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I will present a multi-dimensional problem in periodic composite materials.
Let © denotes a bounded open set in RY and € > 0 is a parameter taking its
values in a sequence which tends to zero. Let

A(z) = (G‘Ej(gj))lfiJSN’ a.e. on €, (1)

be a sequence suffices to
A € M(a, B,9), (2)

ie.,
(A\,0) > a|Al?
[A“A] < BIAL,

for any A € RY and a.r. on , and A€ € L>(Q).
Consider the Dirichlet problem
—div(AVuc) = fin Q 3)
u€ = Oon 012,

where f is given in H~1(Q).
Introduce the operator

Yoo
Ac = —div(AV) = - >
ij=1 O

5)
agin— ) (4)
( 7 O
Then, we need to solve this system
N 9 e Ju* :

= Lij=1 Bay (%‘@) =finQ

u¢ = 0on 0N.
As we all know, set

Y = [0,51} X [0,52] X X [O7€N])



where £1,£5,- -+ £ are given positive numbers. It is called the reference period
or cell.
We assume here that a;; is positve function in L>(0, ¢1) such that

ai; is Y — peridic, Vi,j = 1,--- , N
0 <a<aij(z) < B < +oo,

where «, 5 € R, and both are positive. Note that

ag; = aij (%) a.e.on RN Vi,j=1,--- N, (7)
and "
A(z) = A (;) — (a;())1<iy<n ae. on RV, (8)

Theorem 1 (Homogenization Direchlet problem) Suppose taht the matriz A
belongs to M (v, 3,Q). Then, for any f € H=(Q), there exists a unique solution
u € HE(Q) of the variational problem

{Fz'nd u € HY(Q) such that ©)

a(u,v) =< f,v >g-1q) g1, Vv € Hi(Q),

where
al Ou v
a(u,v) = ”z_:l/ﬂ 9x; O, dx = A AVuVudz. (10)
Moreowver,
lullzgay < 1 fla-sc@: ()
where ||UHH5(Q) = [Vl 2q.

If f € L*(), the solution satisfies the estimate

Ca
ull g o) < ?Hf”m(sz), (12)
where Cq 1s the Poincaré constant.

From Theorem 1, it follows that for any fixed €, there exists a unique solution
u® € H(2) such that

/ AVuVouder =< f,v >H71(Q),Hé(g),Vv S H&(Q) (13)
Q

Moreover, one has

. 1
[u ) < a”f”H*l(Q)- (14)



Theorem 2 (Eberlein-Smuljan) Assume that E is reflective and let x, be a
bounded sequence in E. Then, there exists a subsequence {x,,} of {z,} and
x € FE such that, as k — 00,

Ty, — T weakly in E.

Theorem 3 e The space WYP(O) is a Banach space for the norm

||u||W1m(0)

N ou
[ullLr o) + Z H%”LP(Oy
i=1 ¢

For 1 <p < oo, this norm is equivalent to the following one,

1

lullwrncoy = (el o) + IVul00)) (15)

where we have useed the notations
Vo — %, . ’67u _
83@1 833]\[
N P
ou
||VU||LP(0) = <Z1 ”axi”il’@)) .

o The space WHP(O) is separable for 1 < p < +oo and reflective for 1 <
p < 400.

and

o The space H*(O) is a Hilbert space for the scalar product

ov Ow
(v,w) 10y = (v,w)r2(0) + Z (axz amz)ﬁ(o), Yo, w € H*(O). (16)

From Thm. 2 and Thm. 3, it follows that there exists a subsequence {u¢} and
an element u’ € H}(Q) such that
u¢ — u° weakly in Hj (D).

Let me introduce the vector

§€:<£ia 7£N Z 1jaz Z N]a :Aevue, (17)
which satisfies

/Q§EVU dr =< f,’U >H*1(Q),H01(Q)7 Vv € H&(Q) (18)



From A€ € M(a, 8,9Q) and (14), it follows that

. B
1€ L2 () < a”fHH*l(Q)- (19)

Again from Thm.2, there exists a subsequence, still denotedd by {56/}, and an
element ¢° € L2(Q), such that

€ — €% weakly in (L2(Q))V. (20)

Hence, we can pass to the limit in 18 writen for the subsequence €', to get

‘/ngv’l)dfﬂ =< f,'l} >H*1(Q),Hé(ﬂ)’ Yv € H&(Q)7 (21)

ie.,

—div(£°) = f in Q.

Theorem 4 (Weak limits of rapidly oscillating periodic functions) Let a < p <
+o0 and f be a Y —periodic function in LP(Y'). Set

fel@)=f (%) a.e. on RN, (22)

Then, if p < 400, as e = 0,
1
fe=My(f) = |Y|/ f(y) dy weakly in LP(w),
Y

for any bounded open subset w of RN .
If p = 400, one has

fe=My(f) = %/Yf(y) dy weakly* in L>®(R").

Obeserve that from Thm.4, it follows that if € — 0,
A = My (A) weakly* in L>°(Q), (23)

where the matrix (My (A)),; is defined by

(My(4));; = ﬁ /Y a:5(w) dy. (24)

As we all know, A*Vu€ is the product of two weakly convergent sequences. But
in general,

€0 £ My (A)VaL. (25)

Since the coeffiicients of A° are no longer obtained as algebra formulas from
A, for the general N—dimensional case, the situation is different from the
1—dimentional case.



In order to study the general N —dimensional case, we need to introduce some
auxiliary functions which are solutions of periodic boundary value problem in
the reference cell Y. In the sequel, we will state the asymptotic behaviour as
e — 0.

We will take advantage of the two kind of operators, ones is A = —div(AV),
the functions introduced are Y, and @y, the other is A* = —div(ATV), the
functions introduced are y» and w).

Consider the solutions of system

—div(A(y)Vxa) = —div(A(y)N) in Y
X Y-periodic (26)
My (xx) =0,

and system
—div(AT (y)Vxa) = —div(AT (y)\) in Y
X Y-periodic (27)
My (xx) =0,

we can write the variational formulation of the two system and do its extension

by periodicity to the whole RY, then, we take wy to the new problem which
solved as previously.

Theorem 5 (convergence) Let f € H=1(Q) and u¢ be the solution of (3), then,
one has

i) u¢ — u® weakly in H(Q), (28)
i) AVue — A'Vu® weakly in (L*(Q))V,
where u® is the unique solution in H}(Q) of the homogenized system
N ) ol _ £
- Zi,j:l 9z, (a?,jaTj) =finQ, (29)
u® =0 on ON.
The matriz A° = (a?j)lﬁi,jSN is constant, elliptic and given by
A\ = My (AVGy) VA e RY, (30)
i.e.,
tAN = My (*AVw,) VX e RY, (31)

Theorem 6 Let f € H™! and u® be the solution of (3). Then, u¢ admits the
following asymptotic expansion

ey (D) v 30 () g
v o Ek_1Xk € ¢ Py € 8’I’k81}l




where ug is solution of (29), \x € Wper(Y) and 65 by

- A N o ai]‘5 o7 X N 1°16% ¢ —Ye .
—div(A(y) Vo) = —af, — Y7 Kokt 57T |y 00 i
éké

Y-periodic,
My (%) = 0.

Moreover, if f € C*(Q), 9Q is of class C* and
L, 0% e WHR(Y), Vk£=1,--- N
then, there exists a constant C' independent of €, such that

N x a T 0%u
€ - 2 Hkl 0 1/2
— — + % ( ) 1 <(C .
Hu Up — € g Xk (6) € k% ! ¢) dxpox, HH Q) > Le

k=1




