MATH 1014 Calculus Il Spring 2022

Lecture 3

Lecture 3— Integration by parts

Instructor: Dr. C.J. Xie (macjxie@ust.hk)

1 Recap last time

substitution method

e for the indefinite integral, let u = g(x), we have
[ o)) do = [ slat) dota) = [ 1) du

e for the definite integral, let u = g(z), we have

g(b)

b b
) - ¢ () de = x)) dg(z) = uw) du.
/af(g( ) -d() /Gf(g( )) dg(z) /g(a) £ ()

Example. Evaluate [;! tanxsec? z da.
solution
Let v = tanx, we have du = (tanz)’ dx = sec’x dx, and

T
0= —
“ 4

U : tan0:0—>tan£:1.

Thus,

i

[

Example. Evaluate [tan®zsecz da.
solution Let u = sec z, we have du = (secx)’ dx = secx tanz dx and

i

1

4 4

tanxsechd:U—/ tanx-(tanx)’dw-/ tanmdtanx—/ u du
0 0 0

1 ,, 1 1

u”lo 9 9

i

2

/tangmsecx dx = /tan2x~(secxtanx) dx = /(sech —1) - (secx) dx
1

Let's recall the product rule below (some intuition of integration by parts),
product rule Let u(z), v(x) are both differentiable in x, we have

(uv)’ = vu'v +uv'.
Say,

w' = (uwv) —u'v.
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For the indefinite integral [ uv'dz, we integrate the both sides of the product rule and have

/ wdz = / [(wo) — o] de = / (o) dz — / v do
=uv — /u’v dzx,

where the integral [ /v dz is hopefully easier to integrate.

Example. evaluate [ ze® dz.

solution

We first need to choose u and v. In this example, we choose u = x, and v = €%, and thus have

/xeﬂc do = /x(ex)' do = /(xex)’ do — /1 ¢ da

=z’ — e + C.

Rk. This idea is nothing but the integration by parts.

2 Integration by parts

Theorem Let v and v are both differentiable in z. Then

e for the indefinite integral, we have

/uv’dx—/udv—uv—/vdu—uv—/vu’dm;

e for the definite integral, by the Fundamental Theorem of Calculus (FTC), we have

b b
/ w' de = (uwv) |2 — / v du.

Example. evaluate [z cosz dx and [ x cosz da.
solution We take © = z and v = sin x, and thus have

/xcosx dx:/:c(sinx)' da;:/m dsinx:xsinx/sin:c dz

= gsinx +cosxz + C.

Using the FTC, we have

™ ™ s s
/ X COS T d:c:/ x(sinz)’ daz:/ xdsinmzxsinx%/ sinz dz
0 0 0 0

=0—0+cosz|j =cos(m) —cos0=—-1—-1=-2.

Rk. If we take v = cosx and u = 3%, then

/xcosac dr = 1/coszz- (x2)/ dr = 1/coszzd(:c2)
2 2

1 1 1 1
= 2xzcosx—2/a:2-(cosx)' dx = 2x2cosx+2/a:25inx dx,

thus the power z* is higher, that has to use the integration by parts again. This is not an optimal
method for u = %xQ and v = cosx since the resulting integration on the right hand side is more
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complicated than the original one. Obviously, u = x and v = sinz is a better strategy to evaluate

this integral.
Example (from classviva.org). evaluate

7
/ Vilnt dt.
1

solution

method 1: Using the integration by parts, we have

7 7 9 / 9 7
/x/ilntdt:/ lnt.<t§> dt:/ Int dt2
1 1 3 3 1

2 2 (7 2 2 (7
:lnt-tgﬁ—/ tg-(lnt)’dtzlnt-tgﬁ—/ t2 dt
3/, 3 3/,

3
2 3 2 23 2 3 4 3

method 2: Let u=+/7 first, we then have z : 1 — 7 and u: 1 — /7, t = v2, dt = 2u du and

7 V7 V7
/ \/%lntdt:/ ulnu2-2udu:/ 2ulnu - 2u du
1 1 1

V7 V7 1 ! 4 (V7
:4/ u?lnu du:4/ Inu- [ =u? du:/ Inw du?,
1 1 3 3.1

using the integration by parts below,

7 4 (V7 4 4 (V7
/ Vitint dt:?)/ Inu dugzguglnunﬁ—:s/ uw(Inw) du
1

1 1
:u31nu17_/ u? du= oot nuly - 2 SutT
3 31 3 3 3
4 4
= (VTP IVT - o (V)P 1) w1624,

Ideas for using integration by parts Two ingradients below,

e choosing the suitable u and v, such that integration is easier to do;

e taking the integration by parts (might be used more than once, usually to be used twice is
enough).

Example. evaluate

/6295 sinz dz.
/ehsinx dx = /6236 (—cosz) dx = —/62‘” ~dcosz,

take u = €2* and v = cos z, by the integration by parts, we have

/ehsinx dx = —/e2x~dcosx: — (e%'cosx—/cosx de%)

= —e®cosx + /cosx (%) dx = —e*® cosx + 2/cosx ¥ dx

solution

= —e?cosz + 2/621 - (sinz) dz = —e** cosx + 2/€2$ dsin .
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We then take u = €% and v = sinz, and thus have

/62’” sinz dr = —e?* cosz + 2 / e?® dsinz = —e?® cosz + 2e* sinx — Z/Sinx de?®
= €2 (2sinx — cosx) — 2/sinx - (e*®) dx
= €2 (2sinz — cosx) —4 / e*sinx dz.
Thus, we have

5/62xsinm dx = e** (2sinz — cosz) + C,

say,

1
/e% sinx dr = 662"3 (2sinx — cosz) + C.

/37262:” dx.

, v = €%* for the first integration by parts, and v = z, v = €>* for the second

Example (from classviva.org). evaluate

solution By u = z2

one, we have

1 1/
/ZL‘262$ dx = B /:172(62””)' dx = 2/ z% e

1 1 1 1
= —g2e* - = / 2 da? = —x%e?® — /6236 2z dx
2 2 2

Exercise. Evaluate fol(x2 + z)e 2% du.
Rk. To evaluate some integral like [ p(z)e*® dx, where p(x) is a polynomial function, we can use
the integration by parts for u = p(z) and v = €.

Example (from classviva.org). evaluate

/ x2arctan z du.

Rk. Sometimes, we also write arctan z = tan—!

one of it to do the calculation.
solution
Let's take © = arctanx and v = z

x exactly as the inverse function of tanz. Choose

3 we have

12\ 1
/anrctana: dr = /arctanx- (3:53) dr = 3/&rctanx~ dax®

1 1 1 1
= §x3 arctanz — 3 /x3 darctanx = g:r?’ arctanz — 3 /:):3 - (arctanx) dz

1 1 1
= —g3arctanz — ~ /:U3 . dz.
3 3 2 +1
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Note that

1 1 1 ! 1 1
3 4 4
z° - dx = N dr = - dz™.
/ z2+1 /x2+1 <4 > 4/w2+1

2 we then have 2% = 42, dz* = du? = 2u du and

Let u =2

1 1 1 1 1
3 4
- dr = = de* = - -2u d
/ x2 41 4/x2+1 4/u—|—1 wau

1 [ u 1 fu+l1—1 1 1/ 1
- = du=- [ " gu==> [ 1du—- = d
2/u+1“ 2/ w1 2/ “ 2/u+1“

1 1 1 1
:§U—§In|u+1|+cz§$2—§1n|x2+1|+0'
Thus,
1 1 1
/anrctana; dr = §$3 arctanx — g /333 ’ 22+ 1 dx
1 1/1 1
= gx?’ arctanx — 3 (2562 - §1U($2 + 1)) +C

1 1 1
= ga:?’ arctan z — 6x2 + 6 In(z? + 1) +C

Example (from classviva.org). Suppose that f(1) =8, f(4) = =8, f'(1) =3, f'(4) =8 and f" is
continuous. Evaluate

4
/ xf"(z) d.

1

solution Using the integration by parts, we have

4 4 4 4
[ ar'@is = [Calr@) do= [Coq@) = ar @it~ [ 7 de
By the FTC, we have
4
/1 af"(x) de = af (z)|]] — f(2)|t = 4F'(4) = f'(1) = [F(4) — f(1)]

—4.8-3—(—8)+8=45.

Example (from classviva.org). Using integration by parts and the formula

[ @) s =sf@) - [af'@) iz

to evaluate [ Inz dx.
solution (manipulate this) Taking u = Inz and v = x

e e e
/ Inz dx:xlnxﬁ—/ xdlnm:xlnxﬁ—/ x- (Inz) do
1 1 1

e
:xlnxﬁ—/ lder=zlnz|{ —z|{ = (xlnx — )]
1
=elne—e—(Inl—-1)=e—e+1=1.

Rk. If f and f~1 are inverse functions to each other (i.e., f(f~!) = 1) and f’ is continuous, we then
have

b b b
/f(m)dl“:wf(fﬂ)lg/ xdf(ﬁﬂ):bf(b)af(a)/ x df (x)
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We take y = f(z), thus by the definition of inverse function = = f~'(y), we have

r: a—b
y:  fla) = f(b)

then the fact is

b
/ f() di = bf(b) - af(a) - / £ df(x) = bf(b) — af(a) - /f L

Note that Inz and e¥ are inverse to each other and

[ do = 1) atn(a) - / lj(j) ¥ dy = bIn(t) — aln(a) — e¥20)
=bIn(b) —aln(a) — [eln(b) — eln(“)} =bln(b) —aln(a) — b + a.
Thus,
/lelnxdxzelne—lnl—e—}—l:e—e—|—1:1,

Integrals with different integration techniques

Example.
/.iUp Inz dz,

Evaluate

where the constant p is a real number.
solution

o If p=—1, we have

/xllnx dm—/lnx-(lnm)’ dx—/lnx dlnz.

Using the substitution v = In z, and the FTC, we have

1 1
/xllnaﬁ dw—/u du = §u2+C: i(lnm)z—i-C.

e lfp#—1,p+1+#0,letu=Inz, v=aP! using the integration by parts, we have

LAY 1 +1
2PInrdr= | Inx- de = —— | Inx da?
p+1 p+1,
1 1
= — (:cp+1 Inx — /po dlnx) = <xp+1 Inz — /xpﬂ (Inz)’ dx)
p+1 p+
1 1 1
= — <£L’p+1 Inz — /xp'H .- d:1:> = (mp+1 Inz — /:Up d$>
p+1 x p+1

1 1
=— P (lnz—— | +C.
p+1 p+1

Exercise. Evaluate [23Inz dx.
Example (for the trigonometric integral). Evaluate fsin49 db.
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solution This can be evaluated directly by the double angle formula below,

sin20 = 2sinfcosf, cos20 =2cos’h —1=1—2sin?4.
Here, we use the integration by parts,
/Sin49 do = /sin3«9 -sinf df = —/sin3«9 dcosf
= —cosHsin39+/cost9dsin39 = —cos@sin39+/(:050~3sin29c059 do
= —cosfsin® 6 + 3/51112 (1 — sin?0) d
= —COSHSin39+3/sin29 do—3 /sin49 do.
Thus
/sin49 do = —icosﬁsin?’@—k i/sinQQ do = —icosﬁsin?’@—k i/;(l —cos260) do
= —icosﬁsin?’e—k 29 — isin20 + C.

16
Rk. In general,

on—1 -1
/sin”@ dg— S Ocosf  m /sin"—29 do,

n n

especially, we have [sin?60 df = —sin6cosf + 1 [1do.
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