MATH 1014 Calculus Il Spring 2022 Lecture 18

Lecture 18 Absolute and conditional convergence

Instructor: Dr. C.J. Xie (macjxie@ust.hk)

1 Absolute Convergence and Conditional Convergence

Definition.

e A series Y ay is called absolutely convergent, if the series of the absolute values Y |ag| is
convergent;

e A series > ay is called conditionally convergent, if > a; is convergent, but > |ag| is diver-
gent.

Intuition. Clearly, we have
0 < ag+|ag| <2|ag|, for all k.
If > ay is absolutely convergent, then > 2|ag| is convergent. By the Comparison Test, Y (ay + |ak|)
is convergent. Thus,
D an = (an+lan) =3 laxl,
is convergent.
Theorem. If a series ) ay is absolutely convergent, then it is convergent.
Rk. This fact is one of the ways in which absolute convergence is a “stronger” type of convergence.
Series that are absolutely convergent are guaranteed to be convergent. However, series that are

convergent may or may not be absolutely convergent.
Example. The series

o~ (—1)Ft N (—1)Ft - sink
DD M= D P D P
k=1 k=1 k=1

solution. For (a), since that
oo o 1
Sl =3 b
k=1 k=1

is convergent. Thus, this series is absolutely convergent.

For (b), the alternating harmonic series Y .- ; (_1]):71 is convergent by the Alternating Series Test,
but the harmonic series Y 72| + = > 5, |ax| is divergent. Thus, the alternating harmonic series is
conditionally convergent.

For (c), since that

x| = | sin k| < 1
MT TR TR
and
oo o] 1
Sl <3
k=1 k=1

Note that 7%, 75 is convergent, by the Comparison Test, we have that Y 7%, |ag| is convergent.
Thus Y77, ay, is absolutely convergent (and hence convergent).
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2 Recall the ratio rest, root test for finding the absolute convergence

In this section we are going to take a look at a test that we can use to see if a series is absolutely
convergent or not. Recall that if a series is absolutely convergent then we will also know that it's
convergent and so we will often use it to simply determine the convergence of a series.

Ratio test Suppose we have the series Y a,,. Define

An+1
Gnp,

c= lim
n—oo

Then
e if c <1, the series ) a,, is absolutely convergent (and hence convergent);
e if ¢ > 1, the series ) a,, is divergent;
e if c =1, the series > a,, may be divergent, conditionally convergent, or absolutely convergent.
Proof. First note that we can assume without loss of generality that the series will start at n = 1.
e If ¢ < 1, there is some number r, such that ¢ < r < 1.

Thus, for some constant N, when n > N, we have

an+1
Z+ <r, = |apt1| < rlan,
n
and
lan+1| < rlan]
lant2| < rlan] < r?lay]
lants < rlaniell < rlay]|
lan k] < rlan x| < r¥lax].
Thus, for k =1,2,3,--- , we have |ay,x| < 7*|an|. Note that the series below

00
D laxlr®
k=0

which is a geometric series with 0 < 7 < 1. Thus, > 7 |an|r¥ is convergent. Also since |ay x| <
r¥|ax| by the Comparison test, the series

o0 oo
D lanl =) lanxl,
n=N-+1 k=1
is convergent. Note that
o0 N 0
D lanl =2 lanl+ 3 laul,

we know that Y > |a,| is also convergent since the first term on the right is a finite sum of finite
terms and hence finite. Therefore >~°° | a,, is absolutely convergent.
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If ¢ > 1, there is a constant NV, such that n > N, we have

Gn+41
an

>1, = |apt1| > [an.

Thus, we have
nh_}ngo lan| # 0.
Thus, by the Divergence Test, ) a,, is divergent.
If ¢ =1, we can take some examples to see below,
=1
Z absolutely convergent

2
n
n=1

o~ (=D
Z ,  conditionally convergent

|

E —, divergent .
n

n=1

O
Example. Determine if the series below is convergent or divergent.
DT
2n+1 :
—42rtl(n +1)
solution.
Let's take
(=10)"
an = 5o v
42n+l(n + 1)
and note that
(=10)"+! (—10)"+1
a = = .
n+1 204D+ ((n 4 1)+ 1) 427+3(n + 2)
In turn, we have
_ _ (_10)n+1 42n+1(n 4 1)
OB 1 | T e 2208 (n 1 2) T (—10)"
) (=10)(n+1) 10 .. n+1 10
= lim |——7—|=— lim —— = —
By the Ratio Test, the series converges absolutely and hence will converge.
Example. Determine if the series below is convergent or divergent.
= nl
n=0 o
solution. Note that the definition of the n factorial by
nl=nn-1)(n-2)---3-2-1,
and
nr s5° ! 1)n! 1
c= lim Gntl] _ lim M— = lim (n+1) = lim M: lim nt =00 > 1.
n—oo | ap, n—oo | Hntl n! n—oo  5Hn! n—o00 5n! n—o00

So, by the Ratio Test, this series diverges.
Rk.
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e 0l=1,1=1,21=2-1=2,31=3-21=6,4'=4-31=24, 5! =5 4! = 120;
enl=nn-1)(n-2)---(n—k)-(n—k—1)!
e (2n)! # 2 - nl, since that
Cn)l=(2n)-2n—-1)-(2n—-2)---3-2-1,
2nl=2[n(n—-1)(n-2)---3-2-1].

Example. Determine if the series below is convergent or divergent.

e 2

Z (2n — 1)1

n=2

solution. Note that

R (n+1)2 (2n —1)!
c= lim = .
n—o0o | Ay, n—00 (2(n + 1) — 1)' n?
2 1\ 2 —1\!
— fim (n+1)" (2n—1)! — lim (n+1) (2n—1)!
n—oo | (2n + 1)! n? n—oo (2n 4+ 1)(2n)(2n — 1)! n?
(n+1)°

A @+ DEn)2) 0

Thus, by the Ratio Test, this series converges absolutely and so converges.
Example. Determine if the series below is convergent or divergent.

oo 971
2 oy

n=1
solution.
Note that
.| Gny1 . gntl (—2)"*in
c= lim = lim .
n—oo | Qp n—o00 (_2)n+2 (n + 1) gn
. In 9 . n 9
=lim |——|==lim —— == > 1,
n—oo | —2(n + 1) 2n—sc0on+1 2

thus, by the Ratio Test, this series is divergent.
Example. Determine if the series below is convergent or divergent.

5 .
—n +1
solution. Let’s first get ¢ below,
. Jant . (-t 241 . n?+1
c= lim |——| = lim . = lim ——— =1,
n—oo | Qp n—00 (n + 1)2 +1 (—1)" n—00 (n + 1)2 +1

which means the ratio test is not good for determining the convergence of this series. We will need
to resort to another test for this series. This series is an alternating series and so let's check the two
conditions from that test.

i b= o =

by = — > =
" n2417 (n+1)2+1

I

= bn+1-
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The two conditions are met and so by the Alternating Series Test this series is convergent. Note
that > |a,| by the comparison test with > # this series is also absolutely convergent.
Example. Determine if the series below is convergent or divergent.

i n+ 2
n:02n+7
solution. Note that
2 2
= lim | Y| = |3 ATy, (ECET)
n—oo | ap n—oo |2(n+1)+7 n+2 n—oo (2n+9)(n + 2)

Again, the ratio test tells us nothing here. We can however, quickly use the divergence test on this.
In fact that probably should have been our first choice on this one anyway.

n—+2 1

By the Divergence Test this series is divergent.
Root Test. Suppose that we have the series ) a,. Define

o . 1
c= nhanolo Van| = nhﬁn;(} lan|n.
Then

e if ¢ <1, the series ) a,, is absolutely convergent (and hence convergent);

e if ¢ > 1, the series Y _ a,, is divergent;

e if c =1, the series > a,, may be divergent, conditionally convergent, or absolutely convergent.

Proof. First note that we can assume without loss of generality that the series will start at n = 1.

e If ¢ < 1, there is a number r, such that ¢ < r < 1. Thus, there is some N, when n > N, we
have

\an\% <r, = lay| <r™

Note that " ° " is a convergent geometric series with 0 < r < 1. By the comparison test,
the series Y > \ |ay| is convergent. On the other hand,

00 N-1 00
> lanl =3 lanl+ > lanl,
n=1 n=1 n=N

which indicates that >, |a,| si convergent as well, since the first term on the right is a finite
sum of finite terms and hence finite. Thus, > >, a,, is absolutely convergent.

e If ¢ > 1, there must be some N, such that n > N, we have
1
lan|n >1, = lap| > 1.
As a result,
lim |a 0= lim a 0.

Thus, by the Divergence Test, Y a,, is divergent.
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e If ¢ =1, we can take some examples below,

absolutely convergent,

?

NE
— ;Eo"_‘

n=1
Z ,  conditionally convergent,
n=1

o0

n

1
Z —  divergent .
n

n=1

Fact.

1
lim n» =1
n—oo
. 1 1 . [} . I
solution. We can take a, = In (nﬁ) = 1“7” = nn» = e®. Since that by the L'Hospital's rule, we
have
Inz

1
lim — = lim £ =0.
T—00 I T—00 1

Thus,

1 .
lim ap, =0,= lim nn = lim e =€’ = 1.
n—oo n—0o0 n—oo

Example. Determine if the series below is convergent or divergent.

o n

> s
— 31+2n
solution. Note that
n" |n n 00
¢= lm |3, :Jiiﬂoﬁ:§:°°>l'

Thus, by the Root Test, this series is divergent.
Example. Determine if the series below is convergent or divergent.

i 5n — 3n3\"
™3 + 2 ’
n=0

solution. Note that
5n — 3n3

I 5n — 3n3\"

c= lim || ——— —_—
n—oo [\ Tn3 + 2 ™3 + 2
Thus, by the Root Test this series converges absolutely and hence converges.
Example. Determine if the series below is convergent or divergent.

2 (=12)”
Z( n)_

n=3

1
n

= l1m =
n—00

3] 3
Y
7’ 7 <

solution. Note that

1
n

—12)*|n 12 12
c—lim’() — lim — = 212> 1.
n—o00 n n—00 5= 1

By the Root Test, this series is divergent.
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3 Summary: Strategy For Series

The guidelines for determining the convergence of a series below. Again, remember that these are
only a set of guidelines and not a set of hard and fast rules to use when trying to determine the best
test to use on a series.

e With a quick glance does it look like the series terms don’t converge to zero in the limit, i.e.,
does limy, ,o0 an, # 07 If so, use the Divergence Test. Note that you should only do the
Divergence Test if a quick glance suggests that the series terms may not converge to zero in
the limit;

e Is the series a p-series >_ -1 or a geometric series (3 0" ar™ or Y07 ar™~1)? If so use the

fact that p-series will only converge if p > 1 and a geometric series will only converge if || < 1.
Remember as well that often some algebraic manipulation is required to get a geometric series
into the correct form.

e Is the series similar to a p-series or a geometric series? If so, try the Comparison Test.

e |s the series a rational expression involving only polynomials or polynomials under radicals
(i.e. a fraction involving only polynomials or polynomials under radicals)? If so, try the
Comparison Test and/or the Limit Comparison Test. Remember however, that in order to use
the Comparison Test and the Limit Comparison Test the series terms all need to be positive.

e Does the series contain factorials or constants raised to powers involving n? If so, then the
Ratio Test may work. Note that if the series term contains a factorial then the only test that
we've got that will work is the Ratio Test.

e Can the series terms be written in the form a,, = (—1)"b,, or a, = (—1)"*1b,? If so, then the
Alternating Series Test may work.

e Can the series terms be written in the form a,, = (b,)"? If so, then the Root Test may work.

e If a,, = f(n) for some positive, decreasing function and faoo f(x) dz is easy to evaluate then
the Integral Test may work.

In summary,

Divergence Test. If lim,, o0 an, # 0, then > a, will diverge.

Integral Test. Suppose that f(x) is a positive, decreasing function on the interval [k, c0) and that
f(n) = ay, then,

o If [ f(x) dx is convergent then so is " | an;
o If [° f(x) dx is divergent then sois " | ap.

Comparison Test. Suppose that we have two series > a, and >_ b, with a,, b, > 0 for all n and
an < b, for all n. Then,

e If Y b, is convergent then so is > ay;
e If Y a, is divergent then so is > by,.

Limit Comparison Test. Suppose that we have two series ) a, and > b, with a,, b, > 0 for all n.
Define

. Gn
c= lim —.
n—oo by,
If 0 < ¢ < 00, then either both series converge or both series diverge.
Alternating Series Test. Suppose that we have series > a, and either a, = (=1)"b, or a, =

(—1)"*1b,,, where b, > 0 for all n. Then if
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e limy, o0 by = 0;
e {b,} is eventually a decreasing sequence;

then the series ) a,, is convergent.
Ratio Test. Suppose we have series > a,,. Define

an+1
an

c= lim
n—oo

Then,
e if ¢ < 1, the series is absolutely convergent (and hence convergent);
e if ¢ > 1, the series is divergent;
e if ¢ =1, the series may be divergent, conditionally convergent, or absolutely convergent.

Root Test. Suppose that we have the series Y a,. Define

. . 1
c= nh_}rrolo Van| = nh_)IIolo lan|m.
Then,

e if ¢ < 1, the series is absolutely convergent (and hence convergent);

e if ¢ > 1, the series is divergent;

e if ¢ =1, the series may be divergent, conditionally convergent, or absolutely convergent.

Rk. Common comparison object below,

® p-series:

i 1 ] converges , ifp>1
n? | diverges, ifp<1.

n=1

e geometric series:

a

oo _—
g arbt =S 1—7
r=1

diverges , if |r| > 1,

if |r] < 1,

where a # 0 and r be a real number.
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[ea]
n=0
|

'

s lima, =07

n—x

No

|
Y

Divergent
(Divergence Test)

* A geometric series? If yes, the exact sum can be determined by the geometric series sum formula:

) 2 a ?
- ar" =a(l+r+r +--)=— if |1 <l
> < i I
a=0
* s the partial sum sequence s, =d, +a, +--++a, simple enough to have a clear limit lims, =5 ? If yes,
the sum of the series is equal to s. g
Apply an applicable test for the convergence/divergence of the series:
Yes Yes * Integral Test
: B a, 2 0 foralln? " * Comparison Test

*  Limit Comparison Test
* Ratio Test

No
S|+ RootTest
v 5
.’IY
: 7 Yes At ; =
‘ An alternating series? - Is thfe alternating series F[est Yes _
L applicable? Zan is convergent
= n=1
No ; No
L J _"
13
0 Yes w©
Is Zlaﬂl convergent? Zﬁu is also convergent
=1 n=1
No
—— | Need further investigation I e
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