MATH 1014 Calculus Il Spring 2022 Lecture 8

Lecture 8 (Applications of integration)—Areas between
curves

Instructor: Dr. C.J. Xie (macjxie@ust.hk)

1 Areas between curves

If we let f(z) > 0 and g(x) < 0 on [a,b], see Figure 1, and denote the areas between the graphs
and z-axis by Ay and A,. Thus,

For example,

Figure 1: The areas between the graphs and z-axis over [a, b], where f(z) > 0 and g(x) < 0.

Area of a region bounded by two curves
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Figure 2: Area of a region bounded by two curves.

Note that in Figure 2, the area over [a, b] is bounded by two curves f(x) and g(z) which is given by

A= Ap+ 4 = /abf(w) dm—/abgm dxzjab [F(2) — 9(2)] da.
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Theorem. Let f and g(x) be two continuous functions with f(z) > g(z) over [a,b]. The area
between the graphs of f and g over [a,b] is

b
A= [ 1) - @) da.

1

Example. Find the area of the closed region bounded by the graphs of the functions f(z) = 715

and g(z) = 1.
solution. To find the intersections of two curves, we take

1 1
212 v

Note that
e when —1 <2 <1, 22+ 1 <2, we have f(z) > g(z);
e whenz < —lorx>1, 22+ 1> 2, we have f(z) < g(z).

The closed domain is presented below. Thus, the area of the region bounded by two curves is

A= [ @) o= [ [y - 3] de = arctanspt, - 2

-1

Example. Find the area of the closed region bounded by the graphs of the functions f(z) = z + 2
and g(x) = |z| over the interval [-2,1].
solution. To find the intersection of f(z) and g(z), we take

r+2=|z|, = zr=-1
Note that

e whenz < -1, z+2< |z

, we have f(z) < g(z);

e whenz > -1, z+2> |z

, we have f(z) > g(z).
The closed region is presented below. Thus, the area of the region bounded by f and g is

Y

y=z12
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~1 1
A= [ o)~ @) dot [ 7@ - g(o)] do
~1 1
—/ 2] — (z +2)] da:—i—/ 42— |of] de
—2 -1
-1 0 1
:/ [—z — (z + 2)] dJ:Jr/ [ +2— (—x)] d.’E+/ [x+2—2z| dz
) -1 0
= (—2” = 22)| 53 + (2” + 22)|%, + 22)p
=(-142)—(-4+4)+0—-(1-2)+2-0=4.
Rk. Note that
~1 1 1
A= [ @ - r@) ot [ @ -g@] do= [ 1766w dr
since that f(z) < g(z) when z < —1 and f(z) > g(z) when z > —1.
Theorem. Generally, the area between the curve f(x) and g(z) over [a,b] is given by
b
[ 1#@) - g(a)] da.
Example. Find the area between f(x) = cosz and g(x) = sinx over [0, .
solution. The area is
2 2
/ |f(z) — g(x)] dx = / |cosx — sinz| dx.
0 0
To find the intersections, we take
cosx =sinx, — cos’z =sin?x =1—cos’z = cos’x = %,
due to x € [0, 5], we have z = 7. Note that
e when 0 <z < 7, sinz < @ < cosz, we have f(z) > g(z);
e when § <z <7, sinz > @ > cosz, we have f(z) < g(z).
The area between two curves is presented below. Thus, the area is
Y
Y = cosx
y:si'hx
0 r 3 i
2 T 2
A= [F11@ - g@lde = [ 7@ - g(@) ot [ lot@) - f(0)] da
I 2
:/ [cos x — sin z dac—i—/ [sinx — cosz| dx
0 I
™ s 2 2 2 2
= (sinz + cosz)|; + (—cosz —sinz)|z = \Qf + \2[ —14(-1) - (—\2[ - \2[) =2V2-2
4
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Example (from classviva.org). Find the area of the region that is enclosed between y = 722 — 2% +

and y = 22 + 9z.
solution.
To find the intersection of two curves, we take

y=flz)=72" =2’ +u z=0,2,4
—
y = g(x) = 2 + 9z, y =0,22,52.

Note that f(z) — g(z) = 7T2? — 2% + 2 — (22 + 92) = —x(x — 2)(x — 4) and
e when x <0, thus, —z(x — 2)(x —4) > 0, we have f(x) > g(z);
e when 0 <z <2, thus, —z(z — 2)(z — 4) <0, we have f(z) < g(x);
e when 2 <z <4, thus, —z(z — 2)(z —4) > 0, we have f(z) > g(x);
e when x >4, thus, —z(x — 2)(x — 4) < 0, we have f(x) < g(x).

Thus, the area is

4

2 4
A= [ 1@ = 9@ do= [lot@) = @) do+ [ 1@) = g(@)] do
2 4
:/ (2% 4 9z — (T2 — 23 + z))] d:v+/ [72? — 23 + o — (2 + 92)) dx
0 2
2 4
= / [—6x2 + 23 + 8z dx + / (622 — 23 — 8] dx
0 2

1 1
= (22 + Z$4 + 42?3 + (2% — Zx4 —42?)[3 =8.

Theorem (area bounded by two curves along the y-axis). Let A be the area of the region that lies
between two curves x = f(y) and = = g(y) over y € [c, d], where f and g are continuous functions

and suppose f(y) > g(y) (see the figure below), then

z = g(y) z = f(y)

X F

Example. Find the common area of two disks 22 + ¢ <2 and (z — r)? +¢% < r2.
solution. To find the intersections between two curves, we take

-

{$2+y2=7’2 YT
2, .2 _

(iE—’I") +y =T, +
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T=r— rz—yg/\.!:— VT2 — g2
» T
O\/

The area between two curves is presented above. We take

where f(y) > g(y). Thus, the common area is given by

V3, V3,
2 2
— _ — 2 42 _ 2 42
A_/_Jfr[f(y) 9(y)] dy = 4, [\/T (r—=vr y)} dy
— 2 a2
=] ., [2 ré—y 7“] dy.

Note that let y = rsinf, we have dy = rcosf df, y : —@r — gr, 0:—% — % and

VEM b
e Car e P

_V3, " Y v= _
2

us
3

[27“(3059—7“]-7"0089(19:7“2/3 [200829—(3050] do

jus
3
jus

: 1 3
:7"2/d [cos 20 + 1 — cos 6] df = r? <2sin26+9—sin9> 2

V3 or
:<2 +3>r2'

Theorem (area under a parametric curve) If the curve is parameterized by z = f(t) and y = g(t)
(y > 0), where o <t < 3. Then the area under the curve is given by

A= /f fj)ydm: / ") dr(e) = / Cor)

w[x
Wl

Example. Find the area under one arch of the cycloid

x =r(t—sint)
y =7r(1— cost),

where t € [0, 27].
solution. Note that

e when t =0, we have x =0, y = 0;
e when t = 27, we have x = 27r, y = 0.

e when 0 <t <27, we have 1 — cost > 0, = y > 0.
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2r

O‘ 2mr

The area under the curve over x € [0, 27r] is presented above. Thus, we have
27r 2m 2m
A= / y dx = / r(1 —cost) - [r(t —sint)] dt = r2/ (1 —cost)? dt
0 0 0
2m 2m 1
= 7"2/ (1 —2cost+ cos®t) dt =r? (t — 2sint) [§" —1—7“2/ 5 [cos 2t + 1] dt
0 0

1,51
=722 — 0) + 57“2(5 sin 2t 4 t))2™ = 277 + 7?2 = 3702,
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