2rr
[« 7 >

In fact, we can flat it to form a sector of a circle with radius [ and central angle 0 = 27r/I.
Since it is a part of a disk of radius [, we have the area of the sector to be

A=1L120 = 12 (2mr /1) = mrl.
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Justification: Part 2

Thus, the area of the band, or frustum of a cone, with slant height [ and upper and lower
radii r; and 79 is
A= 7T7‘2(l1 = l) —arili =7 [(Tz = Tl)ll +’f’2l] .

From similar triangles we have
l1 l1+1

T1 2

which gives
roly = r1ly + 11l or (7‘2 — 7‘1)[1 = rql.

Hence,
A = 7w [r1l + rol] = 277l = (average circumference) X (slant height),

where 7 = %(1"1 + r5) is the average radius of the band.

Justification: Part 3

Suppose f’ is continuous on [a,b]. For a band with slant height [ = |P;_1 P;| and average
radius 7 = £(f(zi—1) + f(2;)), its surface area is

Si =21 - 5(f(xi1) + f(:)) - |Pica Bil.
By the Pythagorean Theorem and the Mean Value Theorem,
IPior Pl =\ (i — wic)? + [£(@) — Flaion)?

=/ (A2)2 + () Al = /1 + (/@) Az
Thus, by approximating % (f(z;—1) + f(z;)) using f(z}), we get

S~ 2m - f(w})y/ 1+ [f' (@) Ax.

Therefore,

S = lim Z,S’i = ILm Z27rf(mf) 1+ [f(a3)) Az
i=1 i=1

=([f2w11x>x/flf?§§ﬁ5dx
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5.34 Theorem: general formula for surface area of revolution

For rotations about the z-axis and the y-axis, respectively, the surface area formula becomes

S:/27ryds or S:/27rxds,
2 2
ds=+4/1+ dy dx or 1+ dz dy.
dz dy

In general, the surface area of rotation is

where

(27r) (ds)
/ —— ~~

circumference  arc length

5.35 Example: surface area of a sphere
A sphere can be generated by rotating the semicircle
y=\r2—z2 —r<z<r,

about the z-axis, as shown in the figure. Find its surface area.
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Solution It is easy to see that

dy x

dz r2 — g2

Thus, the surface area of the sphere is

T 2
T
S = 27T\/7"27{E2 1+(> dx
r \/ 2 — 2

= 27r/ rdz = 4mr?.

T

5.36 Example: surface area of a torus

A torus can be generated by rotating the circle
(z—R?*+y*=r? 0<r<R,
about the y-axis, as shown in the figure.

Y

A

<P

The torus consists of two portions: the outer portion generated by the rightmost semicircle
x =R+ /r2—y? (—r < y < r), and the inner portion by the leftmost semicircle z =

R—\/r2—y? (—r <y <r). It is easy to see that

along the rightmost semicircle : S —

along the leftmost semicircle : — = —
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Thus, the surface area of the torus is

-

2
+/ 27T(R— r2—y2) 1+<%> dy
r2—y

-

s= [ on (s vTTR) 1+(_L>2dy

" r
:47TR/ A
—r /T2 —y?
:87rR/ L
0 /12— y?

287TR7”/2M y =rsinf
o rcosf

even function

= 8 Rr - g = 472 Rr.

5.37 MATLAB: surface area of a sphere

A sphere can be generated by rotating the semicircle

y=V¥_22, -3<z<3,

about the z-axis. Find its surface area.
Solution We calculate the surface area of the sphere by two methods.

1. The surface area of the sphere is calculated by using the formula for surface area of
revolution.

>> syms x

>> y(x) = sqrt(372 - x72);
>> dy(x) = diff (y(x),x)
dy(x) =

-x/(9 - x72)°(1/2)

>> int_fun = 2*pixy(x)*sqrt(l + dy(x)~2); 7% integrand
>> 8§ = int (int_fun,-3,3)

36*pi

The result above shows that the surface area of the sphere is 367.
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2. An approximation of the surface area is calculated based on the definition.

R = 3; % radius of the sphere

N = 1000; % number of line segments
x_array = linspace(-R,R,N);

y_array = sqrt(372 - x_array."2);
S_sum = O0;

for ind = 2:length(x_array)

x2 = x_array(ind) ;
x1 = x_array(ind - 1);
y2 = y_array(ind);

y1 y_array(ind - 1);

ell = sqrt((x2 - x1)72 + (y2 - y1)~2);
S = 2*%pi*0.5*x(yl + y2)*ell;

S_sum = S_sum + S;

end

Note that the bigger the number of line segments N is, the more accurate the approxi-
mation is.

The result of the surface area can be seen when we type in S_sum in the command
window, as shown below.

>> format long
>> S_sum

S_sum =

1.130970267960428e+02

It is shown that when N = 1000, the approximation is 113.0970267960428, which is
very close to the exact result 367 ~ 113.0973355292326.

Surface Area of Revolution by Parametric Curve

5.38 Theorem: surface area of revolution by parametric curve

Suppose a parametric curve is given by the parametric equations
z=f(@), y=g9@), a<t<p,

where f’ and ¢’ are continuous and g(t) > 0. Then the surface area of revolution about the
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r-axis is

s= " 2@\/ (if) + (jﬁ) a= [ gl F s roPar

Similarly, the surface area of revolution about the y-axis is

s—/j zm\/(fif>2+ <(£>2dt—/j 2w f (1 (0 + g/ (O] dt.

The general formula for the surface area of revolution about the z-axis is

S = / 27y ds.
For the parametric curve we have

ds = VIF' (O] + g/ ()2 dt.

Thus, by the substitution rule, we get

B8
5= / 2mg(O\ I OF + g/ ] dt.

Justification:

5.39 Example: solid generated by a parametric curve

Rotate the area under one arch of the cycloid

x=r(t—sint), y=r(l-—cost), 0<t<2m,

Y

2r

O‘ 2mr

Solution Generally, the surface area of revolution is

(27r) (ds)
[ em @

circumference  arc length

about the xz-axis and the y-axis, respectively. Find the surface areas of the two solids.
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1. When the area under one arch of the cycloid rotates about the z-axis, a typical circle
has radius y = y(t), while the arc length is given by

ds = /2'(t)? + v/ (t)% dt.

2r

> T

>

Thus, the surface area of the solid is

o= /277 2my(t) - V@' ()% + ¢/ ()% dt
0

27
:/0 27r~r(1—cost)-\/[r(t—sint)]/QJr[r(l—cost)]'th

2T
= 27rr2/ (1-— cost)\/(l — cost)? + sin? ¢ dt
0

2m
= 27rr2/ (1 —cost) -2 —2costdt
0

2m

2sin?(3t) - 2sin(3t) dt half-angle formula

= 2mr?

us

2| (1—cos

= 87r 2u)sinu - 2du t=2u

o 5

3

SV
[=2)
=
(¥}

= 16712 [— cosu + %cos u] Z:o = 16712 -

2. When the area under one arch of the cycloid rotates about the y-axis, a typical circle
has radius & = z(t), while the arc length is given by

ds = /' (t)? + y/(t)? dt.
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Thus, the surface area of the solid is

S = /27r 2ra(t) - /2 ()2 + v/ (¢)2 dt
0

= /27r 27 - r(t —sint) - \/[r(t — sin t)]'2 + [r(1 — cos t‘)]'2 dt
0

27
= 2772 / (t — sin t)\/(l — cost)? + sin? t dt
0
2m
= 27rr2/ (t —sint) - V2 —2costdt
0
2
= 2mr? / (t —sint) - 2sin(1¢) dt half-angle formula
Oﬂ'
:47r7‘2/ (2u — sin 2u) sinw - 2du t=2u
0

= 8mr? / (2usinu — sin 2u sinu) du
0

= 8nr? [—2u cosu + %sinu + %Sil’l 3u] = 8mr? - 27 = 16m2r2.

™
u=0

5.40 MATLAB: solid generated by a parametric curve

Rotate the area under one arch of the cycloid
x=3(t —sint), y=3(1—cost), 0<t<2nm,

about the z-axis. Find the surface area of the generated solid.
Solution We calculate the surface area of the solid by two methods.

1. The surface area of the solid is calculated by using the formula for surface area of
revolution.

>> syms t

>> x(t) 3*(t - sin(t));

>> y(t) 3*x(1 - cos(t));

>> dx(t) = diff(x(t),t);

>> dy(t) = diff(y(t),t);

>> int_fun = 2*pi*y(t)*sqrt(dx(t) "2 + dy(t)~2)

int_fun =
-6xpi*x(3*xcos(t) - 3)*x(sin(t)~2 + (3*xcos(t) - 3)72/9)°(1/2)
>> int_fun2 = matlabFunction(int_fun); % convert to ..

function handle
>> S = integral (int_fun2,0,2*pi)
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603.1858

The result above shows that the surface area of the solid is 603.1858. Note that the com-
mand integral can only deal with a function handle, so we need to convert the symbolic
expression int_fun to the function handle int_fun2 using command matlabFunction.

2. An approximation of the surface area is calculated based on the definition.

N = 1000; % number of line segments

t_array = linspace (0,2*pi,N);

x_array = 3x(t_array - sin(t_array));
y_array = 3%x(1 - cos(t_array));
S_sum = O0;
for ind = 2:length(x_array)
x2 = x_array(ind);
x1 = x_array(ind - 1);
y2 = y_array(ind) ;

yl1 = y_array(ind - 1);

ell = sqrt((x2 - x1)72 + (y2 - y1)72);
S = 2xpix*x0.5x(yl + y2)xell;

S_sum = S_sum + S;

end

Note that the bigger the number of line segments N is, the more accurate the approxi-
mation is.

The result of the surface area can be seen when we type in S_sum in the command
window, as shown below.

>> S_sum
S_sum =

603.1845

It is shown that when N = 1000, the approximation is 603.1845.
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5.5 Lengths and Areas in Polar Coordinates

Arc Length of Polar Curve

5.41 Theorem: arc length of polar curve

Suppose a polar curve is given by the equa-
tion r = f(0). If f' is continuous, then the
arc length of the polar curve from 6 = « to
0=pis

B8
L= / VRO + [£1(6) a6
-/ ? T @b,

Justification:

We write its parametric equations as
x =rcosf = f(0)cosb, y=rsinf = f(0)siné.

Since

(%’)2 | (%)2 — [/(8) cos 8 — £(8)sin 0] + [F'(8) sin 0+ £(0) cos 0]

the length is

- [ ﬂ\/ (&Y 4 (&Y w- [ Visor + rorae.

5.42 Example: arc length of polar curve

Find the arc length of the cardioid
r=a+ acosb,

where a > 0.
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Solution The given polar curve 7 = a+a cos 6 is periodic of period 27. Since r’ = —asin 6,
we get the arc length

2

L= V(a+ acosh)? 4 (—asinf)2 df
0

27
= aVv2+ 2cosfdé

0

2m
= 2a/ ‘cos(%9)| dé
0

™ 2
:2a/ cos(30) d9+2a/ (—1) cos(36) do
0 ™

=2a [2 sin(%@)]gzo —2a [2 sin(%@)] Z;T = 8a.

5.43 MATLAB: arc length of polar curve

Find the arc length of the cardioid

r =1+ cosf.

The arc length of the cardioid can be calculated in MATLAB using the following code:

>> syms theta

>> r(theta) = 1 + cos(theta);

>> dr(theta) = diff(r(theta),theta)
dr (theta) =

-sin(theta)

>> int_fun
>> arc_len

sqrt (r(theta) "2 + dr(theta) "2);
int (int_fun,theta ,0,2*pi)

arc_len =
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8

The result above shows that the arc length of the cardioid is 8.

5.44 Theorem: area of polar region

Let Z be a polar region bounded by the po-
lar curve r = f(6) and by the rays § = « to
6 = B, where f is a positive continuous func-
tion and the angles satisfy 0 < § — a < 27.
Then the area of Z is

B B
A:/a %ﬁdez/a 11£(0)]? do.

Theorem: area between two polar curves

Let #Z be a polar region bounded by
the polar curves r = f(0), r = g(0),
and by the rays 8 = « to 0 = 3, where
f(8) > ¢g(8) > 0 and the angles satisfy
0 < B —a < 27. Then the area A of the
polar region Z is

A=} / i (tr @1 - 190)1*) ao.

Justification:

For the polar curve r = f(6), we write its parametric equations as
x =rcosf = f(0)cosb, y=rsinf = f(0)siné.

We divide the interval [a, ] into subintervals of equal width Af with endpoints
00,601,602, ...,0,. If we choose 6 in the ith subinterval [0;_1,0;], then the area AA; of
the ith region is approximated by the area of the sector of a circle with central angle A8 and
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radius f(6F). The area can be approximated by

1 il
AA; ~ n(radius)? - w
i

= 5 [£(6)))" Ae.

= 1(radius)® x (central angle)

So, an approximation to the total area A of Z is

A 51670 2.
i=1
Hence, we obtain the formula for the area A of the polar region Z
= 2 ? 2
A=l > HF@) A0 = [ L(70)" a6,

n—oo
=l @

5.45 Example: area between two polar curves

Find the area of the region that lies inside the circle r = 9cosf outside of the cardioid
r =3+ 3cosb.

105 90° 750
1207 e

1o, 60°

Solution The circle r = 9cos ) makes a complete rotation when 6 varies from —3 to 7;
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s

simultaneous equations 7 = 9cosf and r = 3 + 3cos 6, we find the intersections at § = —%
and 6 = %. Since r(—0) = r(0) for both polar equations, these curves are symmetric about

the cardioid r = 34 3 cos § make a complete loop when 6 varies from —7 to 7. By solving the

the polar axis.
Thus, the area of the region that lies inside the circle outside of the cardioid is

A:Q/3 2 [(9cos0)® — (3 + 3cos)?] do
0

= /3(—9— 18 cos § + 72 cos? 6) df
0

™

- / [~9 — 18 cos 6 + 36(1 + cos 20)] df
0

— [270 — 18sin 0 + 18sin 263

= 9.

5.46 Example: area between two polar curves

The limacon r = 3 + 5cosf consists of an inner loop and an outer loop. Find the area

between these loops.

Solution The given polar curve r = 3+5 cos 6 is periodic of period 27. Since r(—0) = r(6),
the polar graph is symmetric to the polar axis. As 6 varies from 0 to EJurccos(—%)7 the polar
equation describes the upper-half outer loop; as 6 varies from w to 2w — arccos(f%), it
describes the upper-half inner loop. Thus, the area between these loops is

g 2r—arccos(— £

arccos(—¢
A:2/ %(3+5cos€)2d9—2/ 1(3+5cos6)*df.
0

™

We can compute the following indefinite integral:

/(3+5cos9)2d9: /(9+30c059+2500529)d0

z/[9+306059+22—5(1+00529)] dé

=420+ 30sin 0 + 2 sin260 + C.
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Hence,
arccos =&
A= [80+30sin0+ 2sin26],_ =)
_ _3
— [486 + 30sin 6 + 22 sin 2] ;"
=2 -arccos(—2) +30-(3) + 2 -2(3)(-3)
— 4. [2r —arccos(—2)] —30- (=3) - B - 2(-H )+ L7
=36 — 271 + 43 - arccos(—2)
=~ 63.6705.

5.47 MATLAB: area between two polar curves

Find the area of the region that lies inside the circle r = 9cosf outside of the cardioid
r =3+ 3cosd.
First, we plot these two polar curves in MATLAB.

>> syms theta

>> ri(theta) 9%cos (theta);

>> r2(theta) = 3 + 3xcos(theta);

>> theta_array = linspace(-pi,pi,200);

>> figure

>> polarplot(theta_array,rl(theta_array),'r')
>> hold on

>> polarplot(theta_array,r2(theta_array),'b"')

The figure plotted is shown below.

In order to calculate the area of the specified region, we need to first find the intersections

120

150

180

210

240

90

270

60

300

of these two polar curves, which is shown in the following:

30

330




5.6 Moments, Centers of Mass, and Centroids 311

>> solve(rl(theta) == r2(theta))
ans =
-pi/3
pi/3
We see that the circle 7 = 9 cos 6 intersects with the cardioid r = 3 + 3cosf at § = —% and

¢ = . Then, we can calculate the area of the specified region below.

>> int_fun = 0.5*x(r1(theta)”2 - r2(theta) ~2);
>> § = int(int_fun,-pi/3,pi/3)

9%pi

The area of the specified region is thus 9.

5.48 Theorem: moment and center of mass for discrete system

Theorem: moment and center of mass for one-dimensional discrete system

For a system of n particles with masses mq,mo,...,m, located at the points
T1,%2,...,Ty, on the z-axis, the center of mass of the system is located at
n
m;x;
. M _ Z; ez
m T ’
> m;
i=1
n
where M = > m;z; is the moment of the system about the origin.
i=1
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Theorem: moments and center of mass for two-dimensional discrete system

For a system of n particles with masses my,mo,...,m, located at the points
(z1,11), (x2,Y2) - .., (T, yn) in the zy-plane, the center of mass of the system is lo-
cated at (Z,y), where

Here M, = >

n
m;x; is the moment of the system about the y-axis and M, =
=1

n
>~ my;y; is the moment of the system about the z-axis.
i=1

Justification:

Consider a situation with two particles with masses m; and msg on a rod that lies along
z-axis. Suppose the distances from the masses to fulcrum are dy and dsy respectively. The
rod will balance if

m1d1 = ’I’T‘Lgdg.

Denote the coordinates of m; and ms to be x7 and z, and the center of mass at x. We
see that di =z — 1 and dy = 29 — . Then we have

_ _ _ Mmyx1 + mex
ml(x—ml)zmz(l‘g—m):x:—l 1 22'

mi1 + Mo
If we have a system of n particles with masses mi, ms,..., m, located at the points
T1,%2,...,Ty, on the z-axis, and if the rod balances, then the center of mass T satisfies:

n
n PIRLIES
Zmz(:m —i‘) =0=z= Z:i
=1 Z m;
i=1
For a system of n particles with masses mi,ms,...,m, located at the points
(21,91), (22,Y2) - - ., (Tn, yn) in the zy-plane, we assume that the center of mass of the system
is located at (z,y). Then, similarly, we have

Applications of Integration
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imi(mi — 53) = 0,
i=1

Zmi(yi -9) =0, iz
p=il

n n .
my
> MiT; > My .
¢ _ Mx my
s Yy=—
m

=i =l

n n .
> mi > mi i
3 =1

Center of Mass Along a Curve

5.49 Theorem: center of mass along a curve

Consider a continuous system of mass distributed along a thin curve ¢: y = f(z),a <z <
b, with density p(z). Then the center of mass is (z, ), where

1 b
B E/ p(z) - zy/1+ [f'(2)]? da,
5=~ [ @) f@VI+[F@Pde,

mJa

I

b
and m = / p(x) /1 4+ [f'(x)]? dz is the total mass along the curve €.

Theorem: centroid of a curve

In particular, if p(x) = p is a constant, then the center of mass is the same as the
centroid of the curve, with

I
Il

1 b
7| aVTFTF@P s,
b
1 | foVIF @R s,

]

b
where L = / 1+ [f'(x)]? dz is the length of the curve €.
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Justification:

We divide the interval [a,b] into n subintervals with endpoints zg,x1,...,%, and equal
width Az. Then the ith arc can be approximated by a line segment from (x;_1, f(z;—1)) to
(24, f(z;)), whose approximate length is, by the Mean value Theorem,

V(Az)? + (f(2:) — f(zi-1))? = \/1 + {%] Az

= 1+ 1F@)P Aw.

The mass along the ith piece of arc is approximately
)\ 1+ [f' (@) Az
so the moment about the y-axis is
p(@)y/ 1+ [f"@})] Az - <.

Adding these moments, we obtain the approximate moment of ¥’. By taking the limit as
n — 0o we obtain the moment of % about the y-axis:

My = lim 37 p(a)ei 1+ @A
i=1
b
/ p(x) - 2/1+ [f' ()] da.

In a similar fashion, the moment along the ith piece of arc about the z-axis is

pe)\/1+ [ (@) Az - f(a})

so we get the moment about the z-axis:

M, = lim 3" p(a)f )y 1+ (/@) Ax
i=1
b
— [ o) f@/1+ @) do
The mass along the ith piece of arc is
pa)y/ 1+ [f" @) Az,

so we get the total mass of the curve %:

m = / " o@) 1+ @) da.




5.6 Moments, Centers of Mass, and Centroids 315

M, M,
Hence, the center of mass of the curve is located at the point (z,y) = (—y, —w), that is,
m ' m

N / " o(@)-o/1+ @) de / " o@)- @)1+ @) da
/a o@) 1+ @ e / ’o(@) 1+ @) de

It is easy to deduce the centroid from the center of mass when the density is a constant.

<

5.50 Example: centroid of a semicircle

Find the centroid of the semicircle y =

Vr2—z? (—r <z <r).

Solution By symmetry, the centroid (z, y)
must lie on the y-axis, so that £ = 0. The
length of the semicircle is L = wr. Since

we have

—r
Hence, the centroid of the semicircle is at
(z,9) = (0, 2r).

5.51 MATLAB: centroid of a semicircle

Find the centroid of the semicircle y = V32 — 22 (-3 < x < 3).

Solution First, we notice that the length of the semicircle is L = 37. Then, by symmetry,
we know that the centroid (z,y) must lie on the y-axis, so that z = 0. We will calculate y
below.

>> syms X
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>> f(x) = sqrt(3°2 - x72);
>> df (x) = diff (f(x),x)

df (x) =

-x/(9 - x72)°(1/2)

>> L = 3%pi;

>> int_fun_y = f(x)*sqrt(l + df(x)~2);

>> cen_y = int(int_fun_y,-3,3)/L

cen_y =

6/pi

The result above shows that y = %.

5.52 Theorem: center of mass along a parametric curve

Consider a continuous system of mass distributed along a parametric curve € given by the
parametric equations

z=f@t), y=g@), a<t<p,

with density p(t). Suppose f’ and ¢’ are continuous. Then the center of mass of € is (z,y),
where

1 [P

Theorem: centroid of a parametric curve

In particular, if p(t) = p is a constant, then the center of mass is the same as the
centroid of the curve, with

81
Il

8
1| roVIFOr T TR,
1 B

=1 | sOVIFEP+ TOP

B
where L = / VI ()2 + [¢/(t))2 dt is the length of the curve €.
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Justification:

The moment of € about the y-axis is

M, = / pxds.
For the parametric curve we have

ds = V()2 + [g' (D] dt.

Thus, by the substitution rule, we get

B
M, = [ o) FOVIFOF + lg 0P .

Hence, we get

_i’:

B
M_memeW+mW&
e : N

[ o0 \irer+gora

Similarly, we have

B
M, _ /a o(t) - gV IF O + g () dt

g:

5.53 Example: centroid of a parametric curve

Find the centroid of one arch of the cycloid Y
x=r(t—sint), y=r(1—cost), o

where 0 < ¢ < 27. ~

0] 2mr

Solution The length of one arch of the cycloid is

L= /O% VIr(1 = cost)]? + (—r sint)2 dt

27
zr/ V2 —2costdt
0

2m
=2r / sin(3t) dt half-angle formula
0

=2r[-2 cos(%t)]fzo = 8r.
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Without loss of generality, assume the density p = 1. Then the moment of the curve about
the y-axis is

i = /27r r(t — sint) - \/[r(t — sin t)]lz + [r(1 — cos t)]/z dt

2
r2/ (t —sint) (lfcost)2+sin2tdt
0

27
r2/ (t —sint) - V2 —2costdt

0
2m
=72 / (t —sint) - 2sin(¢) dt half-angle formula
0
= 272 2u —sin2u) sinw - 2du t=2u
0

2/ (2usinu — sin 2u sinu) du

S

4r? [—2ucosu + 5 sinu + % sin 3u] Z:o
4

r? . 2w = 8nr?;

the moment of the curve about the z-axis is

27
M, — /O r(1 = cost) - \/[r(1 — cost)]” + (—rsint)2dt

27
7"2/ (1—cost)\/(l—cost)2+sin2tdt
0
2
:1"2/ (1 —cost) - v2 —2costdt
0

27
=r? / 2sin?(3¢) - 2sin(5t) dt half-angle formula
0
=4r? [ (1 —cos®u)sinu-2du t=2u
0
= 8r? [ cosu + 3 Cos u] q
—gp2.4 32,2
=83 =37

Hence the centroid of the curve is (z,9),
where

i*%*&rrz =7r

L 8r ’
M, ‘3327“2 . 0) 2y -
A
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5.54 MATLAB: centroid of a parametric curve

Find the centroid of one arch of the cycloid
x=3(t —sint), y=3(1—cost),

where 0 < ¢ < 27.
Solution For one arch of the cycloid, the centroid is calculated in MATLAB using the
following code:

>> syms t

>> x(t) = 3*x(t - sin(t));
>> y(t) = 3*%(1 - cos(t));
>> dx(t) = diff(x(t),t);
>> dy(t) = diff(y(t),t);

>> int_fun_L = sqrt(dx(t)~2 + dy(t)~2);
>> L = int(int_fun_L ,0,2%*pi)

L =
24

>> int_fun_x = x(t)*sqrt(dx(t) "2 + dy(t)~2);
>> cen_x = int(int_fun_x,0,2*pi)/L

cen_x =

3*pi

>> int_fun_y = y(t)*sqrt(dx(t) "2 + dy(t)~2);

>> int_fun_y2 = matlabFunction(int_fun_y); ) convert to ..
function handle

>> cen_y = integral(int_fun_y2,0,2*pi)/L

cen_y =

4

The result above shows that the centroid is (3m,4). Note that the command int cannot
2m

solve the integral / 3 (1 — cost) \/(3(1‘ —sint)) + (3(1 — cost))'dt, so we use the command

0
integral to numerically evaluate the integral.
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Centroid for Planar Region

5.55 Theorem: centroid for planar region between two curves

Consider a flat plate (called a lamina) with uniform density p that occupies a region Z. If
Z lies between two curves y = f(z) and y = g(x), where f(x) > g(z) for a < z < b, then the
centroid of Z is (z,y), where

Kl

= %/abw[f(x) —g(@) dz,  y= %/ﬂb%{[f(x)f ~ [9(@)*} de,

b
where A = / [f(z) — g(z)] dz is the area of Z.

Justification: Part 1

First we consider the case that g(z) = 0.

We divide the interval [a,b] into n subintervals with endpoints zg,1,...,z, and equal
width Az. Denote Z; = %(:c,»_l + ;) to be the midpoint of the ith subinterval. Then the
centroid of the ith approximating rectangle is (z;, 5 f(Z;)). Its area is f(Z;)Az, so its mass
is pf(Z;)Az. Thus, for the ith approximating rectangle, the moment about the y-axis is

pf(zi)Az - Z;

Adding these moments, we obtain the moment of the polygonal approximation to #. By
taking the limit as n — co we obtain the moment of % about the y-axis:

n b
M, = Jl)n;ozlpzi,f(il)Ax = p/ zf(x)de.

a

In a similar fashion, the moment of the ¢th approximating rectangle about the z-axis is
pf(@:)Az - 5 f(Zs)

so we get the moment of % about the z-axis:

n b
M=l Y 4@ v =p [ AU d
i=1 “

Zo T1 Ti—1| Zj Tn,
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The mass of the lamina is ,
m:pA:p/ f(z) da.
a

So, the center of mass of the plate (or the centroid of Z since the density is uniform) is
located at the point (Z,y), where

b b
w,_J A0 [ 3@ as
b 9 m .

Justification: Part 2

Next, for g(z) # 0, the mass of the lamina is

b
m=pA=p / (@) - g(a)] de,

where A is the area bounded by the functions y = f(z) and y = g(x) over the interval [a, b].
The moment of #Z about the y-axis and about the z-axis are, respectively,

M, = p/abx [f(z) — g(z)] de,
Mo=p [ {U@P - @)} da

Hence,

5.56 Example: centroid of a semicircular plate

As shown in the figure, we place the plate
so that the circular arc is y = f(x) =
Vr2 —a? (—r < z < r). Find the centroid
of the plate.

—r 0] r

Solution By symmetry, the centroid (z,y) must lie on the y-axis, so that £ = 0. The area
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of the semicircular plate is A = %777“2. Thus,

_ 1 2
=5 | V@I
1 " 2
= i ( r2 — x2> dx
2 —-Tr
2 r 2 2 .
== (r —x ) dz even function
0
_ 2 1 1,317 _ 4
—7[7“ B= g ]x:O_STTT'

Hence, the centroid of the semicircular
plate is at (Z,y) = (0, 5=7).

5.57 Example: centroid of a cycloid plate

Find the centroid of the plate between one Y
arch of the cycloid

x=r(t—sint), y=r(1—cost),

> T

where 0 < t < 27, and the z-axis. 0 2mr

Solution By applying the substitution rule using the parametric equations, the area of
one arch of the cycloid is

2mr
A= / ydx
0

_ [T r(1 —cost) - [r(t —sint)]" dt 2 SAG =)
) y =r(1l—cost)
2m
= 7"2/ (1 —2cost + cos®t) dt
0
27
= r? [1—2cost+ 3(1+ cos2t)] dt double-angle formula
0
= r? [%t — 2sint + %sin 2t] Zo = 3nr2.

Without loss of generality, assume the density p = 1. Then the moment of the plate about
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the y-axis is

2mr
M, = / zy dx
0

— o W . _ 0 — si ! x:/]n(t_sjnt)
_/0 r(t —sint) - r(1 —cost) - [r(t —sint)]" dt {yzr(l—COSt)

2
=3 / (t —sint)(1 — cost)? dt = 3n2r>;
0
the moment of the plate about the z-axis is
27r
M, = / %y2 dx
0

21 L N . , x:r(t—sint)
— /0 5[7(1 —cost)]* - [r(t —sint)]’ dt { y=r(1—cost)

2m
= %7"3/ (1—cost)®dt = Smr®.
0

Hence the centroid of the plate is (z,y), Y
where
_ M, 3n%3 2
T B2 T - (wr.37)
_ M, gwr3_5 ] 27 v
VST T 3m2 T oh

5.58 MATLAB: centroid of a semicircular plate

Find the centroid of the semicircular plate whose circular arc is y = f(z) = V32 — 22
(=3 <2 <3).

Solution First, we notice that the area of the semicircular plate is A = 97”. Moreover, by
symmetry, the centroid (z,y) must lie on the y-axis, so that z = 0. Then, we calculate y
below.

>> syms X

>> y(x) = sqrt(3°2 - x72);

>> A = 372%pi/2;

>> int_fun = 0.5xf(x)"2;

>> cen_y = int(int_fun,-3,3)/A

cen_y =

4/pi

The result above shows that y = %.
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5.59 MATLAB: centroid of a cycloid plate

Find the centroid of the plate between one arch of the cycloid
x=3(t —sint), y=3(1—cost),

where 0 < t < 27, and the x-axis.
Solution The centroid of the plate is calculated in MATLAB using the following code:

>> syms t

>> x(t) = 3%(t - sin(t));

>> y(t) = 3*x(1 - cos(t));

>> dx(t) = diff(x(t),t);

>> int_fun_A = y(t)*dx(t);
>> A = int(int_fun_A,0,2%pi)
A =

27*pi

>> int_fun_x = x(t)*y(t)*dx(t);
>> cen_x = int(int_fun_x,0,2*%pi)/A

cen_x =
3*pi

>> int_fun_y = 0.5%y(t) "2xdx(t);
>> cen_y = int(int_fun_y ,0,2*pi)/A

cen_y =

5/2

The result above shows that the centroid of the plate is (371', g)

Pappus’s Theorem

5.60 Example: relationship - arc length and surface area of revolution
p I g

We have calculated several geometric quantities associated with the cycloid
x=r(t—sint), y=r(l-—cost), 0<t<2nm.
We know that the arc length is L = 8r and the centroid of the arc is (z,9) = (7, 37).

1. For the solid obtained by rotating the region under the curve about the z-axis, we know
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that the surface area is S = 63—47rr2. It is easy to verify that

S = %7”2 = QW(%T) x (8r) =27y x L.

2. For the solid obtained by rotating the region under the curve about the y-axis, we know
that the surface area is S = 167%r2. It is easy to verify that

S = 167%r? = 2n(7r) x (8r) = 27w% x L.

5.61 Example: relationship - area and volume of revolution

We have calculated several geometric quantities associated with the area under the cycloid
x=r(t—sint), y=r(l—cost), 0<t<2r.

We know that the area under the arc is A = 372 and the centroid of region under the arc is
(,9) = (w7, §7).

1. For the solid obtained by rotating the region under the curve about the z-axis, we know
that the volume is V = 57273, It is easy to verify that

V =5r%® =2n(3r) - (3mr?) = 2my - A.

2. For the solid obtained by rotating the region under the curve about the y-axis, we know
that the volume is V = 67373, It is easy to verify that

V = 6n3r3 = 2n(wr) - (3nr?) = 277 - A.

5.62 Theorem: Pappus’s Theorem

1. The surface area S of a surface of revolution generated by rotating a plane curve &
about an axis external to ¥ and on the same plane is equal to the product of the arc
length L of € and the distance d traveled by the centroid of %

2. The volume V of a solid of revolution generated by rotating a plane region % about an
external axis is equal to the product of the area A of #Z and the distance d traveled by
the centroid of Z.

5.7 Work

5.63 Theorem: work done in moving an object along a line

Suppose that the object moves along the z-axis in the positive direction, from = = a to
x = b, and at each point x between a and b a force f(x) acts on the object, where f is a
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continuous function. Then the total work by the force is

W:/abf(x)da:.

. J

Justification:

Suppose that the object moves along the z-axis in the positive direction, from z = a
to x = b, and at each point x between a and b a force f(x) acts on the object, where f
is a continuous function. We divide the interval [a,b] into n subintervals with endpoints
Zo,%1,-..,%, and equal width Az. We choose a sample point z} in the ith subinterval
[€;—1,2;]. Then the force at that point is f(z}). If n is large, then Az is small, and since f is
continuous, the values of f don’t change very much over the interval [z;_1, z;]. In other words,
f is almost constant on the interval and so the work W; that is done in moving the particle
from x;_1 to z; is approximately given by W; ~ f(z}) x Az. Thus we can approximate the
total work by

Therefore, the work done in moving the object from a to b as the limit of this quantity as
n — oo. Since the right side is a Riemann sum, we recognize its limit as being a definite
integral:

n b
W = nh_{r;oz:f(xf)Aa: = / f(z) da.
i=1 @

5.64 Example: spring stretching

A spring exerts a force of 10 N when stretched 10 cm beyond its natural length. How much
work is required to stretch the spring 20 cm beyond its natural length?

Solution According to Hooke’s law, the force needed to extend or compress a spring by
some distance x meters away from its natural length scales linearly with respect to that
distance, that is, f(x) = kxz. When the spring is stretched 10 cm beyond its natural length,
the force is 0.1k. By the hypothesis, 10 = 0.1k, so that k¥ = 100. Thus, f(z) = 100z.

Hence the work done in stretching the spring 20 cm beyond its natural length is

0.2
=0

0.2
W = / 100z dz = [502°] 2,
0

5.65 Example: cable lifting

A cable 60 meters long whose mass is 30 kilograms is hanging over the edge of a tall
building and does not touch the ground. How much work is required to lift the top 12 meters
of the cable to the top of the building?

Solution To lift the top 12 meters of the cable to the top of the building, the total work
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done consists of two parts: (1) Wi for moving the first top 12 meters of the cable to the top
the building; (2) W for moving the bottom (60 — 12) = 48 meters of the cable 12 meters
higher.

(1) Let us place the origin at the top of the building and the z-axis pointing downward.
To compute the work W3, we divide the cable into small segments with length Az. If =} is a
point in the 7th such segment, then all points in the segment are lifted by approximately the

1

same amount, namely x;. Since the cable weights % = 5 kilograms per meter, so the weight

of the ith segment is %Ax. Thus, the work done on the ith segment is
(%Aaz) cxr g = %gm;‘ Az,

By adding all these approximations and letting the number of segments becomes large (equiv-
alently Az — 0), we get the work done for moving the first top 12 meters of the cable to the
top the building:

n 12
o 1 _ 1 _ri,.2112 _
W, = nl;rr;oz; 597 Az = /0 sgrde = [jg2?] _ = 36g.
=
(2) Similar as above, we divide the second portion of cable into small segments with length
Ax. This gives the weight of the ith segment to be %Asc. Thus, the work done on the ith
segment is

(%Ax) <12 - g = 6gAx,

By adding all these approximations and letting the number of segments becomes large (equiv-
alently Az — 0), we get the work done for moving the bottom 48 meters of the cable to the
top the building:

n 60
Wy = lim ) 6gAz = / 6gdz = 6g x (60 — 12) = 288g.
n—00 — 12
In fact, we can compute Wy without using integration. Since this portion of cable exerts a
force of % x 48¢g along the direction of motion, the work done is Wy = % X 48g x 12 = 288g.
Hence the total work done is

W =W, + W, = 369 + 288¢g = 324¢ = 3175.2 J.

5.66 Example: pumping liquid

A frustum of a cone of height H, top radius R and base radius r contains some liquid of
density p. Suppose that the depth of the liquid in the frustum is h. How much work does it
take to pump the liquid to the top of the container?

Solution Let x be the distance to the top of the container. Then the liquid extends from
x=H — h to x = H. We sketch a diagram of the situation.
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— & —l
[¢— = —>

By similar triangles, the radius r(z) of the disk at depth x satisfies

’I‘(SC)*’I":HfI

R—r H '

which gives
H—=z

r(x)=(R—r) + 7.

We divide the interval [H — h, H] into subintervals. Then the thin layer corresponding to
[€;—1, ;] has approximate volume

AV; = 7[r(z})]? Az,
and the work needed to pump the layer to the top of the container is approximately
AW; = (9pAVy)z; = mgpa;[r(z})]* Az,

where g is the gravitational constant. Therefore the total work needed to pump all the liquid
to the top of container is approximately

ST AW = ngp Y ai ()P A
i=1 i=1
Taking the limit as Ax — 0, we get the total work

H H
W = ng/liihx[r(x)}de = % /}th[(R —r)(H —z) +rH*dz

= mgpH?R? [a®b + 1a(2a — 3b)b* + 1(1 — a)(1 — 3a)b® — (1 — a)?b?],

h
where a = % and b = T
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5.67 MATLAB: spring stretching

A spring exerts a force of 10 N when stretched 10 cm beyond its natural length. How much
work is required to stretch the spring 20 cm beyond its natural length?
Solution The problem can be solved in MATLAB as follows:

>> syms k

>> g(k) = 0.1xk; 7 Hooke's law

>> kO = solve(g(k) == 10) 7% solve the constant k
kO =

100

>> syms X

>> int_fun = kOx*x;

>> W = int (int_fun,0,0.2)

W =

2

We see that the work required is 2 (J).
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Summary

Theorem: area

o If f(z) > g(x),

A= [ (@) - g(@) da

e In general,

b
A= [ 1f@) - g(o)] do

a
e For a region under the parametric curve z = f(t), y = g(t) (a <t < ),

B
A= [ gt £ie)ae

e For a polar region bounded by the polar
curves r = f(0), r = g(0), and by the rays
0=atol=p,

Theorem: volume

e by slices:

V:/abA(ac)dx

e by shells: Y

V= / @ra) @) () y= 1)

N—— ~—~ I/_\I
circumference  height thickness T
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Theorem: arc length

e Fory = f() (a <z <),

=/$M1+UKMfdm y

e For parametric curve z = f(¢), y = g(¥) /\/
(<t <p),
B
L= [ VIror+ P

e In general, &

=/ @

arc length

e For the polar curve r = f(0) from § = «

to 0 = p3, 1)
, r=f(0
L= [ Vuer+irePras -
S R GETR 7=
. o =0

Theorem: surface area of revolution

e For a curve y = f(x) (a <z <)),

S = / 2 f(z) 1+ (@) d i

e For a parametric curve x = f(t), y = g(¢) //7\/(\
(a <t <p), l ' |

’ I 4.
5= [ 2rg\/ [ OF + g @F ar. w

e In general,

(27r) (ds)
/ —— —

circumference  arc length
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Theorem: center of mass for discrete system

e For one-dimensional system:

B = L=
m n
Z my
=1

Theorem: center of mass

e For mass distributed along a curve y = f(x) (a <z <),

b
— [ o) o TF P

b
7= [ #@) F@VIT TP da,

8l

b
where m = / p(x) - /14 [f(x)]?dz is the total mass of the curve.

o For mass distributed along a parametric curve x = f(t), y = g(t) (a <t < ),
o= 1 ? ! 2 ! 24
i= o [ 00 1OVIFOP T FEP

B
7= [ o) gOVIFOP + OR s

B
where m = p(t) - /[ ()2 + [¢'(t)]2 dt is the total mass of the curve.

e For a pla(iice occupying the region bounded by two curves y = f(x) and y = g(x) (a <
x <b), with f(x) > g(z), the centroid is at (z,y):

=§ﬂfﬂﬂm—g@nmg @=§1f%gﬂ@f_w@m}d%

81

b
where A = / [f(x) — g(z)] dz is the area of the region.

a
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Theorem: Pappus’s Theorem

1. The surface area S of a surface of revolution generated by rotating a plane curve &
about an axis external to ¥ and on the same plane is equal to the product of the arc
length L of € and the distance d traveled by the centroid of €.

2. The volume V of a solid of revolution generated by rotating a plane region &% about an
external axis is equal to the product of the area A of #Z and the distance d traveled by
the centroid of Z.

Theorem: work done by a force
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CHAPTER

Infinite Sequences and Series

6.1 Infinite Sequences

6.1 Definition: infinite sequence

An infinite sequence (or sequence for short) is an ordered list of numbers of the form

{ai,a2,a3,...,an,...}.

For each n, the term a,, is called the nth term of the sequence.
For convenience, sometimes we write a sequence as {a, }.

6.2 Example: infinite sequences

The following are some examples of sequences.

1. The sequence {1,2,3,...,n,...} consists of all the positive integers, with the nth term
of the sequence being a,, = n.

2. The nth term of the sequence {1,—1,1,—1,1,—1,... } is a, = (=1)""L.
3. The terms in the sequence

{3,3.1,3.14,3.141,3.1415, .. . }

are from the truncations of the number 7. The nth term of the sequence is the num-
ber obtained by truncating 7 to n — 1 decimal place. For this sequence, there is no
elementary formula available to express a, in terms of n.

4. For a given expression of a function f, by evaluating the function at integers, we can
obtain a sequence

{a1,a2,as,...,an,...},
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where a, = f(n) (n=1,2,3,...). For instance, the infinite sequence
{COS%,COS%,COS%,...,COS%,...}
can be generated by the function f(x) = cos T.

5. The infinite sequence

{x/i,\/2+\/§,\/2+\/2+\/§,\/2+\/2+\/2+\/§,...}

can be defined as

a1:\/§; an =+/2+ an_1, forn > 2.

By using the formula, we can generate the whole sequence recursively. In fact, for the
first few terms:

whenn=1: a =V?2;

whenn=2: ay=+v2+a;
=2+ 2

whenn=3: a3=+2+as

=V2+V2+ V2

whenn=4: a4=+v2+as3
:\/2+ 2+V2+ V2.

6.3 Definition: limit of infinite sequence

o An infinite sequence {a, } has the limit L, an
which is a finite number, and we write

lim a, =L or a, —>Lasn— oo
n—oo L

if we can make the terms a,, as close to L
as we like by taking n sufficiently large.

O 1 2 3 4 5 6 7 8 9 10

If lim a, exists, we say the sequence converges (or is convergent). Otherwise, we
n—oo

say the sequence diverges (or is divergent).

e The infinite limit lim a, = co means that we can make the terms a,, as large as we like
n—oo

by taking n sufficiently large. In this case, we say the sequence diverges to infinity.

Similarly, we can definite lim a, = —occ.
n— oo
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6.4 Example: convergent/divergent sequences

1. The sequence
{l 11 1 }
0 39 B 00y g oo
. 1 . .
converges to 0, since we can make the terms a,, = — as close to 0 as we like by taking

n
n sufficiently large. In fact, for instance, to make the terms a,, close to 0 within 0.1,
that is,
lan, — 0] < 0.1,

we just need to take n > 10, as shown in the figure.

[ n [an [ n [an |
1 [1.0 11 | 0.090909
2 |05 12 | 0.083333 an
3 [ 0.333333 || 13 | 0.076923
1025 14 | 0.071429
5 |02 15 | 0.066667
6 | 0.166667 || 20 | 0.05 05
7 [0.142857 || 30 | 0.033333
§ 0125 | 40]0.0% .
9 [ 0111111 || 50 | 0.02 R .
10 [ 0.1 60 | 0.016667

2. The sequence
{(3:G)%56G), @)}

converges to 0, since we can make the terms a,, = (%)" as close to 0 as we like by taking

n sufficiently large. In fact, for instance, to make the terms a,, close to 0 within 0.05,
that is,
|a, — 0] < 0.05,

we just need to take n > 4, as shown in the figure.

[ an |
0.5
0.25 U
0.125
0.0625
0.03125
0.015625
0.0078125 or oo "L
0.00390625 (ETHEE S 10 "
0.00195313
0.000976563

0.5

O 0o | | U x| WD =] S

—
o
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3. The sequence
{0.9,0.99,0.999,0.9999, ...}

converges to 1, since the terms increase in magnitude and approach 1. For instance, to
make the terms a, close to 0 within 0.07, that is,

la, — 0] < 0.07,
we just need to take n > 1.
an
A
1109 1- 00t
210.99
3 1 0.999 0.5
4 | 0.9999
5 0.99999 »
6 | 0.999999 123 10

4. The sequence

18 3 n?+2-(=1)"n
{_3,9,19,...,2”2H }
1 n? 42 (<1)"
2 2n2 + 1
like by taking n sufficiently large. In fact, for instance, to make the terms a,, close to
% within 0.15, that is,

converges to =, since we can make the terms a, = as close to % as we

|an — 1| < 0.15,

we just need to take n > 6, as shown in the figure.

[ n [an [ [an | an
1 [ —0.333333 [[ 11 | 0.407407
2 | 0.888889 || 12 | 0.581315
3 | 0.157805 || 13 | 0.421829 ]
4 [ 0.727273 || 14 | 0.569975 ‘“
5 | 0.294118 || 15 | 0.432373
6 | 0.657534 || 20 | 0.549313 .
7 1 0.353535 || 30 | 0.533037 SR RRRE G
8 | 0.620155 || 40 | 0.524336
9 | 0.386503 || 60 | 0.516595
10 | 0.597015 || 80 | 0.512460
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5. The sequence
{sin1,sin2,sin3,...,sinn,...}

diverges, since a,, = sinn does not appear
to approach any finite number as n — co.

6. The sequence

1 2 3 n
In2'In3’ In4”"" In(n+1) "

diverges to co. This is because,

. . 1
T +1)  oose L
T+ 1
= lim (z 4+ 1) = oo,
T—>00
. . n
we have lim a,, = lim —— = oo.

an

an

40

1 2 3 4 5 10

z—
holds when L = 0o or —co.

6.5 Theorem: limit of a sequence from limit of a function

If lim f(x) =L and f(n) = a, when n is an integer, then li_}In an = L. The same result
o0 n—oo

6.6 Theorem: Limit Laws for sequences

hold.

1. lim (ap +b,) = lim a, + lim b,.

n—oo n—oo n—oo

2. lim (a, —b,) = lim a, — lim b,.
n—00 n—00 n— 00

n—oQ

4. lim (ayb,) = lim a, - lim b,.

n—oo n— oo n—oo
o fmen
5. lim — = =~=——if lim b, # 0.
n—o0 by, lim b, n—00

n— oo

3. lim ca, =c lim a,. In particular, lim c¢=c.
n—,oo n—roo

Suppose {a,} and {b,} are convergent sequences and c is a constant. Then the following
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P
} if p > 0 and a, > 0.

6. lim af = [lim anp
n—roo n—roo

6.7 Example: limits of sequences

1
1. Show that lim — =0 (p > 0).
Solution Because lim — = 0, we know that lim — = 0. Thus, for p > 0, by the
n—,oo N,

n—oo N,
r—00 I
Limit Laws,
1 p
lim — = <lim —) =07 =0,
n—oo NP n—oo N
ns +2n—1
2. Compute lim = .
n—00 nz + 1
Solution Since
g 1 1 1 1
2142 — — L
n%—|—2n—1_n2<+ n ng)_1+2 n: _n?
3 - 1 - 1 ’
nz +1 n%<1+—3> 1+ =
n2 n2

1
nf _1+2:0-0

from the Limit Laws, we have
. 1 .
142 lim — — lim
n—oo N3 n—oo n,
140

. n% +2n—1
lim = = T
noee m3 A1 1+ lim —
n—oo TL%
6.8 Theorem: Squeeze Theorem
If a, <b, <¢, forn >ngand lim a, = lim ¢, = L, then lim b, = L.
n—oo n—roo n—oo

6.9 Example: limits of sequence - Squeeze Theorem

Show that lLim S0 —
n—oo n
Solution Since —1 < cosn < 1 for all n, we have
1 < cosmn - 1
vn T on T n
B li — i L) 0, by the S Th t that lim <2 — g
ecause lim. T Jim 7)) =0 y the Squeeze Theorem, we get that lim. Jn 0
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6.10 Example: zero limit and its absolute value

Show that lim |a,| =0 if and only if lim a, = 0.
n—oo n—oo
Solution
“=—": Suppose lim |a,| = 0. By the Limit Laws, lim (—|a,|) = 0. Since
n—r oo n—oo

_|an| <a, < |an|7

by the Squeeze Theorem, hm an, = 0.
“<=": Suppose hm an = O By the Limit Laws,

lim v/a2 +n-1 = /lim (a2 +n-1)

n— oo n— oo

=,/ lim a2 + lim n~!

= [lm @+ 0= +0=0,

Since
0 <lan| <+a2 +n-t,

by the Squeeze Theorem, lim |a,| = 0.
n—oo

6.11 Definition: two asymptotic relations

e The notation
an L by, asn — oo,

which is read “a,, is much smaller than b,, as n tends to co,” means

lim Y =0.

e The notation
an ~ b,, asn— oo,

which is read “a,, is asymptotic to b,, as n tends to co,” means that
n—b, <b,, asn— oo,

or, equivalently,

. an
lim — = 1.
n— oo n

6.12 Theorem: growth rates of sequences

For any real numbers p > 0, ¢ > 0, » > 0, and b > 1, the following asymptotic relations
hold: as n — o0,

Inn<n?<n? In"n<K<b” < nl «n™




342 Infinite Sequences and Series

Remark: Stirling’s formula

A more precise formula for n! is given by Stirling’s formula:

n n
n! ~2mn (—) , asn — oo.
e

Justification: In?n < n?

Since, as n — oo,

nin n?n\ /9 Inn
InYn < nP — <<1<:>< > <1+ —~ <1 < lnn< n?/q,
np np np/a
we only need to show for any positive real number p,
Inn < n?, asn— co.
In fact, by I’'Hospital’s Rule,
1
1 -
lim ﬂglim L _ — Jim — =0,
z—oo P z—r00 prP— z—o00 PP
. Inn
so that lim —— = 0. Thus, Inn < n?P as n — co.
n—oo NP

Justification: n? < nP In" n

Since, as n — o0,

nP<nPln"n <= l<hn"n < 1< Inn,

1
we only need to show that lim —— = 0. The latter is obvious since lim —— = 0.
n—oo Inn z—oo Inx

Justification: n? In" n < b”

Since In?n < nP as n — oo for any positive p and ¢, to show that n? In" n < ", we only
need to show that the asymptotic relation n? < b™ for any positive p and b > 1. Furthermore,
since

nP Kb = n< [OYP)",

it is sufficient to show that n < b" for any b > 1.
In fact, we may write b = 1 + a, with a > 0. Then, by the binomial expansion, we have

V'=(1+a)"=1+na+ 3n(n—1)a®+ - +a" > in(n—1)a*
We get
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1
Because lim = 0, by the Squeeze Theorem, we have lim = 0. That is, n < b™.
n—oom — 1 n—o0 b

Justification: " <« n!

For the given number b, take a sufficiently large K such that b < K. Then, for n > K, we

have
n factors
—
0<b_n: b-b---b-b
nl n-(n—1)---2-1
b b b b b b
“non-1 K K—-1 21
L0 b8
n K-—1 2 1
Since

Ye3

b
by the Squeeze Theorem, we have lim — = 0. That is, "™ < n! as n — co.
n—oo n!

Justification: n! < n"
Since
n! n-(n—1)---2-1 n n-1 2 1 1
————
n factors

1 n!
It is known that lim — = 0. By the Squeeze Theorem, we have lim — = 0. That is,
n—oco N n—oo N
n! K n™ as n — oo.

6.13 Theorem: geometric sequences

Let r be a real number. Then

0, if |r] < 1;
lim r" =< 1, ifr=1;
e diverges, ifr < -—lorr>1.

Justification:

1. Consider 0 < |r| < 1.

When r = 0, it is clear that lim ™ = 0.
n—oo
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1
When 0 < r < 1, we put b = — and know that b > 1. Since 1 < b™ as n — 0o, we have
r

lim bi:()ﬁ lim "™ = 0.

n—oo N n— o0

When —1 < r < 0, we have 0 < |r| < 1. Since
—|r|* <7 <,
and lim |r|™ = lim (—|r|™) = 0, by the Squeeze Theorem, we know that lim r™ = 0.
n— 00 T —00 n—00

2. If r =1, then ™ =1 for all n > 1. In this case, it is clear that lim ™ = 1.
n—oo

3. Suppose r < —1orr > 1.
When 7 > 1, we know that 1 < 7™, so that {r"} diverges to cc.

When r < —1, {|r|*} diverges to oo, so that {r™} oscillates and never approach any
finite number. Hence, {r"} diverges in this case.

6.14 Theorem: sequential limit for continuous function

If lim a, = L and the function f is continuous at L, then
n—oo

lim f(a,) = £(L).

n— oo

6.15 Example: limit of sequence

1. Compute the limit lim /a for a > 0.
n— o0

Ina
Solution Let a, = In /a = —. Then /a = e*». We know that 1 < n as n — oo,
n
so that lim a, = 0. Because €” is a continuous function at x = 0, we have
n—oo

lim /o= lim e =€’ =1.
n—oo n—oo

2. Compute the limit lim /n.
n—oo

1
Solution Let a, = In {/n = 2% Then {/n = e. We know that Inn < n as n — oo,

so that lim a, = 0. Because e” is a continuous function at x = 0, we have
n—oo

lim ¥/n= lim e =% =1.
n—,oo n—oo

n
3. Compute the limit lim (1 — 2) .

n—oo n
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2\" 2 2\"
Solution Let a,, = In (1 — —) =n-ln <1 — —). Then (1 — —) = e“". Replacing
n n n

n by a continuous variable x7!, we see that n — oo is a special case when z — 0F.
Applying I’'Hospital’s Rule gives

-1

—2
In(1- 2z _
lim z7!-In (1 -2x)= lim g E lim 1—2z _ -2,
z—0t r—0t x r—0t 1
so we have lim a, = —2. Because e* is a continuous function at x = —2, we have
n—oo

2 n
lim (1 — —) = lim e*™ =e 2.
n—o00 n n—o00

Definition: terminology for sequences

{a,} is increasing if a,, 11 > a,. For example, {1,2,3,...}.

{a,} is non-decreasing if a,, 11 > a,. For example, {1,1,2,2,3,3,...}.

{a,} is decreasing if a1 < a,. For example, {0,—1,—2,-3,...}.

{a,} is non-increasing if a,,+1 < a,. For example, {0,0,—1,—-1,—2,—2,... }.

{a,} is monotonic if it is either non-increasing or non-decreasing.

{a,} is bounded if there is number M such that |a,| < M for all n.

6.17 Example: product of sequences

Suppose {a,} is bounded and hm b, = 0. Show that hm anb, = 0.

Solution Since {a,} is bounded there is a number M such that |a,| < M for all n. Thus,
for every n,
—M(bn| < anbr < M|by).
Since hm b, = 0 implies hm |bn,| = 0, by the Limit Laws, we know that hm M|b,| =
lim (— M|b |) = 0. Hence, by the Squeeze Theorem, we get hm anb, = 0.

n— 00

6.18 Theorem: Monotonic Sequence Theorem

Every bounded, monotonic sequence is convergent.
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The proof of the theorem is based on a fundamental property of the real numbers
that if a sequence (or a nonempty set) is bounded above, then it has a least upper
bound. It is an expression of the fact that there is no gap or hole in the real number
line. We omit the details of the proof because it is beyond the scope of the text.

6.19 Example: sequence generated by recurrence relation

Show the sequence {a,}, defined by the recurrence relation,
ay, = %an,l +1, (n>2); a1 =1,

has a limit. What is the limit?

Analysis: By plotting the first few terms Gn
of the sequence, we see that the sequence ap-
pears increasing and bounded.

Solution We shall prove the following statement by induction: for n > 1,

S' an+1>a'n7
e 1<a, <2

In fact, for n = 1, we have

ax=1a+1=1-141=3>1=aq,

l=a; <2.

So Sj is true. Suppose the statement is true for some k:

a >a
S]g . { k+1 ks

1 <ap <2.
Then,
Qjy2 = %akﬂ +1> %ak +1=ag41,
and
l<ap<apy1 =30 +1<3-2+1=2,
that is

S . a/k+2 > ak+17
kAl 1 S Af+1 < 2,

Sk+1 is also true. Hence, by the principle of induction, the statement S,, is true for all n > 1.
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Because {a,} is increasing and bounded, by the Monotonic Sequence Theorem, lim a,
n—oo
exists, say L.
To find the limit L, we let n tend to oo on the both sides of the recurrence relation
an = %an_l + 1. This yields L = %L + 1. Solving the equation gives L = 2.

6.20 MATLAB: limit of sequence

We will compute the limit of the following sequences in MATLAB.
1. lim /a for a > 0.

n—roo

Solution

>> syms a n

>> assume(a, 'positive') % a>0

>> assume(n, 'positive') % n>0

>> assumeAlso(n, 'integer') % n is also an integer
>> limit(a~(1/n) ,n,Inf)

ans =

2. lim {/n.

n—roo

Solution

>> syms n

>> assume(n, 'positive') % n>0

>> assumeAlso(n, 'integer') % n is also an integer
>> 1limit(n~(1/n) ,n,Inf)

ans =

n
3. lim (1—2) .
n—roo n

Solution

>> syms n

>> assume (n, 'positive') % n>0

>> assumelAlso(n, 'integer') % n is also an integer
>> 1limit ((1 - 2/n) "n,n,Inf)
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ans =

exp (-2)

6.21 Definition: convergent series

oo
For a given series > ar = a; + a2 +ag+ -+, let s, denote its nth partial sum:
k=1

n
sn=Zak:a1+a2+~'+an~
k=1

If the sequence {s,} is convergent and lim s, = s exists as a real number, then the series
n— oo

> ay, is called convergent and we write
o0
ay+ag+az+---=s8 or E ap = S.
k=1

The number s is called the sum of the series. If the sequence {s,} is divergent, then the
series is called divergent.

6.22 Theorem: geometric series

Let a # 0 and 7 be a real number. Then

oo

)
E ark=t = L—r
k=1

diverges, if |r| > 1.

if |r| < 1,

Definition: geometric series

The series
oo
g ar*l=a+ar+ar’+---
k=1

is called a geometric series. Each term is obtained from the preceding one by
multiplying it by the common ratio r.
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Justification:

If » = 1, the nth partial sum s, = a4+ a + --- 4+ a = na diverges either to co or —o0, as n
tends to co.
If r # 1, the nth partial sum s,, can be found as follows: by multiplying  to both side of

Sp=a+ar+ar® 4+ +ar"L,
we get

rsp=  ar+ar’®+---+ar" 4 ar

Subtracting these equations, we get

Sp — TSy =a —ar”,

so that

a—ar™
1—7r °

Thus, if —1 <7 < 1, since r™ — 0 as n — 0o, we get

Sp =

— . 1 n
. . a—ar® a—a nli{fgor a
lim s, = lim = = .
n— oo n—oo |1 —7r 1—17r 1—17r

If r < —1 or r > 1, the sequence {r"} is divergent, so {s,} is also divergent. Thus, if
r < —1 or r > 1, the geometric series diverges.

6.23 Example: repeating decimal

Express 3.0127 as a fraction.
Solution The given number can be written as a geometric series:
3.0127 = 3+ 0.0127 = 3 + 0.0127 4 0.0000127 + 0.0000000127 + - - -
=3+ 0.0127 4 0.0127 - 10~® + 0.0127 - 107 4 - --

geometric series

_34 0.0127
1—-10-3
127 x 1074
1073 x (103 — 1)
., 127 30097
=57 5990 = 9990 °

=3+

It is easy to generalize the above argument to show that any repeating decimal can
be expressed as a fraction. Hence, any repeating decimal must be a rational number.
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6.24 Example: telescoping series

1. Evaluate th i §OO <1 1 )
o valuate € series — = = .
=i 2k 2k+1

Solution The partial sum for the given series is

(1 1
S”:Z<2k_2k+1)

k=1
(1 11
~\aor T g2 +2_3 +2_4 +"'+2_W
! 1
=91 g
Thus,
. T 11 1
A s = 0\ g~ ) T 3
Hence,

— (1 1) 1
> ok Rl ) T g

k=1

This is called telescoping series since the partial sum collapses (like a pirate’s collapsing
telescope) into just two terms.

1

2. Evaluate the series k2:21 R D)

Solution The partial sum for the given series can be evaluated by writing it as a
telescoping sum:

n

k=1 k=1
-G-8+ G-+ G-
-\l n+1
_L ¢
1 n+l
Thus,
. . 1 1
lim s, = lim (— >:1
n—00 n—oo \ 1 n-+1
Hence,

= 1
2w

k=1
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6.25 Theorem: properties of convergent series

1. If 3" ap converges and c is a real number, then the series ) cay converges and

E Cak:CE Q.

2. If > ay and > by converge, then the series > (ay %+ by) converges and
St b) = T o £ b

3. If N is a positive integer, then Z ar and Z ay, either both converge or both diverge.
k=1 k=N
In general, changing a finite number of terms in a convergent series does not change its

convergence, although it does change the value of the series.

. J

Justification:

n oo
1. Let s,, = > ar and lim s, = s. Then the nth partial sum for the series Y cay is
k=1 =>E2 k=1

n n
Uy = g cak:cg ai = CSp,
k=1 k=1

and
lim u, = lim ¢s, =c¢- lim s, =c- s.

n—oo n—oo n—oo

That is, > cay is convergent and

oo oo
E cap = C E Q.
k=1 k=1

2. Let

n n
n = E g, tn = E bka
k=1 k=1

and lim s, =s, lim t, =¢. Then the nth partial sum for the series > (ay + by) is

n—oo n— oo k=1

n
Up = Za’k'i‘bk Zak+zbk=3n+tna
k=1

and

lim u,, = hm (sn—i—t )= lim s, + lim ¢, =s+t.
n—oo n— oo n— o0
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That is, > (ax + bg) is convergent and

Z(ak +by) = Zak + Zbk~
= k=1 =1l

k=1

Similarly we can show that > (ax — bg) is convergent and

Z(ak — bk) = Zak — Zbk
k=1 k=1 k=1

3. For fixed integer NV with 1 < N < n,

n N-1

n
E ak:E ap — Q.

k=N k=1 k=1

o0 (e e}
If > ap converges, then the right side has a finite value as n tends to oo, so Y. ag
k=1 k=N
converges. Similarly, it is easy to see that, from the equality

n N-1 n
E ax = E ak + E aj,
k=1 k=1 k=N

o0 (oo}
if > aj converges, then > aj converges.
k=N k=1

If > by is generated by changing a finite number of terms in a convergent series > ay,
then there exists a sufficiently large N, such that, when n > N,

n
> -
k=N
Thus, when n > N, the equality holds:

D=) etk
k=1 k=1

n
ag.
k=N

o0
where K is a fixed constant. It is easy to see from the last equality that Y by converges,
. k=1
while its value may differ from the value of > ay.
k=1

6.26 Remark: finding the sums

Besides the geometric series and telescoping series, generally, it is not easy to find the sum
of a series. However, it is possible to study convergence of a series without knowing its sum.
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6.27 MATLAB: telescoping series

In MATLAB, we can use the command symsum to evaluate the sum of a series. In the
following, we will show two examples.

S0 1 1
1. — — — .
g;_<2k 2k+1>

Solution

>> syms k
>> f = 1/2°k - 1/2°(k + 1);
>> symsum(f,k,1,Inf)

ans =
1/2
x 1

2. —_—
kgl k(k+1)
Solution

>> syms k
>> f = 1/(k*x(k + 1));
>> symsum (f,k,1,Inf)

ans =

6.28 Engineering Example: discrete-time convolution

The convolution is an operation on two functions to produce a third function that shows
how the shape of one of the original functions is modified by the other one. For two functions
f[n] and g[n] defined on the set Z of integers, the discrete-time convolution of f[n] and g[n]
is given by

o0
fln)xgln)= > flmlgln —m].
m=—o0
The discrete-time convolution has wide applications in engineering fields, e.g., computer
vision, natural language processing and digital signal processing (DSP) systems.
For example, the block diagram for a linear time-invariant (LTT) system is shown below,
where z[n] is the input and y[n] is the output.




354

Infinite Sequences and Series

x[n] ——»{ LTT system ——» y[n]

The output of the system y[n] is the convolution of the input z[n| with the system’s
response to an impulse, i.e., the impulse response. Mathematically, it can be written as

yln] = z[n] x h[n]

where h[n] is the impulse response of the LTT system.

6.29 Engineering Example: discrete-time correlation

Correlation is a way to compare signals with each other and search for similarities between
signals. The signal correlation can be performed either between two different signals or with
one signal.

Specifically, the correlation between two different signals is called cross-correlation.
Given two signals z[n] and y[n], the cross-correlation between z[n] and y[n| is defined as

oo

Ryylk] = Z z[mly[m — k.

m=—0o0

There are many applications of signal cross-correlation in signal processing systems. For
example, when a signal is corrupted by another undesirable signal, e.g., noise, during trans-
mission, the cross-correlation is then used to estimate the signal at the receiver side.

The correlation with one signal is called auto-correlation. For the signal z[n], its auto-

correlation is defined as
o0

R, [k] = Z x[m]z[m — k.

m=—0oQ

The auto-correlation is widely applied in radar, sonar, satellite, wireless communication sys-
tems, etc.

6.30 Engineering Example: geometric distribution

Assume a programmer has 85% chance of finding a bug every time he compiles his code.
Then, the probability that he finds the bug at the kth (k > 1) trial can be calculated as

p(k) = (1 —0.85)*10.85.

Note that the probability that the programmer finds the bug at the kth trial, i.e., p(k), obeys
the geometric distribution.

Suppose that the total number of chances that the programmer can try to find the bug
every workday is n. Then, the probability that the programmer can find the bug before he
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gets off work is
n

sn=Y_p(k)=> (1-0.85)*710.85.
k=1 k=1

In particular, when n — oo, it can be proved that

s=Y (1-085)""0.85 =1.
k=1

o0
The result above shows that the series Z(l —0.85)%710.85 converges to 1. Note that this

k=1
9]

result holds for any bug finding probability ¢ € (0,1], i.e., Z(l — q)k_lq = 1 for any
k=1

0 < ¢ < 1. It means if given enough times of trial, no matter how proficient the programmer

is, he can find the bug for sure.

6.31 Engineering Example: Poisson distribution

The Poisson distribution is a discrete probability distribution that describes the likelihood
of a given number of events occurring within a fixed interval of time (or space), if these events
occur 1) with a knowing constant average rate, and 2) independently of the time since the
last event occurred. The Poisson distribution can be used to model quite a large number of
processes, e.g., the number of births expected during the night in a hospital, the number of
arrivals in any service facility such as at an ATM, bank, bus station and petrol pump, and
the number of clicks on any website.

Let the probability of k arrivals at a bus station during a fixed time interval be denoted as

p(k). Since p(k) obeys the Poisson distribution, we have
)\k
=

where A is the average number of arrivals at the bus station during the fixed time interval.
Furthermore, it can be proved that

oo 0k
5= Zp(k) ze_)‘z% = 1
k=0 k=0

The convergent series above means there is either no arrival or at least one arrival at the bus
station during the fixed time interval, which is consistent with the intuition.
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Divergence Test

6.32 Theorem: Divergence Test

If > ay converges, then lim a; = 0. Hence, if lim aj # 0, then the series diverges.
k—o0 k—o0

n

If > ay is convergent, by the definition, lim s, = s exists, where s, = > ax. Thus,

lim ar = lim (sg — sg—1) = lim s — lim s;_1 =s—s=0.
k—o0 k—o0 k—o0 k—o0

6.33 Example: divergent series

Show that the series 52 LK g

ow that the series ——— diverges.
=1 k241 8

Solution Since, as k — oo,

k? k2 1

(_l)ka
= = = —1#0
k2 +1 k2 +1 1 1 ’
o (=1)kR? . . o
we know that khm Pl # 0. Hence, by the Divergence Test, the given series is divergent.
—00

6.34 Remark: Divergence Test

1. If klim ar # 0, then either the limit does not exist, or the limit exists but does not
—00

equal to 0.

2. If klim ap, = 0, the Divergence Test is inconclusive. In other words, the zero limit of
—00

the sequence {a,} is not sufficient for the convergence of the series Y ar. An example

of such kind of series is the so-called harmonic series > =

6.35 Example: harmonic series

o0
Show that the harmonic series Y, — diverges.
k=1
Solution We can show that the partial sums so, s4, sg, S16, S32, ... become unbounded, so
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the sequence {s,} does not have a finite limit. For the first few terms, we see that

32:14—%,
sa=l+i+(G+H)>1+i+ 3+ =1+2
=1t ()G rivied)

steda (el s (Geteiad)=1ed
=143 (G + Gt a G g+ )

Strb eGP+ Grirb D+ Gr bt d) =144

In fact, we see generally that
82">1+g'

Thus, {s,} does not have a finite limit. That is, the harmonic series diverges.

6.36 MATLAB: divergent series

>~ (1 k k2
Show the convergence/divergence of the series > % in MATLAB.
k=1

Solution We will use the Divergence Test to verify the convergence/divergence of the
series, as shown in the following:

>> syms k
>> f = (-1)"k*xk"2/(k"2 + 1);
>> 1limit (abs(f) ,k,Inf)

ans =

1

Note that in MATLAB, the command abs(x) can calculate the absolute value of z. From
EDpis 1 # 0, which means lim (_1)kk2 # 0.
AW | = i

k2 + 1 ) w k—oco 75 | 4 k2 + 1

. . e (CDM

Hence, according to the Divergence Test, we know that the series ) Pl
k=1

the result above, we see that limy_,

is divergent.

6.3 Integral Test

6.37 Theorem: Integral Test

Suppose f is a continuous, positive, decreasing function on [1, c0) and let ar = f(k). Then

the series Z ay is convergent if and only if the improper integral f(x) dx is convergent.
k=1 1
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In other words:
o0 [ee)
1. If / f(z) dz is convergent, then _ ay is convergent;
1 k=1
2. If / f(z) dz is divergent, then ay, is divergent.
1 k=1

Justification:

oo =]
1. Suppose / f(z) dz converges. To show that > f(k) converges, since f > 0, we only
1 k=1

need to show that > f(k) is bounded with respect to n.
k=1

For each positive integer k, put h(z) = Y

f(k+1) for z € [k, k+1). Then h is a func-

tion defined on [1,00). Since f is decreases

monotonically, we know that h < f. Hence

DOfR) = F) 4D f(k)
k=1 k=2 azf i'?ﬁr\

Sf(l)—i—/nh(x)dx O 1 2 3 14 5 &6 z
1

<i+ [ @<+ [ @

so that Z f(k) is bounded.
k=1

2. Suppose / f(z)dz is divergent. We show that Y f(k) converges by contradiction.
1 k=1
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For each positive integer k, put g(z) =
f(k) for © € [k,k + 1). Then g is a func-
tion defined on [1,00). Since f is decreases Yy
monotonically, it is clear that g > f. For
any b, we choose an integer n such that
n > b. Then

/lbf(x)de/lnf(x)dmg/lng(x)dx .

az
n—1

=Y [k <Y flk), o x
k=1

k=1

b
so that / f(z) dz is bounded, which im-

1
plies that the improper integral is conver-
gent. This contradicts to the hypothesis

that / f(z)dz is divergent.
1

6.38 Remark: Integral Test

The hypotheses in the Integral Test say that f is a continuous, positive, decreasing function
on [1,00). However, it is not necessary to start the series or the integral at n = 1. In fact,
if f is decreasing for = larger than some number N, then the same conclusion holds. The
reason is that changing a finite number of terms in a convergent series does not change its
convergence.

As an example, consider the infinite se-

1
As usual, if one takes

. o0
ries kzzjl m Y
flx) = W, then f is not decreasing

T —

on [1,00) (also not continuous in this inter-
val). However, we can consider the interval
[3,00) on which f is continuous, positive, and
decreasing. We can similarly have the con-

(o)
clusion that ———— is convergent since
kz::3(2k_5)2 8 O 1 2 3 4 5 6 =&

/ Tl i ¢
—— dz is convergent.
3 (2z-—15)2 8

Since
> 1 2 1 > 1
> (2k —5)2 :z:: (2k — 5)2 +Z:: (2k — 5)2’

k=1 k=1 k=3

o0
we know that >

1
—— is indeed convergent.
=1 (2k —5)?
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6.39 Example: harmonic series - Integral Test

> 1
Apply the Integral Test to show that the harmonic series ) z diverges.
k=1

1
Solution Consider the function f(x) = —. It is clear that f is a continuous, positive,
o

oo
decreasing function on [1,00). The improper integral / — dx is divergent:
1 X

> 1 A . b .
—dz = lim —dz = lim Inz|,_; = lim Inb = cc.
1 g b—oo J1 T b—o0 - b— oo

x> 1
Hence, by the Integral Test, the harmonic series Y. —
k=1

is divergent.

6.40 Example: Integral Test

(oo}
1. Determine whether the series > 7z ] converges.

+1
Solution Consider the function f(z) =
— - It is clear that f is a continuous,
2 +1
positive function on [1,00). It is decreas-
ing on (1, 00), since

o=

() = x Izl-(x2+1)—ac-2x
2 +1 (z2 4+ 1)2
2 —1 . o 1 2 3 4 5 6 i
T TR

oo
The improper integral / dz is divergent:
1

x
2 +1

(e%e) X d 1 b X d _1 11 9 b
1 x2+1 T 1 2 +1 x_bggoin(x +1)|x:1

.1 2
bl;rgo 5 [In(®® + 1) — In2] = oo.

O
Hence, by the Integral Test, the series 21 is divergent.
k=1
o0
2. Determine whether the series ) converges.

=1 k242

Solution Consider the function f(z) = R It is clear that f is a continuous, posi-
x
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o0
tive, decreasing function on [1,00). The improper integral / PN dz is convergent:
1 :I:

oo 1 . b 1
27(11': lim ——dz

1 2242 b—oo J; 1242

i 1 -1 (_1

S O

T 1 —1 1 -1 1
= Jim 7> [tan" (J5b) — tan™" ]

_ 1 (m_ -1 1
—\/5<2 tan 2).

b

Hence, by the Integral Test, the series

P P12 is convergent.

o0
3. Determine whether the series

1
=1 V2k—1

Solution Consider the function f(z) =

converges.

1
V2r—1

o0
1
ositive, decreasing function on [1,00). The improper integral / ————dz is di-
p g [1,00) prop gral | o=

It is clear that f is a continuous,

vergent:

/oo LI P /b LI
— dr = 1IN —— O Y ]
1 V2r —1 b—o0 Jq \/2$—1
= lim V27— i’ = lim (\/21) - 1) = .
—00 =

b— oo

Hence, by the Integral Test, the series )

1
=1 V2k—1

is divergent.

. . X Ink
4. Determine whether the series — converges.
k=1

Solution Consider the function f(z) =

Inz
——. It is clear that f is a continuous, %/
x

positive function on [1,00). It is decreas-
ing on (3,00), since 3

1
) ng\’ =:z-lhz-l f\
f(fv)=(x> S a— | ' .

_ Inz—1 <0
(22412
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* In
The improper integral / 2T 4z is divergent:
3 i

< ] b
/ ﬂdx:lim ﬂdx
3

= lim iln’zx

; B |273 = lim % (ln2 b — In? 3) = 0.
— 00 -

b— oo

> Ink > Ink
Thus, by the Integral Test, the series > D8 s divergent. Hence DT is divergent.

k=3 k k=1
oo
5. Show that the series ) —== converges.
k=1
1
Solution Consider the function f(xz) = —. It is clear that f is a continuous, positive,

JE
1
decreasing function on [1,00). The improper integral / —— dx is convergent:
1 Vas
] b1
——dz = lim / —dx
/1 Va3 booo Jy +/23
= lim ——

2 [ lim 2 (1 1 > 2
= lim —-— =2
\/_ z—1 b— oo \/E

b—oo xT

> 1

Hence, by the Integral Test, the series Wixi is convergent. This is a special case of
k=1

the p-series.

6.41 Theorem: convergence of the p-series

o0

1
The p-series w converges for p > 1 and diverges for p < 1.
k=1

1 A S . .1
If p < 0, then kli)n;o o oco. If p = 0, then kli)n;o o 1. In either case kli)nolo P # 0, so

the p-series diverges by the Divergence Test.

1
If p > 0, then the function f(z) = — I8 clearly continuous, positive, and decreasing on
%
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<1
[1,00). For the improper integral / — dzx,
1 X

b

< 1 b1 z—PHL
when p # 1: / — dx = lim — dz = lim
1 P b—oo J1 aP b—oo —p + 1 p—1
b—rtl 1
= lim —
b—oo \ —p+1 —-p+1
1
—, ifp>1;
0, if p<1;
> 1 0 : b
when p=1: — dz = lim —dz = lim Inz|,_,
1 xP b—oo J1 T b—o0 -

= lim Inb = oo,
b—oo

so that it converges if p > 1 and diverges if p < 1. It follows from the Integral Test that the
= i

p-series i converges if p > 1 and diverges if 0 < p < 1.
k=1

6.42 MATLAB: Integral Test

We will determine whether the following series are convergent by applying the Integral
Test.
CORNG
1. —_— .
k§1 k2+1
Solution

>> syms x
>> f(x) = x/(x72 + 1);
>> int (£(x),1,Inf)

ans =
Inf
<z >k
Since /1 xQ——f-ldx = 00, we thus know that kZ::1 2 is divergent.
€3 1
2. —_
k; k2 +2
Solution

’>> syms X
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>> f(x) = 1/(x72 + 2);
>> int (f(x),1,Inf)

ans =

(pi*27(1/2))/4 - (27(1/2)*atan(27(1/2)/2))/2

<1 @ 1
We see from the result above that / ———=dz < 0o, we thus know that > ——
1 xe + 2 k=1 k2 + 2

is convergent.
€ 1
2i\mk_1'

Solution

>> syms X
>> f(x) = 1/sqrt(2*xx - 1);
>> int (f(x),1,Inf)

ans =

Inf

dr = is thus divergent.

Since / - ! o0, the series i !
1 V2r -1 ’ o1 V2k — 1
< Ink
4. —_—
k2:21 k

Solution

>> syms X
>> f(x) = log(x)/x;
>> int (f(x),1,Inf)

ans =

Inf

®Inx > Ink
Since / ——dx = oo, the series > —— is thus divergent.
1 & k=1

S |
BT

’>> syms X
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>> f(x) = 1/sqrt(x~3);
>> int (f(x),1,Inf)

ans =
2
<1 @ 1
We see from the result above that / ——dz < 00, the series Y — is thus conver-
1 Vad k=1 V k3
gent.

6.43 Theorem: remainder estimate for the Integral Test

Suppose f is a continuous, positive, decreasing function on [1,00). Let ar = f(k) and
o0 oo

suppose Y. a = s is convergent. Denote R,, = s — s, = Y, aj. Then
k=1 k=n-+1

1. /nj: flz)dz <R, < /:O f(z) da;

2. sn—|—/oo f(x)dx§s§5n+/oof(x)dx.
n+1 n

Justification:

1. We apply the same ideas as in the Integral Test, assuming that f is decreasing on
[n,o0). Comparing the areas of the rectangles with the area under y = f(z) for z > n,
we see that

R, =apt1+apia+--- < / f(z)d.

Similarly, we have
o0
anan+1+an+2+'-'2/ f(z)da.
n+1

Gn41
Qn+1 Gni2 e
E238| | @[ oo R CXREY P

(@) n O n+1
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2. Adding s,, to each side of the inequalities in part 1, we get the desired inequalities in
part 2.

6.44 Example:

In 1734, Euler derived the equality

:]
)

DRI PP SO
:k: 12 32 6'

1. How many terms of the series must be used to obtain an approximation that is within
10~* of the exact value of the series?

2. Find an approximation to the series using 50 terms of the series.

1
Solution The function associated with this series is f(z) = —. Clearly it is continuous,
a5

positive, and decreasing on [1, 00).

1. Using the bound on the remainder in the Integral Test, we have

o “dr 1

1
Thus, to ensure that R,, < 107%, we need to choose n so that — < 104, or n > 10, 000.
n

10,001 1
Hence, the finite series w2 gives an approximation that is within 10~* of the exact
k=1

value of the series.

2. Using the bounds on the series in the Integral Test, we have

* dz * dz
850 + — <8< 850+ —3>
51 L 50 <&

so that 1
550+571<S<S50+50
50
where s50 = . w2 By using a calculator, we have s5g ~ 1.62513273, which has 8th
k=1

decimal place accuracy. Thus,
1.64474057 < s < 1.64513273.

Taking the average of these two bounds as our approximation of s, we find that s ~

1.64493665.
2

7r
For comparison, 5 = 1.64493406 - - -. We see that our approximation matches first

five decimal places.
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6.4 Convergence Tests for Nonnegative Series

Comparison Test

6.45 Theorem: Comparison Test

Suppose that Y ay and Y by are series with nonnegative terms.

1. If > by is convergent and ay < by for all k, then > ay is also convergent;

2. If Y by is divergent and ay > by, for all k, then > ay is also divergent.

Justification:

1. Suppose Y by is convergent. Let

n n o0
Sn:Zaka tn:Zbka t:Zbk
k=1 k=1 k=1

Since both series have positive terms, the sequences {s,} and {¢,} are increasing.
Because t,, — t, we have t, < t for all n. Since a; < bg, we have s, < t,. Thus,
$n < t for all n. This means that {s,} is increasing and bounded above and therefore
converges by the Monotonic Sequence Theorem. Thus Y a, converges.

2. Suppose Y by, is divergent. We show that > ay is divergent by contradiction.

In fact, if > ay is convergent, because by < ag, from part 1, we know that > by is
convergent, a contradiction.

Example: Comparison Test

&9 k
1. Determine whether the series kZ::1 PRl converges.
Solution The given series has all positive te‘rm
terms. For any integer k > 1,
1 .
k _ k * &L*karl
3k3—2k+1  2k3+ (K3 —k2)+1 o .
< k < k .
—2k3+1  2k3 D=
1 2 3 -.l 5 * * * * 1‘0 > k
1
< ﬁ

> 1

Since the p-series Y = is convergent (p = 2), by the Comparison Test, the series
k=1

o0

DR t
— 5 1S convergent.
3k — k2 + 1 &
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n
2. Determine whether the series E converges.

Solution The given series has nonnega-
tive terms. For any integer k£ > 1, since term
Ink < vk, we know that

nk VkE 1 | .

nEVE_ L ¥
k2 k2 L3 = &
0.5
> 1
Since the p-series ) — is convergent RS
k=1 K2 ., s o o
(p = %), by the Comparison Test, the se- 12 3 4 5 ek

. 2 Ink .
ries Y. -2 I8 convergent.
k=1

6.47 Example: Comparison Test - decimal series

Show that any decimal series of the form
O.alagag °co g
where a; is an integer satifying 0 < a; < 9, is convergent. In other words, it always represents

a real number.
Solution The decimal series can be rewritten as a series

0.01a203--- = a1 - 107  + a3 - 1072 + a3 - 1073 + Zak 107%.
It is clear that it is a series with nonnegative terms. Since 0 < aj < 9, we know that
0<ap-100"<9.107%  forall k> 1.

The geometric series Z 9. 107" has common ratio 107!, so it converges. Hence, by the

=1
Comparison Test, the demmal series always converges.

6.48 Theorem: Limit Comparison Test

Suppose that > ar and > by are series with ap > 0 and by > 0. Assume

. a
lim — =c.

1. If 0 < ¢ < oo (that is, ¢ is a finite positive number), then > a; and Y by either both
converge or both diverge.

2. If c=0and ) by converges, then Y aj, converges.

3. If c = 0o and > by, diverges, then > a;, diverges.
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Justification:

1. If 0 < ¢ < oo, let m and M be positive numbers such that m < ¢ < M. Because

a
b_k — c as k — oo, there is an integer K such that
k

m<Z—k<M for k > K,
k

or equivalently,
mby, < ap < Mby for k > K.

If > by converges, so does > Mby. Thus ) aj, converges by part 1 of the Comparison
Test. If > by diverges, so does > mby and part 2 of the Comparison Test shows that
> a,, diverges.

2. If ¢ = 0, then, similarly as in Case 1, there is an integer K such that

ar < Mby for k > K.

It follows from part 1 of the Comparison Test that if Y by converges, then > aj con-
verges.

3. If ¢ = oo, similarly as in Case 1, there is an integer K such that
mby < ag for k > K.

It follows from part 2 of the Comparison Test that if by diverges, then ) ay diverges.

Example: Limit Comparison Test

e k
1. Determine whether the series kgl FaY

Solution The given series has all positive terms. We calculate the limit of the ratio of

e 1
the kth terms of the series and the p-series kzl e (p=2):

converges.

k
3 3
lim M: lim kiz lim ;:1
k—oo 1 k—oo 3k3 — 2k + 1 k—>oo3 2 1 3
= AR

Since the p-series (p = 2) is convergent, by the Limit Comparison Test, the series
o0

2

pyE T is convergent.
k=1 -

00 k2
2. Determine whether the series kZ::I 3Pl

Solution The given series has all positive terms. We calculate the limit of the ratio of

converges.
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x 1
the kth terms of the series and the harmonic series %
k=1
k2
m SP—2kHl g K 01 1
klgrc}o 1 a klggo 3k3 —2%k+1 klinc}o 3 2 1 3
P “Ete

k
Since the harmonic series is divergent, by the Limit Comparison Test, the series

&, k? .

kgl m 1S dlvergent.

. . X Ink

3. Determine whether the series ) —z comverges.
k=1

Solution The given series has nonnegative terms. Since In k < k2 as k — 00, we have

Ink
1
lim 2 = 1im 2F
k—o0 i k—oo k32
k3

(o]
It is known that the p-series > P} is convergent (p %), by the Limit Comparison
k=1 K2

. X Ink
Test, the series ye) 18 convergent.

> 1
4. Determine whether the series HT converges.
k=1

Solution The given series has nonnegative terms. Since 1 < Ink as k — oo, we have

Ink
lim k lim Ink = co.
k—o00 1 k—o0
k

CO|
It is known that the harmonic series Y — is divergent, by the Limit Comparison Test,
k=1

> Ink
the series Y & is divergent.
k=1

Ratio Test and Root Test

6.50 Theorem: Ratio Test

Suppose that Y ay is a series with positive terms.




6.4 Convergence Tests for Nonnegative Series 371

a
1. If lim =L =1 < 1, then the series Y aj converges.
k—oo ag

. a . a . .
2. If lim = =L >1or lim =L = oo, then the series > ay, diverges.
k—oo ag k—oo Qg

a
3. If lim —+L = 1, the test is inconclusive.
k—oo ag

\. J

Justification:

1 If lim 25+ — < 1, we take any number r such that L < r < 1. Thus, there is K

k—oo Qg

such that when k > K,

a a
ﬂ—L‘<r—L:>—(r—L)<ﬁ—L<r—L
ag ag
a
ERCITIO
ar

— Qg1 < T - a.
Putting k successively equal to K, K + 1, K 4 2,... in the inequality, we obtain
AR +1 <T-ag,
G419 <T- 01+ < 7“2 c K,

3
ag+4+3 <T-ag42 <T° 4K,

so that
AR +k <rk~aK, for all £ > 1.
oo
Since |r| = r < 1, the geometric series Y. ax7r* converges. By the Comparison Test,
- .
the series > ai converges. Hence, Y aj converges.
k=K-+1 k=1

2. To show Y ay diverges, by the Divergence Test, it is sufficient to show that klim ar # 0.
— 00

. . Qg
Since lim —
k—oo ag

= L > 1, there is K such that when k£ > K,

@—L‘<(L—1):>—(L—1)<@—L
ag ag

a
ﬂ>1
ag
= Qk41 > G > -+ > QK.

Hence, ar > ax for k > K. This implies that klim ar, # 0.
—00

Similarly as above, if lim Gkt

= 00, we can also show that lim aj # 0.
k—oo ag k— o0
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3. Consider the p-series Z — with p = 1 and Z 5 with p = 2 > 1. The former is

divergent and the latter 1s convergent For both series, we have

. Ak+1
lim —+% =1.
k—oo G

Ak+1
Hence, the Ratio Test is inconclusive if lim .
k—oo Qg

. Determine whether the series > 77 converges, where b > 0.

bk+1
. (k1)
| = lim =0,
oo B koo k41
k!
x pk
by the Ratio Test, the series »_ T is convergent for any positive b.
k=1 K
k!
. Determine whether the series Z T converges.

Example: Ratio Test

o hk

k=1
Solution The given series has all positive terms. Since, for any b > 0,

Solution The given series has all positive terms. The ratio of two consecutive terms is

(k+1)!
G+ 11
T T

k
1
> , so that

1 x
Since e = lim <1+) , we have e = lim <1+k
x

r—00 k—oc0

(k+1)!
k+1 1 1
lim (k+1|) = k:,<1_
k—oo kf . 1 e
Lk kl;rrgo (1 ol k)
okl

By the Ratio Test, the series ﬁ is convergent.
k=1
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6.52 MATLAB: Ratio Test

We will determine whether the following two series converge by applying the Ratio Test.
1. Z 7 where b > 0.
k=1

Solution

>> syms b k

>> assume (b, 'positive') % b > 0

>> assume (k, 'positive') % k > 0

>> assumeAlso(k, 'integer') % k is also an integer
>> a(k) = b"k/factorial (k) ;

>> ratio_a = simplify(a(k + 1)/a(k));

>> limit(ratio_a,k,inf)

ans =

0

Note that we can set assumptions on symbolic objects using commands assume and
assumeAlso. To calculate factorial in MATLAB, the command factorial is used.
Moreover, the command simplify is used for symbolic simplification, so that the cal-
culation of the limit for the factorial ratio becomes feasible.

© 1k
a b
The result above shows that lim ——+ =0 < 1, then the series E — is convergent.
k—oo Qg = k!
oo
k!
2. —.
Lk
k=1
Solution

>> syms k

>> assume (k, 'positive') % k > O

>> assumeAlso(k, 'integer') % k is also an integer
>> a(k) = factorial(k)/k"k;

>> ratio_a = simplify(a(k + 1)/a(k));

>> limit(ratio_a,k,inf)

ans =
exp (-1)
a Ll
From the result above, we see that lim s 1, so that the series Z — is
k—oo ag kk

k=1
convergent.
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6.53 Theorem: Root Test

Suppose that Y ay, is a series with nonnegative terms.

1. If klim {#/ay, = L < 1, then the series Y aj converges.
—00
2. If lim #a; =L >1or lim ¥a; = oo, then the series Y aj diverges.
k—o0 k—o00

3. If lim ¥a; =1, the test is inconclusive.
k—o0

Justification:

| r
\

1. If klim Har = L < 1, we take any number r such that L < r < 1. Thus, there is K
—00
such that when k > K,

|¥ap — Ll <r—L=— —(r—L)< ¥ar—L<r—1L

= Yar <r

— ag <rk.

When |r| < 1, the geometric series Y 7* converges. By the Comparison Test, the series
(o] oo

> ay, converges. Hence, > aj converges.
k=K k=1

2. To show Y ay, diverges, by the Divergence Test, it is sufficient to show that klim ay, # 0.
—00
Since klim ¥ay = L > 1, there is K such that when k£ > K,
—00
|[&Var —L| < (L—-1)= —(L—-1) < ¥a, — L

— Yar > 1
= ap > 1.

This implies that lim ag # 0.
k—oo

Similarly as above, if klim ¥/ay, = oo, we can also show that klim ar, # 0.
—00

—00

. Lo x 1 .

3. Consider the p-series z with p = 1 and 2 with p = 2 > 1. The former is
k=1 k=1

divergent and the latter is convergent. For both series, we have

\k/ak =1.

lim
k—o0

Hence, the Root Test is inconclusive if klim Yap = 1.
—» 00
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6.54 Example: Root Test

o (3k-1\"
1. Determine whether the series > converges.

Solution The given series has all positive terms. It is easy to have

3_ =

o fsk—1\t . sk-1 5 3

s (4k+1) TS T T s, 11k
K

> (3k—1\"
By the Root Test, the series > ( —— ) is convergent.
o \4k+1

k

2. Determine whether the series > (k_—i-l

—k
) converges.
k=1

1 x
Solution The given series has all positive terms. Since e = lim (1 + —) , we have
T —00 €T

1\ F
e = lim (1 + —) , so that
k—o0 k

kY k+1)" 1\*
I (m) —JL“;( i ) L <1+k> c- b

2
o) k —k
By the Root Test, the series » | —— is divergent.
k=1 \k+1

6.55 MATLAB: Root Test

We will determine whether the following two series converge by applying the Root Test.

0o k
3k—1
LYy () |
= 4k +1
Solution

>> syms k

>> assume (k, 'positive') % k > 0O

>> assumeAlso(k, 'integer') % k is also an integer
>> a(k) = ((3*k - 1)/(4xk + 1)) k;

>> root_a = (a(k)) " (1/k);

>> limit (root_a,k,inf)

ans =
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3/4 ‘

3 =< 3k —1\"
The result above shows that lim oA 2 < 1, then the series Z < ) is
k—oo ap 4 -] 4k + 1

convergent.
2
0o k —k
2 Y () |
P E+1
Solution

>> syms k

>> assume (k, 'positive') % k > O

>> assumeAlso(k, 'integer') % k is also an integer
>> a(k) = (k/(k + 1))°(-k"2);

>> root_a = (a(k))~(1/k);

>> limit (root_a ,k,inf)

ans =

exp (1)

os) —K?
a k
We see from the result above that lim ——* = ¢ > 1, so that the series E —
k—oco ap = k+1

is divergent.

6.56 Example: alternating series

An alternating series is a series whose terms are alternately positive and negative. The
following are two examples of alternating series:

1 1 1 1 1 = (==
1— 4+ - 4L -4 = ANV AN
237175 6" 2 ’

T SR, S SN < 1 373
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o0
In general, an alternating series Y aj has its kth term in the form
k=1

ap = (—1)k_1bk or ap = (—1)kbk,

where by, > 0 for all k.

6.57 Theorem: Alternating Series Test

The alternating series

oo

(_1)k_1bk:bl—1?2-1-173—b4—|—b5—bG_|_...7 b > 0
k=1

converges if
1. if {by} is a positive non-increasing sequence, by > bi+1 > 0, and

2. lim by = 0.
k—o0

Justification:

First consider the even partial sums:

S9 = bl — b2 Z 0, since bl Z b2
S4 = S + (b3 = b4) > S, since by > by
Son = Sap—2 + (ban—1 — ban) > San—2 since ba,—1 > bay,
Also,
Som = b1 — (b — b3) — (bg —b5) — -+ — (bapn—2 — bapn—1) — bap, < by.

So, {sa, } is increasing and bounded above. Hence, it is convergent by the Monotonic Sequence

Theorem. Denote s = lim $s,. Now we compute the limit of the odd partial sums:
n—oo

lim s9,11 = lm (825, + bopy1) = lim s9, + lim boy11 =s+0=s.
n— oo n— oo n— oo n— oo

Since both the even and odd partial sums converge to s, we have lim s, = s and so the
n—oo

series is convergent.

6.58 Example: alternating harmonic series

The alternating harmonic series
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1
where b, = — satisfies

k

b > br+1 >0 and lim b, = 0.

k—o0

Hence, by the Alternating Series Test, the series converges.

6.59 MATLAB: Alternating Series Test

o0
1
Determine whether the series Z(—l)k_lbk where by, = 7 converges.
k=1

1
Solution Clearly, we know that by = — > 0 when k£ > 1. Hence, we will check whether
lim by, = 0 and by > bry1 in the following:

>> syms k

>> assume (k, 'positive') % k > O

>> assumeAlso(k, 'integer') 7 k is also an integer
>> b(k) = 1/k;

>> 1limit (b(k) ,k,inf)

ans =

>> Delta_b = b(k) - b(k + 1);
>> isAlways (Delta_b > 0)

ans =
logical

1

Note that the command isAlways can be used to test whether a mathematical statement is
true or not. If the mathematical statement is true, then the result will be 1; if it is false,
then the result will be 0.

From the above result, we see that lim b, = 0 and by, > bx41. Therefore, according to the

- 1
Alternating Series Test, the series Z(—l)k_lbk where by, = T is convergent.
k=1

6.60 Theorem: remainder estimate for alternating series

o0
If s = Y (—1)Fby is the sum of an alternating series that satisfies
k=1
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1. bk+1 S bk for all k‘;
2. lim b, =0
k—oo

then
|Rn| = |5 = sn| < bt

Justification:

| r
\

The even partial sums {sa,} form an increasing sequence:

S9 = bl — b2 Z 0, since bl Z b2
S4 = S + (b3 = b4) > Sog, since by > by
Son = San—2 + (b2an—1 — ban) > S2n_2 since ba, 1 > bay

Similarly, the odd partial sums {s2,1} form a decreasing sequence. Because we know that
both {s2,,} and {s2,41} converge to s, we get

Son <8 < Sopt1, for all n.

It follows that
|Rn| = |5 — sn| < [Snt1 — Sn| = bngr-

6.61 Example:

Consider the series

k=0
1. How many terms of the series must be used to obtain an approximation that is within
10~* of the exact value of the series?

2. What is the approximation value?

Solution Write

NE
Iz
x>

I
M:
z
ol

_|_

&

k! k!
k=0 k=0

1. Using the bound on the remainder in the Alternating Series Test, we have

1
R, <——.
[Fon| (n+1)!
1
Thus, to ensure that |R,| < 107%, we need to choose n so that m < 1074, or
n !
. A G L L. N

n > 7. Hence, the finite series > gives an approximation that is within 10~* of

k=0 k!

the exact value of the series.
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2. Using the bounds on the series in the Alternating Series Test, we have

1 1
87—§<$<57+§,

7 (=1)F
where s7 = > ( ‘)
=0 k!

decimal place accuracy. Thus,

. By using a calculator, we have s; ~ 0.36786, which has 5th

0.36784 < s < 0.36789.

Taking the average of these two bounds as our approximation of s, we find that s ~

0.36787.
N 0 N
For comparison, Y o e+ = 0.3678794412- - - . We see that our approximation
k=0 8

indeed is within 10~ of the exact value of the series.

Absolute Convergence and Conditional Convergence

6.62 Definition: absolute convergece and conditional convergence

e A series ) ay, is called absolutely convergent if the series of absolute values > |ag]
is convergent.

e A series Y ay, is called conditionally convergent if it is convergent but not absolutely
convergent.

6.63 Theorem: convergence of absolutely convergent series

If a series Y ay is absolutely convergent, then it is convergent.

Justification:

It is clear that

0 < ag + |ag| < 2|agl, for all k.

If > ap is absolutely convergent, then Y 2|ag| is convergent. By the Comparison Test,
> (ag + |ag|) is convergent. Thus,

Dok =Y (an+lar)) =Y la]

is convergent.
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6.64 Example: absolutely/conditionally convergent series

1. The p-series Z with p = 2, is convergent, so the alternating series

1
2

2 (—1)kt 1 1 1
S | e e
> e FR T

is absolutely convergent.

?T‘
,_n

=D

2. The alternating harmonic series Z is convergent by the Alternating Series

=1 K
Test, but the harmonic series Y. — . = > |————1| is divergent, so the alternating
k=1 k=1

harmonic series is conditionally convergent.

6.65 Remark: differences between absolutely and conditionally convergent series

There are some fundamental differences between absolutely convergent series and condi-
tionally convergent series.

Riemann discovered a striking result, known as the Riemann Rearrangement Theorem. It
says that for any given number «, a conditionally convergent series may be rearranged in its
terms so that the rearranged series converges to .
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Definition: limit of infinite sequence

e lim a, = L <= we can make the terms a,, as close to L as we like by taking n
n—oo

sufficiently large.

— lim a, exists <= {a,} converges (or is convergent).
n— 00

— lim a, does not exist <= {a,} diverges (or is divergent).
n—r oo

e lim a, = oo <= we can make the terms a,, as large as we like by taking n sufficiently
n—oo

large.

- lim a, =0 <= {a,} diverges to infinity.
n— o0

— lim a, = —oc0 <= {a,} diverges to negative infinity.
n—o0

Definition: terminology for sequences

e {a,} is increasing if a,,+1 > a,. For example, {1,2,3,...}.

{a,} is non-decreasing if a,+1 > a,. For example, {1,1,2,2,3,3,...}.

{a,} is decreasing if a1 < a,,. For example, {0,—1,—2,-3,...}.

{an} is non-increasing if a, 1 < a,. For example, {0,0,—1,—1,—-2,—-2,...}.

{an} is monotonic if it is either non-increasing or non-decreasing.

{an} is bounded if there is number M such that |a,| < M for all n.

Definition: two asymptotic relations

® a, Kby, (asn —o00) < lim In _ .
n— oo n
e a,~b, (asn—o0) < a,—b, <b, (asn — o0) < lim a—nzl.
n—oo by,

Theorem: limit of a sequence from limit of a function

If lim f(x) =L and f(n) = a, when n is an integer, then lim a, = L. The same result
o0 n—oo

holds when L = 0o or —oc.

Theorem: Limit Laws for sequences

Suppose {a,} and {b,} are convergent sequences and c is a constant. Then the following
hold.
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1. lim (ap +b,) = lim a, + lim b,.

n—oo n—oo n—oo

2. lim (a, —b,) = lim a, — hm by,

3. lim ca, =c¢ hm an. In particular, lim c=c.
n—o00 n—o0

4. lim (ab,) = lim a, - lim b,.

a lim a,
5. lim — =222 __if hm by, # 0.
n—oo by, lim b,
n—oo

p
6. lim aP = [lim an} if p> 0 and a, > 0.
n— oo

n—oo

Theorem: Squeeze Theorem

If a, <b, <c¢, forn>ngand lim a, = lim ¢, = L, then lim b, = L.
n—oo n—oo n— oo

Theorem: growth rates of sequences

For any real numbers p > 0, ¢ > 0, » > 0, and b > 1, the following asymptotic relations
hold: as n — oo,
Inn < n? <nP In"n<«<b” < n «n”

Theorem: geometric sequences

Let r be a real number. Then

0, if |r| < 1,
lim 7" =< 1, ifr=1;
nee diverges, ifr < —lorr>1.

Theorem: sequential limit for continuous function

If lim a, = L and the function f is continuous at L, then
n—oo

lim f(an) = f(L).

n— oo

Theorem: Monotonic Sequence Theorem

Every bounded, monotonic sequence is convergent.
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Definition: convergent series

n

> ay converges to s < lim s, = s, where s, = Y ay.
k=1 =S k=1

Theorem: geometric series

Let a # 0 and r be a real number. Then

a

oo

b
g arf=1 = 1—r
k=1

diverges, if |r| > 1.

if |r| < 1;

Theorem: properties of convergent series

1. If > ap converges and c is a real number, then the series Y cay converges and

ank =cC E Q.

2. If > ag and > by, converge, then the series > (ay + bg) converges and

Zakﬂ:bk Zakizbk

o0 (&)
3. If N is a positive integer, then > a; and > ay either both converge or both diverge.
k=1 k=N
In general, changing a finite number of terms in a convergent series does not change its

convergence, although it does change the value of the series.

Theorem: Divergence Test

If 3" ay converges, then lim aj = 0. Hence, if lim aj # 0, then the series diverges.
k—o0 k—ro0

Theorem: Integral Test

Suppose f is a continuous, positive, decreasing function on [1, c0) and let a = f(k). Then

the series Z ag is convergent if and only if the improper integral f(z) dzx is convergent.
k=1 1
In other words:

o0
1. If f(z) dz is convergent, then > aj is convergent;
k=1

2. If / f(z)dz is divergent, then > ay is divergent.
1 k=1
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Theorem: remainder estimate for the Integral Test

Suppose f is a continuous, positive, decreasing function on [1,00). Let ar = f(k) and

[ee] [ee]
suppose Y. ar = s is convergent. Denote R,, =s— s, = . ax. Then
k=1 k=n+1

1. /7:1 fz)dz < R, < /:0 f(z)dz;

2. sn+/<>° f(ac)dmgsgsn—i—/oof(ac)dm.
n+1 n

Theorem: convergence of the p-series

> 1
The p-series > ) converges for p > 1 and diverges for p < 1.
k=1

Theorem: Comparison Test

Suppose that Y ay and 3 by are series with nonnegative terms.

1. If Y by is convergent and ay, < by, for all k, then > ay, is also convergent;

2. If > by is divergent and ay > by, for all k, then Y ay is also divergent.

Theorem: Limit Comparison Test

Suppose that Y a; and Y by are series with a; > 0 and by > 0. Assume

1. If 0 < ¢ < oo (that is, ¢ is a finite positive number), then > a, and ) by either both
converge or both diverge.

2. If c=0and > by converges, then Y aj, converges.

3. If c =00 and )_ by diverges, then > ay diverges.

Theorem: Ratio Test

Suppose that 3 ay, is a series with positive terms.

a
1. If lim = =1 < 1, then the series Y aj, converges.
k—oo G

. a . a . .
2. If lim = = [ > 1 or lim —+% = oo, then the series >~ ay, diverges.
k—oco G k—oo Gk
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a
3. If lim —tL = 1, the test is inconclusive.
k—oo ag

Theorem: Root Test

Suppose that > ay is a series with nonnegative terms.
1. If klim #ay, = L < 1, then the series Y aj converges.
—00
2. If lim #a; =L >1or lim ¥a; = oo, then the series Y aj diverges.
k—o0 k—oo

3. If lim ¥a; =1, the test is inconclusive.
k— o0

Theorem: Alternating Series Test

The alternating series

D (Do =01 = by by —batbs —bg+ oo, b >0
k=1

converges if
1. if {bx} is a positive non-increasing sequence, by > b1 > 0, and

2. lim by = 0.
k—o0

Theorem: remainder estimate for alternating series

o0
If s = Y (—1)Fby is the sum of an alternating series that satisfies
k=1

1. bk+1 S bk for all k;
2. lim by =0
k—o0

then
|Rn| = |s = sn| < bpta.

Definition: absolute convergece and conditional convergence

e A series ) ay is called absolutely convergent if the series of absolute values > |ak|
is convergent.

e A series Y ay, is called conditionally convergent if it is convergent but not absolutely
convergent.
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Theorem: convergence of absolutely convergent series

If a series Y ay is absolutely convergent, then it is convergent.
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CHAPTER

[

Series of Functions

7.1 Approximating Functions with Polynomials

Taylor Polynomials

7.1 Example: linear approximation and quadratic approximation

1. We know that if a function f is differen-
tiable at a point a, then it can be ap-
proximated near a by its tangent line y = Y
f(a) + f'(a)(z — a) (or “linearization”).
This is a linear approximation to f at the
point a. Since it is a first-degree polyno-
mial, it is convenient to write

pi(z) = f(a) + f'(a)(z — a).

Clearly, this polynomial p; matches f in
value and in slope at a. That is, a Z

pi(a) = f(a) and pi(a) = f'(a).

y = pi()
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2. If f has a fairly constant slope near a, the
tangent line provides a good approxima-
tion. However, if the graph of f near a
has a larger curvature, then the linear ap-
proximation may not be good enough. To
improve accuracy, we consider a quadratic
approximating polynomial ps by adding
one new term to the linear polynomial:

p2(x) = f(a) + f'(a)(z — a) + c2(w — a)*.

The constant ¢y should be chosen so that x
P2 is a good approximation to f near a. To
do so, we require that p, agree with f in
value, slope, and concavity at a:

p2(a) = f(a), py(a)=f'(a), and p5(a)=f"(a),

where we assume that f(a), f'(a), and f”(a) exist. In fact, we can easily verify that
indeed po satisfies the first and the second equations. The third equation holds if ¢y
satisfies 2¢o = f"(a), or ¢y = % f”(a). Hence, the quadratic approximating polynomial
is

f"(a)

p2(x) = f(a) + f'(a) (@ — @) + = (2 — 0)”.

7.2 Example: linear approximation and quadratic approximation for /z

Find the linear approximation and the quadratic approximation for \/x at = 1. Then
use them to approximate the value of v/1.03.
Solution For the function f(z) = \/z, we have

F@)=tet,  fi(@) = —amd.
Thus, the linear approximation and the quadratic approximation at x = 1 are, respectively,
pi(@) = f1) + f(1)(z - 1)
f// 1
po(a) = F1) + £ - 1)+ TP @ - 12
=1+i(z-1)-Li(z-12

Thus, by using these formulas, we obtain the approximating values of 1/1.03:

p1(1.03) =1+ 3(1.03 — 1) = 1.015,
p2(1.03) =1+ 3(1.03 — 1) — 1(z — 1) = 1.0148875.

For comparison, the value of +/1.03 is 1.014889156509222---. We see that the quadratic
approximation indeed yields better accuracy.
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7.3 Definition: Taylor polynomials

Let f be a function with f/, f”,..., and f(™ defined at a. The nth-order Taylor poly-
nomial for f with its center at a is

f"(a)

2! (J:_a/)2+...+

Tn(z) = f(a) + f'(a)(x — a) +

7.4 Theorem: uniqueness of Taylor polynomials

Suppose f is a function with f’, f”,..., and f(") defined at a. If P, is a polynomial of
degree n satisfying

Pn(a'> :f(a)v P’I’IL(a) :f/(a‘)7 P/zl(a) :f”((l), oo Pr(Ln)(a) :f(n)(a)v

Then

"(a (n) a
Pu(x) = T(@) = f(@) + @)z - o) + LD @ —ap2 .4 Lo gy

Justification:

Write P, as
P.(z)=co+ci(x—a)+ -+ cp(z—a)™

The equation P,(a) = f(a) gives ¢cg = f(a). Differentiating the expression of P,, and evalu-
ating at = a gives P/ (a) = ¢y, so that ¢; = f’(a). In general, differentiating the expression

(k)
of P, for k times and evaluating at z = a gives Pflk) (a) = ¢k - k!, so that ¢, = / k'(a). Hence,
"(a (n) a .
Pue) = f@ + F @~ + L@ a1 T g 7,

7.5 Example: Taylor polynomials for e”

Find the Taylor polynomials of order n = 0,1,2,3, and 4 for f(z) = e centered at 0.
Graph f and the polynomials. Use Ty(z) to approximate the value of ¢%!. What is the
nth-order Taylor polynomial centered at 0 for general n?

Solution For any integer k£ > 0, we have

f®(z) = e®* = f®(0) = 1.
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Thus, the first few Taylor polynomials for f(z) = e centered at 0 are:

To(x) = f(0) = 1,
Ti(z) = f(0) + f(0)z =1+,
1 22
Ty(z) = £(0) + f(0)z + f2(! Jg? 145 +§7
" " 2 3
Ty(2) = £0) + £/ + 1 %2 fgf ) 4 P-1ro+ D42,
" " (4) 2 3 1
Ty(z) = f(0) + f'(0)z + f2(!0)x2+ fgg )x3+f 3!( )a: —1+x—|—x_+§_'+m_
Y y = Ta(x)
7 y = Ts(z)
’ y = Taz(x)
2 y="Ti(z)
/ = 8] : R

Using the Taylor polynomial T}, we get the approximation to e%! (to 8th decimal places):

T4(0.1) ~ 1.10517083.

The actual value of %! to 8th decimal places is 1.10517092.
In general, we have the nth-order Taylor polynomial centered at O:

2 3 n n k

X x X
=0

7.6 Theorem: asymptotic approximation of Taylor polynomials

f(@) = T(x)

@—a)

Z

If £(")(a) exists, then lim

r—ra

= 0, or equivalently, by using little-o notation,

#(2) = Tn(@) + olJe el

)@= a)f +ofj - al"),

as T — a.
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Justification:

By applying I'Hospital’s Rule, we have

() (g
i DT _ =T = e —ar
e (x —a)™ ~ o= (x —a)™
o J@) T [
z—a  (z—a)® n!
w F@-TE (@
a—a  n(z—a)?! n!

V@) -1 V@) ()

S =) —a) |
_ o SO(@) = f* D) f™(a)

T eva n(n—1)---2(z—a)  n!
1, FP@ - (@) fM(a)
n! z—a T —a n!

1 F™(a)
:E.f( )(a)_T:

7.7 Pitfall: Taylor approximation

From the conclusion that f(z) = T,(z) 4+ o(Jx — a|™) (as x — a), we know that T, (x)
approximates f(z) as ¢ — a and the accuracy improves as n increases. However, this
does not imply that the sequence {7, (x)} approaches f(z) as n — oo. In fact, generally

fz) # lim T,(@).

As an example, consider the function

Y
1
_JoeTeE, ifx #£0, !
f(x)_{o, if 7 = 0. ,
il e LU
We can show that f(™(0) = 0 (n > 0) by
induction. So, the n-th order Taylor polyno-
mial for f at 0 is -1 1 t
T.(z)=040-z+---4+0-2" =0.
By Applying I'Hospital’s Rule, we can see that as z — 0,
f@) =T, (z) + o(|z|™") = o(|z|™), for all n > 0.
However, for any x # 0,
fl@)£20=04+0-2+---+0-2"+--- = lim T,(z).

n— oo
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7.8 MATLAB: Taylor polynomials

Find the Taylor polynomial of order n =4 for f(x) = e* centered at 0.

Solution In MATLAB, we can use the command taylor to calculate the Taylor polynomial
approximation for a function. The following MATLAB code shows how to find the Taylor
polynomial of order 4 for f(x) = e® centered at 0.

>> syms X

>> f(x) = exp(x);

>> taylor (f(x),x,0,'Order',4 + 1) Y centered at O, order 4 ..
plus one constant term

ans =

x"4/24 + x73/6 + x72/2 + x + 1

Since the first term of the Taylor polynomial is a constant, the Taylor polynomial of order
4 for f(x) = €® has 5 terms. In other words, the value of ‘Order’ in the command taylor
is the required order of the Taylor polynomial plus 1.

7.2 Represent Functions by Power Series

7.9 Definition: remainder of Taylor series

Let T, be the Taylor polynomial of order n for f at a:

f"(a)

() (g
( @) o

(m_a)2+...+ n!

Tn(z) = f(a) + f(a)(z —a) +

The term R, (z) = f(z) — T, (z) is called the remainder of the Taylor series. The latter
refers the following “formal” power series of f:
f"(a)

@)+ F@@-a)+ @ e

(@)

n!

@—a)+---

This power series is also called Taylor expansion of f at a. A Taylor series centered at 0
is called a Maclaurin series.

7.10 Definition: power series

A power series is a series of the form

oo
E ckxk :co+clm—|—02m2+63x3+~- ,
k=0

where x is a variable and the ¢;’s are constants called the coefficients of the series.
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More generally, a series of the form

o0
ch(x—a)k:co+cl(x—a)+02(x—a)2+-~- ,
k=0

is called a power series in (x — a) or a power series centered at a or a power series
about a.

7.11 Pitfall: power series

For any given function f, if f")(a) (n > 0) all exist, then the Taylor series for f at a is
defined as

k=0

The series is defined formally, since the series may not converge for some = at which f is
defined. .

As an example, consider the function f(x) = ——. It has the following power series

I+
(centered at 0):
l—z+z?—2+a* —25+....

In fact, we can have by induction that

(=1)"n!

() () —
£ @) = (e

so that f(™(0) = (—1)"n!. Thus, the Taylor series for f at 0 is

0 o(k) © Kk 00

k=0 k=0 k=0

It is clear that the function f is defined everywhere except at x = —1, but the series only
converges for |z| < 1.

7.12 Theorem: convergence theorem of Taylor series

If lim R,(x) =0 in an open interval I that contains a, then
n—roo

© ) (g
f(z) = lim Tn(m)zzf ( )(m—a)k, x el

Justification:

If nh_)rr;o R, (z) = 0, then
lim T, (z) = lim [f(z) — R,(2)] = f(z) — lim R,(z) = f(x).

n—0o0 n—oo n—o0
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It is clear that {T,,(z)} are the partial sums of the series

>, (k) 1"
ka—!(a)(x—a)k:f(a)+f’(a)(g;_a)_|_fz_(f)(m_af_‘_“._‘__(a:_a)k_'_‘“
k=0

Thus, we have

© £(k) (g
) =3 0w
k=0

7.13 Engineering Example: Z-transform

The Z-transform converts a sequence of discrete-time signals into a complex frequency-
domain representation for easy interpretations. The Z-transform can be defined as either a
two-sided or one-sided transform.

Specifically, given a discrete-time signal xz[n], the two-sided Z-transform is defined as

n—=—oo

where z is, in general, a complex number. Alternatively, if the signal z[n] is defined only for
n > 0, the one-sided Z-transform is defined as

The Z-transform has been applied widely in science and engineering fields, e.g., probability
theory, digital signal processing (DSP) and control systems.

7.14 Engineering Example: continuous-time Fourier series

The Fourier series can represent periodic signals as sums of complex exponentials (or, sine
functions and cosine functions). Given a continuous-time periodic signal x(t), its continuous-
time Fourier series is defined as

o0
x(t) = Z agel F Rt

k=—o00

where ay, is the Fourier series coefficient determined by z(t), and T is the period of z(¢t). From
thg} above definition, we see that the Fourier series can represent signals by their harmonics
el Tt

The Fourier series has many applications in electrical engineering, signal processing, image
processing, acoustics, optics, etc. For example, since the Fourier series can represent signals
by their harmonics, it is thus very useful for the signals which can be naturally described by
harmonics, e.g., music signals.

Moreover, for a linear time-invariant (LTI) system with frequency response H (jw), if the
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o0
input is given by z(t) = Z ape’ 2%’“, then the output is

k=—o0
oo

2 ;2T
y(t) = Z apH (]%k) I,

k=—o00

Since the amplitude of each component is scaled by H (j%“k), as seen above, the output of
the LTT system is thus a “filtered” version of the input. In other words, the Fourier series
motives a new representation of a system as a filter. This is useful for many systems, such
as the speech synthesis system.

Remainder Formulas

7.15 Theorem: integral form of the remainder

If (1) js continuous in an open interval I that contains a, then

Ru(z) = — / m(x —t)nfetD)dt,  zel.

Justification:

We prove the remainder formula by induction.
For n = 0, the formula gives

5 [ @=0'f 0t = @)~ @) = 1) ~ Toa) = Ro(s).

So, the formula is true for n = 0.
Suppose the formula holds for n = k:

1 / (@—tF FED () d, el

Ry(x) = o

Then, by integration by parts, we get

- o -0re] 4 [e-ort o
f(k+1)(a) )k+1

= Rk(.’l?) — W(.’L‘ —a

B f(k+1)(a)
= f(z) — Ti(x) — 1)

= f(x) — Tp11(x) = Rpq1(x).

T — a)k-‘,—l
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So, the formula is also true for n = k + 1.
Hence, the remainder formula holds for all n > 0.

7.16 Theorem: Lagrange remainder

If £(»+1) is continuous in an open interval I that contains a, then there is ¢ between a and
x such that
)

(n+1)!

This formula is called the Lagrange remainder of Taylor series.

\. J

Justification:

Let z € I be a fixed number.
If 2 > a, on the interval [a,z], the function f("*1) has its minimum and maximum at s;
and s»:

n+1

Ry (2) = (x —a)

m= " (s), M= fOH(sy),

respectively. Since m < f(»+1(¢) < M on [a, z], we have

— (ac—t dt<—/ () dt<—/ (x —t)™ dt,

’I’l'
so that .
m(z —a)"™ < (n+1) / (z —t)" V() dt < M(z — o)™,

or equivalently,
(n+1) /w (n+1)
m< ——— — )" () dt < M.
S o a(w " f (t)de <

By the Intermediate Value Theorem, there is ¢ € [a, z], such that

f(n+1)(c) _ M /z(a: = t)nf(n+1)(t) dt.

(z —a)nt!

Hence, from the integral form of the remainder,

Rufe) = [ “(@— " D ) dt = %@ oy,

If x < a, the argument is similar.

7.17 Theorem: remainder estimate

M
( +1)'|x—a|”+1, zel.
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Hence, if ’f("+1)(x)| < M for every n in I, then

0 £(k) (g
f(z):zf ()(zfa)k, zel.

k!
k=0

\. J

Justification:

If |f(”+1)(:z:)| < M in I, by the Lagrange remainder,

f(n+1)(c)
(n+1)!

et |z — a|™ ", xel.

| R ()] =

(r—a

~ (n+1)!

We know that |z — a|"*! < (n + 1)! as n — oco. Thus, if |f("*V(z)| < M for every n in I,
then lim R, (z) = 0. Hence, by the convergence theorem of the Taylor series,
n—oo

> f®)(a

-1

k=0

w—a)k, x €l

7.18 Example: convergent Taylor series

1. Show that for all z € R,
2 3 4

—ix— RS B oS Bat
TR 3!

Solution Let f(z) = e®. For all n, since () (x) = e*, we have f((0) = e = 1. Thus,

f(k) n
Tn(2) = Z x _Z Kl
k=0

is well-defined for every n > 0. Its Lagrange remainder is

f(n+1)(c) n+1
(n+1)! T

Ry (z) = f(z) — Tn(z) =
where ¢ is between 0 and x. For any fixed x,
‘f(n+1)(c)) — ¢ < el

so that
el el

_mm‘n-&-l < Rn(ac) < m

Since |2|"t! < (n+ 1)! as n — oo, by the Squeeze Theorem, lim R, (x) = 0. Hence,
n— o0

|m|n+1

by the convergence theorem of Taylor series, we have

oo k
T

:E — z € R.
"
k=0k'
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. Show that for all x € R,

00
—_1)k 3 5 7
Sinﬂ?zz(2()$2k+1:$—x+x_x+...
k=0

— k+1)! 3! 5! z7 ’
N ) A S S
cosx—Z@k)!x —1—§+I—F+-~-.

Solution Let f(z) = sin. Directly computation gives, for k =0,1,2,...,
) =0, fUDQO) =1, fEF(0) =0, fEFI(0) = 1.
Thus, for n > 1,

T = TN _ - (_1)k 2k+1
2nt41(2) = Tont2(z) = ) 5% -

|
— (2k + 1)!
The Lagrange remainder is
_ _ £ (e) n+1

where ¢ is between 0 and z. For any fixed z, it is easy to see that f(™)(z) is either
+sinx or £ cosx. Thus, we have

‘f(n-f—l)(c)‘ <1,

so that

1
(n+1)! S Fu() = (n+1)!

Since |z|"*! < (n + 1)! as n — oo, by the Squeeze Theorem, lim R, (z) = 0. Hence,
n— oo

by the convergence theorem of Taylor series, we have

_ |$‘n+1

|z|n+1'

: 700 (=1) 2k+1 _ z®  2® ot

In a similar manner, we can have
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7.3 Properties of Power Series

Radius of Convergence and Interval of Convergence

7.19 Example: power series

1. The polynomial P, (x) = ag + a1x + asx? + - -+ apx™ is a power series centered at 0.
It has finite number of terms and is meaningful (convergent) for any z € R.

o0
2. The power series Y. k!z¥ converges only when x = 0 (it is a convention that 0! = 1).
k=0

k
1
In fact, for any = # 0, we know that, as k — oo, (||> < k!, so that 1 < k!|z|*.
x

(o]
Thus, klim klz* £ 0 for any x # 0. Hence, if 2 # 0, the series k'zF always diverges
— 00 k=0
by the Divergence Test.
ok
3. The power series > —= converges for any = € R.
k=0 V k!
In fact, for any = € R,
k1
. v (k+1)! . ||
lim —— = lim =
k—o0 T k—oo \/k+1
V!
< ok
By the Ratio Test, the series > ixi is absolutely convergent, so it is convergent.
k=0
o0
4. The power series Y. z* converges for x € (—1,1) and diverges for z € (—oo, —1]U[1, 00).
k=0

In fact, for z € (—1,1), the power series is a convergent geometric series. For = €
(—o00, —1]U[1,00), the limit of kth term 2* is not zero: klim z® # 0. By the Divergence
— 00

Test, the power series is divergent.

5. The power series kgo %
(1,00).

In fact, for any fixed z € R,

converges for 2 € (—1, 1] and diverges for « € (—oo, —1]U

(_1)k+1xk+1

Jim ‘M

k—o0 (—l)kl‘k
k+1

o (Dl
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By the Ratio Test, the series is absolutely convergent for |z| < 1 and divergent for
|z| > 1. Hence, the series is convergent for = € (—1, 1) and divergent for « € (—oo, —1)U

(1,00).
e 1
For = —1, the power series is the divergent harmonic series > %
k=1
0o _1)k—1
For z = 1, the power series is the convergent alternating harmonic series
k=1

k=0
x € (—o0,—2] U [0, 0).

~ k
6. The power series Y (k_—H> (x + 1)* converges for € (—2,0) and diverges for

In fact, for any fixed z € R,

(kLH) ' (x+ 1)k

By the Root Test, the series is absolutely convergent for |« + 1] < 1 and divergent
for |x + 1| > 1. Hence, the series is convergent for x € (—2,0) and divergent for
z € (—00,—2) U (0, 00).

k

. . k41
lim = lim ————
k— o0 k—oo k+1

= |z +1|.

For x = —2 or x = 0, since

<ki+l>k (o + 1)*

lim
k—o00

by the Divergence Test, the series diverges.

7.20 Theorem: convergence of power series

o0

For a given power series Y. ci(x — a)¥ there are only three possibilities:
k=0

1. The series converges only when = = a.

2. The series converges for all z.

3. There is a positive number R such that the series converges if |x — a| < R and diverges
if | —a| > R.
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Definition: radius of convergence

The number R is called the radius of convergence of the power series.

By convention, the radius of convergence is R = 0 when the power series converges
only at the center a and R = oo when the power series converges for all z. The
interval of convergence of a power series is the interval that consists of all values
of x for which the series converges.

Remark: interval of convergence

When 0 < R < oo, the theorem says nothing about the convergence of the

series at the endpoint points |z — a] = R (i.e., z = a = R) of the interval.
Generally, the interval of convergence cannot be obtained from the radius of
convergence.

\. .

Justification:

The theorem is a consequence of the following claim: if Y axr* converges, then 3 ajz®
absolutely converges for |z| < |r|.
In fact, for convergent series > apr*, we have klim apr® = 0. Thus, there is K such that
— 00

when k£ > K,

lagz®| < 1.

For |z| < |r|, this implies that when k > K,

k|_

|axx |akr ‘ ‘ ’—‘

Since ‘—‘ < 1, the geometric series Z‘ ’ converges. Then, by the comparison test, the

series Z arz® absolutely converges. Hence, Z arz® absolutely converges.
k=K k=1

7.21 Method: determine the interval of convergence

o0
Let 3 ci(z — a)* be a given power series.
k=0

1. Compute the radius of convergence R by using the Ratio Test (or sometimes the Root
Test) by

1
R=—-——-= klim
C [e%s}
|| 2L -

k—oo | Ck

1

lim {/[cg|’
15, Ve

Ck

or R=

Ck+1

2. The Ratio and Root Tests are inconclusive when z is an endpoint of the interval of
convergence. Apply some other test to determine whether the series is convergent or
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divergent at an endpoint. ]

. Determine the radius of convergence and the interval of convergence of the power series

. Determine the radius of convergence and the interval of convergence of the power series

Example: radius of convergence and interval of convergence

o g2k
Y,
=0 (k+1)
Solution Since
2k )
k _ li —
dm A\ eror| e i 7 =0

by the Root Test, for all z, the power series absolutely converges, so it converges. Thus,
the radius of convergence is R = oo and the interval of convergence is (—00, 00).

o k(x—+ 1)k
> (14;+1)
k=0

Solution

(a) Compute the radius of convergence by the Ratio Test.

Since
‘(k+1)(x+1)k+1
, k+2 3 o (B+1)2
dm e et i ey =l
k+1

by the Ratio Test, when |z + 1| < 1, the power series converges; when |z + 1] > 1,
it diverges. Thus, the radius of convergence is R = 1.
So, the series converges if —2 < z < 0; diverges if ¢ < —2 or & > 0.

(b) Determine whether the power series is convergent at the endpoints.
(=1)"

P Since

o0
At the left endpoint z = —2, the series is )
k=0

. (—1)*k . k
1 =1 — =1
kgalk+1 ikl

(=D*k
+1

so that klim # 0. From the Divergence Test, the series is divergent .
— 00

>k
At the right endpoint = 0, the series is >, ——. Again from the Divergence

o k+1
Test, it is divergent from the Divergence Test.

O O :
Hence, for the power series > “Erl the radius of convergence R = 1 and the
k=0

interval of convergence is (—2,0).
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3. Determine the radius of convergence and the interval of convergence of the power series
i (z — 2)*
K=o VE+1'

Solution

(a) Compute the radius of convergence by the Ratio Test.

Since
(x_g)k-f—l
k+1
lim —Vk+1+kl:|x_2|. lim \/_—+:|x_2|,
k—oo | (x —2) k—oo /k+1+1

VE+1
by the Ratio Test, when |z — 2| < 1, the power series converges; when |z — 2| > 1,
it diverges. Thus, the radius of convergence is R = 1.

So, the series converges if 1 < x < 3; diverges if z < 1 or > 3.

(b) Determine whether the power series is convergent at the endpoints.

o0 -1 k
At the left endpoint & = 1, the series is ) )
k=0

, which is an alternating series.

Let b, =

. Then, {b;} is a positive decreasing sequence and klim b = 0.
—00

By the Alternating Series Test, this series is convergent.
oo

1
At the right endpoint = 3, the series is ————. Since
kz::O VE+1
1
fim YVE+L _

k— o0 \/E

oo
1
and the p-series Y N is divergent (p = %), by the Limit Comparison Test, the
k=0
€9 1

k=0 Vk+1

series is divergent.

) —2)k
Hence, for the power series > u, the radius of convergence R = 1 and the

k=0 Vk+1

interval of convergence is [1, 3).

7.23 MATLAB: radius of convergence and interval of convergence

Determine the radius of convergence and the interval of convergence of the power series
i’é k(z + 1)k
= k+1

Solution

First, we compute the radius of convergence by the Ratio Test.




406 Series of Functions

>> syms k x

>> assume (k, 'positive') % k>0

>> assumeAlso(k, 'integer') % k is also an integer
>> a(k) = kx(x + 1)"k/(k + 1);

>> ratio_a = simplify(abs(a(k + 1)/a(k)));

>> L = limit(ratio_a,k,inf)
i, s
abs(x + 1)

According to the Ratio Test, when |2 + 1| < 1, the power series is convergent; when |z + 1| >
1, it is divergent. Thus, the radius of convergence is R = 1.

Moreover, from the result above, we can know that the series converges if —2 < x < 0, and
diverges if z < —2 or > 0. To determine the interval of convergence, we need to determine
whether the power series is convergent at the endpoints x = —2 and x = 0, which is shown
in the following:

>> a_left = subs(a(k),x,-2) % when x = -2
a_left =
((-1)"k*k)/(k + 1)

>> lim_a_left = limit (abs(a_left) ,k,inf)

lim_a_left

1

>> a_right subs (a(k) ,x,0) % when x = 0
a_right =
k/(k + 1)

>> 1lim_a_right = limit(a_right ,k,inf)

lim_a_right =

1
k(—2+1)* k(0 + 1)*
We see from the results above that lim g =1 0and lim L =1+#0.
k—o0 k+1 k—oo k41
So, according to the Divergence Test, the power series is divergent at both endpoints x = —2

and x = 0. Therefore, the interval of convergence of this power series is (—2,0).
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Operations on Power Series

7.24 Theorem: combining power series

Suppose > ¢z and 3 dia* converge to f(x) and g(x), respectively, in an open interval
I containing 0. Then

1. Sum and Difference: > (ci + d)z* converges to f(z) & g(x) in I, that is,

oo oo oo
Z(ckidk)xk :chxkidexk, x el
k=0 k=0 k=0

2. Product: Y (cody + cidp_1 + -+ + cx_1dy + cpdp) 2% converges to f(z) - g(z) in I,

that is,
) k ) o)
Z chdk_j k= (Z ckxk> (Z dkxk> , rel.
k=0 \j=0 k=0 k=0

3. Quotient: If dy # 0, then in a neighborhood of x = 0, the power series Y. ajz*

f(x)

converges to ——, that is,

g9(z)

oo
k
- > ok
k k=0
E :akx ==
k=0 E dk:z:k
k=0

where

k
Co 1

o = =, ag = — Ckfzdjak_j for k> 1.
do do i

4. Composition: If h(xz) = bz™, where m is a positive integer and b # 0 a real number,
the power series 3 cx(h(x))* converges to f(h(x)) for x such that h(x) € I.

Example: product and quotient of power series

1. The product can be found by a vertical set-up. For instance, for the power series
representations

e =1+z+32a?+3z3+---, =z€ER,

_ 1.2, 1.4
cosT =1 — 5;3° + 7x°= — -, z €R,
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to compute the Maclaurin series for e” cos z, we collect like terms just as for polynomials:
1+m+%x2+%x3+~~

x 1 —1a? + -

l+o+ 322+ 3%+
1,2 1,3 ...
2" T 3%

¥ —%x3—~~~

Thus,
excosx:1+x—%x3—~'-, x € R.

2. The quotient can be found by a vertical set-up. For instance, for the power series
representations

'xs—---, z € R,

1

G

1,4

1zt —..., z€eR,

Thus,
tanx:x+§x3+f—5x5+...’ z€(-2,1).

The Maclaurin series for the tangent function tan x has a smaller interval of convergence
due to the fact that the denominator cos z becomes zero at x = aEg.

7.26 MATLAB: product and quotient of power series

1. Given two power series f(z) = > (z € (—00,00)) and g(z) =
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o0 2k

z:(—J)k?ggy-(x € (—00,00)), find the power series for the product of these two power
k=0 '

series, i.e., f(x)g(z).

Solution

>> syms x k
>> assume (k, 'integer') % k is an integer
>> a(k) = x"k/factorial (k);

>> b(k) = (-1)"k*x~(2*xk)/factorial (2*k);
>> f(x) = symsum(a(k),k,0,inf)

f(x) =

exp (x)

>> g(x) = symsum(b(k),k,0,inf)
g(x) =

cos (x)

>> prod_term = f(x)*g(x)
prod_term =

exp (x)*cos (x)

>> prod_series = ..
taylor (prod_term,x, 'ExpansionPoint',0, 'Order',6)

prod_series =

- x75/30 - x74/6 - x73/3 + x + 1

It is shown that, up to the order of 5, the product of these two series can be written as

fl@)glz) =1+z—12%— ot — Lab+ .. rcR.
%) $2k+1
. Given two power series f(z) = g%@ly@k+1y (z € (—00,00)) and g(z) =
00 2k B
2 (= )k(;k)v (z € (—00,00)), find the power series for the quotient of these two
k=0 !
power series, i.e., @
9(x)

Solution
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>> syms X k
>> assume (k, 'integer') % k is an integer
>> a(k) = (-1)"k*x~(2xk + 1)/factorial (2xk + 1);

>> b(k) = (-1)"k*x"(2xk)/factorial (2*k);
>> f(x) = symsum(a(k),k,0,inf)

f(x) =

sin(x)

>> g(x) = symsum(b(k),k,0,inf)
g(x) =

cos (x)

>> quot_term = f(x)/g(x)
quot_term =

sin(x)/cos(x)

>> quot_series = ..
taylor (quot_term,x, 'ExpansionPoint',0, 'Order',6)

quot_series =

(2%x~5) /15 + x°3/3 + x

It is shown that, up to the order of 5, the quotient of these two series can be written as

M:x+%m3+%x5+. .

9(x)
Note that the denominator g(x) = cosx becomes 0 when x = +7. Hence, the power
series for the quotient is convergent when z € (—%, %)

7.27 Theorem: differentiation and integration of power series

(o)
If the power series ZCk (z — a)* has radius of convergence R > 0, then the function f
k=0
defined by
f@)=co+ec(z—a)+c(z—a)®+-- :ch(x_a)k
k=0

is differentiable (and therefore continuous) on the interval (¢ — R,a + R) and
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The radii of convergence of the these power series are both still R.

1. f/(z) =c1 +2co(z —a) +3c3(x —a)? +--- = i key(x — a)k—1.
k=1
—a)? —a)3 oo _ q)k+1
2-/f($)de’=C+CQ((E—a)+Cl(m a) _’_02(55 a) +__,:C+ch(33 a) ]
2 3 k=0 k+1

7.28 Example: differentiation of power series

Find 1+ 322 + 52* + 726 + - - -.
Solution Finite geometric series gives

i 1 — gntt
Zxk =l+z+2’+23+  +a2" = —"—
1—2
k=0
so that
1 o0
1_x:Z(*l)kl’k:1+z+x2+x3+~~, z € (-1,1).
k=0
Substituting by —z (or making a composition) gives
1 o0
1+x:Z(fl)kxk:17x+x27x3+~~, x € (—1,1).
k=0
Thus, differentiating these two equalities, respectively, gives
1 /
(1 ) = 1+2z+322+423+---, r € (—1,1);
—x
1 /
(1+x) = —142zx—32% +42%— .., x € (—1,1).

The difference of the last two equalities is

1Y 1Y
21432 +52" + 724+ )= —— ) —
1—x 1+

1 1 2(142?)

A—22  (1+2?2 @1-22

so that
1+ 22

2 4 6 _
1+3!E +5$ +7£U +"'—m,

z e (=1,1).

7.29 Example: integration of power series

1. Finite geometric series gives

Z(_l)kxk:1—$+£2_Jj3+...+(_1)nmn —

n B 1— (_x)nJrl

)

=0
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dx
. Notice that /7 =tan 'z + C. So, to find the Maclaurin series for the function

so that

Z f=1—-z4+22—a3+..., for x € (—1,1).
1+x =

Integrating the equality gives

2 3 4
ln(l—l—x):C—i-x—%—i—%—%—i—-u, for x € (—1,1).

By putting = 0 on both of the last equality, we get C' = 0. Hence, for z € (—1,1),
we have

i = 1:17 x> n z2 ozt n
2 3 4
k=1
At the endpoints z = —1, the Maclaurin series is the divergent harmonic series. At

the other endpoint © = 1, the Maclaurin series is the convergent alternating harmonic
series. We can get the Maclaurin series for the function In(1 + z):

oo 2 3 4
n(l+x) kz_:l klx —x—%+%—%+--~, for x € (—1,1].

The following result can be applied to justify the equality at =z = 1:

o) &)
If 3" cx converges and f(z) = 3 cxa® (=1 <2 < 1), then lim f(z) = > c.
k=0 k=0

z—1—

1+ 22

12, we may start with the Maclaurin series for the function

tan

+z
=1- 2 € (-1,1).
T2 Tzt —x® 4 xz e (—1,1)
Substituting = by z? gives
R R S S N € (-1,1)
a2 x“+at—x , % , 1.
Integrating the equality gives
tanlz=C+z— a8+ 35— 127+, z € (—1,1).

By putting x = 0 on both of the last equality, we get C' = 0. Hence, for z € (—1,1),

we have
oo

k:O

2k:+1

— 1,34 1.5 1.7, ..
=T — 3% —1—5:1: 7x—|— .
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At each of the endpoints x = +1, the Maclaurin series is a convergent alternating series,
by Alternating Series Test. We can get the Maclaurin series for the function tan=! x:

oo 2k+1
tan_leZ(—l)k2k+1 =z— 18+ 3a5 -7+, for x € [-1,1].
k=0

Again, the equality holds at both endpoints due to the same result stated above.

7.30 MATLAB: differentiation of power series

o0 4 oo v

Find the power series for (Z l‘k> - (Z(—l)kxk> , xe(—1,1).
k=0 k=0

Solution

>> syms X k

>> assume(k, 'integer') % k is an integer
>> a(k) = x7k;

>> b(k) = (-1) "k*x"k;

>> terml = symsum(a(k),k,0,inf);

>> term2 = symsum(b(k),k,0,inf);

>> terml_diff = diff(terml,hx)

terml _diff =

piecewise(l < x, 0, abs(x) < 1, 1/(x - 1)72)

>> term2_diff diff (term2,x)
term2_diff =
piecewise(x < -1, 0, abs(x) < 1, -1/(x + 1)72)
>> Delta_term_diff = terml_diff - term2_diff;
>> Delta_term_diff_series = ..
taylor (Delta_term_diff ,x, 'ExpansionPoint',0,'Order',7)

Delta_term_diff_series =

14xx"6 + 10*x"4 + 6*x72 + 2

oo 4 o0 v
It is shown that, up to the order of 6, the power series for (Z mk> = (Z(—l)kxk> can
k=0 k=0
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be written as

o0 b o0 0
(Z:ﬂ“) = (Z(—l)kxk> =2+4622+10z* + 142% + .-, z € (—1,1).
k=0

k=0

7.31 MATLAB: integration of power series

[ee]
Find the power series for /Z(—l)kmkdx, z e (—1,1).

k=0
Solution

>> syms x k
>> assume (k, 'integer') % k is an integer
>> a(k) = (-1) "k*x"k;

>> int_fun = symsum(a(k),k,0,inf);
>> int_term = int(int_fun,x);
>> int_series = taylor(int_term,x, 'ExpansionPoint',0, 'Order',5)

int_series =

- x74/4 + x°3/3 - x72/2 + x

oo
It is shown that, up to the order of 4, the power series for /Z(—l)kxkdx, x € (—1,1), can

] k=0
be written as
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6. In(l+a)=S ()1 =2 42 T 4. se(-1,1, R=1

x® + -+, at least for

7.33 Example: binomial expansion

Expand the function y = va? + 22 (a > 0) as its Maclaurin series.
Solution Write the function as

Nl

y=all+(z/a)’]?.

By the binomial expansion

(1+2)* = i (Z)x’“ ze(~1,1).

we get, for —a < = < a,

o0

\/m—az (i) (z/a)?*

a 2! a 3! a
1 1/1 1 1
3 (z=1 s(z—=1)(5 -2
:a_|_% a la? + 2(22' ) a3zt + 2(2 3)'(2 ) a=32% +

chm—a |z —a|] <R,

where R > 0 or R = co. Then

1. The coefficients are given by the formula

f¥(a)
o k>0

C =

= 0, or equivalently,

n (k)

f(@) = To(z) + oz — al™) Z

x—a)k+0(|a:—a|"), as r — a.
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3. f(z) = li_>m T, (z) for |x — a| < R.

Justification:

1. We know that it is legitimate to differentiate the infinite series term by term at any
number z satisfying |z — a| < R. Thus, for each k, k =0,1,2, ..., we differentiate and
substitute £ = a to have

f(k)(a):2'3~4-~k~ck:k:!~ck,

so that 8 (a)
_ [
cp = o k> 0.
n
2. By part 1, we get Ty, () = 3. ci(z — a)*. Thus,
k=0
(ee]
(z—a)"*' - 3 cnsn(z —a)”
. fl= () . k=0
lim = lim = 0.
z—a (x —a)m z—a (3: — a,)”
3. By part 1, we get T),(z) = Y cx(z — a)*. Thus,
k=0
flz) = ch(x —a)* = lim T,(z).
n— oo
k=0

7.35 Example: find higher derivative

For f(z) = tan~!z, find £(2019)(0).
Solution We know that the function f(x) = tan~!x has the following Maclaurin series:

. o0 , 22k
tan x:Z(—l) TR z € [-1,1].
k=0

By the uniqueness of Taylor expansion, we have

feRO) _ DE
= > 0.
2k+1)!  2k+1° -

Thus,

FRO19)(0) = (—1)1099 . 2018! = —2018!.




7.3 Properties of Power Series 417

7.36 MATLAB: find higher derivative

For f(z) = tan~!z, find £(2019)(0).
Solution First, the Maclaurin series of f(x) = tan~! x can be written as

o0
f(z)=tan'z = chxk, r < R.
k=0

According to the theorem of analytic function, the coefficient of the term with order k is
given by
AR
C = %l 5 k Z 0.
Hence, we have f(2019)(0) = 2019!cz019. To calculate £(2919)(0), we thus only need to calculate
C2019, which is shown as follows:

>> syms X

>> f(x) = atan(x);

>> f_series = taylor(f(x),x,'ExpansionPoint',0, 'Order',2019 + ..
1); % expand f(x) up to order 2019

>> c_array = coeffs(f_series); % find all the coefficients of

the series, the coefficient of the term with the highest
order is the last element of the array

>> ind = length(c_array); % the location of the coefficient
for x72019 in the array

>> ¢ = c_array(ind) % the value of the last coefficient,
i.e., the one for x72019

-1/2019

In the MATLAB code above, the command coeffs can return all the coefficients of a poly-
nomial, and the command length can return the length of a vector.
We see from the result above that cog19 = _Tllg' Therefore, we have

RO (0) = 2019!¢g019 = —2018!.
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7.4 Applications of Taylor Series

Limits by Taylor Series

7.37 Example: limit by Taylor series

Find lim z3 — 6x cos(f) + 6sinx.
Tr— €T
Solution The limit has the indeterminate form 2

o- Although we may apply I'Hospital’s

Rule, alternatively we use the technique of Taylor series. In fact, near x = 0, we have
sinx:x—%x?’—i—éxs—i—--- ]

cos(z?) =1 — Z(z?)2 + -+,

so that, as z — 0,

sinz =z — 2% + 352° + o(|z]?),
cos(z®) =1 — La* + o(|z|*),

Hence,

. 2% — 6z cos(z?) + 6sinx
lim
x—0 Jj5

. z® — 6 [1 — 32* + o(|z|*)] + 6 [z — §2° + 5° + o(|z]?)]

z—0

5
_ g 352° +o(lzP)
T =0 P 20"

_ 61

7.38 Example: limit by Taylor series

Find lim [a:4 sin (:c*4) — p2e~ 1/ + xz}.
Tr—r 00

Solution If making the substitution x = t~!, we see that x — co <= t — 07. Thus,

lim [m4 sin (x_4) — g2V + xQ}
Tr—ro0

t—0t

— Iim [t‘4sin(t4)—t_26_t2 +t‘2}

. sin(t4) — t2e=*° +£
t—0+ 4

The last limit has the indeterminate form %. We use the technique of Taylor series. In fact,
near t = 0, we have

sin(t!) =t* + - .-

)

o =1 L)oo,
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so that, as t — 0T,
sin(t!) = t* + o(|t]*),
e =112+ o([t?),
Hence,
sin(t4) — t2e~¢" + 12
i
gt i
_ g L] =8 [1 -2 4 o(jt?)] + 22
t—0+ 4
.2t +o(ft)t)
= 1i = 2
t—0+ 4
Therefore,
lim {x‘l sin (33_4) — g2 V= 4 2] =9,
Tr—r00

Approximation of Definite Integrals

7.39 Example: approximation of a definite integral

1
Approximate | e dz within 107 of the exact value.

0
Solution We begin with the Maclaurin series
®© k 2 3

P x . T x x B _

2 = (—z?)F _ z2  zt 8
e = 7l = ?—Fi §+ 9 $€(—O0,00)
k=0
Thus,
C 712(1 SCS 1'5 .T7 + !
/06 =\t utsa Tl o
1 1 1 — =L
pr— 1 —_— —_ . e e = —_—
510 5.2l 7.3 ¢ Z;@k+n-m

This shows that the definite integral can be expressed as a convergent alternating series, with

b = satisfying:

2k +1) - k!

0 < bpy1 < bg, lim b, = 0.
k—o0
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Using the bound on the remainder in the Alternating Series Test, we have

- / ey P I
= T — .
(2k+1) k! (2n+3) - (n+1)!
1
Thus, to ensure that |R,| < 107%, we need to choose n so that <1074, or

(2n+3) - (n+1)!
—1)k
(2k(—|—1))k' gives an approximation that is within 10~*

n > 6. Hence, the finite series Z

of the exact value of the series.
Using the bounds on the series in the Alternating Series Test, we have

1

1
1
- —z% 4
56 15-7!</ T <86+ T5 T

6 —1)*
where s = > (=1)

=0 2k +1)- k!
decimal place accuracy. Thus,

By using a calculator, we have sg ~ 0.74684, which has 5th

0.74683 < s < 0.74685.
1
Taking the average of these two bounds as our approximation of / e~ dz, we find that
0

1
/ e~ dz ~ 0.74684.
0

1
For comparison, / e~ dz = 0.7468241324 - - - . We see that our approximation indeed is

0
within 10~% of the exact value of the series.

Solving Differential Equations

7.40 Example: solving differential equation by power series

Solve the differential equation y'(¢) = y(¢)—1, subject to the initial value condition y(0) = 3.
Solution We assume the solution has a power series solution of the form

o0
:chtk:co+clt—|—02t2+03t3+-~- ,
k=0

where the coefficients {c;} will be determined.

Since y(0) = 3, we get ¢g = 3.

The other coefficients can be determined one by one. In fact, substituting the series solution
into the differential equation gives

61+262t+363t2+464t3+"~=(Co+61t+62t2—|—63t3+“')—1.
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Putting ¢t = 0 on both sides of the equation gives
cao=cp—1=c =2. since ¢y = 3
We differentiate both sides of the above equation to have
2y +3-2cst +4-3cut? + - = (c1 + 2cat + 3cst? +---) — 0.
Again, putting ¢ = 0 on both sides of the last equation gives
2c0 =c1 = cy = 1. since ¢; = 2

We repeat the above process by differentiating the equation once more then putting ¢ = 0 on
the resulted equation. Recursively, we get:

1 1 1

S ey = -

37 T4y 5.4-3’

C3 =

Thus, we obtain an “formal” solution:

y(t) = 3+2t+t2+t3+i+ e
B 4-3 5-4-3

The formal solution can be re-written as (formally!)

2 ® # P
y(t)=1+2<1+t+ +3,+ +5,+ )

We recognize that the right-hand side is actually the Maclaurin series of the function 1+ 2¢?.
Finally, we can verify that the formally obtained solution is indeed the true solution of the
original problem, since

y'(t) = (1 +2e") =2e" = (1 +2e) —1=vy(t) —1;
y(0) = (1+2¢")],_,

I
o
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Summary

Definition: basic concepts

e Let f be a function with f/, f”,..., and f(") defined at a. The nth-order Taylor
polynomial for f with its center at a is

" (n)
f2('a)(117—(l)2+—|—f n'(a)

Tn(z) = f(a) + f(a)(z —a) +

(x —a)".

e Let T}, be the Taylor polynomial of order n for f at a. The term R, (z) = f(z) — T, (x)
is called the remainder of the Taylor series. The latter refers the following “formal”
power series of f:

f(a)

n!

f"(a)
2!

fla)+ f'(a)(z —a) + (x—a)*+-- + (x—a)"+---
This power series is also called Taylor expansion of f at a. A Taylor series centered

at 0 is called a Maclaurin series.

e A power series in (x — a) or a power series centered at a or a power series
about a is a series of the form

oo

ch(x—a)k =co+eci(r—a)+exz—a)+---
k=0

Theorem: uniqueness of Taylor polynomials

Suppose f is a function with f/, f”,..., and f) defined at a. If P, is a polynomial of
degree n satisfying

Pu(a) = f(a), Ppla)=f(a), Pl(@)=f"(), ..., P"(a)=Ff"(a),

Then

Theorem: asymptotic approximation of Taylor polynomials

—1T,
If f(")(a) exists, then li_r)n % = 0, or equivalently, by using little-o notation,
— f®)(a)

f(x) =Tn(x) +o(lz —al|") = Z T(:L‘ — a)k + o(|z — a|™), as T — a.
k=0 ’
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Theorem: convergence theorem of Taylor series

If lim R,(z) =0 in an open interval I that contains a, then
n—oo

&.’
—
&
Il
=
=
53
—
&
S~—
Il
[~]s
&h
=
—
S
S~—
—
&
|
S
N—
L=
8
m
~

Theorem: integral form of the remainder

If f("+1) is continuous in an open interval I that contains a, then

R,(z) = ! /z(x — )" f (1) dt, rel.

Tl

Theorem: Lagrange remainder

If £(*+1) is continuous in an open interval I that contains a, then there is ¢ between a and

x such that

f(n+1)(c)
Ry (z) = m(x -

This formula is called the Lagrange remainder of Taylor series.

a)"t.

Theorem: remainder estimate

It |f(”+1)(:c)| < M in an open interval I that contains a, then

M
|’ (2)] < mlx—al"“, zel

Hence, if |f(”+1)(:c)| < M for every n in I, then

% 4(k) (g
f(x)zzf k'( >(x—a)k, x el
k=0 ’

Theorem: convergence of power series

o0

For a given power series Y. ci(x — a)¥ there are only three possibilities:
k=0

1. The series converges only when = = a.

2. The series converges for all x.

3. There is a positive number R such that the series converges if |x — a| < R and diverges
if |z —al > R.
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Definition: radius of convergence

The number R is called the radius of convergence of the power series.

By convention, the radius of convergence is R = 0 when the power series converges
only at the center a and R = oo when the power series converges for all . The
interval of convergence of a power series is the interval that consists of all values
of x for which the series converges.

Method: determine the interval of convergence

o0
Let 3 ci(z — a)* be a given power series.
k=0
1. Compute the radius of convergence R by using the Ratio Test (or sometimes the Root

Test) by
1

lim {/Jcg|’
g, e

1
R= e klim
lim |=*+ e

k—oo | Ck

Ck
or R=

Ck+1

2. The Ratio and Root Tests are inconclusive when z is an endpoint of the interval of
convergence. Apply some other test to determine whether the series is convergent or
divergent at an endpoint.

Theorem: combining power series

Suppose > ¢z and 3 dia* converge to f(x) and g(x), respectively, in an open interval
I containing 0. Then

1. Sum and Difference: > (ci %+ d)z* converges to f(z) & g(x) in I, that is,

o0 (oo} o0
Z(ckﬂ:dk)xk :chxkﬂ:dexk, x el
k=0 k=0 k=0

2. Product: Y (cody + c1di—1 + -+ cx_1d1 + cxdg) ¥ converges to f(z) - g(x) in I,
that is,
0 k o o
Z chdk_j zF = (Z ckxk> (Z dkxk> , rel.
k=0 \ j=0 k=0 k=0

3. Quotient: If dy # 0, then in a neighborhood of x = 0, the power series Y. ajz*
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T
converges to /(@) , that is,
9(x)
oo
- >t
> aat = 5—,
k=0 Z dkl‘k
k=0
where
& 1 K
0
ag = —, ax = — |cx — diap_; for k> 1.
0 dO k dO k JZI gk —j =

4. Composition: If h(z) = ba™, where m is a positive integer and b # 0 a real number,
the power series Y cx(h(x))* converges to f(h(z)) for = such that h(z) € I.

Theorem: differentiation and integration of power series

oo
If the power series ch (x — a)k has radius of convergence R > 0, then the function f
k=0
defined by
f@)=co+ca(r—a)+c(z—a)’+ - = ch(x —a)k
k=0

is differentiable (and therefore continuous) on the interval (¢ — R,a + R) and

1. f'(z) = c1 +2ca(z —a) + 3c3(x —a)? +--- = i key(z — a)F—L.
k=1
2./f(x)dx:C+co(x—a)+cl(x %) +(32(x %) +...:C+ch%
2 3 R T |

The radii of convergence of the these power series are both still R.
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Summary

0 2k 22 3 gt
6. In(1 = ST == e — o -1,1 =1l
n(l+x) /;::1( ) =0 2+3 YRR ze(-1,1, R
o0 —1 —1)(a—2
7. (14+z)*=> <: xkzl—i—ax—i—a(O;' )x2+a(a 3)'((1 )x3—|—~~,atleastfor

where R > 0 or R = co. Then

1. The coefficients are given by the formula

_ W)

A k> 0.

Cl

= 0, or equivalently,

(k) (g
F@) = Tule) + oz~ a) =3 D@ toe—a”),  asaal
k=0

3. f(z) = lim T,(z) for |x —a| < R.

n—oo




Appendix: Introduction to MATLAB

7.41 MATLAB: What is MATLAB?

MATLAB is short for “Matrix Laboratory”. It is a multi-paradigm numerical computing
environment and proprietary programming language developed by MathWorks. MATLAB
allows matrix manipulations, plotting of functions and data, implementation of algorithms,
creation of user interfaces, and interfacing with programs written in other languages, including
C, C++, C#, Java, Fortran and Python. Although MATLAB is intended primarily for
numerical computing, an optional toolbox uses the MuPAD symbolic engine, allowing access
to symbolic computing abilities [Wikipedia].

7.42 MATLAB: Command Window

The command window is where the commands of MATLAB are typed in and calculations
are carried out. In particular, in the command window, the MATLAB commands are typed
in after two arrows >>, as shown in the following figure.
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[G=coco0

After typing in the command and pressing “Enter” (in Windows) or “return” (in Mac), the
calculation will be carried out.

7.43 MATLAB: Current Folder and Workspace

Next to the command window, there are two other windows, namely, “Current Folder”
window and “Workspace” window, as shown in the following figure.

eoe AT RS R0 acagemcuee

o)

In particular, the “Current Folder” window on the left enables us to view, create, open,
move, and rename files and folders in the current folder. For the “Workspace” window on
the right, it enables us to view and interactively manage each variable or object used in
MATLAB. For example, we can edit the content a variable directly in the workspace by right,

clicking the scalar and selecting the “Edit Value”, as shown in the following figure.
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Note that if we click the “Close” option under the triangle menu, the “Current Folder” or
“Workspace” window will be closed.

ece MATLAG 20188 - scadnic use

it costa)
m FindFiles o3P

show >

Sortby >

Group By IS

7.44 MATLAB: M-File

The MATLAB commands can be put into one file called m-file (or script file), and then
we can instruct MATLAB to execute these commands.

To create a m-file, we simply need to click the “New” option from the “HOME” menu and
select “Script”, as shown in the following figure.




430 Appendix: Introduction to MATLAB

To open an existing m-file, we simply need to click the “Open” option from the “HOME”
menu and select the file required from the directory, as shown in the following figure.

- Reasy

To save an m-file, we can click the “Save” option from the “EDITOR” menu, as shown in
the following figure, and choose a suitable destination from the directory for the m-file. We
can also save an existing m-file to another destination by clicking the “Save As" option, and
then choose a suitable destination from the directory. Note that the m-file should be saved
with a “m” extension.
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e [ERTRCIOY

In the m-file, unlike in the command window, there are no double arrows after which the
command should be typed in. Moreover, all the commands in the m-file will not be executed
before clicking the “Run” button in the “EDITOR” menu which is shown in the figure above.
After clicking the “Run” button, the result will be shown if there is no error; otherwise, the
error information will be displayed in the command window.

7.45 MATLAB: Assignment of A Value and Semicolon

To explain how to assign a value and when to use the semicolon in MATLAB, we first
provide some examples as follows. Specifically, the following examples show the calculations
of cos(1) + 1 in the command window.

>> cos (1) + 1
ans =
1.5403
>> r1l = cos(1) + 1
rl =
1.5403
>> r2 = cos(1) + 1;
>> r2
r2 =
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1.5403

We note that “=" means “assign a value” in MATLAB (The symbol “==" represents “equal”
in MATLAB). If no variable is specified, then the answer of cos(1)+1 is assigned to the default
variable ans, as can be seen from the first command of the MATLAB code above. Note that
in MATLAB, the number “1” in cos(1) is in radians (not degrees). If a certain variable is
specified, e.g., r1 in the second command, then the value of cos(1) + 1 is assigned to r1 after
executing this command.

Next, we explain the use of the semicolon (i.e., “;”). Specifically, if no semicolon is used
after a command, then the result of this command will be displayed directly after executing
this command; while if a semicolon is used after a command, then the result of this command
will not be displayed, as can be seen from the last two commands of the MATLAB code above.

7.46 MATLAB: Comments

In MATLAB, comments are written after %, and MATLAB does not attempt to compute
the commenst. For example, in the MATLAB code below, “Change the axis limits so
that both the x-axis and the y-axis range from -3 to 3” are the comments.

E IR - oocomenczion

7.47 MATLAB: Help

In MATLAB, there is extensive documentation explaining the use of all its built-in func-
thDS To check the use of a function, we s1mp1y need to type in help function name after

help cos and help plot, are typed in to check the use of cos and plot, respectlvely
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The most common variable type in MATLAB is matrix. In Calculus course, we will need
to frequently use the one-dimensional matrices, i.e., vectors, in MATLAB. In the following,
we will introduce two ways to define a vector in MATLAB.

1. initial:increment:terminator
The first way to define a vector is by specifying the initial value, the increment (or
step), and the terminator of the vector.

7.48 MATLAB: Vector

>> vecl = 1:2:9
vecl =

1 3 5 7 9
>> vec2 = 1:2:10
vec2 =

1 3 5 7 9
>> vec = 1:5
vec =

1 2 3 4 5
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The MATLAB code above defines two vectors named vecl and vec2, respectively.
There are 5 elements in both of the vectors, namely, 1, 3, 5, 7 and 9. In particular,
vecl starts at 1 (i.e., the initial value is 1), the increment from the previous value (i.e.,
the step) is 2, and it stops at 9.

However, sometimes the vector does not stop at the terminator specified in the com-
mand. With the value of each element changing from the value of the previous ele-
ment by adding an increment, the vector stops at a value which is not exceeding the
terminator but closest to the terminator. For example, vec2 stops at 9 instead of 10.

Note that if the increment is not specified in the command, the default increment is
1, as can be seen from the third command above.

2. linspace

Using the command linspace is another way of defining a vector.

>> vec3 = linspace(1,9,5)
vec3 =
1 3 5 7 9
>> vec4 = linspace(1,10,5)
vecd =
1.0000 3.2500 5.5000 7.7500 10.0000

From the MATLAB code above, we see that the command linspace(x1,x2,N) defines

an N-element vector starting at x1 and stopping at x2. In this way, the increment
2 —zl

N-1"
Note that if we use the command linspace(x1,x2), then a 100-element vector with
initial value x1 and ending value x2 will be generated.

equals to
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7.49 MATLAB: Basic Computations

Some basic matrix operators are listed in the following.

| Operator |

Meaning

+

Matrix addition

Matrix subtraction

Matrix multiplication

Element-by-element multiplication

*
.*
/

Element-by-element division

Matrix exponentiation

~

Element-by-element exponentiation

We see from the above table that some operators for matrices are the same with the ones
for scalars, but some are different and require an additional . before the scalar operator.

7.50 MATLAB: Plot

MATLAB has powerful graph-plotting features. For example, the command plot can be

used to generate a graph based on two vectors. The following MATLAB code generates the
figure of y = 22 by using the command plot.

>>
>>
>>
>>
>>
>>
>>

x = -1:0.01:1;
y = x.72;

figure 7 create a figure window
plot(x,y,'r') 7 graph is in red
xlabel('x') % X-axis label

ylabel('y = x72")

% Y-axis label
grid % add grid lines

The figure generated is shown in the following;:
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Appendix:

Introduction to MATLAB

File Edit View Insert Tools

Figure 1

Desktop Window Help ~

EEON(

DEEEEY - Y

Note that by clicking the third icon, we can save the figure. Moreover, after clicking the fifth
icon, i.e., the arrow, we can choose the “Property Editor” option from the “View” menu, as

highlighted in the following figure.

Figure 1

File Editlnsert Tools Desktop Window Help ¥

) & | |V Figure Toolbar
[ CameraToolbar
Plot Edit Toolbar

Figure Palette
Plot Browser

Property Editor

Li-3 08 @O

Then, a “Property Editor” window will appear as follows, and we can edit the figure, e.g.,

change the font, etc.
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e, 34
p-series, 362

absolute convergence, 380
absolute extreme, 97
absolute maximum, 97
absolute minimum
MATLAB, 105
absolution minimum, 97
alternating harmonic series, 377
MATLAB, 378
Alternating Series Test
MATLAB, 378
remainder estimate, 378
antiderivative, 205
arc length, 286
MATLAB, 289
parametric curve
MATLAB, 292
polar curve
MATLAB, 306
arc length function, 286
area
between two curves
general case, 265
bounded by two curves, 263
along the y-axis, 266
polar curve, 307
MATLAB, 310
polar region, 307

under a parametric curve, 271
MATLAB, 272
arithmetic rules of limits, 13
asymptote
horizontal, 20
slant, 22, 147
vertical, 26

cancellation equations, 38
center of mass, 321
along a curve, 313
discrete system
1d, 311
2d, 312
parametric curve, 316
centroid, 320
of a curve
MATLAB, 315
parametric curve, 316
MATLAB, 319
planar region between two curves, 320
MATLAB, 323
chain rule, 68
Comparison Test, 367
for improper integrals, 253
composite function, 29
MATLAB, 29
concave down, 121
concave up, 121
concavity, 121
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concavity test, 121
conditional convergence, 380
constant function, 112
continuity
composite functions, 30
elementary functions, 6, 46
inverse function, 39
continuous function, 27
in an interval, 28
continuous functions
extreme value theorem, 102
convergence
improper integral
over infinite interval, 248
unbounded integrand, 250
series
geometric series, 348
the p-series, 362
convergence test
sequence
Comparison Test, 367
Integral Test, 357
Limit Comparison Test, 368
Ratio Test, 370
Root Test, 374
convergent series, 348
critical point, 100
curve kketching, 142
cycloid, 152

definite integral, 187
MATLAB, 196
polynomial

MATLAB, 197
definition
absolute extreme, 97
absolute maximum, 97
absolute minimum, 97
composite function, 29
concave down, 121
concave up, 121
continuous function, 27
critical point, 100
definite integral, 187
derivative, 56
differential, 87
even function, 141
exponential function, 4

function, 1
higher derivatives, 90
improper integral
over infinite interval, 248
unbounded integrand, 250
indefinite integral, 205
infinite limit, 25
integral, 187
interior point, 99, 101
inverse function, 37
inverse trigonometric functions, 42
limit, 10
limit at infinities, 19
local extreme, 97
local maximum, 97
local minimum, 97
logarithmic function, 40
monotone, 107
odd function, 141
one-sided limits, 16
one-to-one, 37
periodic function, 141
polar coordinates, 155
polar curve, 155
series
absolute convergence, 380
conditional convergence, 380
convergence, 348
divergence, 348
the number e, 34
trigonometric functions, 5
vector
MATLAB, 433

defnition

exponentiation, 4

delta function, 12
derivative, 56

arithmetic rules, 61

chain rule, 68

exponential functions, 75
Fermat’s theorem, 99, 101
higher, 90

inverse function, 71
inverse trigonometric functions, 73
logarithmic functions, 75
MATLAB, 58

monotone test, 111
notations, 57
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trigonometric functions, 65
derivative of inverse function, 71
derivatives of exponential functions, 75
derivatives of inverse trigonometric functions,

73
derivatives of logarithmic functions, 75
derivatives of trigonometric functions, 65
determine the interval of convergence

MATLAB, 405
determine the radius of convergence

MATLAB, 405
differentiable, 56
differential, 87
differentiation of power series

MATLAB, 413
Dirac delta function, 12
discontinuous, 28
divergent series, 348
domain, 1

error bound
midpoint rule, 239
Simpson’s rule, 241
trapezoidal rule, 239

Euler’s formula, 7

even function, 141

exponential function
MATLAB, 34

extreme point, 97

extreme value theorem, 102

Fermat’s Theorem, 99, 101
first derivative test, 114
MATLAB, 119
formula
arc length, 286
parametric curve, 290
polar curve, 307
area
bounded by two curves, 263
bounded by two polar curves, 307
center of mass
along a curve, 313
parametric curve, 316
centroid
parametric curve, 316
planar region between two curves, 320
surface area of revolution, 295

parametric curve, 300
volume by cylindrical shells, 279
function, 1
absolute extreme, 97
absolute maximum, 97
absolute minimum, 97
arc length, 286
composite
MATLAB, 29
composition, 29
concave down, 121
concave up, 121
continuous, 27
critical point, 100
decreasing, 107
differentiable, 56
Dirac delta, 12
discontinuous, 28
domain, 1
even, 141
exponential
MATLARB, 34
increasing, 107
inverse, 37
MATLAB, 39
inverse trigonometric, 42
local extreme, 97
local maximum, 97
local minimum, 97
logarithmic, 40
MATLARB, 42
monotone, 107
natural domain, 2
odd, 141
periodic, 141
range, 1
transcendental, 4
trigonometric, 5
MATLAB, 44
Fundamental Theorem of Calculus, 200

geometric sequences, 343

geometric series, 348

graph of the inverse function, 39
growth rates of sequences, 341
Guidelines for Curve Sketching, 142

harmonic series
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alternating, 377 Intermediate Value Theorem, 30
MATLAB, 378 inverse function, 37
divergence, 356 cancellation equations, 38
by Integral Test, 360 derivative, 71
higher derivatives, 90 find, 38
horizontal asymptote, 20 graph, 39
horizontal line test, 37 MATLAB, 39
trigonometric
implicit differentiation, 81 MATLAB, 44
MATLAB, 82 inverse trigonometric functions, 42
improper integral MATLAB, 44
over infinite interval, 248
convergence, 248 I’Hospital’s Rule, 134
MATLAB, 253 Lagrange remainder, 398
unbounded integrand, 250 laws of exponents, 4
convergence, 250 laws of logarithms, 41
MATLAB, 254 left point rule, 236
increasing/decreasing test, 111 MATLAB, 242
indefinite integral, 205 left-hand limit, 16
linearity, 205 MATLAB, 17
MATLAB, 209 Leibniz Formula, 93
some elementary functions, 206 Leibniz Rule, 93
infinite limit, 25 limit, 10
integrable, 187 . 1\”
. lim (14+—-) =e, 34
integral =+ 00 < :c)
lower limit, 187 . sinf
numerical approximation 51)5% =118
left point rule, 236 arithmetic rules, 13
midpoint rule, 237 at infinity, 20
right point rule, 237 at negative infinity, 20
Simpson’s rule, 240 at positive infinity, 19
trapezoidal rule, 237 finite, 10
upper limit, 187 infinite, 25
integral form of the remainder, 397 one-sided, 16
Integral Test, 357 sequence, 336
MATLAB, 363 convergence, 336
remainder estimate, 365 divergence, 336
integrand, 187 from a function, 339
integrating products of sinmx and cosnz, MATLAB, 347
223 Limit Comparison Test, 368
integrating products of powers of sinz and limit laws for sequences, 339
cosx, 225 limit of sequence, 336
integrating rational functions by partial linearity
fractions, 229 indefinite integral, 205
integration by parts, 218, 226 linearization, 86
integration of power series local extreme, 97
MATLAB, 414 local maximum, 97

interior point, 99, 101 MATLAB, 103
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local minimum, 97
MATLAB, 103

logarithmic differentiation, 77

logarithmic function, 40
MATLAB, 42

lower limit, 187

Maclaurin series, 394
common functions, 414

MATLAB
Inf, 255
NaN, 255
abs, 357
assumeAlso, 373
assume, 373
cla, 269
coeffs, 417
collect, 210
compose, 30, 69
diff, 58, 197
exp, 34
factorial, 373
finverse, 39
format long, 172
fplot, 149
fzero, 104
help, 432
inf, 21
integral, 196, 253, 254, 304
int, 196, 209, 253, 254
isAlways, 378
length, 417
limit, 12
linspace, 149, 434
log2, logl0, log, 42
matlabFunction, 104, 304
partfrac, 235
plot, 9, 153, 267, 435
polarplot, 160
polyint, 197
pretty, 210
quadgk, 253, 254
rsums, 195
simplify, 373
solve, 82
subplot, 149
subs, 58
symsum, 353

taylor, 394

trapz, 244
viscircles, 269

vpa, 66

absolute minimum, 105

alternating harmonic series, 378

Alternating Series Test, 378
arc length, 289
parametric curve, 292
polar curve, 306
area
polar curve, 310

under a parametric curve, 272

centroid
of a curve, 315
parametric curve, 319

planar region between two curves, 323

chain rule, 69
command help, 432
command window, 427
comment, 432
composite function, 29
concavity test, 122
current folder, 428
definite integral, 196
polynomial, 197
derivative, 58

determine the interval of convergence,

405

determine the radius of convergence, 405

differentiation of power series, 413

exponential function, 34
figure plot, 435
harmonic series
alternating, 378
implicit differentiation, 82
improper integral
over infinite interval, 253
unbounded integrand, 254
increasing/decreasing test, 113
indefinite integral, 209
Integral Test, 363

integration of power series, 414

inverse function, 39

inverse trigonometric functions, 44

left point rule, 242
left-hand limit, 17
limit
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sequence, 347
limits at infinities, 21
local maximum, 103
local minimum, 103
logarithmic function, 42
m-file, 429
method

Simpson’s rule, 244
midpoint rule, 243
monotone test, 113
Newton’s iteration, 171
Newton’s method, 171
one-sided limit, 17
parametric curves, 153
partial fractions for rational functions,

234

polar curves, 160
product of power series, 408
quotient of power series, 408
Ratio Test, 373
Riemann sum, 195
right point rule, 242
right-hand limit, 17
Root Test, 375
semicolon, 431
series

divergence, 357
single quote, 113
substitution, 58
surface area of revolution, 299

parametric curve, 303
symbolic function, 8
Taylor polynomials, 394
telescoping series, 353
trapezoidal rule, 244
trigonometric functions, 44
value assignment, 431
vector, 149
vector definition, 433
volume, 277
work, 329
workspace, 428

Mean Value Theorem, 108
method

determine the interval of convergence,
403

find the absolute extrema, 103

find the inverse function, 38

graph of the inverse function, 39

implicit differentiation, 81

integrating products of sin ma and
cosnz, 223

integrating products of powers of sinx

and cosz, 225

integrating rational functions by partial

fractions, 229
logarithmic differentiation, 77
numerical integration, 236
Simpson’s approximation, 239
Simpson’s rule
MATLAB, 244
solving inequality, 112
trigonometric substitutions, 215
midpoint rule, 237
error bound, 239
MATLAB, 243
moment, 311, 312
about the z-axis, 312
about the y-axis, 312
about the origin, 311
monotone, 107
monotone test, 111
Monotonic Sequence Theorem, 345

natural domain, 2
Newton’s iteration, 168
MATLAB, 171
Newton’s Law of Cooling, 4
Newton’s method, 168
MATLAB, 171
notations of derivative, 57
numerical integration
left point rule, 236
midpoint rule, 237
right point rule, 237
Simpson’s rule, 240
trapezoidal rule, 237

odd function, 141
one-sided limit
MATLAB, 17
one-sided limits, 16
one-to-one, 37

parametric curve, 151
parametric curves

MATLAB, 153
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parametric equations, 151
partial fractions for rational functions

MATLAB, 234
partial sum, 348

period, 141
periodic function, 141
pitfall

arithmetic rules fail, 14
continuous but not differentiable, 60
critical points, 101
improper integral, 252
zero of the denominator <~ vertical
asymptote, 26
polar coordinates, 155
polar curve, 155
slope of the tangent, 158
polar curves
MATLAB, 160
power series, 394
centered at a, 394
product of power series
MATLAB, 408
properties
exponential functions, 33
logarithmic functions, 41

quotient of power series
MATLARB, 408

range, 1
Ratio Test, 370
MATLAB, 373
reciprocal rule, 64
recursive formula, 220
related rates, 84
relationship between differentiability and
continuity, 59
relationship between the limit and the
one-sided limits, 16
remainder
Taylor series, 394
integral form, 397
Lagrange, 397
remainder estimate
Alternating Series Test, 378
Integral Test, 365
Taylor series, 398
Riemann integral, 187

Riemann sum, 187
MATLAB, 195

right point rule, 237
MATLAB, 242

right-hand limit, 16
MATLAB, 17

rigorous definition of limit, 12

rigorousdefinitionoflimit, 12

Root Test, 374
MATLAB, 375

rules of differentiation, 61

second derivative test, 117

MATLAB, 120
sequential limit, 344
series

absolute convergence, 380
conditional convergence, 380
convergence, 348
divergence, 348
MATLAB, 357
partial sum, 348
sigma notation, 186
Simpson’s rule, 240
error bound, 241
slant asymptote, 22, 147
Squeeze Theorem, 14
for sequences, 340
Stirling’s formula, 342
substitution
definite integral, 212
indefinite integral, 210
summation notation, 186
surface area of revolution, 295
general formula, 297
MATLAB, 299
parametric curve, 300
MATLAB, 303

table
indefinite integral, 206

Taylor expansion, 394

Taylor polynomials, 391
asymptotic approximation, 392
MATLAB, 394
uniqueness, 391

Taylor series, 394
convergence theorem, 395
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integral form of the remainder, 397
Lagrange remainder, 398
remainder, 394
telescoping series, 350
MATLAB, 353
test
concavity, 121
MATLAB, 122
first derivative, 114
MATLAB, 119
increasing/decreasing, 111
MATLAB, 113
monotone, 111
MATLAB, 113
second derivative, 117
MATLAB, 120
the number e, 34
theorem
Alternating Series Test
remainder estimate, 378
analytic function, 415
arithmetic rules of limits, 13
chain rule, 68
Comparison Test, 367
concavity test, 121
constant function, 112
continuity of basic elementary functions,
6, 46
continuity of composition of continuous
functions, 30
continuity of the inverse function, 39
continuity with arithmetic operations, 28
derivatives of exponential functions, 75
derivatives of inverse trigonometric
functions, 73
derivatives of logarithmic functions, 75
derivatives of trigonometric functions, 65
differentiation of inverse function, 71
extreme value theorem, 102
Fermat’s Theorem, 99, 101
first derivative test, 114
Fundamental Theorem of Calculus, 200
geometric sequences, 343
growth rates of sequences, 341
horizontal line test, 37
integrable functions, 187
Integral Test, 357
remainder estimate, 365

integration by parts, 218, 226
intermediate value, 30
I’Hospital’s Rule, 134
Leibniz Formula, 93
Limit Comparison Test, 368
Limit Laws for sequences, 339
linear approximation, 86
Mean Value, 108
monotone test, 111
monotonic sequence, 345
properties of exponential functions, 33
properties of logarithmic functions, 41
Ratio Test, 370
relationship between differentiability and
continuity, 59
relationship between the limit and the
one-sided limits, 16
Root Test, 374
rules of differentiation, 61
second derivative test, 117
sequential limit of continuous function,
344
squeeze, 14
Taylor series
convergence theorem, 395
integral form of the remainder, 397
Lagrange remainder, 398
theorem of analytic function, 415
transcendental function, 4
trapezoidal rule, 237
error bound, 239
MATLAB, 244
trigonometric functions, 5
MATLAB, 44
trigonometric substitutions, 215

unit-impulse signal, 12
upper limit, 187

vector
MATLAB, 149
vertical asymptote, 26
volume, 273
by cross sections, 273
by cylindrical shells, 279
MATLAB, 277
using shells, 279
using slices, 274



INDEX 447

work, 325 zero derivative
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