MATH 1014 Calculus Il Spring 2022 Lecture 1

Lecture 1- Definite Integrals, Theorem of Calculus

Instructor: Dr. C.J. Xie (macjxie@ust.hk)

1 Recap MATH 1012/1013

1.1 Recall definitions and main theorems
1.1.1 Limits

Let's start with limit rules and theorems blow, and suppose that lim,_,, f(x) and lim,_,, g(z) exist.
Sum and difference rule: lim,,q (bf(x) + cg(x)) = blimg_,, f(x) + clim,—q g(2);

Product rule: lim, ,4[f(2)g(z)] = limy—q f(x) - lim,_yq g(x);

Quotient rule: If lim,_,, g(x) # 0, then lim,_, Ha) _ lime—a f(2).

g(x) — Timg—ag(x)’

L'Hospital's rule Suppose that 1) f, ¢ differentiable, 2) ¢’'(x) # 0 on x € I, 3) lim,_, f(z) =0 =
lim,_,q g(z) or limy_, f(x) = 00 = limy—, g(x), 4) lim,_,, g—,l exist or is 0o. Then
i 7@ _ o S@)

m —= = lim .
z—a g(x) z—a g’(q:)

Rk: % form, > form.

Ex. Find the limit lim,_,; 222

Squeeze theorem: If f(z) < g(x) < h(x) and lim,_,q f(2) = lim,_yq h(z) = L, then lim,_,, g(z) =
L;

Limit and one-sided limit: lim,_, f(z) = L <= lim,_,,- f =lim,_,,+ f = L;

Two important limits:

z—0 X T—400 €T

. sinx . 1\*
lim =1, lim ([1+—-] =e

1.1.2 Differentiation
Derivative: % = f'(z) = limy_,g W which denotes the rate of change of f with respect
to (w.r.t.) x, can be understood as the slope of the tangent line.

Examples: (derivatives of some elementary functions)
e (¢)) =0, for any constant;
e (zP) =paP~1, for any constant p;

e (%) =limy_o ez+i;l_ez = €”: the slope of y = f(x) = e” at (x,€%);

In|z+h|—In|z| _ 1.
07w Tz

e (In|z]) = limy_, o

Rk: e” and Inx: inverse function of each other, since dcll% =m = ﬁ = e“% where m is the slope
of Inx at (z,Inx), and M is the slope of e* at (Inz,x);
e (sinz) = cosz +— (cosz) = —sinx;

o (tanz)’ = sec?z +— (cotx) = —csc? u;
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note: Denote cot z = tan(§ — x) =: ¢, we have

dcotx d 7
dv —xtan (5 —:1;)
chain z<z_x>.i<z_ )
rule 2 dx \2
=csclz - (—1) = —csc?x,

where sec (g - m) = cscx has been used;
! __ I __ .
e (secx) =secxtanz «— (cscx) = — cscx cot x;

. Chain rule: Suppose f’ and ¢’ exist. Then

or in Leibniz notation,

dy _dy du
dr  du dx’
Example:
1. (In]secz|) 2. (In|secx + tanz|)’
solution Note that
1 /

Inlg(z))) = — - ¢'.
(In |g(=)]) 9(z) g
Thus, we have

-secx tanx = tanx.

1
(In|secz|) = oen (secr) =

secx
and
1 1
(In|secx + tanz|)’ = —————— (secz + tanz)' = ————— - (secz tan x + sec’ x)
secr + tanx secx tanx
secx - (tanx + sec x)
= = secx.

tanz 4 secx

Rk: In |sec x + tan x| is an anti-derivative of sec x.

Sum and difference rule:

[af () + bg(z)] = af’ + by
Product rule:

(f9)=f-d+g-f.

(f)':g-f’—f-g’
g 9 '

Quotient rule:

Example:

sin:c)' _cosz - (sinz) —sinx - (cosx)

(tanz)" = <

coS T cos? x
2 . 9
cos”x +sin“ x 1 9
= 5 = —5— =sec” .
cos? z cos? z

Formulas of trigonometric functions:




MATH 1014 Calculus Il Spring 2022 Lecture 1

® cOs® T +sin‘x = 1;
e 1+ tan?x = sec? z, divide both sides by cos? x above;
e cot?x + 1 = csc? z, divide both sides by sin? = above;

Angle sum/Difference formulas

(@)
S
n
Q
|
=
Il
Q
S
»n
Q
(@)
S
n
=
+
&.
=
Q
&.
=
=

Double angle formulas:

sin 2a = 2 sin « cos

2 2

cos2a = cos’a —sin®a =2cos’a—1=1-2sina.

2 Definite integrals

Definite integral

/bf(:c) dr = lim if(x:‘)Am
a n—oo i1

Rk: 1) Interpretations of Definite Integral: the definite integral is to give the net area between the
graph of f(z) and the x-axis on the interval [a, b]; 2) the integral over the positive y axis is the area,
however, the integral over the negative y axis, is negative area.

Example 2.1. Using the definition to calculate

2
/ 22+ 1 dz,
0
solution.

For brevity, we use the right endpoints of each interval. We know that for a general n the width of
each subinterval is,

The subintervals are then,

0.2, [2]L [88]. o RO, 2] [0 )

As we can see the right endpoint of the i'" subinterval is
2
=

*
Z;

The summation in the definition of the definite integral is then,

gf(:c?)m - gf () ().

2
= [(Z> +1
- n
=1
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In particular, note that the summation notation

6 .

We can evaluate the above summation as

n

n n )
;mzm-;i&;i

s [n(n+1)(2n+1)} L1

.9
n3 6 n "
4 1)(2 1

_ (n+1)(2n + )+2

3n2
~ l4n® +12n+4
- 3n?

We can now compute the definite integral by usage of taking a limit of this,

2
/0 x +1d33—n151302f

14n2 +12n +4
= lim —M——
n—00 3n2
_u
=3

Properties:
o [ f@)de =~ [} f(x)dz, [7f(x)de=0, [} f(x)dw= [} F(t) dt,
o ffcf(x) + g(z) do = cfa f(z) doe + f;g(m) dx

. f;f(x) de = [7 f(z) do + fcbf(x) dzx (where ¢ is any number).
More properties that we often use:

° fabc dx = c¢(b— a), cis any number;
o If f(x) >0 for x € [a,b], then f;f(l‘) dx > 0;

o If f(z) > g(x) for = € [a,b], then [* f(z) dz > [*g(x) d

o If m < f(x) < M for z € [a,b], then m(b — a) §f;f($) dx < M(b— a);

[P f(a) da| < [ |f(x)] da.

3 Theorem of calculus

Theorem 3.1 (Fundamental Theorem of Calculus). Let f be a continuous function on |a,b].

Part I. Then the function

:/:f(t) it
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is continuous on [a,b), differentiable in (a,b), and L A(z) = f(x). S

Part Il. If F is a differentiable function [a,b], such that L F(z) = f(z) (say, F(z) is any anti-
derivative of f(z)), then

b
[ #@) dz = F@lt = FO) - Fla).

Rk: 1) note Part I, for some constant C, A(x) = F(z) + C, however, 0 = A(a) = F(a) + C, thus
C = —F(a), A(x) = F(z) — F(a); 2) If the interval of integration is given, then the integral is
definite.

Example [other way out the definite integral: FTC] Evaluate

2 3 3
) @ e 8 14
1)de= (= = (2 42)-0=-+42=—.
/O(m+)m <3+:E>0 <3—|-> 3—|- 3
Example: Evaluate
1 ™ 1
/ 22 du, / sinz dz, / e’ dx

0 0 0

e Since (%x‘g)/ = 22, by the Fundamental Theorem of Calculus (FTC), we have

solution.

1
1 1
/ 2 dr = —23|) = <.
0 3 3

Similarly, note that (— cosz)’ = sinx, ()" = e”, (the anti-derivative once found, one can use

the FTC), we have
™
/ sinz de = —cosz|j de = —cosm — (—cos0) =1+1=2
0

1
/ Cdr =€} =el —e¥ =e—1.
0

Example. If F(z) = [)(t* + 1) dt, evaluate F'(z).
solution By the FTC, we have
dF (z)

f(z) = In =22 +1.

Example. If F(z) = [/(t* 4+ 1)e* dt, evaluate F'(z).
solution note that F'(z) = e” [’(t* + 1) dt, by the FTC and chain rule, we have

dF(x)

flx) = o e’ /Ox(t2 + 1) dt + " (z* +1).

Anti-differentiation

e Given f, to find f’, called differentiation;

e Given f, to find F, such that F’ = f, called anti-differentiation;
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Ideas to find anti-differentiation:

Note that indefinite integral | f(z) dz means that find all the anti-differentiation of f. The idea to
find one anti-differentiations of f, denoted by F, such F’ = f, here F is called one anti-differentiation
of f.

Note that if F' = f(z) = G’, we have

(F-GY=f-f=0.

So, the rate of change is zero, means F —G = C, where C is arbitrary constant, say F'(z) = G(x)+C.
Thus, we have all the anti-differentiation of f given by

/f(:c) dx = F(x) + C.

Example

3 1
/x2 de =2 +C, /:L‘p dr = 2Pt 4+ ¢, for all const. p # 1,
3 p+1
e’ de=e"+C, —dr =1In|z|+ C, a* dr = —+C
T Ina
/cosx dx =sinz + C, /sinm dx = —cosz + C,
/tanx dr =In|secz|+ C, /secm dxr =In|secz + tanx| + C,
/ L d t +C / ! i +C
—— dx = arctan ———— = arcsinz
14 22 ’ V1—2z2 ’
/sech dx = tanx + C, /csczmd:r——cotx+0,

/secmtanxdmzsecx+0, /cscazcotxdx:cschrC.

solution
. 3\’ 3. . . . -
since (%) = 2, % is one anti-derivative of 2. Thus, all the anti-derivatives construct [ z? dx.
Similarly, other example as remained exercise!
Example:
Evaluate
! 1
/ 3354—2005:1:—27 dz.
0 T+ 1
solution.

We can first evaluate the indefinite integral:

1 1
/ x° + 2cos — dm:/x5dx+2/cosmdx—/ dx
22+ 1 22+ 1

1
= gxﬁ + 2sinx — arctanz + C.

Then, by applying the FTC, we obtain

1
1 1
/ 2° +2cosx — 3 dx = ( 2% + 2sinz — arctan z |[1)
0 X +1 6

1
= 6+2sin1 — arctan1

1
:6+28in1—%.
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Rk: the homeworks can be found here https://www.classviva.org.
Example (from classviva.org).

Evaluate
8
/ 23\ 4zt — 3 da.
6
solution
Note that
2/ 3 1
(42t = 3)3] = 2 (42" = 3)? - 160" = 207 V/22" 3,
Say by FTC,
® 3 I P 3 Loa 38
o4zt — 3 de = — {(4x —3)2] de = — (42" —3)2 g
s 2 |, 24
1
= o [\/(4 83— /(46— 3)3] ~ T1818.83.
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