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Preface

In studying the dispersive theory of magnetization of ferromagnets in 1935, Landau–
Lifshitz [102] proposed the equations of ferromagnetic spin chain which are important

magnetization equations, called Landau–Lifshitz equations now. Later on, such equa-
tions were also found in the condensed matter physics. In the 1960s, Soviet physicists

A. Z. Akhiezer, V. G. Beryahltar, S. V. Peletninskii studied spin wave, the equa-
tions of ferromagnetic chain and the traveling wave solutions in detail in their book

“Spin Waves”[3]. In 1974, K. Nakamura, T. Sasada [122] first observed that there is
a soliton solution to the one-dimensional Landau–Lifshitz equations without Gilbert

damping. Then, many mathematicians and physicists studied the soliton theory of
Landau–Lifshitz equations using the approaches including inverse scattering method,

infinite many conservation laws, geometry expression method and gauge equivalence
of nonlinear Schrödinger equations and so on. Early in 1957, Suhl [131] had studied

the infinite dimensional dynamic system of the Landau–Lifshitz equations with

Gilbert damping term. A series of further studies on the theory of dynamics and
numerical results have appeared since then. In recent years, the ferromagnetic mate-

rials have been widely applied in the video and recording apparatus. This is one of
the applications for Landau–Lifshitz equations.

From 1982, mathematicians began their studies on the well-posedness for Landau–

Lifshitz equations. In China, a group headed by Yulin Zhou and Boling Guo proved
the existence of the global weak solutions to the initial value problems and initial

boundary value problems for Landau–Lifshitz equations from one dimension to multi-
dimensions [150–157]. Alouges and Soyeur [4] proved similar results by penalty method

in 1992. We also refer the readers to the result by P L. Sulem, C. Sulem and C. Bardos
[132]. Since then, many other results on the global existence were obtained [20–22].

However, the regularity and the uniqueness were unsolved in the 1980s due to the

complexity of Landau–Lifshitz equations.

However, in 1991, Zhou, Guo and Tan [158] obtained the existence and unique-
ness of global smooth solution to one-dimensional Landau–Lifshitz equations with

or without Gilbert damping by using a mobile frame on S2 and some fine a priori

estimates.

In 1993, Guo and Hong began the studies on two-dimensional Landau–Lifshitz

equations. They established in [77] the relations between two-dimensional Landau–
Lifshitz equations and harmonic maps and applied the approaches studying harmonic

maps to get the global existence and uniqueness of partially regular weak solution.
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vi Landau-Lifshitz Equations

This conclusion has been cited by many others up to now and gives rise to many
successive works (see, for example, [47–49, 52, 89, 113, 115, 143]). Later on, in 1998,

Chen, Ding and Guo [29] further proved that all the weak solutions with finite energy
must be the Chen–Struwe solutions [34]. The uniqueness was also given. This says

that the weak solution with finite energy is globally smooth with exception of finitely
many singular points at most.

From 1998 to 2001, Guo and Ding discussed many other Landau–Lifshitz equations

such as inhomogeneous equations, unsaturated equations and compressible equations

[50, 51, 75, 108].

From the beginning of the new century, more and more mathematicians are

interested in the researches of Landau–Lifshitz equations. We refer the readers to

the works by Guo, Su, Carbou and Harpes, et al. [20–23, 80–84, 89] on Landau–

Lifshitz equations and Landau–Lifshitz–Maxwell equations.

A natural question is the regularity of weak solutions to the higher dimen-

sional Landau–Lifshitz equations. In this aspect, in 2004, Liu [109] proved that the

“stationary” weak solutions of higher dimensional Landau–Lifshitz equations are par-

tially regular. The Hausdorff dimensions and the Hausdorff measures of the singular

set were estimated. These extend the results on harmonic map heat flow by Feldman

[58] to Landau–Lifshitz equations. At the same time, Moser [115] obtained the similar

results for lower dimensional Landau–Lifshitz equations by different methods.

We know that the “stationary” conditions are hard to verify. So, in 2005, Melcher

[113] proved the partial regularity for the weak solutions to the initial value problems

of Landau–Lifshitz equations. However, as stated by Melcher, his method does not

fit the other dimensional problems and, the partial regularity of weak solutions to the

boundary value problems are still unsolved.

This attracted the attention of Changyou Wang at the University of Kentucky.

Wang [143], using the method of [142], proved the partial regularity for the weak

solutions of the initial value problems and initial boundary value problems on three-

and four-dimensional manifolds.

However, all the results on the partial regularity only answered the questions on

the singular set such as how many points there are in the set or how large the set is,

provided that the singularity does exist. But, the existence of finite time singularity of

weak solutions is not answered. For the harmonic map heat flow, the similar questions

were answered by Chen and Ding [30] in 1990 (n ≥ 3) and by Chang, Ding and Ye

[26] (n = 2) in 1992 (see also [39] and many others).

Does the weak solution of Landau–Lifshitz equations really blow-up at finite time?

Pistella and Valente [123] in 2002, Bartels, Ko and Prohl [13] in 2005, gave positive

answers respectively by numerical analysis.

In 2007, Ding and Wang [52] rigorously proved that in three and four dimensions,

some Dirichlet problems and Neumann problems for Landau–Lifshitz equations indeed

admit finite time blow-up solutions. Comparing with the similar proofs for harmonic

map heat flows, we do not have the monotonicity inequality and the Bochner identity.
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Unfortunately, our method does not apply to two-dimensional problems and higher
dimensional problems. We do not know the types of the singularities either.

In recent years, there are many papers discussing the other problems such as
domain wall, energy concentrations and vortices. We refer to [44–46, 98–100, 116, 117]

and references therein.
The aim of this book is to introduce the readers the key works of the group headed

by Yulin Zhou and Boling Guo in China from 1980s. There is a bibliography comment
at the end of every chapter to introduce other mathematicians’ works in this field and

briefly state the development in recent years. However, it is not possible to include all
the works and achievements throughout the world in such a short comment behind

every chapter.
The authors are deeply grateful to Professor Yulin Zhou for his support to this

work. We also want to thank Professors Yongqian Han, Jianqing Chen for their

help in the preparation of this book. This work was partially supported by the
projects of Natural Science Foundation of China (Grant No. 10471050), the National

973 Program of China (Grant No. 2006CB805902), Natural Science Foundation of
Guangdong Province (Grant No. 7005795) and University Special Research Fund for

Ph.D. Program of China (Grant No. 20060574002).

The Authors

March 2007
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Chapter 1

Spin Waves and Equations of
Ferromagnetic Spin Chain

1.1 Physics Background for the Equations of

Ferromagnetic Spin Chain

1.1.1 Motion Equations for Magnetization

Studying the dispersive theory of magnetization of ferromagnets, Landau–Lifshitz

proposed the following motion equation of magnetization

�S t = λ1
�S × �H e − λ2

�S × (�S × �H e), (1.1.1)

where �S = (S1, S2, S3) is the vector of magnetization, �H e is the effective magnetic
field applied to magnetic moment,

�H e =
∂

∂�S
emag(�S). (1.1.2)

Here emag(�S) denotes the density of the total magnetic energy, �H e is also related to

Maxwell equations, λ1, λ2 are constants, λ2 > 0.

If a bounded multiply connected domain Ω ⊂ R3 is occupied by a ferromagnet
under the constant temperature below Curie temperature, and if mechanics effects are

not taking into account, one can consider the following magnetic energy functional:
1. Anisotropic energy

Anisotropic energy reads as

Ean =
∫

ω
Φ(�S)dx, (1.1.3)

in which Φ : R3 → R+ is a convex function and depends on the crystal structure of
the materials.

Near the Curie temperature, taking first order approximation, one has

Φ(�S) :=
∑
lm

blmSlSm, (1.1.4)

1



2 Landau–Lifshitz Equations

where {blm} is a symmetric, positively definite tensor. Φ(�S) = k|�S |2(sin θ)2 for ex-
ample for the uniaxial crystal, where θ is the angle between �S and the direction of

“easy” magnetization, k is a positive constant.

2. Exchange energy

The behavior of ferromagnets is that the quantum force makes the magnetic field

of molecules arrange in order. the most important quantity is the exchange energy

Eex :=
1

2

∑
l,m

alm

∫
Ω

∂�S

∂xl

∂�S

∂xm
dx, (1.1.5)

in which {alm} is a symmetric, positive definite tensor.

3. The energy to the magnetic field �H

The energy of magnetic field �H is:

EH(�S) :=
1

8π

∫
R3
H2dx, (1.1.6)

where �H and �S being given by Maxwell’s equations. Note that here the integral is
extended to the whole space R3 since �H does not vanish outside the domain Ω.

The total magnetic energy has the form

Emag(�S) := Ean(�S) + Eex(�S) + EH(�S) (1.1.7)

and at equilibrium state Emag attains an absolute minimum. The magnetostatic

Maxwell equation is:

∇ · ( �H + 4π�S) = 0, in R3, (1.1.8)

∇× �H = 0, in R3, (1.1.9)

where ∇· = div, ∇× = curl, “·” denotes the inner product and “×” denotes the

vector product. �S satisfies the non-convex condition:

|�S(x)| = S0, in Ω. (1.1.10)

1.1.2 Landau–Lifshitz Equations

One model of dynamical system is the Landau–Lifshitz equation:

∂�S

∂t
= λ1

�S × �H e − λ2
�S × (�S × �H e), in Ω × (0, T ), (1.1.11)

�H e := −∂Φ(�S)

∂�S
+
∑
l,m

alm
∂2�S

∂xl∂xm
+ �H, in Ω × (0, T ), (1.1.12)

in which λ1, λ2 are constants in physics, λ2 > 0. The first term on the right-hand side

of (1.1.11) which is not dissipative but resulted from the motion of �S around �H e, has
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a constant angle; the second term expresses the ordered arrangement of �S according
to �H e and it is due to the viscosity and then dissipative.

The initial condition is as follows

�S(x, 0) = �S0(x), x ∈ Ω. (1.1.13)

It follows from (1.1.11) that

∂

∂t
|�S |2 = 2�S

∂�S

∂t
= 0. (1.1.14)

Then, if �S0(x) satisfies (1.1.10), one has |�S(x, t)| = S0, x ∈ Ω, t ≥ 0; if �S × �H e �= 0,
�S × �H e and �S × (�S × �H e) is an orthogonal base which are on the tangential plane of

the sphere |�S | = S0. Hence, (1.1.11) is a dissipative nonlinear evolutionary equation

of �S on the surface of sphere.
The fields �H and �S solve the Maxwell equation

∇× �H =
ε

c

∂ �E

∂t
+

4π

c
�J, in R3 × [0, T ], (1.1.15)

∇× �E = −1

c

∂

∂t
(µ0

�H + 4π�S), in R3 × [0, T ]. (1.1.16)

It follows from Ohm law that:
�J = σ( �E + �f ), (1.1.17)

where �E represents the electric field, �J the density of current, σ the conductivity, ε
magnetization rate of the electric medium, c the speed of light and �f is the given

non-induction electric force. Usually there holds: �B := µ0
�H + 4π�S .

The initial data are

�E(x, 0) = �E0(x), (1.1.18)
�B(x, 0) = �B0(x), ∇ · �B0 = 0. (1.1.19)

1.2 A Simple Derivation of Landau–Lifshitz

Equation

1.2.1 Magnetically Ordered Crystals

Many crystals have an ordered magnetic structure. This means that in the absence

of an external magnetic field, the mean magnetic moment of at least one of the atoms
in each unit of cell of the crystal is non-zero. In the simplest type of magnetically

ordered crystals, i.e. ferromagnets such as Fe, Ni, Co and Dy, the mean magnetic
moments of all the atoms have the same orientation provided that the temperature of

the ferromagnet does not exceed a critical value, i.e. the Curie temperature. For this
reason ferromagnets have spontaneous magnetic moments, i.e. non-zero macroscopic

magnetic moments, even in the absence of an external magnetic field.
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In antiferromagnets, these include carbonates, anhydrous sulphates, oxides and
fluorides of transition metals Mn, Ni, Co and Fe, the mean atomic magnetic moments

compensate each other within each unit cell (in zero external magnetic field). In other
words, an antiferromagnet consists of a set of sublattices (called magnetic sublattices),

each of which has a non-zero mean moment. This type of magnetic order occurs if
the temperature of the antiferromagnets is less than a critical temperature, known as

the Neel temperature.
Finally, there is one further type of magnetically ordered crystal — that of the fer-

rites — which consists of a number of magnetic sublattices whose magnetic moments
are uncompensated (in contrast to antiferromagnets); thus ferrites exhibit sponta-

neous magnetic moments. Examples of this type are compounds of transition metals
such as the salts MnO.Fe2O3, 3Y2O3.5Fe2O3.

1.2.2 The Wave Function and Spin Operator for the System
of Two Electrons

Let us consider a simple molecule model. Assume the molecule of Argon has two

electrons and two protons between which there is no interaction with each other
since the mass of the protons is much larger. The interaction of this system is as in

Figure 1.2.1 in which a, b denote protons, 1, 2 represent electrons provided that there
is Coulomb force between them.

Figure 1.2.1. Interaction of oxygen molecular system.

1. Wave function of electrons

Consider two-body problem:(
− h̄2

2m
∇2

1 −
e2

ra1

)
ϕ(ra1) = E0ϕ(ra1), (1.2.1)

(
− h̄2

2m
∇2

2 −
e2

rb2

)
ϕ(rb2) = E0ϕ(rb2), (1.2.2)

where ϕ(ra1) is the wave function of electron “1”, ϕ(rb2) is the wave function of

electron “2”, h̄ is the Planck constant, m is the mass of the electron and e is the
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charge. The Hamiltonian for this system is Ĥ = Ĥ0 + Ĥ1 where:

Ĥ0 = − h̄2

2m
(∇2

1 + ∇2
2) −

e2

ra1

− e2

rb1

, (1.2.3)

Ĥ1 =
e2

R
+
e2

r
− e2

ra2

− e2

rb2

, (1.2.4)

Ĥ1 is a small perturbation. To find the eigenvalue E such that ĤΨ = EΨ, we take
single electron approximation:

ϕ1 = ϕ(ra1)ϕ(rb2), ϕ2 = ϕ(ra2)ϕ(rb1), (1.2.5)

which is the wave function of the system. Let

ψ = C1ϕ1 + C2ϕ2, (1.2.6)

and assume that ϕ1, ϕ2 are normalized. It follows from the identical principle that

electrons “1” and “2” are identical or are invariant after two exchanges. Thus we
have ∫

ϕ∗
1Ĥψdx =

∫
Eϕ∗

1ψdx

= E
∫
ϕ∗

1(C1ϕ1 + C2ϕ2)dx

= C1E0 + C2E0ν
2 , (1.2.7)

where

ν2 =
∫
ϕ∗(rb2)ϕ

∗(ra1)ϕ(ra2)ϕ(rb1)dr1dr2 .

The left-hand side of (1.2.7) is∫
ϕ∗

1Ĥψdx = C1

∫
ϕ∗

1Ĥϕ1dx+ C2

∫
ϕ∗

1Ĥϕ2dx = C1α11 + C2α12, (1.2.8)

with

α11 =
∫
ϕ∗(rb2)ϕ

∗(ra1)Ĥ0ϕ(ra1)ϕ(rb2)dr1dr2

+
∫
ϕ∗(rb2)ϕ

∗(ra1)
e2

R
ϕ(ra1)ϕ(rb2)dr1dr2

+
∫
ϕ∗(rb2)ϕ

∗(ra1)

(
e2

r
− e2

ra2

− e2

rb1

)
ϕ(ra1)ϕ(rb2)dr1dr2

= 2E0 +
e2

R
+ A(r), (1.2.9)

here

A(r) =
∫
ϕ∗(rb2)ϕ

∗(ra1)

(
e2

r
− e2

ra2

− e2

rb1

)
ϕ(ra1)ϕ(rb2)dr1dr2, (1.2.10)
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and

α12 =
∫
ϕ∗(rb2)ϕ

∗(ra1)Ĥ0ϕ(ra2)ϕ(rb1)dr1dr2

+
e2

R

∫
ϕ∗(rb2)ϕ

∗(ra2)ϕ(ra2)ϕ(rb1)dr1dr2

+
∫
ϕ∗(rb2)ϕ

∗(ra1)

(
e2

r
− e2

ra2

− e2

rb1

)
ϕ(rb1)ϕ(rb2)dr1dr2

=

(
2E0 +

e2

R

)
ν2 +B(r), (1.2.11)

here

B(r) =
∫
ϕ∗(rb2)ϕ

∗(ra1)

(
e2

r
− e2

ra2

− e2

rb1

)
ϕ(rb1)ϕ(rb2)dr1dr2. (1.2.12)

Hence we have from (1.2.7) and (1.2.8) that

C1α11 + C2α12 = C1E0 + C2E0ν
2. (1.2.13)

Similarly it follows from ϕ∗
2Ĥψ = E0ϕ

∗
2ψ that

C1α21 + C2α22 = C1E0ν
2 + C2E0, (1.2.14)

where 

α11 = (2E0 + e2

R
)ν2 +B(r),

α22 = 2E0 + e2

R
+ A(r).

(1.2.15)

We have from (1.2.13) and (1.2.14) that

C1(E0 − α11) + C2(E0ν
2 − α12) = 0,

C1

{[
E0 −

(
2E0 +

e2

R

)]
ν2 +B(r)

}
+ C2

{[
E0 −

(
2E0 +

e2

R

)]
+ A(r)

}
= 0.

If C1, C2 �≡ 0, one has ∣∣∣∣∣∣∣
E0 − α11 E0ν

2 − α12

E0ν
2 − α21 E0 − α22

∣∣∣∣∣∣∣ = 0 (1.2.16)

and the corresponding eigenfunctions are

(1) C1 = −C2 = Ca,

ψa = Ca[ϕ(ra1)ϕ(rb2) − ϕ(ra2)ϕ(rb1)]. (1.2.17)

(2) C1 = C2 = Cs,

ψs = Cs[ϕ(ra1)ϕ(rb2) + ϕ(ra2)ϕ(rb1)]. (1.2.18)
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Since
∫
ψaψ

∗
a =

∫
ψsψ

∗
s = 1, we have

Ca =
1√

2(1 − γ2)
, Ca =

1√
2(1 + γ2)

, (1.2.19)

where
γ =

∫
ϕ(ra1)ϕ(rb1)dr1. (1.2.20)

2. Spin wave function
The wave function ψ for the system of two electrons can be written as a product

of the space and the spin wave functions

ψ(r1σ1, r2σ2) = ϕ(r1, r2)χ(σ1, σ2), (1.2.21)

where σ1, σ2 are the projections of the electron spins along a given axis. In accordance

with the Pauli principle, the wave function ψ must be antisymmetric with respect to
the simultaneous interchange of the coordinates and of the spin variables of electrons.

This means that an antisymmetric space function will be associated with symmetric
spin function, and conversely, a symmetric space function will be associated with an

antisymmetric spin function.
The function χ will be symmetric if the resultant spin S of the two electrons is

equal to unity (S = 1) and antisymmetric if S = 0. Therefore the space wave function

will be antisymmetric for S = 1 and symmetric for S = 0. We shall denote these
wave functions by ϕa (for S = 1) and ϕs (for S = 0):

ψa = Ca[ϕ(ra1)ϕ(rb2) − ϕ(ra2)ϕ(rb1)], S = 1. (1.2.22)

ψs = Cs[ϕ(ra1)ϕ(rb2) + ϕ(ra2)ϕ(rb1)], S = 0. (1.2.23)

The energies of the molecules in states corresponding to S = 1 and S = 0 are related

to the functions ϕa and ϕs by

E↑↑(r) =
∫
ϕa(r1, r2)Ĥϕa(r1, r2)dr1dr2, (1.2.24)

E↑↓(r) =
∫
ϕs(r1, r2)Ĥ1ϕs(r1, r2)dr1dr2 (1.2.25)

in which we have omitted the symbol indicating complex conjugate in the integrals,

since ϕa and ϕs are real functions (the atoms are assumed to be in the ground states).
Substituting the expressions of ψa and ψs into (1.2.24) and (1.2.25), we find that

E↑↑(r) = 2E0 +
e2

R
+
A(r) − B(r)

1 − γ2
, S = 1, (1.2.26)

E↑↓(r) = 2E0 +
e2

R
+
A(r) +B(r)

1 + γ2
, S = 0. (1.2.27)

Choosing wave functions such that γ = 0, we have

E↑↑(r) = 2E0 +
e2

R
+ (A(r) − B(r)), S = 1, (1.2.28)

E↑↓(r) = 2E0 +
e2

R
+ (A(r) +B(r)), S = 0. (1.2.29)
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Figure 1.2.2. Total energy of a system of two electrons.

As shown in Figure 1.2.2, the total energy of the system can be represented by

E = Ĥ = 2E0 +
e2

R
+ A− B

2
− 2B�S1 · �S2

= Ĥ0 + Ĥex, (1.2.30)

where Ĥex = −2B�S1 · �S2 is called exchange Hamiltonian which was first obtained by
Dirac in 1929. �S1 and �S2 are electron spin operators. We want to prove that (1.2.30)

is identical to (1.2.28) and (1.2.29).
In fact,

�S1 · �S2 =
1

2
�S2 − 1

2
(�S2

1 + �S2
2)

=
1

2
S(S + 1) − 3

4

=



−3

4
, S = 0

1
4
, S = 1,

(1.2.31)

therefore we get E↑↑ (S = 1) and E↑↓ (S = 0). We see that the term −2B�S1 · �S2

denote the multibody effect.
For any operator F̂ we can obtain the following motion equation:

dF̂

dt
=
∂F̂

∂t
+

1

h
[Ĥ, Ĥ], (1.2.32)

where Ĥ is the Hamiltonian operator, [Ĥ, F̂ ] = ĤF̂ − F̂ Ĥ. For the spin operator �S1,

we have

d�S1

dt
=
∂�S 1

∂t
+

1

ih
[Ĥ, �S1] = [Ĥ, �S1]

=
1

ih

[
− h2

2m
(∇2

1 + ∇2
2) −A− 1

2
B − 2B�S1 · �S2, �S1

]

=
1

ih
[−2B�S 1 · �S2, �S1] =

−2B

ih
[�S1 · �S2, �S1],

[�S1 · �S2, �S1] = [�S1 · �S2, �S1x]�i+ [�S1 · �S2, �S1y]�j + [�S1 · �S2, �S1z]�k,
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where

[�S1 · �S2, �S1x] = [�S1x · �S2x + �S1y · �S2y + �S1z · �S2z, �S1x]

= [�S1y · �S2y + �S1z · �S2z, �S1x]

= [�S1y, �S1x]�S2y + [�S1z, �S1x]�S2z

= ih(�S1y
�S2z − �S1z

�S2y)

and the other terms can be derived in the similar manner. Hence we finally obtain

d�S1

dt
= �S1 × (−2B�S2) = �S1 × �Heff , (1.2.33)

where

Ĥe = −2B�S 1 · �S2 = �S1(−2B�S2) = �S1 · �Heff . (1.2.34)

1.2.3 Multi-electron Wave Function and Spin Operator

1. Equation for the isotropic ferromagnetic chain

Now we consider the spin operator for multi-electron system, i.e. one-dimensional
homogeneous Heisenberg model (see Figure 1.2.3): Assume that the ferromagnets are

isotropic.

Ĥe = −2B�S i ·
k∑

j=1

�S j = −2B�S i(�S i−1 + �S i+1). (1.2.35)

Figure 1.2.3. One-dimensional homogeneous Heisenberg model.

�S i+1 = �S i +
∂�S i

∂x
a+

∂2�S i

∂x2
a2,

�S i−1 = �S i − ∂�S i

∂x
a+

∂2 �S i

∂x2
a2,

therefore

d�S i

dt
= �S i × Ĥe = �S i × (−2B)

(
2�S i + a2∂

2�S i

∂x2

)

= −2Ba2�S i · �S i × ∂2�S i

∂x2
. (1.2.36)

Passing to the continuous case: �S i → �S(x, t) and setting the total energy of the

system to be

H =
1

2

∫ (
∂�S

∂x

)2

dx, (1.2.37)
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we get the magnetization spin motion equation as follows:

∂�S

∂t
= �S ×Heff , (1.2.38)

�Heff = −∂H
∂S

. (1.2.39)

For the nonhomogeneous isotropic Heisenberg chain, the nonhomogeneous
isotropic Heisenberg exchange Hamiltonian is

H = −J
N−1∑
i=1

fi
�S i · �S i+1, (1.2.40)

The motion equation of �S i is

∂�S i

∂t
= Jfi(�S i × �S i+1) + Jfi−1(�S i × �S i−1). (1.2.41)

Considering the continuous situation: �S i → �S(x, t), fi → f(x, t) and �S i, fi varies
slowly in the same lattices (with length a), taking Taylor expansions for �S(x+ a, t),

f(x− a, t), we have from (1.2.41) that �S(x, t) meets the motion equation

�S t(x, t) = f(x)(�S × �Sxx) + fx(x)(�S × �Sx), (1.2.42)

where the variable of times has the scaling factor Ja2.
2. Anisotropic ferromagnetic chain equations

Now let us consider the continuous anisotropic chain equation for the nonhomo-
geneous ferromagnets:

H =
1

2

∫ [(
∂�S

∂x

)2

− J1S
2
1 − J2S

2
2 − J3S

2
3

]
. (1.2.43)

It follows from this that
∂�S

∂t
= �S × �Heff , (1.2.44)

in which

�Heff = −∂H
∂�S

=



J1 0 0

0 J2 0

0 0 J3


 ·



S1

S2

S3


 . (1.2.45)

1.3 Equations for the Antiferromagnets

1.3.1 Antiferromagnetic Moments and Magnetic Energy

Some ferromagnets exhibit the so-called antiferromagnetic property if placed under

the temperature much less than the Curie temperature. These ferromagnets are called
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Figure 1.3.1. Orientation of electron spin.

antiferromagnets. Their electron spins are in different directions and compensate with

each other as shown in Figure 1.3.1.

We can divide antiferromagnets into two systems: moment densities M1(r, t) and
M2(r, t), and |M1(r, t)| = |M2(r, t)|. The energy of magnetic dipole interaction Wm

and the energy WH of the ferromagnet in the external magnetic field are given by the
following formulae

Wm =
−1

2

∫
V
(M1 + M2)H

(m)d�r, (1.3.1)

WH = −
∫

V
(M1 + M2)H

(e)
0 d�r, (1.3.2)

where H(m) represents the magnetic field due to the magnetic moment of the atoms

in the antiferromagnets and the integrals are evaluated over the volume of the ferro-
magnet.

1.3.2 Equations for the Antiferromagnets

The density of the exchange energy We of an antiferromagnet is therefore of the form

We = f(M1,M2,M2
1,M2

2) +
1

2
αik

(
∂M1

∂xi

∂M1

∂xk
+
∂M2

∂xi

∂M2

∂xk

)

+ α′
ik

∂M1

∂xi

∂M2

∂xk
, (1.3.3)

where f is a symmetric function of the magnetic moments M1,M2 and αik, α
′
ik are

tensors. The first term in this expression represents the exchange energy density of

uniformly magnetized sublattices, and the second and the third terms represent the
exchange energy density connected with the non-uniformity of the magnetic moments.

At the same time, the second term describes the exchange interaction in each of the
sublattices, and the third term the exchange interaction between the sublattices.

At sufficiently low temperatures the squares of the magnetic moment densities are
practically constant and the function f can be regarded as depending only on the

single variable M1 · M2. In the simplest model of an antiferromagnet it is assumed
that

f(M1,M2,M2
1,M2

2) = δM·M2, δ > 0. (1.3.4)
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The total exchange energy of an antiferromagnet is therefore of the form

We =
∫

V
wedr

=
∫

V

{
δM·M2 +

1

2
αik

(
∂M1

∂xi

∂M1

∂xk
+
∂M2

∂xi

∂M2

∂xk

)
+ α′

ik

∂M1

∂xi

∂M2

∂xk

}
dr,

(1.3.5)

and the total exchange energy of an isotropic antiferromagnet is

H =
∫

V
d3x

[
1

2
αik

(
∂M1

∂xi

∂M1

∂xk

+
∂M2

∂xi

∂M2

∂xk

)
+ α′

ik

∂M1

∂xi

∂M2

∂xk

+ δM1 · M2 − 1

2
(M1 + M2)H

(m) − (M1 + M2)H
(e)
0

]
, (1.3.6)

In some simplified situations, we have

H =
∫

V
d3x[k1|∇M1|2 + k12|∇M2|2 + k12∇M1 · ∇M2]. (1.3.7)

In this case the motion equation is of the form




∂M1

∂t
= M1 × [2k1∇2M1 + k12∇2M2],

∂M2

∂t
= M2 × [2k2∇2M2 + k12∇2M1].

(1.3.8)

1.4 Spin Waves in Ferromagnets

1.4.1 Equilibrium State of Ferromagnets

1. Equilibrium state conditions of ferromagnets

Consider a uniaxial ferromagnet. Assume that

M(r, t) = M0(r, t) + �m(r, t), (1.4.1)

�H (i)(r, t) = �H
(i)
0 + �h(r, t), (1.4.2)

where �m,�h are small derivations from M0 and �H
(i)
0 , M0 is the equilibrium magne-

tization, �H
(i)
0 denotes the magnetic field inside the ferromagnet. According to the

equilibrium conditions one has

�H
(i)
0 + β�n(M0 · �n) − 2M0f

′(M2
0) = 0, (1.4.3)

or
�H

(e)
0 + β�n(M0 · �n) − 4πN̂ · M0 − 2M0f

′(M2
0) = 0, (1.4.4)
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where β is a constant, �n is a unit vector along the anisotropy axis, N̂ = N̂(r) is the
demagnetization tensor with elements

Nik(r) =
1

4π

∂2

∂xi∂xk

∫
V

dr′

|r − r′| . (1.4.5)

When the ferromagnet is an ellipsoid, M = constant, and then

∫
V

dr′

|r − r′| = πabc
∫ ∞

0

ds

Rs

(
1 − x2

a2 + s
− y2

b2 + s
− z2

c2 + s

)
, (1.4.6)

where Rs =
√

(a2 + s)(−b2 + s)(c2 + s), a, b, c are the semi-axes of the ellipsoid, x, y, z
are the projection of the radial vector �r in any point of the ellipsoid onto the main

axses. The elements on the diagonal of the tensor �N are


N1 =
1

2
abc

∫ ∞

0

ds

(a2 + s)Rs
,

N2 =
1

2
abc

∫ ∞

0

ds

(b2 + s)Rs
,

N3 =
1

2
abc

∫ ∞

0

ds

(c2 + s)Rs

.

(1.4.7)

It is clear that N1 + N2 + N3 = 1. If the ferromagnet occupies a sphere, then N1 =
N2 = N3 = 1/3. If it occupies a cylinder (a = ∞, b = c), N1 = 0, N2 = N3 = 1/2.

What we are concerned are the equilibrium states when (1.4.7) admits solution:

N3 > N2 > N1, if β > 0; N3 < N2 < N1, if β < 0,

see Figures 1.4.1 and 1.4.2.

2. The equation of motion for the magnetization
The expression of effective magnetic field related to (1.4.1) and (1.4.2) is

H = �h + αik
∂2 �m

∂xi∂xk

− 1

M2
0

{M0 ·H(i)
0 + β(M0 · �n)2}�m

+ β�n(�m · �n) − 4M0f
′′(M2

0)(M0 · �m). (1.4.8)

Therefore the equation of motion for the magnetization in the case of small departures
from the equilibrium value, which we shall refer to as the linearized equation of

motion, will be of the form

∂ �m

∂t
= g

[
M0,�h+ αik

∂2 �m

∂xi∂xk
+ β�n(�m · �n) − 1

M2
0

{M0 ·H(i)
0 + β(M0 · �n)2}�m

]
.

If the ferromagnet exhibits magnetic anisotropy of the “easy axis” type (β > 0) and

H
(i)
0 is parallel to �n, the linearized effective magnetic field is given by

H = �h−
(
β +

H
(i)
0

M0

)
�m + αik

∂2 �m

∂xi∂xk
+ (β − 4M0f

′′(M2
0))(�m · �n)n. (1.4.9)
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Figure 1.4.1. Equilibrium states of a ferromagnet-1 N3 > N2 > N1, if β > 0.
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Figure 1.4.2. Equilibrium states of a ferromagnet-2 N3 < N2 < N1, if β < 0.
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If the ferromagnet exhibits magnetic anisotropy of the “easy plane” type (β < 0) and

H
(i)
0 is perpendicular to �n, the linearized effective magnetic field is given by

H =

(
�h− H

(i)
0

M0

)
�m + αik

∂2 �m

∂xi∂xk
+ β�n(�m · �n) − 4M0f

′′(M2
0)(M0 · �m). (1.4.10)

The linearized equation of motion for the magnetization (1.4.8) must be augmented

by the boundary conditions for the magnetization. The general boundary condition

for the magnetization was formulated as

∂F
∂(∂M/∂xk)

νk

∣∣∣∣∣
S

= 0, (1.4.11)

where F is the energy density of the ferromagnet:

F
(
M,

∂Mi

∂xk

)
=

1

2
αik,lm(M)

∂Mi

∂xk

∂Mk

∂xm
+ γik(M)

∂Mi

∂xk

+
1

2
βikMi · Mk + f(M2), (1.4.12)

where ν is the unit vector along the outward normal to the surface of the ferromagnet.
Since we are interested in small departures of the magnetic moment from the

equilibrium value and small magnetization gradients, we have

∂F
∂(∂Mi/∂xk)

= αkj
∂ �mi

∂xj
+ γik,l�ml, γik,l =

(
∂γik

∂Ml

) ∣∣∣∣∣M=M0

,

and the boundary condition assumes the form(
αkj

∂mi

∂xj
+ γik,lml

)
νk

∣∣∣∣∣
S

= 0 . (1.4.13)

The linearized equation of motion for the magnetization is then of the form

∂ �m

∂t
= g[M0,H], (1.4.14)

where
H = �h− β(z)�m + α∆�m. (1.4.15)

Assuming that the function β(z) increases rapidly in the thin layer of thickness δ
in which �m and �h are practically constant, we obtain after integrating this equation

with respect to z between 0 and δ,

δ
∂ �m

∂t
= g

[
M0,�h · δ − �m

∫ δ

0
β(z)dz + α

∂�m

∂z

∣∣∣∣∣
z=δ

+ α

(
∂2 �m

∂x2
+
∂2 �m

∂y2

)
δ

]
, (1.4.16)
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where we have taken into account the fact that

∂ �m

∂z

∣∣∣∣∣
z=0

= 0. (1.4.17)

Assuming further that as δ → 0, the integral

∫ δ

0
β(z)dz <∞, (1.4.18)

we obtain from the last equation the following effective boundary condition:

d
∂ �m

∂z
− �m|z=0 = 0, (1.4.19)

where

d =
α∫ δ

0 β(z)dz
. (1.4.20)

In order to be able to neglect in (1.4.16) terms proportional to δ, it is clearly

necessary that the frequency ω of the variation in the magnetization, the wavelength
λ and the quantity β(0) must satisfy the conditions:

ω 	 gM0β(0), λ

√

α

β(0)
, β(0) 
 1. (1.4.21)

Then

α
∂2 �m

∂z2
− β(0)�m = 0,

it can readily be concluded that

δ 	
√

α

β(0)

or

δ 	 d.

If the wavelength λ satisfies the inequalities
√
δd 	 λ 	 d, the effective boundary

condition assumes the form

∂ �m

∂z

∣∣∣∣∣
z=0

= 0,
√
δd	 λ	 d. (1.4.22)

If on the other hand λ
 d, then

�m|z=0 = 0, λ
 d. (1.4.23)
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1.4.2 Spin Waves in Ferromagnets

1. Motion of spin waves in ferromagnets

Now we consider the propagations of spin waves in ferromagnets. Using the Fourier
representations

�m(r, t) =
∫
�m(�k, ω) exp[i(�k · �r − ωt)]d�kdω ,

�h(r, t) =
∫
�h(�k, ω) exp[i(�k · �r − ωt)]d�kdω ,

(1.4.24)

we have from (1.4.8) that

−iω�m(�k, ω) = g

[
M0, h(�k, ω) −

{
αijkikj +

M0 ·H(i)
0

M2
0

+ β
(M0 · �n)2

M2
0

}
�m(�k, ω)

+ β�n(�n · �m(�k, ω))

]
. (1.4.25)

This equation gives the relationship between the Fourier components �m(�k, ω) and

h(�k, ω) which we shall write in the form

mi(�k, ω) = χij(�k, ω)hj(�k, ω), (1.4.26)

where

χij(�k, ω) =



χxx χxy 0

χyx χyy 0

0 0 0


 , (1.4.27)

χxx =
gM0Ω1

Ω1Ω2 − ω2
, χyy =

gM0Ω2

Ω1Ω2 − ω2
, χxy = −χyx =

iωgM0

Ω1Ω2 − ω2
,

Ω1 = gM0

(
αijkikj +

M0 ·H(i)
0

M2
0

+ β cos2 ψ

)
,

Ω2 = gM0

(
αijkikj +

m0 ·H(i)
0

M2
0

+ β cos 2ψ

)
,

(1.4.28)

and ψ is the angle between the anisotropy axis �n and the vector M0; the z-axis lies
along M0 and the x-axis lies in the plane containing the vector �n and M0. The

quantities χij(�k, ω) form a tensor called the high-frequency magnetic susceptibility
tensor of the ferromagnet.

If the ferromagnet exhibits anisotropy of the “easy axis” type (β > 0) and m0, �n,

H
(i)
0 are parallel with each other, then

Ω1 = Ω2 = Ω, (1.4.29)
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where

Ω = gM0

(
αijkikj +

H
(i)
0

M0
+ β

)
. (1.4.30)

The formulae corresponding to this case are valid also for ferromagnets with cubic

symmetry. All that is required is to replace β by 2β ′M2
0, if the easy magnetization

axis lies along the edge of the cube, and by 4
3
|β ′|M2

0, if the easy magnetization axis

lies along the space diagonal of the cube, where β ′ is the anisotropy constant.
If the ferromagnet exhibits magnetic anisotropy of the “easy plane” type (β < 0)

and M0⊥�n, M0 is parallel to H
(i)
0 ,



Ω1 = gM0

(
αijkikj +

H
(i)
0

M0

)
,

Ω2 = gM0

(
αijkikj +

H
(i)
0

M0
+ |β|

)
.

(1.4.31)

2. Dispersion of spin waves
We must now establish the dependence of the frequency ω of the spin wave on

its wave vector �k. This requires the use of both the equation of motion for the
magnetic moment and the Maxwell equations. However, spin waves are low-frequency

magnetic waves, so that the electric field can be neglected and the magnetic field may
be assumed to be irrotational. In other words, spin waves can be treated in terms of

the magnetostatic approximation, i.e. we can assume that �m(r, t) and �h(r, t) satisfy
the equations 


rot�h(r, t) = 0,

div�h(r, t) = 4π div �m(r, t).
(1.4.32)

Transforming to the Fourier components in these equations, we obtain


[�k,�h(�k, ω)] = 0,

�k · �h(�k, ω) = 4π�k · �m(�k, ω).
(1.4.33)

From the first equation it follows that the magnetic field �h(�k, w) is parallel to the

wave vector �k :
�h(�k, ω) = −i�k · ϕ(�k, ω),

where ϕ(�k, ω) is the Fourier component of the magnetic potential. Since

�m(�k, ω) = χ(�k, ω)�h(�k, ω),

we can write the second equation in (1.4.33) in the form

(k2 + 4πkikjχij(�k, ω))ϕ(�k, ω) = 0

and hence

k2 + 4πkikjχij(�k, ω) = 0. (1.4.34)
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This equation relates ω and the wave vector �k of the spin wave (it is called the
dispersion relation). Using (1.4.27) we can reduce the dispersion relation (1.4.34) to

the form

1 +
4πgM0Ω1

Ω1Ω2 − ω2k2

k2
x

k2
+

4πgM0Ω2

Ω1Ω2 − ω2k2

k2
y

k2
= 0

and hence

ωs(�k) =
√

Ω1Ω2 + 4πgM0(Ω1 cos2 ϕk + Ω2 sin2 ϕk) sin2 θk, (1.4.35)

where θk and ϕk are the polar and azimuthal angles of the wave vector �k. We recall
that the z-axis lies along the vector M0 and the x-axis lies in the plane containing

M0 and �n. For wave vectors with αk2 
 1, the equation for the frequency of the
spin wave becomes much simpler:

ωS(�k) = gM0αijkikj. (1.4.36)

In the isotropic case this formula assumes the form

ωS(�k) =
θC

h̄
(ak)2, (1.4.37)

where θC = h̄gM0α/a
2 (θC is of the order of the Curie temperature). It follows that

for large wave vectors (αk2 
 1), the spin wave frequency is proportional to the

square of the wave vector.

1.4.3 Damping of Spin Waves

1. Expression of the damping of spin waves

Now we consider the damping of spin waves. Damping is due to the interaction of

spin waves with each other and also with lattice vibrations and conduction electrons.
The phenomenological description can be obtained from the equation of motion for

the magnetization, containing the relaxation term R:

R =
1

τ2
H− 1

τ1
[�n, [�n,H]], (1.4.38)

where �n = M0

|M0| and τ1, τ2 are constants which have the dimensions of time, ( 1
τ2
> 0,

1
τ1

+ 1
τ2
> 0). Then the equation for M will be the form

∂M
∂t

= g[M,H] +
1

τ2
H− 1

τ1
[�n, [�n,H]], (1.4.39)

the effective magnetic field is

H = �h−
(
β +

H
(i)
0

M0

)
�m + αik

∂2 �m

∂xi∂xk
+ (β − 4M0f

′′(M2
0))(�m · �n)�n, (1.4.40)
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here we mainly focus on the uniaxial ferromagnet and assume that the field H
(i)
0

is parallel to the easy magnetization axis. The quantity f ′′(M2
0) in the expression

for H can readily be related to the static susceptibility of the ferromagnet, χ0
zz =

∂M0/∂H
(i)
0 . We have seen that in the state of equilibrium

H
(i)
0 + βM0 − 2M0f

′(M2
0) = 0 (1.4.41)

and hence

(2M0)
2f ′(M2

0) =
1

χ0
zz

− H
(i)
0

M0

. (1.4.42)

From these formulae we obtain the following expression for the high-frequency sus-

ceptibility tensor χ:

χ(�k, ω) =



χxx χxy 0

χyx χyy 0

0 0 χzz


 , (1.4.43)

in which

χxx = χyy =
gM0Ω − (iω/τ) + (Ω/gM0τ

2)

Ω2 − (ω + iΩ/gM0τ)2
,

χzz =
χ0

zz

1 + χ0
zz(αijkikj − iωτ2)

,

χxy = −χyx =
iωgM0

Ω2 − (ω + iΩ/gM0τ)2
, (1.4.44)

1

τ
=

1

τ1
+

1

τ2
, Ω = gM0

(
αijkikj +

H
(i)
0

M0

+ β

)
.

We note that 1/gM0τ 	 1. We also note that the component χzz on the tensor

χ(�k, ω) is not zero, whereas it does vanish when τ2 = ∞. Substituting (1.4.44) into
(1.4.34) we obtain the equation for the frequency of the spin wave as a function of

its wave vector. When R �= 0, this equation has complex roots whose real part
determines the frequencies of the spin waves and whose imaginary part determines

the damping rate.

2. Damping rate

Since Ω/gM0τ 	 |ω|, the damping rate γS(�k) is given by

γS(�k) =
1

gM0τ
(Ω + 2M0 sin2 θk). (1.4.45)

If αk2 	 1, then

γS(�k) =
β2

24π
gM0

µ0M0

θC

(
T

θC

)2

; (1.4.46)
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if, on the other hand αk2 
 1, then

γS(�k) ≈ θC

h̄
(ak)3

(
T

θC

)
, h̄ωS(�k) 
 T. (1.4.47)

Substitute

M = M0 + �m

into (1.4.39), here �m is a small addition to the equilibrium magnetization M0, which

we shall assume that M0 = M0(t) is independent of r. The effective magnetic field
is given by, to within terms linear in �m,

H = −
(

4π

3
+ β +

H
(e)
0

M 0

)
�m +

(
β − 4π

3
+
H

(e)
0

M 0
− 1

χ0
zz

)
(�m · �n)�n,

and the solution of (1.4.39) is of the form



mz = mz0 exp(−γzt),

mx + imy = (mx0 + imy0) exp(−γ⊥t) exp(iω0t),
(1.4.48)

where

γz =
1

τ2

(
4π

3
+

1

χ0
zz

)
, γ⊥ =

(
1

τ1
+

1

τ2

)(
β +

H
(e)
0

M0

)
, (1.4.49)

and mz0 and mx0 + imy0 are the initial values of the longitudinal and transverse

(relative to M0) components of the deviation of the magnetization �m from the
equilibrium value M0.

The quantities

τz =
1

γz
, τ⊥ =

1

γ⊥
, (1.4.50)

are the relaxation times for the longitudinal and transverse components of the mag-

netic moment. Since M0 is only slightly dependent on H
(i)
0 , it follows that χ0

zz 	 1

and consequently γz ≈ 1/τ2χ
0
zz. If β +H

(e)
0 /M0 
 1, we have

γz =
1

τ2χ0
zz

, γ⊥ =

(
1

τ1
+

1

τ2

)(
β +

H
(e)
0

M0

)
. (1.4.51)

1.5 Spin Waves in Antiferromagnets

1.5.1 Equilibrium States of Antiferromagnets

1. Motion equations of magnetic moments

If we do not take dissipation of energy into account, the equation of motion

for the magnetizations M1(r, t) and M2(r, t) of the two magnetic sublattices will
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be of the form 


∂M1

∂t
= g[M1,H1],

∂M2

∂t
= g[M2,H2],

(1.5.1)

where g is the gyromagnetic ratio and H1 and H2 are the effective magnetic fields

acting on the moments M1(r, t) and M2(r, t)

H1 =
δW

δM1
, H2 =

δW

δM2
, (1.5.2)

W is the energy of the antiferromagnets. Using the expression of W , we obtain

H1 = H(i) − ∂F

∂M1

+
∂

∂xk

∂F
∂(∂M1/∂xk)

,

H2 = H(i) − ∂F
∂M2

+
∂

∂xk

∂F
∂(∂M2/∂xk)

,

(1.5.3)

where H (i) is the magnetic field inside the antiferromagnets.
We note that the equations of motion for the magnetizations are consistent with

the conservation of energy and lead to the following expression for the energy flux
density in a ferromagnet

πi =
c

4π
[ �E,H(m)]i − αij

(
∂M1

∂xj

∂M1

∂t
+
∂M2

∂xj

∂M2

∂t

)

− α′
ij

(
∂M1

∂xj

∂M2

∂t
+
∂M2

∂xj

∂M1

∂t

)
. (1.5.4)

2. Equilibrium states of antiferromagnets
Consider the equilibrium values of the magnetizations M10,M20 of the two sub-

lattices about which the oscillations of the magnetizations M1 and M2 take place.
To do this we must equate the effective magnetic fields to zero. The equilibrium

state of the antiferromagnets corresponding to the direction of magnetic moments of
sublattices for which the energy density of the antiferromagnets

w = δM1 · M2 − 1

2
β[(M1 · �n)2 + (M2 · �n)2]

− β ′(M1 · �n) · (M2 · �n) −H
(e)
0 (M1 + M2)

reaches a minimum. We have neglected in this expression the energy wd which is

responsible for the appearance of weak ferromagnetism and the energy

2π(M1 −M2)N̂(M1 + M2)

which depends on the shape of the body. Let us assume that the external magnetic

field is zero. If at the same time, β − β ′ > 0, it is readily to verify that the minimum
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of w is reached when the magnetic moments of the sublattices lie along the anisotropy
axis and M10+M20 = 0. Such antiferromagnets are said to have magnetic anisotropy

of the “easy axis” type.
When β − β ′ < 0, the minimum of w is reached when the magnetic moments of

the sublattices are perpendicular to the anisotropy axis and M10 +M20 = 0. In this
case it is said that the antiferromagnets has a magnetic anisotropy of “easy plane”

type. Examples of the “easy axis” anisotropy are CuCl2.2H2O,Cr2O3 and FeCO3;
antiferromagnets with magnetic anisotropy of the “easy plane” type are hematite in

its low temperature phase, the carbonates and fluorides of transition metals.
The equilibrium directions of M10 and M20 are readily determined even in the

presence of an external magnetic field H
(e)
0 . The results of the corresponding calcu-

lations are given in Figures 1.5.1 and 1.5.2.

1.5.2 Spin Waves in Antiferromagnets

1. Motion of spin waves in antiferromagnets

Consider the spin waves in antiferromagnets. Substitute


M1(r, t) = M10 + �m1(r, t),

M2(r, t) = M20 + �m2(r, t),

H(i)(r, t) = H
(i)
0 + �h(r, t).

(1.5.5)

into (1.5.1) where �m1, �m2 and �h are small deviations from the equilibrium values M10,

M20 and H
(i)
0 , and then linearize these equations. This results in a set of two linear

differential equations for �m1 and �m2. We can now express the Fourier component of

the deviations of the magnetic moments by �m1(�k, ω), �m2(�k, ω) and �h(�k, ω)

�m(�k, ω) = �m1(�k, ω) + �m2(�k, ω) = χ(�k, ω)�h(�k, ω), (1.5.6)

where χ(�k, ω) is a tensor which depends on �k and ω and on the quantities char-

acterizing the equilibrium state of the antiferromagnets. If the magnetic field H
(e)
0

is parallel to the anisotropy axis and H
(e)
0 < H1, H1 = M0

√
2δ(β − β ′), then the

linearized equations for �m1(�k, ω) and �m2(�k, ω) are of the form


−iω�m1(�k, ω) = g

{
M10,�h(�k, ω) −

(
δ +

H
(e)
0

M0

+ β − β ′ + αijkikj

)
· �m1(�k, ω)

− (δ + α′
ijkikj)�m2(�k, ω)

}
,

−iω�m2(�k, ω) = g

{
M20,�h(�k, ω) −

(
δ +

H
(e)
0

M0
+ β − β ′ + αijkikj

)
· �m2(�k, ω)

− (δ + α′
ijkikj)�m1(�k, ω)

}
,

(1.5.7)
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Figure 1.5.1. Numerical results for the equilibrium states of an antiferromagnet (1).
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Figure 1.5.2. Computational results for the equilibrium states of an antiferromagnet (2).
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χ̂(�k, ω) =



χxx χxy 0

χyx χyy 0

0 0 0


 , (1.5.8)

where 


χxx = χyy =
1

2
χ0


Ω+(Ω+ − gH

(e)
0 )

Ω2
+ − ω2 +

Ω−(Ω− + gH
(e)
0 )

Ω2
− − ω2


,

χxy = −χyx = iωχ0


(Ω+ − gH

(e)
0 )

Ω2
+ − ω2 +

(Ω− + gH
(e)
0 )

Ω2
− − ω2


,

Ω± = gM0

√
2δ(αij − αij′)kikj + (H1/M0)2 ± gH

(e)
0 ,

(1.5.9)

in which χ0 = δ−1.

Proceeding in an analogous fashion, we can determine the high-frequency magnetic
susceptibility tensor of an antiferromagnet when the magnetic field H

(i)
0 is at right

angles to the anisotropy axis:

χ̂(�k, ω) =



χxx 0 0

0 χyy χyz

0 χzy χzz


 , (1.5.10)

where 


χxx = χ0
Ω2

2

Ω2
2 − ω2 , χyy = χ0

Ω2
1

Ω2
1 − ω2 ,

χzz = χ0
(gH

(e)
0 )2

Ω2
1 − ω2 , χyz = −χzy = iωχ0

gH
(e)
0

Ω2
1 − ω2 ,

Ω1 = gM0

√
2δ(αij − αij′)kikj + (H1/M0)2 + (H

(e)
0 /M0)2,

Ω2 = gM0

√
2δ(αij − αij′)kikj + (H1/M0)2.

(1.5.11)

It is assumed that H
(e)
0 	 H2 and H2 = 2δM0 (the z-axis lies along the anisotropy

axis and the x-axis lies along H
(e)
0 ).

Consider now an antiferromagnet with magnetic anisotropy of the “easy plane”
type. If the field H

(e)
0 is perpendicular to the anisotropy axis and H

(e)
0 	 H2, the

high-frequency magnetic susceptibility tensor is given by

χ̂(�k, ω) =



χxx 0 0

0 χyy χyz

0 χzy χzz


 , (1.5.12)
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where 


χxx = χ0
Ω′ 2

2

Ω′ 2
2 − ω2 , χyy = χ0

(gH
(e)
0 )2

Ω′ 2
1 − ω2 ,

χzz = χ0
Ω′ 2

1

Ω′ 2
1 − ω2 , χyz = −χzy = −iωχ0

gH
(e)
0

Ω′ 2
1 − ω2

,

Ω′
1 = gM0

√
2δ(αij − αij′)kikj + (H

(e)
0 /M0)2,

Ω′
2 = gM0

√
2δ(αij − αij′)kikj + (H1/M0)2

(1.5.13)

(the z-axis lies along the anisotropy axis and the x-axis lies along the magnetic field

H
(e)
0 ).

If the magnetic field H
(e)
0 is parallel to the anisotropy axis, then

χ̂(�k, ω) =



χxx χxy 0

χyx χyy 0

0 0 χzz


 , (1.5.14)

where




χxx = χ0
(gH

(e)
0 )2

Ω′′ 2
1 − ω2 , χyy = χ0

Ω′′ 2
1

Ω′′ 2
1 − ω2 ,

χzz = χ0
Ω′′ 2

2

Ω′′ 2
2 − ω2 , χyz = −χzy = iωχ0

gH
(e)
0

Ω′′ 2
1 − ω2 ,

Ω′′
1 = gM0

√
2δ(αij − αij′)kikj + (H1/M0)2 + (H

(e)
0 /M0)2,

Ω′′
2 = gM0

√
2δ(αij − αij′)kikj(1 − (H1/M0)2).

(1.5.15)

Here the z-axis lies along the anisotropy axis and the x-axis lies in the plane of the

magnetic moments of the sublattices.

2. The spin-wave spectrum in antiferromagnets

If we know the high-frequency magnetic susceptibility tensor of an antiferro-

magnet, we can readily find its spin-wave spectrum. To do this we must use the
general dispersion relation (1.4.42) which determines the spin-wave spectrum in the

magnetostatic approximation of both ferromagnets and antiferromagnets,

k2 + 4πkikjχij(�k, ω) = 0. (1.5.16)

However, in the case of an antiferromagnet, this equation needs not be solved since

the components of the tensor χij(�k, ω) for an antiferromagnet are proportional to a
small parameter χ0 and therefore to within terms of the order of gM0χ0, the spin-

wave frequencies must coincide with the poles of the tensor χ̂(�k, ω). Hence it follows,
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for example, that in the case of antiferromagnets with magnetic anisotropy of the
“easy axis” type, the spin-wave frequencies are given by



ωS1 ≡ Ω+ = gM0

√
2δ(αij − α′

ij)kikj + (H1/M0)2 + gH
(e)
0 ,

ωS2 ≡ Ω− = gM0

√
2δ(αij − α′

ij)kikj + (H1/M0)2 − gH
(e)
0 ,

(1.5.17)

if the field H
(e)
0 is parallel to the anisotropy axis and H

(e)
0 < H1, and by



ωS1 ≡ Ω1 = gM0

√
2δ(αij − α′

ij)kikj + (H1/M0)2 + (H
(e)
0 /M0)2,

ωS2 ≡ Ω2 = gM0

√
2δ(αij − α′

ij)kikj + (H1/M0)2,
(1.5.18)

if the field H
(e)
0 is perpendicular to the anisotropy axis.

In the case of antiferromagnets with magnetic anisotropy of the “easy plane” type,

the spin-wave frequencies are given by



ωS1 ≡ Ω′′

1 = gM0

√
2δ(αij − α′

ij)kikj + (H1/M0)2 + (H
(e)
0 /M0)2,

ωS2 ≡ Ω′′
2 = gM0

√
2δ(αij − α′

ij)kikj(1 − (H1/M0)2),
(1.5.19)

if the magnetic field H
(e)
0 is parallel to the anisotropy axis, and by

ωS1 ≡ Ω′
1 = gM0

√
2δ(αij − α′

ij)kikj + (H
(e)
0 /M0)2,

ωS2 ≡ Ω′
2 = gM0

√
2δ(αij − α′

ij)kikj + (H1/M0)2

if the magnetic field H
(e)
0 is perpendicular to the anisotropy axis.

1.5.3 Electromagnetic Waves in Magnetically

Ordered Crystals

1. Dispersion relation for electromagnetic waves

First of all we discuss the dispersion relation for electromagnetic waves. Assume

that the magnetic moments have magnetostatic oscillations. This leads to

�m(�k, ω) = χ̂(�k, ω) · �h(�k, ω), (1.5.20)

where �m(�k, ω) and �h(�k, ω) are the amplitudes of the oscillating components of the

magnetization and the the magnetic field, and χ̂(�k, ω) is the high-frequency magnetic
susceptibility tensor of a ferromagnet or an antiferromagnets.

Maxwell’s equations for plane waves with allowance for (1.5.20) are of the form

[k, e] =
ω

c
b, [k, h] = −ω

c
d, (1.5.21)
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where b = µ̂�h and d = ε̂e are the amplitudes of the oscillating components of the
magnetic and electric induction, µ̂(�k, ω) = 1+4πχ̂(�k, ω) is the magnetic permeability

tensor and ε̂ is the permittivity tensor. We shall assume for simplicity that εij = εδij
and that ε is independent of �k and ω. Equating the determinant of (1.5.21) to zero,

we obtain the dispersion relation connecting the frequency and the wave vectors of
the electromagnetic waves in magnetically ordered crystals

D(�k, ω) = A(�k, ω)n4 +B(�k, ω)n2 + C(�k, ω), (1.5.22)

where n = ck/ω
√
ε is the refractive index,

A(�k, ω) = 1 +
4π

k2
kikjχij(�k, ω),

B(�k, ω) =

(
kikj

k2
− δij

)
∆ij(�k, ω), (1.5.23)

C(�k, ω) = detµij(�k, ω),

and ∆ij(�k, ω) are the minors of the determinant |µij(�k, ω)|. This dispersion relation

will in general define not one but several frequencies for a given wave vector �k. For
a ferromagnet there are three such frequencies, whereas for an antiferromagnet there

are four. Different frequencies corresponding to the same �k define different branches
of the oscillations. In fact, dividing (1.5.22) by n4, and allowing n to tend to infinity,

we obtain
A(�k, ω) = 0, (1.5.24)

which is the same as the dispersion relation

1 +
4π

k2
kikjχij(�k, ω) (1.5.25)

for the spin waves.

Since the spin wave frequency ωS(�k) is of the order of gM0, it may be said that
spin waves correspond to wave vector �k satisfying the inequality

k 
 gM0

c
(1.5.26)

or in terms of wave length

λ	 c

gM0
.

When k 
 gM0

c
, in addition to the spin wave there are also two proper electromagnetic

waves characterized by the dispersion relation

ω =
ck√
ε
. (1.5.27)

Our problem now is to determine the properties of the branches of electromagnetic

oscillations for k 	 gM0

c
.
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Since 1√
α

 gM0

c
, it follows that in this region of wave vectors αk 	 1 and, conse-

quently, the spatial dispersion of the high-frequency magnetic susceptibility tensor is

unimportant. This means that the coefficients A,B and C in the dispersion relation
(1.5.22) will depend only on the frequency in the direction of the wave vector when

k 	 gM0

c
, but not on its magnitude.

Under these conditions the dispersion relation can conveniently be looked upon

as the equation for n or, what amounts to the same thing, as an equation for the
modulus of the wave vector �k for given frequency and directions of propagation.

The solution of this equation is of the form

n2
1,2 =

(
ck1,2

ω
√
ε

)2

=
−B(κ, ω) ±

√
B2(κ, ω) − 4A(κ, ω)C(κ, ω)

2A(κ, ω)
, (1.5.28)

where κ =
�k
k
.

Real refractive indices ni correspond to waves propagating with phase velocity

vi(κ, ω) =
c√

εni(κ, ω)
, (1.5.29)

which is a function of κ and ω.

2. Interaction between proper electromagnetic waves and spin waves
Further study of the branches of electromagnetic oscillations for k ≤ gM0

c
requires

detailed knowledge of the high-frequency magnetic susceptibility tensor. Here we
shall confine our attention to a uniaxial ferromagnet and will assume that the external

magnetic field lies along the anisotropy axis. The tensor µ̂(�k, ω) is then of the form

µ̂ =




µ iµ′ 0

−iµ′ µ 0

0 0 1



, (1.5.30)

where 


µ(ω) = 1 +
4πgM0Ω0

Ω0 − ω2 ,

µ′(ω) = 1 +
4πgM0ω

Ω0 − ω2 ,

Ω0 = gM0

(
β +

H
(i)
0

M0

)
,

(1.5.31)

and the z-axis lies along the anisotropy axis.

Using the unit vectors

�J1 =
[�n,�k]

|[�n,�k]| ,
�J2 =

[�k, [�n,�k]]

|[�k, [�n,�k]]| ,
�J3 =

�k

k
, (1.5.32)
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where �n is a unit vector along the anisotropy axis, we can write the vectors �b,�h and
�e in the form 



�b = b1 �J1 + b2 �J2,

�h = h1
�J1 + h2

�J2 + h3
�J3,

�e = e1 �J1 + e2 �J2.

(1.5.33)

Eliminating the vector �e from (1.5.21) we obtain

�k(�k · �h) − k2�h = −ω
2ε

c2
�b, (1.5.34)

and hence

b1 = n2h1, b2 = n2h2. (1.5.35)

Since �b = µ̂�h, it follows that




{
n2 − µ cos2 θk + (µ2 − µ′2) sin2 θk

µ sin2 θk + cos2 θk

}
b1 − i

µ′ cos θk

µ sin2 θk + cos2 θk

b2 = 0,

i
µ′ cos θk

µ sin2 θk + cos2 θk

b1 +

{
n2 − µ

µ sin2 θk + cos2 θk

}
b2 = 0,

(1.5.36)

where θk is the angle between the wave vector �k and the anisotropy axis.

If we eliminate the amplitudes b1 and b2 from these equations, we obtain the

following values for the refractive index

n2
1,2 =

1

2
(µ sin2 θk + cos2 θk)

−1{µ(1 + cos2 θk) + (µ2 − µ′2) sin2 θk

±
√

(µ2 − µ′2 − µ) sin4 θk + 4µ′2 cos2 θk}. (1.5.37)

These formulae are a special case of (1.4.79) for a uniaxial crystal. The value of b1
and b2 for waves with refractive index nj are related by

b
(j)
1

b
(j)
2

= iρj , (1.5.38)

where

ρj =
n2

j cos2 θk − µ(1 − n2
j sin2 θk)

µ′ cos θk

. (1.5.39)

We note that

ρ1ρ2 = −1 (1.5.40)

and consequently

b
(1)
1

b
(1)
2

= −b
(2)
2

b
(2)
1

= iρ1. (1.5.41)
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It follows from (1.5.36) that

h
(j)
1

h
(j)
2

= iρj ,
h

(j)
3

h
(j)
2

=
µ′ sin θk + (µ− 1) sin θk cos θk)

µ sin2 θk + cos2 θk

,

where as before the subscript j represents waves with refractive index nj .
Let us now return to the expressions given by (1.5.37) for the refractive indices

and find the values of ω for which the wave vector is zero. Since the right-hand sides
of (1.5.37) have finite limits, which are equal to µ(0) and

µ(0)

cos2 θk + µ(0) sin2 θk

, (1.5.42)

it follows that k will be zero together with ω, and when ω 	 gM0,

k1 = ω

√
εµ(0)

c
, k2 = ω

√
εµ(0)

c

1√
cos2 θk + µ(0) sin2 θk

. (1.5.43)

Moreover, the wave vector will vanish for a certain value of ω of the order of gM0

and, in particular, for

ω = ω0 = g(H
(i)
0 + 4πM0 + βM0). (1.5.44)

3. Properties of the branches of electromagnetic oscillations in ferromagnets
The above results can be used to obtain a schematic representation of the

properties of the branches of electromagnetic oscillations in uniaxial ferromagnets.
In Figure 1.5.3 spin waves correspond to the broken curve ω = ωS(�k), whilst the

proper electromagnetic waves correspond to the broken curve ω = ck/
√
ε. This curve

tends asymptotically to a part of branch I for k 
 gM0/c, and the straight line is the

common asymptote of branches II and III (also for k 
 gM0/c). It is readily shown
that the deviation of these curves from the straight line ω = ck/

√
ε for k 
 gM0/c

is given by

ωII,III =
ck√
ε

(
1 ± 2πgM0

ck

√
ε cos θk

)
. (1.5.45)

Consider now the polarization properties of the above branches of electromagnetic
oscillations. It is readily shown that as k → 0, the induction vector �b lies along the

vector �J1 for oscillations in branch I, and along the vector �J2 for oscillations in branch
II. Branch III is characterized by elliptical polarization for k → 0, and

bIII1

bIII2

=
1

cos θk
.

For large k 
 gM0/, branches II and II have circular polarizations.

For large k the magnetic field for branches II and III is transverse and for branch I
longitudinal. For small k, on the other hand, there are both transverse and longitu-

dinal magnetic field components, and both are of the same order of magnitude.
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Figure 1.5.3. Electromagnetic oscillating bifurcation property of a uni-axial ferromagnet.

1.6 Bibliography Comments

In this chapter, we give the physics backgrounds and the derivations for the Landau–

Lifshitz equations. There are two different approaches to derive Landau–Lifshitz equa-

tions. One is to consider the macroscopic motion of the ferromagnets and evaluate
the total energy, then derive Landau–Lifshitz equations from the Hamiltonian (see

the original paper by Landau and Lifshitz [102], [140]). The other is to begin with the
microscopic aspects. Applying the quantum-mechanical spin theory, one can make

out the Hamiltonian for the Heisenberg chain, and then get the Landau–Lifshitz
equations and at the same time the equations of ferromagnets. For the ferromagnetic

equations for multi-media and the propagations and interactions of spin waves in
ferromagnets, we refer to the book “Spin waves” by Akhiezer et al. [3] and references

therein.



Chapter 2

Integrability of Heisenberg Chain

This chapter is concerned with the integrability of the Heisenberg chain without
Gilbert damping including spin waves, solitary waves, the geometry representation for

the Landau–Lifshitz equations, nonhomogeneous Heisenberg chain and the spherical
(cylindrical) symmetric Heisenberg chain equations.

2.1 Spin Waves and Solitary Waves

2.1.1 Spin Waves

In this section, we shall consider the spin waves and solitary waves, the approxi-
mate solutions and the equivalence to Schrödinger equations of the following Landau–

Lifshitz equation without Gilbert damping

∂~S

∂t
= ~S × ∂2~S

∂x2
. (2.1.1)

Suppose that equation (2.1.1) admits a solution of the form

~S(x, t) = ~A cos α + { ~B cos(kx − ωt) + ~C sin(kx − ωt)} sinα, (2.1.2)

where ( ~A, ~B, ~C) forms a unit right-hand orthogonal system, α, k are any real numbers,
ω = k2 sin α. The solutions of such form are called spin waves. Their energy density

ε and density flow j are constants of the form

ε =
1

2
k

2 sin2
α, j = k

3 sin2
α cos α = vε, (2.1.3)

in which v = 2k cos α = dω
dk

is the group velocity of the wave. The solution (2.1.2)

of spin wave is in fact the form ~S(x, t) = ~S(u) with u = x − ct. In fact, substituting
this form into (2.1.1), we have

−c~S
′ = ~S × ~S

′′
, (2.1.4)

35
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where “ ′ ” denotes the differential with respect to u. Noting that ~S
′ × ~S

′ = 0 one has
from (2.1.4) that

d

du
(~S × ~S

′ + c~S) = 0, (2.1.5)

and integrating this equality one further has

~S × ~S
′ + c~S = ~S0, (2.1.6)

where ~S0 is a constant vector. Taking inner product of (2.1.6) with ~S, we have by

noting |~S| = 1 that:
~S · ~S0 = c. (2.1.7)

Let ~A be the unit vector along the direction ~S0 and construct the other two vectors
~B, ~C such that they are orthogonal to ~A and orthogonal with each other in the right-

hand system. ~S(u) can be written as

~S(u) = ~A cos α + { ~B cos ϕ(u) + ~C sin ϕ(u)} sinα, (2.1.8)

where α is the constant angle between ~S and ~S0, ϕ(u) is the angle between the

projection of vector ~S onto ( ~B, ~C)-plane and vector ~B. Substituting (2.1.8) into
(2.1.4), we get

ϕ
′(u) =

c

cos α
. (2.1.9)

This implies that ϕ(u) = kx − ωt, where k = c/cosα, ω = k2 cos α. This is the spin

wave (2.1.2).

2.1.2 Solitary Waves

In order to study equation (2.1.1) in detail, we introduce the polar coordinates as

follows:










u = sin θ(x, t) cos ϕ(x, t),
v = sin θ(x, t) sin ϕ(x, t),
w = cos θ(x, t)

(2.1.10)

where ~S(x, t) = (u(x, t), v(x, t), w(x, t)). It follows from (2.1.1) that











dθ

dt
= −2θxϕx cos θ − ϕxx sin θ, (2.1.11)

ϕt sin θ = θxx − (ϕx)
2 sin θ cos θ. (2.1.12)

The energy density is of the form

ε(x, t) =
1

2
(θ2

x + χ
2), χ = ϕx sin θ. (2.1.13)

First we assume that θ and ϕ are both the functions of u = x− ct which corresponds

to the case of spin wave. Then we assume that θ(x, t) be of the function of u but ϕ

take the form

ϕ(x, t) = ϕ(u) + Ωt. (2.1.14)



Integrability of heisenberg chain 37

Define
x(u) = ϕ

′(u) sin θ(u). (2.1.15)

It follows from (2.1.11) and (2.1.12) that

{

x
′ = θ

′(c − χ cos θ), (2.1.16)

θ
′′ = −x(c − χ cos θ) + Ω sin θ, (2.1.17)

where “ ′ ” denote the differential with respect to u. It follows from this equation that

(θ′)2 + x
2 + 2Ω cos θ = 2α, (2.1.18)

where α is a quantity independent of u. Now the energy density (2.1.13) reads as

follows:
ε(u) = −Ω cos θ(u) + α. (2.1.19)

If we define
{

Z(u) = cos θ(u),
g(u) = ϕ′(u) sin2

θ(u),
(2.1.20)

then it follows from (2.1.16) that

y
′ = −cz

′ (2.1.21)

and

Z
′′ − cy + Ω(1 − Z

2) +
Z(Z ′ + y2)

1 − Z2
= 0. (2.1.22)

From (2.1.18), we have

Z
′ + y

2 = 2(α − ΩZ)(1 − Z
2). (2.1.23)

And, (2.1.22) becomes

Z
′′ − cy − 3ΩZ

2 + 2αZ + Ω = 0. (2.1.24)

It is not difficult to get the general solutions to (2.1.21) and (2.1.22). The solitary
solution is then of the form







Z(u) = (tanh 1

2
cu)2,

y(u) = c sech2 1

2
cu,

(2.1.25)

where

α = Ω =
1

2
c
2
. (2.1.26)

It follows from (2.1.20) that

dϕ

du
=

c

1 + tanh2 1

2
cu

. (2.1.27)
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Then we have by integrating this equation that

ϕ = tan−1

[

tanh
1

2
cu

]

+
1

2
cu. (2.1.28)

It also follows from (2.1.14) and (2.1.26) that

ϕ = tan−1

[

tanh
1

2
c(x − ct)

]

+
1

2
cx, (2.1.29)

and the energy density and the flow density are

ε(u) =
c
2

2 cosh2 1

2
cu

, j(u) = cε(u). (2.1.30)

2.1.3 Approximate Solutions

Let ~S(x, t) = ~S(η), η = xtα with α = −1

2
, i.e.

η = xt
−

1

2 . (2.1.31)

Substituting this into (2.1.1) we have

η~S
′ = −2~S × ~S

′′
. (2.1.32)

For large η, the approximate solution to (2.1.32) is of the form

~S(η) =

(

2q

η
sin

1

4
η

2
, −2q

η
cos

1

4
η

2
, 1

)

+ O(η−2), (2.1.33)

with |~S ′(η)| = q. In this case, the energy density and the flow density are of the form

ε(x, t) =
1

2t
|~S ′(η)|2,

j(x, t) =
1

t3/2

~S · (~S ′ × ~S
′′),

(2.1.34)

or, from (2.1.32)

j(x, t) =
η

2t3/2
|~S ′(η)|2. (2.1.35)

Since it follows from (2.1.32) that ~S ′ · ~S ′′ = 0, we get

|~S ′(η)|2 = q
2 = constant.

Hence

ε(x, t) =
q2

2t
, j(x, t) =

q2x

2t2
=

x

t
ε(x, t). (2.1.36)
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2.1.4 Equivalence to Nonlinear Schrödinger Equations

1. Vector representation for the L–L equations without damping

Denote the unit vector ~S(x, t) by ~e1(x, t) to rewrite equation (2.1.1) as

~e1t = ~e1 × ~e
′′
. (2.1.37)

In order to have an equation independent of the coordinate system, we let ~e1 be a

tangential vector of a curve with curvature k and torsion τ :

k(x, t) = (~e ′

1
· ~e ′

1
)

1

2 , (2.1.38)

τ(x, t) = k
−2

~e1 · (~e ′

1
× ~e

′′

1
). (2.1.39)

Now establish an orthogonal three-side-body ~e1, ~e2, ~e3 where ~e2 lies along the

direction of ~e ′

1
, ~e3 = ~e1 × ~e2. For such vectors we have from the Serret–Frenet

formula that










~e ′

1
= k~e2,

~e ′

2
= −k~e1 + τ~e3,

~e
′

3
= −τ~e3.

(2.1.40)

It follows from these equations and (2.1.37) that



































~e ′

1
= −kτ~e2 + k′~e3,

~e ′

2
= kτ~e1 +

(

k
′′

k
− τ

2

)

~e3,

~e ′

3
= −k′~e1 +

(

τ
2 − k

′′

k

)

~e3,

(2.1.41)

with compatible conditions

d

dt
~̇ej =

∂

∂x
~̇ej, j = 1, 2, 3. (2.1.42)

These conditions lead to the following equations of k and τ :














kt = −2kxτ − kτx,

τt =

(

kxx

k
− τ

2

)

x

+ kk
′
.

(2.1.43)

Equation (2.1.43) is equivalent to the continuum equation

∂ε

∂t
+

∂j

∂x
= 0, (2.1.44)

where ε = 1

2
|∂~S
∂x
|2, j(x, t) = ~S · (~Sx × ~Sxx) and

ε(x, t) =
1

2
x

2
, j(x, t) = k

2
τ. (2.1.45)
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2. Equivalence to nonlinear Schrödinger equations

Using the complex change of variables

Ψ(x, t) = k(x, t) exp

{

i

∫

τ(x, t)dx

}

, (2.1.46)

we may change system (2.1.43) into the nonlinear Schrödinger equations

iΨt + Ψxx +
1

2
|Ψ|2Ψ = 0 (2.1.47)

which admits solitary solution of the form:

Ψ(x, t) = 4η exp{−4(ξ2 − η
2)t − 2iξx}sech[2η(x − x0) + 8ηξt], (2.1.48)

where ζ = ξ + iη is the characteristic parameter, x0 is a constant. It follows from this

that the energy density is

ε(x, t) =
1

2
k

2(x, t) = 8η2sech2[2η(x − x0) + 8ηξt], (2.1.49)

and the density of momentum is

j(x, t) = k
2(x, t)τ(x, t) = 32ξη2sech2[2η(x − x0) + 8ηξt]. (2.1.50)

Take ξ = η, τ = −2ξ = c
2

= const. to give

ε(x, t) =
c
2

2
sech2

[

c

2
(x − x0 − ct)

]

. (2.1.51)

2.2 Geometric Representation for the

Landau–Lifshitz Equations

2.2.1 Establishing the Natural Coordinate System

Consider the following Landau–Lifshitz equation:

∂~S

∂t
= ~S × ~Sxx + λ[~Sxx − (~S · ~Sxx)~S], (2.2.1)

~S
2(x, t) = 1, ~S = (S1, S2, S3), (2.2.2)

where λ ≥ 0 is the Gilbert damping constant. In order to get the geometric repre-
sentation of this system, we let [~e1, ~e2, ~e3] be the natural coordinate consisting of the

usual unit tangential vector, unit normal vector and unit conormal vector and

~e1t = ~e1 × ~e1xx + λ[~e1xx − (~e1 · ~e1xx)~e1]. (2.2.3)
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It follows from Serret–Frenet formula that

~eix = ~d × ~ei,

~d = k~e3 + τ~e1, (2.2.4)

where k, τ are the curvature and torsion of the space curve with tangential vector ~e1,
and

~eit = ~ω × ~ei,

~ω = ω1~e1 + ω2~e2 + ω3~e3, (2.2.5)

in which

ω1 =

[

kxx

k
− τ

2

]

+
λ

k
(2kxτ + kτx), (2.2.6)

ω2 = −(kx + λkτ), (2.2.7)

ω3 = −kτ + λkx. (2.2.8)

It follows from (2.2.4) and (2.2.5) and the compatible condition (~eit)x = (~eix)t that

kt = −2kxτ − kτx + λ(kxx − kτ
2), (2.2.9)

τt =

[

kxx

k
− τ

2

]

x

+ kkx + λ

[(

1

k2
(k2

τ)x

)

x

+ k
2
τ

]

, (2.2.10)

or by the densities of energy and flow:

εt = −jx + λ

[

εxx −
ε2

x

2ε
− j2

2ε

]

, (2.2.11)

jt = εxx −
2εx

ε

[

εxx −
ε2

x

2ε

]

+

[

ε
2 − j2

ε

]

x

+ 2εj

+ λ

[

jεxx

ε
− jε2

x

2ε2
− j3

2ε2
+ jxx −

jxεx

ε

]

. (2.2.12)

Hence the total energy of the ferromegnet is

E(t) =
∫

+∞

−∞

ε(x, t)dx =
1

2

∫

+∞

−∞

∣

∣

∣

∣

∣

∂~S

∂x

∣

∣

∣

∣

∣

2

dx =
1

2

∫

+∞

−∞

k
2(x, t)dx. (2.2.13)

2.2.2 Geometric Representation of Landau–Lifshitz

Equation

It follows from (2.2.9)–(2.2.12) that

dE(t)

dt
=

d

dt

∫

+∞

−∞

1

2
k

2
dx = −λ

∫

+∞

−∞

[(kx)
2 + k

2
τ

2]dx ≤ 0.
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Making complex change for the unknowns

Ψ(x, t) = k(x, t) exp

[

i

∫

+∞

−∞

τ(x, t)dx

]

= [2E(x, t)]1/2 exp

[

i

∫

+∞

−∞

j(x, t)

2ε(x, t)
dx

]

, (2.2.14)

we can rewrite (2.2.9) and (2.2.10) into the Schrödinger with damping

iΨt + (1 − iλ)Ψxx +
1

2
|Ψ|2Ψ

+
iλ

2
Ψ
∫

+∞

−∞

(ΨΨ∗

x − Ψ∗Ψx)dx = 0. (2.2.15)

It follows from (2.2.15) and its complex conjugate that

i
d(ΨΨ∗)

dt
+ (1 − iλ)Ψ∗Ψxx − (1 + iλ)Ψ∗

xxΨ = 0. (2.2.16)

Integrate (2.2.14) and (2.2.16) to give

iτ
dE

dt
= (1 + iλ)

∫

+∞

−∞

Ψ∗

xxΨdx − (1 − iλ)
∫

+∞

−∞

Ψ∗Ψxxdx. (2.2.17)

This equation is of the same form as (2.2.13). We know that the single solitary

solution to (2.2.15) without damping (λ = 0) is of the form

Ψ(x, t) = c

[

sech
c

2
x

][

exp i
c

2
x

]

, (2.2.18)

then

k(x, t) = c sech
c

2
x, τ(x, t) =

c

2
, (2.2.19)

where c is a constant. In the case of λ > 0, c should be regarded as a function of t,

i.e. c = c(t). Then it follows from (2.2.7) and (2.2.18) that

dc

dt
= −2

3
λc

3
, (2.2.20)

and therefore

c = c(t) =

√
3

2
(λt + δ)−1/2

, (2.2.21)

where δ is the integral constant. Setting

El =
e1l + ie2l

1 − e3l
, e

2

1l + e
2

2l + e
2

3l = 1,
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where e1l is the lth component of ~e1, one get the following two Riccati equations

Zlx = −ikZl +
1

2
iτ(Z2

i − 1), (2.2.22)

Zlt = −i

[(

kxx

k
− τ

2

)

+
λ

k
(2kxτ + kτx)

]

Zi

− 1

2
[(kτ − λkx) + i(kx + λτk)]Z2

i

− 1

2
[(kτ − λkx) − i(kx + λτk)]. (2.2.23)

If we know the curvature k and the torsion τ , then we can solve the spin equation
by virtue of (2.2.22) and (2.2.23). In fact, we have



























ε(x, t) =
1

2
k

2 =
3

8
(λt + δ)−1 sech2

(
√

3x

4

)

(λt + δ)−1/2
,

j(x, t) = k2τ =
3
√

3

16
(λt + δ)−3/2 sech2

(
√

3x

4

)

1

2
(λt + δ)−1/2

.

(2.2.24)

And, we also have






























































































Sx = sech

[(√
3x

4

)

(λt + δ)−1/2

]{

tanh

[(√
3x

4

)

(λt + δ)−1/2

]

sin

[(√
3x

4

)

(λt + δ)−1/2

]

− cos

[(√
3x

4

)

(λt + δ)−1/2

]}

Sy = − sech

[(
√

3x

4

)

(λt + δ)−1/2

]{

tanh

[(
√

3x

4

)

(λt + δ)−1/2

]

cos

[(
√

3x

4

)

(λt + δ)−1/2

]

− sin

(
√

3x

4

)

(λt + δ)−1/2

]}

Sz =

{

tan h
2

[(
√

3x

4

)

(λt + δ)−1/2

]

.

(2.2.25)

2.3 Inhomogeneous Heisenberg Chain

2.3.1 Inhomogeneous Ferromagnetic Equations

Consider the nonhomogeneous ferromagnetic chain equation

~St(x, t) = f(x)~S × ~Sxx + fx(x)(~S × ~Sx). (2.3.1)

Let ~e1(x, t), ~e2(x, t), ~e3(x, t) be the tangential vector, normal vector and co-normal

vector of a moving space curve and form a natural coordinate system. From the
Serret–Frenet formula











~e1x = k~e2,

~e2x = −k~e1 + τ~e3,

~e3x = −τ~e3,

(2.3.2)
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where the curvature k = (~e1x · ~e1x)
1/2 and the torsion τ = k

−2
~e1 · (~e1x × ~e1xx). Set























N = (~e2 + i~e3) exp

[

i

∫

+∞

−∞

τ(x, t)dx

]

,

g =
k

2
exp

[

i

∫

+∞

−∞

τ(x, t)dx

]

,

(2.3.3)

then Nx = −2q~e1. Let
{

~Nt = α ~N + β ~N∗ + γ~e1,

~e1t = λ ~N + µ ~N∗ + ν~e1,
(2.3.4)

we have µ = − 1

2
= λ

∗, β = 0, α = iR, R is real number. Hence






~Nt = iR ~N + γ~e1,

~e1t = −1

2
(γ∗ ~N

∗ + γ ~N),
(2.3.5)

and it follows from Nxt = Ntx that






qt + 1

2
γx − iRq = 0,

Rx = i(γq∗ − γ∗q).
(2.3.6)

Note that |~S|2 = 1. We let the vector ~S be ~e1. Then equation (2.3.1) becomes

~e1t = −kτf~e2 + (kf)x~e3 = i[(qf)x
~N

∗ − (q∗f)x
~N ]. (2.3.7)

Comparing this equation with (2.3.5), we may take, if f be a real function,

γ = −2i(gf)x. (2.3.8)

Substituting (2.3.8) into (2.3.6), replacing q by q exp(i(ax + bt)) and eliminating the
integral constant, one may get the Schrödinger equation with coefficients depending

on x:

iqt + fqxx + 2f |q|2q + 2q
∫

+∞

−∞

fx|q|2dx + qfxx + 2fxqx = 0. (2.3.9)

From the Hamiltonian change

H = −J

N−1
∑

i=1

fi
~Si · ~Si+1, (2.3.10)

we get the energy density E(x, t) = 1

2
f ~S2

x and the continuum equation

Et + Px = 0, (2.3.11)

where P (x, t) = f 2~S · (~Sx × ~Sxx) or by k, τ

E =
1

2
fk

2
, P = f

2
k

2
τ.

For equation (2.3.9), we have

E =
1

2
f |q|2, P = 4f 2|q|2(arg q)x.
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2.3.2 Inhomogeneous Heisenberg Chain

Now consider another ferromagnetic chain equation:






~St(x, t) = (γ2 + µ2x)~S × ~Sxx + µ2(~S × ~Sx) − (γ1 + µ1x)~Sx,

~S = (S1, S2, S3), |~S|2 = 1.
(2.3.12)

Using the Serret–Frenet formula:

~eix = d ∧ ~ei, d = −k~e3 + τ~e1, (2.3.13)

and taking ~e1 = ~S in (2.3.12), we have

~e1t = (γ2 + µ2x)~e1 × ~e1xx + µ2(~e1 × ~e1x) − (γ1 + µ1x)~e1x.

It follows from (2.3.13) that

~e1t = −[(γ2 + µ2x)kτ + (γ2 + µ1x)k]~e2 + [(γ2 + µ2x)k]x~e3.

The equations for ~e2t, ~e3t are similar as above. If we take solid body motion, we have

~eit = ~ω ∧ ~ei,

~ω = ω1~e1 + ω2~e2 + ω3~e3, (2.3.14)

where














ω1 = k
−1[(γ2 + µ2x)k]xx − (γ2 + µ2x)τ 2

,−(γ1 + µ1x)~e1x − (γ1 + µ1x)τ,

ω2 = −[(γ2 + µ2x)k]x,

ω3 = −[(γ2 + µ2x)kτ + (γ1 + µ1x)k].

(2.3.15)

Since

Rx = ~e1, Rt = (γ1 + µ2x)~e1 ∧ ~e1x − (γ1 + µ1x)~e1 + µ1R,

we have from (2.3.13), (2.3.14) and the compatible condition (~eit)x = (~eix)t, i = 1, 2, 3
that























kt = −2µ2kτ − (γ2 + µ2x)[kτx + 2kxτ ] − (γ1 + µ1x)kx − µ1k,

τt = µ2[k
−1

kxx − τ
2 + 1

2
k

2]

+ (γ2 + µ2x)(k−1
kxx − τ

2 + 1

2
k

2)x + 2µ2(k
−1

kx)x

− µ1τ − (γ1 + µ1x)τx + 1

2
µ2k

2
.

(2.3.16)

Setting q = 1

2
k exp(i

∫

+∞

−∞
τdx), we have

iqt + iµ1q + i(γ1 + µ1x)qx + (γ2 + µ2x)(qxx + 2q|q|2)

+ 2µ2

(

qx + q

∫

+∞

−∞

|q(x′
, t)|2dx

′

)

= 0. (2.3.17)
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2.4 Spherical (Cylindrical) Symmetric Heisenberg

Equations of Ferromagnetic Spin Chain

2.4.1 Radial Symmetric Equations

Consider n-dimensional Landau–Lifshitz equation














~St(~r, t) = ~S × ∆~S, ~r = (r1, r2, . . . , rn),

~S
2 = 1, ~S = (Sx

, S
y
, S

z), ∆ =
∂

2

∂r
2

1

+ · · · + ∂
2

∂r
2

n

.
(2.4.1)

The radial symmetric equation is of the form














~St = ~S × ~Srr +
n − 1

r

~S × ~Sr,

r = (r2

1
+ · · · + r2

n)1/2, 0 < r < ∞.

(2.4.2)

In equation (2.4.2), the curvature of the space curve is

k(r, t) = [~Sr · ~Sr]
1/2

, (2.4.3)

and the torsion is

τ(x, t) = k
−2[~S · (~Sr × ~Srr)]. (2.4.4)

Using Serret–Frenet relation, equation (2.4.2), in the natural coordinate system,

exhibits in the form

~eir = ~D ∧ ~ei, ~eit = ~ei ∧ Ω, i = 1, 2, 3, (2.4.5)

where

~D = k~e3 + τ~e1, Ω = ω1~e1 + ω2~e2 + ω3~e3, (2.4.6)

ω1 =
krr

k
− τ

2 +

(

n − 1

r

)(

kr

r
− 1

r

)

, (2.4.7)

ω2 = −kr − [(n − 1)/r]k, (2.4.8)

ω3 = −kτ. (2.4.9)

It follows from the compatible condition (~eir)t = (~eit)r, i = 1, 2, 3 and complex change

of unknowns that

q(r, t) =
k(r, t)

2
exp

[

i

∫ r

0

τ(r′, t)dr
′

]

, (2.4.10)

and then the following radial symmetric nonlinear Schrödinger equation is derived

iqt + qrr + 2q|q|2 +
n − 1

r
qr −

n − 1

r2
q

+ 4(n − 1)q
∫ r

0

|q|2
r′

dr
′ = 0, if n = 1. (2.4.11)

This explains the equivalence of one-dimensional Heisenberg chain equation to non-
linear Schrödinger equation. If n 6= 1, we need to study the integrability of system

(2.4.2) and equation (2.4.11).
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2.4.2 Painleve Property of the Radial Symmetric Nonlinear
Schrödinger Equation

First of all, we give the Painleve analysis for equation (2.4.11). For this reason we
rewrite (2.4.2) as

iqt + qrr +
n − 1

r
qr + 2kq − n − 1

r2
q = 0, (2.4.12)

Rr − (|q|2)r − 2
n − 1

r
|q|2 = 0. (2.4.13)

Let q = a + ib, where a, b are real numbers. It follows from (2.4.12), (2.4.13) that

at + brr +
n − 1

r
br + 2kb − n − 1

r2
b = 0, (2.4.14)

−bt + arr +
n − 1

r
ar + 2ka − n − 1

r2
a = 0, (2.4.15)

Rr − (a2 + b
2)r − 2

n − 1

r
(a2 + b

2) = 0. (2.4.16)

Suppose that the first order solution of (2.4.14)–(2.4.16) are

a ∼ a0ϕ
α
, b ∼ b0ϕ

β
, R ∼ R0ϕ

γ
, (2.4.17)

where a0, b0, R0 are analytical functions of (r, t), α, β, γ are determined by (2.4.14)–

(2.4.16):

α = β = −1, γ = −2, (2.4.18)

and

a
2

0
+ b

2

0
= −ϕ

2

r, k0 = −ϕ
2

r. (2.4.19)

It is clear that one of the functions is arbitrary, a0 or b0. In order to derive the
resonance conditions, we take Laurant expansion

a =
∑

j

ajϕ
j−1

, b =
∑

j

bjϕ
j−1

, R =
∑

j

ϕ
j−1

. (2.4.20)

Reserving the terms with highest order in equation (2.4.14)–(2.4.16), we get the
matrix equation for the coefficients of the terms with lower order as









(j2 − 3j)ϕ2

r 0 2a0

0 (j2 − 3j)ϕ2

r 2b0

−2a0(j − 2) −2b0(j − 2) j − 2

















aj

bj

Rj









= 0. (2.4.21)

It follows from (2.4.19) that the resonance conditions are

j = −1, 0, 2, 3, 4. (2.4.22)
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Obviously, resonance j = −1 implies the arbitrariness of the singular flow ϕ(x, t) = 0,
resonance j = 0 indicates the arbitrariness of the functions a0 or b0. In order to verify

the existence of sufficiently many functions with respect to the resonance j = 2, 3, 4,
we substitute the expansions (2.4.20) into (2.4.14)–(2.4.16) and first combine the

coefficients of (ϕ−2, ϕ−2, ϕ−2) to get the equation









2R0 0 2a0

0 2R0 2b0

2a0 2b0 1

















a1

b1

R1









=





















−b0ϕt +
n − 1

r
a0ϕr + 2a0ϕr + a0ϕrr

a0ϕt +
n − 1

r
b0ϕr + 2b0ϕr + b0ϕrr

−2
n − 1

r
ϕr





















. (2.4.23)

It follows from (2.4.23) that

a1 =
1

2ϕ2
r

(

b0ϕt − 2a0rϕrr + a0ϕrr +
n − 1

r
ϕrr

)

, (2.4.24)

b1 =
1

2ϕ2
r

(

b0ϕrr +
n − 1

r
b0ϕr − a0ϕt − 2b0rϕr

)

, (2.4.25)

R1 =
n − 1

r
ϕr + ϕrr. (2.4.26)

Similarly we have from the coefficients of (ϕ−1, ϕ−1, ϕ−1) that

2ϕ2

r[R2 + a0a2 + b0b2] = b0a0t − a0b0t − ϕrϕrr/r

+ b0b0rr + a0a0rr + ϕ
2

rr, (2.4.27)

2ϕ2

r(a0b2 + b0a2) = −ϕrϕrr +
1

r
(a0b0r − b0a0r)

+ (a0b0rr − b0a0rr) + 2R1(a0b1 − b0a1), (2.4.28)

R1r − 2(a0a1 + b0b1)x − 4(n − 1)

r
(a0a1 + b0b1) = 0. (2.4.29)

It follows from (2.4.27) and (2.4.28) that one of the functions a2, b2, R2 is arbitrary
which corresponds to the resonance j = 2. On the other hand, It also follows from

(2.4.29), (2.4.19) and (2.4.24)–(2.4.26) that

(n − 1) = (n − 1)2
. (2.4.30)

We should introduce exponential movable singular manifold except for n = 1, 2.
Similarly, it follows from the coefficients of (ϕ0, ϕ0, ϕ0) that

a1t + a2ϕt +
1

r
(b1r + b2ϕr) + b1rr + 2b2rϕr + b2ϕrr

+ 2(R1b2 + R2b1 + R3b0) − b1/r
3 = 0, (2.4.31)
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−b1t − b2ϕt +
1

r
(a1r + a2ϕr) + a1rr + 2a2rϕr + a2ϕrr

+ 2(R1a2 + R2a1 + R3a0) − a1/r
3 = 0, (2.4.32)

R3ϕr − 2(a0a3 + b0b3)ϕr + R2r − 2(a0a2 + +a
2

1
/2 + b0b2 + b

2

1
/2)

− 2(a1a2 + b1b2)ϕr = 0. (2.4.33)

It can be inferred from (2.4.31) and (2.4.32) that R3 is identical (n = 1, 2), and then

it follows from (2.4.33) that one of the functions a3, b3 is arbitrary. Finally, it can
be verified from the coefficients of (ϕ1, ϕ1, ϕ1) that a4 or b4 is arbitrary. Therefore,

the general solutions (a(r, t), b(r, t), R(r, t)) of (2.4.14)–(2.4.16) admits the required
number of arbitrary functions. For n = 1, 2, the elements lead to the movable critical

manifolds. Hence, the Painleve property is satisfied for n = 1 or n = 2. The conclusion
is obvious for n = 1. If n = 2, (2.4.11) is of the form

iqt + qrr + 2|q|2q +
qr

r
− q

r2
+ 4

∫ r

0

|q|2
r′

dr
′ = 0. (2.4.34)

2.4.3 Normal Change for Radial Symmetric Equation and
Matrix Form for the Radial Symmetric Heisenberg

Equations

Now consider the normal change. Let aj = bj = 0, j ≥ 2, Rj = 0, j ≥ 3 in (2.4.20).

Then
{

a = a0ϕ
−1 + a1, b = b0ϕ

−1 + b1,

R = R0ϕ
−2 + R1ϕ

−1 + R2.
(2.4.35)

Substituting (2.4.35) into (2.4.34), we get the differential system of a1, b1, R2. Define
new variables

~A0 = a0 + ib0 , q = ~A = a + ib,

~B0 = a0 − ib0 , q∗ = ~B = a − ib.
(2.4.36)

It follows from simple computations that
[

~A0r

r ~A0

+
2 ~Aϕr

r ~A0

]

r

=

[

~B0r

r ~B0

+
2 ~Bϕr

r ~B0

]

r

= 0. (2.4.37)

Let iλ be the integral constant, we have

~A0r + iλ ~A0 = −2qϕr,
~B0r − iλ ~B0 = 2 ~Bϕr. (2.4.38)

Define square characteristic functions as follows:

~A0 = iΨ2

1
, ~B0 = iΨ2

2
, ϕr = −iΨ1Ψ2. (2.4.39)

We obtain the dispersion problem

Ψr = V1Ψ, Ψ = (Ψ1, Ψ2)
T
, (2.4.40)
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where

V1 =

[

−iλr/2 q

−q∗ iλr/2

]

. (2.4.41)

Similarly one can also get the evolutionary part of the dispersion problem from
(2.4.24) and (2.4.25) as follows:

Ψt = V1Ψ =

[

A B

−B∗ −A

]

, (2.4.42)

where

A = − iλ2r2

2
+ 2i

[

∫ t

0

|q|2
r′

dr
′ +

|q|2
2

]

, (2.4.43)

B = λrq + i

(

qr +
q

r

)

, (2.4.44)

and the compatible condition is

U1t − V1r + [U1, V1] = 0.

These lead to the non-identical spectrum representation for equation (2.4.34):

λt = 2λ2
. (2.4.45)

Introduce normal change:

Ψ̂ = g
−1Ψ, g(r, t) ∈ GL(2, C). (2.4.46)

Substitute (2.4.40) into (2.4.42) to give new eigenvalue equation

Ψ̂r = ÛrΨ̂, Ψ̂t = V̂1Ψ̂, (2.4.47)

where
{

Û1 = g−1U1g − g−1gr, V̂1 = g−1V1g − g−1gt,

gr = U1(λ = 0)g, gt = V1(λ = 0)g.
(2.4.48)

Define spin matrix of the form

~S = −g
−1

σ3g = ~S · ~σ,

~σ = (σ1, σ2, σ3) is the Pauli matrix.

We have

Û1 =
iλr

2
~S, V̂1 =

iλ2r2

2
~S +

λr

4
[~S, ~Sr]. (2.4.49)

The compatible condition

Û1t − V̂1t + [Û1, V̂1] = 0,

and λ1 = 2λ2 lead to

~St =
1

τi

[~S, ~Sr] +
1

τir
[~S, ~Sr].

This is the matrix form of radial symmetric Heisenberg equation (2.4.2).
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2.4.4 Bäcklund Change for Radial Symmetric Nonlinear
Schrödinger Equation and Solitary Solutions

Now we consider the Bäcklund change for equation (2.4.34) and its solitary solution.
Let

Γ = Ψ1/Ψ2. (2.4.50)

From (2.4.40) and (2.4.42) we can get the following Riccati equation of Γ
{

Γr = −iλrΓ + q/2 + (q∗/2)Γ2,

Γt = B + 2AΓ + B∗Γ2.
(2.4.51)

We can also construct Γ′ which meets the same equations (2.4.51) and has potential

q′(r), and
q
′(r, t) = q(r, t) + f(Γ, λ). (2.4.52)

On the other hand, eliminating Γ from (2.4.51), one gets the Bäcklund change for

(2.4.34). Take, for example, Γ′ and q
′ as follows:

{

Γ′ = 1/Γ∗,

q′ + q = −4βrΓ/(1 + |Γ|2). (2.4.53)

Then Γ′ satisfies (2.4.51) with potential q′(r, t) where λ(t) = α(t) + iβ(t), β > 0.

Solve Γ from (2.4.53) as

Γ = −[2βγ + 4β2
r
2 − |q′ + q|1/2]/(q′∗ + q

∗). (2.4.54)

Substitute (2.4.54) into (2.4.51) to give the BΓ of (2.4.34):

qr + q
′

r = (q + q
′)/r

+
1

2
(q′ + q)(4β2

r
2 − |q′ + q|2)1/2 − iαr(q′ + q),

qt + iq
′

t = 4α(q + q
′) +

(

iqr +
iq

r
− αrq

′

)

(4β2
r
2 − |q′ + q|2)1/2

+
iq

4
|q′ + q|2 + i(q′ + q)

∫

0

r
|q|2
r′

dr
′ − ir

2
q(α2 − β

2)

− ir
2
q(α2 + β

2) − i

4
(q′2qr + q|2q). (2.4.55)

Now we may construct the solitary solution of (2.4.34). Assuming q(0) = 0, we
get from (2.4.40), (2.4.42) and (2.4.53) that

q(1) = −2βγ sech

[

βr2

2
+ δ1

]

exp

[

− iαr2

2
+ δ2

]

, (2.4.56)

where δ1, δ2 are phase constants. It follows from

αt = 2(α2 − β
2), βt = 4αβ, (2.4.57)
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that

α(t) = − α(0) + 2t

(α(0) + 2t)2 + β(0)2
,

β(t) = − β(0)

(α(0) + 2t)2 + β(0)2
.

(2.4.58)

we can then construct q(2) from (2.4.53) and Ψ(1), and so on. In this way we obtain

a series of solitary solutions.

2.5 Bibliography Comments

This chapter is mainly concerned with the theory of integrability of Heisenberg chain
without Gilbert damping. Since Nakamura and Sasada [122] found the solitary solu-

tion to L–L equations in 1974, there have been a series studies on the solitary solution
to L–L equation, scattering method, geometric representation, infinite conservation

law and the normal equivalence to nonlinear Schrödinger equations, for the details we

refer to references [140], [71]. At the same time, we refer to references [12, 59, 110]
and [124] for the discussions on the one-dimensional inhomogeneous and compres-

sible flow Heisenberg chain, the Painleve properties for the solitary waves of spherical
symmetric Heisenberg ferromagnetic systems.



Chapter 3

One-Dimensional Landau–Lifshitz

Equations

In this chapter, we discuss the boundary value problems of one-dimensional Landau–
Lifshitz equations. We state and prove some results on the existence and uniqueness

of weak solutions and smooth solution.

3.1 Initial Boundary Value Problem of

One-dimensional Ferromagnetic Spin

Chain Equations

This section deals with the ferromagnetic spin chain system of the form

~Zt = ~Z × ~Zxx + ~f(x, t, ~Z) (3.1.1)

with initial-boundary condition of the form






~Z(0, t) = ~Z(l, t) = 0,

~Z(x, 0) = ~Z0(x), 0 ≤ x ≤ l,
(3.1.2)

where ~Z(x, t) = (u(x, t), v(x, t), w(x, t)) is a three-dimensional unknown, ~f(x, t, ~Z) is
a known three-dimensional vector of variables x, t, ~Z, × denotes the cross product

of two three-dimensional vectors. In the classical studies, isotropic Heisenberg chain

equations and Landau–Lifshitz equations are the special cases of (3.1.1).

3.1.1 Initial Boundary Value Problem of Ferromagnetic Spin

Chain Equations

System (3.1.1) is a strongly coupling and strongly degenerate equation. In fact, (3.1.1)
can be rewritten as

~Zt = A(~Z)~Zxx + ~f(x, t, ~Z), (3.1.3)
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where

~Z =







u

v

w





 , A(~Z) =







0 −w v

w 0 −u
−v u 0





 . (3.1.4)

It is not difficult to verify that

(1) The matrix A(~Z) is zero definite, i.e.

ξ · A(~Z)ξ = 0, ∀ ξ, ~Z ∈ R
3
.

(2) A(~Z) is singular, i.e.

detA(~Z) = 0, ∀ ~Z ∈ R
3
.

This implies that (3.1.1) is strongly degenerate.

3.1.2 Theory on Quasilinear Parabolic Equations

1. Initial boundary value problem of linear parabolic systems

We consider the following linear parabolic systems

~ut − A(x, t)~uxx +B(x, t)~ux + C(x, t)~u = ~f(x, t) (3.1.5)

with initial boundary condition

{

~u|x=0 = ~u|x=l = 0,

~u|t=0 = u0(x),
(3.1.6)

where ~u(x, t) and ~u0(x) are two N -dimensional vector-valued functions.

Lemma 3.1.1 If (3.1.5) and ~u0(x) satisfy the following conditions

(i) A(x, t) is a positively definite n× n matrix over QT = [0, l] × [0, T ];

(ii) A(x, t), B(x, t) and C(x, t) are measurable bounded N ×N matrix ;

(iii) ~f(x, t) is quadratically integrable N-dimensional vector-valued function

over QT ;

(iv) ~u0(x) ∈ H1

0
(x), then problem (3.1.5)–(3.1.6) admits a unique solution

~u(x, t) ∈ L
∞(0, T ;H1

0
(0, l))

⋂

W
(2,1)
2 (QT ), (3.1.7)

and the following estimate holds

sup
0≤t≤T

‖~u(·, t)‖H1

0
(0,l) + ‖~ut‖L2(QT ) + ‖~uxx‖L2(QT )

≤ K(‖~u0‖H1

0
(0,l) + ‖~f‖L2(QT )), (3.1.8)

where K depends on A(x, t), B(x, t), C(x, t), but is independent of ~u(x, t).
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Proof. Taking inner products of (3.1.5) with vectors ~u and ~uxx respectively, we
obtain

(~u, ~ut) − (~u, A(x, t)~uxx) + (~u,B(x, t)~ux) + (~u, C(x, t)~u) = (~u, ~f(x, t));

(~uxx, ~ut) − (~uxx, A(x, t)~uxx) + (~uxx, B(x, t)~ux) + (~uxx, C(x, t)~u) = (~uxx,
~f(x, t)).

Subtracting one from the other in the above two equations, we get

∫ l

0

(~uxx(x, t), ~ut(x, t))dx = (~ux(x, t), ~ut(x, t))|x=l
x=0

−
∫ l

0

(~ux(x, t), ~uxt(x, t))dx.

Using boundary condition (3.1.6), we see that the first term on the right-hand side

of the above equality is zero. Therefore we have

∫ l

0

(~uxx(x, t), ~ut(x, t))dx = −1

2

d

dt
‖~ux(·, t)‖2

L2(0,l).

In the rectangular domain Qτ = {0 ≤ x ≤ l, 0 ≤ t ≤ τ}, (0 ≤ τ ≤ T ), making

subtraction of these two equalities leads to

‖~u(·, t)‖2

H1

0
(0,l) − ‖~u0‖2

H1

0
(0,l) + 2

∫ ∫

Qτ

(~uxx, A~uxx)dxdt

= 2
∫ ∫

Qτ

(~uxx, B~ux + C~u− ~f )dxdt

+ 2
∫ ∫

Qτ

(~u, A~uxx − B~ux − C~u+ ~f )dxdt.

It is easy to derive (3.1.8) from the above equality by the conditions of this lemma.
And, using the parameter extension method, one gets the existence of the solution to

the above problem. The uniqueness can be derived from (3.1.8). Then, the proof is
complete. 2

2. Initial boundary value problem of spin systems

Now we turn to equation (3.1.1) by viscosity method, that is, we consider the
following system with small diffusion term ε ~Zxx

~Zt = ε~Zxx + ~Z × ~Zxx + ~f(x, t, ~Z) (3.1.9)

which is called spin system. It is clear that this is a parabolic system whose initial

boundary condition is (3.1.6).
Take three-dimensional vector-valued function space B = L∞(QT ) as the base

space of fixed point argument. We define a functional mapping with parameter 0 ≤
λ ≤ 1 from the base space onto itself by Tλ : B → B : For every ~u ∈ B, the image
~Z = Tλ(~u) is the solution of the linear parabolic system

~Zt = ε~Zxx + ~u× ~Zxx + ~f(x, t, ~u) (3.1.10)
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subject to the condition (3.1.6), where 0 ≤ λ ≤ 1. It follows from Lemma 3.1.1
that ~Z = Tλ~u is the unique solution of (3.1.10) under condition (3.1.6). This unique

solution is in the space G where G = L∞(0, T ;H1

0
(0, l))

⋂

W
(2,1)
2 (QT ).

It is easy to see that for every λ the operator Tλ is completely continuous and for
every bounded set M in B the operator Tλ is uniformly continuous in λ : 0 ≤ λ ≤ 1.

In order to prove the existence of weak solution to spin equation (3.1.9) under

(3.1.6) by fixed point theorem, we should make out the a priori uniform estimate in
λ ∈ (0, 1) for all possible fixed point of the mapping Tλ.

To this aim, we assume

(1) Vector ~f(x, t, ~Z) is continuously differentiable in x, ~Z, and, 3×3 Jacobi matrix
~f~Z(x, t, ~Z) is semi-bounded, i.e., there is a constant b > 0 such that for any ξ ∈ R3

there holds

ξ · ~f~Z(x, t, ~Z) · ξ ≤ b|ξ|2, (3.1.11)

for any (x, t, ~Z) ∈ QT × R
3. Moreover, ~f0(x, t) ≡ ~f(x, t, 0) ∈ L

2(QT ).

(2) For (x, t, ~Z) ∈ QT × R3, there holds

|~fx(x, t, ~Z)| ≤ c(x, t)|~Z|3 + d(x, t), (3.1.12)

where c(x, t) ∈ L∞(QT ), d(x, t) ∈ L2(QT ).

(3) ~Z0(x) ∈ H1

0
(0, l).

Construct the following vector system

~Zt = ε~Zxx + λ~Z × ~Zxx + λ~f(x, t, ~Z) (3.1.13)

and take inner product of this system with ~Z(x, t) to give

~Z · ~Zt = ε~Zxx · ~Z + λ~Z · (~Z × ~Zxx) + λ~Z · ~f(x, t, ~Z). (3.1.14)

Simple calculations give that

~Z · ~f(x, t, ~Z) = ~Z ·
(

∫

1

0

~f~Z(x, t, τ ~Z)dτ

)

~Z + ~Z · ~f0(x, t)

≤ (b+ δ)|~Z|2 +
1

4δ
|~f0(x, t)|2,

where δ > 0. Integrate (3.1.14) over the rectangular domain Qτ (0 ≤ τ ≤ T ) to get

‖~Z(·, τ)‖2

L2(0,l) − ‖~Z0‖2

L2(0,l)

≤ 2λ(b+ δ)
∫ τ

0

‖~Z(·, t)‖2

L2(0,l)dt+
λ

2δ
‖~f0‖2

L2(QT )

and hence there holds

‖~Z(·, t)‖2

L2(0,l) ≤
(

‖~Z0‖2

L2(0,l) +
λ

2δ
‖~f0‖2

L2(0,l)

)

e
2λ(b+δ)t

, (3.1.15)
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where 0 ≤ λ ≤ 1, 0 ≤ t ≤ T , δ > 0. Therefore we have

sup
0≤t≤T

‖~Z(·, t)‖2

L2(0,l) ≤ K1, (3.1.16)

where K1 is a constant independent of ε, λ, l.
Now taking the inner product of (3.1.13) with ~Zxx, we have

~Zxx · ~Zt = ε~Zxx · ~Zxx + λ~Zxx · (~Z × ~Zxx) + λ~Zxx · ~f(x, t, ~Z). (3.1.17)

For the left-hand side of (3.1.17), we have

∫ l

0

(~Zxx · ~Zt)dx = −1

2

d

dt
‖~Zx(·, t)‖2

L2(0,l). (3.1.18)

For the last term on the right of (3.1.17), we have

∫ l

0

(~Zxx · ~f(x, t, ~Z))dx = ~Zx(l, t) · ~f(l, t, ~Z(l, t))

− ~Zx(0, t) · ~f(0, t, ~Z(0, t)) −
∫ l

0

(~Zx ·Dx
~f )dx. (3.1.19)

It follows from assumption (1) that

∫ ∫

Qτ

(~Zx ·Dx
~f )dxdt =

∫ ∫

Qτ

(~Zx · ~fx(x, t, ~Z)~Zx)dxdt

+
∫ ∫

Qτ

(~Zx · ~fx(x, t, ~Z))dxdt

≤
(

b+
1

2

)

∫ l

0

‖~Zx(·, t)‖2

L2(0,l)dt

+
1

2

∫ ∫

Qτ

|~fx(x, t, ~Z)|2dxdt.

It follows from assumption (2) and interpolation formula that

1

2

∫ ∫

Qτ

|~fx|2dxdt ≤ ‖c(x, t)‖2

L∞(QT )

∫ ∫

Qτ

|~Z|6dxdt+ ‖d‖2

L2(QT )

and
∫ l

0

|~Z(x, t)|6dx ≤ C1‖~Z(·, t)‖4

L2(0,l) · ‖~Z(·, t)‖2

H1

0
(0,l).

Therefore (3.1.19) can be rewritten in the following inequality:

∫ ∫

Qτ

(~Zxx · ~f(x, t, ~Z))dx

≤
∫ τ

0

[~Zx(l, t) · ~f(l, t, ~Z(l, t)) − ~Zx(0, t) · ~f(0, t, ~Z(0, t))]dt

+ C2

∫ τ

0

‖~Zx(·, t)‖2

L2(0,l)dt+ C3,
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where 0 ≤ τ ≤ T , and

C2 =

(

b +
1

2

)

+ C1‖c‖2

L∞(QT )
K

4

1
, C3 = ‖d‖2

L2(QT )
.

When system (3.1.9) is homogeneous, i.e. ~f(x, t, 0) ≡ 0, we can obtain

∫ ∫

Qτ

(~Zxx · ~f(x, t, ~Z))dx ≤ C2

∫ τ

0

‖~Zx(·, t)‖2

L2(0,l)dt+ C3. (3.1.20)

Integrating (3.1.17) over Qτ , 0 ≤ τ ≤ T , we finally get

sup
0≤t≤T

‖~Zx(·, t)‖L2(0,l) ≤ K2, (3.1.21)

where K2 is independent of λ and ε, and also of l if ‖c‖L∞(Qτ ) and ‖d‖L2(Qτ ) are

independent of the width l, then K2 is also independent of l. Therefore we have

Theorem 3.1.1 Let assumptions (1)–(3) hold, (3.1.9) is homogeneous, i.e.
~f(x, t, 0) ≡ 0. Then the spin system (3.1.9) with (3.1.6) admits unique global weak

solution
~Z(x, t) ∈ L

∞(0, T ;H1

0
(0, l))

⋂

W
(2,1)
2 (QT ).

If b < 0, we take δ > 0 such that b + δ < 0. If T = ∞, denote (1)–(3) by (1∞)–

(3∞), respectively; hence, when b < 0, the norm ‖~Z(·, t)‖L2(0,l) of the global weak

solution ~Z(x, t) of the spin system (3.1.9) (with (3.1.6)) tend to zero when t → ∞,

i.e. limt→∞ ‖~Z(·, t)‖L2(0,l) = 0.

3.1.3 Approximate Solution to the Initial Boundary Problem

of the System of Ferromagnetic Spin Chain

Now we begin to consider the initial-boundary problem (3.1.1)–(3.1.2). In the proof
of the above theorem, we see that the a priori estimates for the approximate solu-

tions are independent of λ. Denote the approximate solution obtained in the above

subsection by ~Zε = ~Zε(x, t).

1. Approximate solutions to initial-boundary value problem

Lemma 3.1.2 The solution ~Zε(x, t) obtained in Theorem 3.1.1 meets the estimates

‖~Zε(·, t)‖L2(0,l) ≤ K3(‖~Z0‖L2(0,l) + ‖~f0‖L2(QT ))e
(b+δ)t, (3.1.22)

sup
0≤t≤T ‖~Zε(·, t)‖H1

0
(0,l) ≤ K4, (3.1.23)

where 0 ≤ t ≤ T, δ > 0, K3, K4 are independent of ε and of l if ‖~Z0‖H1

0
(0,l),

‖~f0‖L2(QT ), ‖c‖L∞(QT ) and ‖d‖L2(QT ) are independent of l.
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Lemma 3.1.3 For the solution ~Zε(x, t) obtained in Theorem 3.1.1, there holds

sup
0≤t≤T

‖~Zεt‖H−1(0,l) ≤ K5, (3.1.24)

where K5 is independent of ε and of l if ‖~Z0‖H1

0
(0,l), ‖~f0‖L2(QT ), ‖c‖L∞(QT ) and

‖d‖L2(QT ) are independent of l.

Proof. For any ψ(x) ∈ H1

0
(0, l) we have

∫ l

0

ψ(x)~Zεtdx = −ε
∫ l

0

ψx(x)~Zεx(x, t)dx

−
∫ l

0

ψx(x)[~Zε(x, t) × ~Zεx(x, t)]dx

+
∫ l

0

ψ(x)~f(x, t, ~Zε(x, t))dx.

It follows from (3.1.23) that
∣

∣

∣

∣

∣

∫ l

0

ψ(x)~Zεtdx

∣

∣

∣

∣

∣

≤ C4‖ψ‖H1

0
(0,l),

where C4 is independent of ε and l. Lemma 3.1.3 follows from the definition of Sobolev

space of negative order.
2. Estimates for approximate solutions

Lemma 3.1.4 For the above approximate solutions there holds the estimate

‖~Zε(x, t)‖
C

1

2
, 1
4 (QT )

≤ (1 + l)K6, (3.1.25)

with K6 independent of ε and if ‖~Z0‖H1

0
(0,l), ‖~f0‖L2(QT ), ‖c‖L∞(QT ) and ‖d‖L2(QT ) are

independent of l, then K6 is also independent of l.

Proof. Let ~wε(x, t) =
∫ x
0
~Zε(ξ, t)dξ. Then ~wεt(x, t) =

∫ x
0
~Zεt(ξ, t)dξ, ~wεxt(x, t) =

~Zεt(x, t), ~wεx(x, t) = ~Zε(x, t) and ~wεxx(x, t) = ~Zεx(x, t). For any ψ ∈ H1

0
(0, l), the

following holds
∣

∣

∣

∣

∣

∫ l

0

ψ
′(x)~wεt(x, t)dx

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫ l

0

ψ(x)~Zεt(x, t)dx

∣

∣

∣

∣

∣

≤ C4‖ψ‖H1

0
(0,l) ≤ C4(1 + l)‖ψ′‖L2(0,l),

this implies

sup
0≤t≤T

‖~wεt(·, t)‖L2(0,l) ≤ (1 + l)K4,

and then for any given l > 0, {~wε(x, t)} is uniformly bounded in ε in the space
L∞(0, T ;H2(0, l))

⋂

W (1)

∞
(0, T ;L2(0, l)) so that

|~Zε(x, t2) − ~Zε(x, t1)| = |~wεx(x, t2) − ~wεx(x, t1)|
≤ C5‖~wε(·, t2) − ~wε(·, t1)‖1/2

L2(0,l)‖~wε(·, t2) − ~wε(·, t1)‖3/4

H2(0,l)

≤ C6|t2 − t1|1/2 sup
0≤t≤T

‖~wεt(·, t)‖1/4

L2(0,l) sup
0≤t≤T

‖~wε(·, t)‖3/4

H2(0,l).

This completes the proof of Lemma 3.1.4.
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3.1.4 Weak Solution to the Ferromagnetic Spin Chain

Equation

1. Weak solution to the initial-boundary value problem of ferromagnetic spin chain

system

In this subsection we discuss the limit of the approximate solutions when ε→ 0.

From this procedure, we can get the weak solution to the initial-boundary value
problem (3.1.1) and (3.1.2).

Definition 3.1.1 A three-dimensional vector-valued function ~Z(x, t) ∈ L
2(0, T ;

H1(0, l))
⋂

C(QT ) is called a weak solution of (3.1.1) and (3.1.2) if for any test

function ϕ(x, t) ∈ Φ := {ϕ : ϕ ∈ C1(QT ), ϕ(x, T ) ≡ 0} there holds

∫ ∫

QT

[ϕt
~Z − ϕx(~Z × ~Zx) + ϕ~f(x, t, ~Z)]dxdt +

∫ l

0

ϕ(x, 0)~Z0(x)dx = 0, (3.1.26)

in which ϕ(0, t) = 0 (or ϕ(l, t) = 0) if the condition on x = 0 (or x = l) is ~Z(0, t) = 0

(or ~Z(l, t) = 0).

For the approximate solution ~Zε(x, t) and any test function ϕ ∈ Φ, it is clear that
the following integral identity holds

∫ ∫

QT

[ϕt
~Zε − εϕx

~Zεx − ϕx(~Zε × ~Zεx)

+ ϕ~f(x, t, ~Zε)]dxdt+
∫ l

0

ϕ(x, 0)~Z0(x)dx = 0. (3.1.27)

It follows from Lemmas 3.1.2–3.1.4 that the set of approximate solutions
{Z̄ε(x, t)} to problem (3.1.1) and (3.1.2) is uniformly bounded in ε in the space

L
∞(0, T ;H1(0, l))

⋂

C
(
1

2
, 1
4
)(QT ). It follows from the a priori estimates that there

is a subsequence {~Zεi
} of {~Zε} such that it uniformly converges on QT to a

vector-valued function ~Z(x, t). Hence {~f(x, t, ~Zεi
)} uniformly converges on QT to

~f(x, t, ~Z(x, t)). Moreover, {~Zεix(x, t)} converges weakly to ~Zx(x, t). This means that
~Z(x, t) ∈ L∞(0, T ;H1(0, l))

⋂

C
(
1

2
, 1
4
)(QT ).

In order to verify the convergence of the third term of (3.1.27), we estimate as

follows:
∫ ∫

QT

ϕx(~Zεi
× ~Zεix)dxdt−

∫ ∫

QT

ϕx(~Z × ~Zx)dxdt

=
∫ ∫

QT

ϕx[(~Zεi
− ~Z) × ~Zεix]dxdt +

∫ ∫

QT

ϕx[~Z × (~Zεix − ~Zx)]dxdt.

Since {~Zεix(x, t)} converges weakly to ~Zx(x, t), the second integral on the right tends

to zero, and for the first integral, when εi → 0, we have
∣

∣

∣

∣

∣

∫ ∫

QT

ϕx[(~Zεi
− ~Z) × ~Zεix]dxdt

∣

∣

∣

∣

∣

≤ ‖ϕx‖L2(QT )‖~Zεix‖L2(QT )‖~Zεi
− ~Z‖L∞(QT ) → 0.
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Hence, as εi → 0, the integral identity (3.1.27) tends to (3.1.26). This means that
the limit ~Z(x, t) is a weak solution of (3.1.1) and (3.1.2).

Theorem 3.1.2 Suppose that the homogeneous ferromagnetic spin chain system

(3.1.1) (i.e. ~f(x, t, 0) ≡ 0) and the initial data ~Z0(x) meet the conditions (1)–(3).

Then problem (3.1.1)–(3.1.2) admits at least one global weak solution:

~Z(x, t) ∈ L
∞(0, T ;H1(0, l))

⋂

C
(
1

2
, 1
4
)(QT ).

From estimates (3.1.22), we have

Theorem 3.1.3 If b < 0 and T = ∞, then the L2-norm (in x) of the solution ~Z(x, t)

obtained in Theorem 3.1.2 tends to 0 when t→ ∞, i.e.

lim
t→∞

‖~Z(·, t)‖L2(0,l) = 0.

Now we consider the first problem of spin equation (3.1.9) over the domain Q∗

T =
{x ∈ R+, 0 ≤ t ≤ T} as follows

~Z(0, t) = 0, ~Z(x, 0) = ~Z0(x), (3.1.28)

where ~Z0(x) is the initial data defined on the infinite interval R+ = [0,∞). Denote
the assumptions (1), (2), (3) for l = ∞ by (1∗), (2∗), (3∗).

2. Weak solutions to spin equations

Theorem 3.1.4 Assume that ~f(x, t, ~Z) and ~Z0(x) meet conditions (1∗), (2∗), (3∗).
Then the homogeneous spin equation (3.1.9) with the first boundary condition (3.1.28)

admits unique global weak solution

~Z(x, t) ∈ L
∞(0, T ;H1(R+))

⋂

W
(2,1)
2 (Q∗

T ).

Proof. Select a subsequence ls such that when s → ∞, ls → ∞ and for every s,

construct a three-dimensional vector-valued function ~Z
(s)
0 (x) defined on [0, ls] satisfy-

ing the boundary condition at x = 0 and x = ls such that for x ∈ [0, ls−1], ~Z
(s)
0 (x) ≡

~Z0(x). At the same time, the H1(0, ls)-norm of ~Z
(s)
0 (x) is bounded uniformly in s.

Therefore we can first consider the first boundary problem of (3.1.9) on the rectangular

domain Q
(s)
T = {0 ≤ x ≤ ls, 0 ≤ t ≤ T} whose unique global weak solution on Q

(s)
T will

be denoted by ~Z(s)(x, t). It is clear that ~Z(s)(x, t) ∈ L∞(0, T ;H1(0, ls))
⋂

W
(2,1)
2 (Q

(s)
T ).

Therefore we have

sup
0≤t≤T

‖~Z(s)(·, t)‖H1

0
(0,ls) + ‖~Z(s)

t ‖
L2(Q

(s)
T )

+ ‖~Z(s)
xx ‖L2(Q

(s)
T )

≤ K7, (3.1.29)

where K7 is independent of ls but depends on ε.

Therefore we can choose a subsequence {~Z(si)(x, t)} from {~Z(s)(x, t)} such that
~Z(si)(x, t) and ~Z(si)

x (x, t) uniformly converge to ~Z(x, t) and ~Zx(x, t) on any rectangular

domain Q̃T = {0 ≤ x ≤ l, 0 ≤ t ≤ T} (l > 0), and, at the same time, ~Z(si)
xx (x, t) and

~Z
(si)

t (x, t) weakly converge to ~Zxx(x, t) and ~Zt(x, t). It is easy to see that this vector
~Z(x, t) is the global solution of (3.1.9) and (3.1.28). This finishes the proof of the

theorem.
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3. Estimates of approximate solutions and the solvability

Theorem 3.1.5 If b < 0 and T = ∞, then for the solution obtained in Theo-

rem 3.1.4, there holds

lim
t→∞

‖~Z(·, t)‖L2(0,+∞) = 0. (3.1.30)

Now we intend to give the uniform estimates for the approximate solutions of

(3.1.9) and (3.1.28) on the unbounded domain Q∗

T = {x ∈ R+, 0 ≤ t ≤ T}.

Lemma 3.1.5 Suppose that (1∗), (2∗), (3∗) hold. Then for the solution of (3.1.9)
and (3.1.28), there holds

sup
0≤t≤T

‖~Zε(·, t)‖H1(R+) ≤ K8, (3.1.31)

and hence

‖~Zε(x, t)‖L∞(R+) ≤ K9, (3.1.32)

where K8, K9 are independent of ε.

Corollary 3.1.1 Under the conditions of Lemma 3.1.5 and that ~f(x, t, 0) ∈ Ln(Q∗

T ),
~Z0(x) ∈ Ln(R+), there holds

sup
0≤t≤T

‖~Zε(·, t)‖Ln(R+) ≤ K10(n), (3.1.33)

where K10 is independent of ε, but depends on n (≥ 2).

Lemma 3.1.6 Suppose that (1∗), (2∗), (3∗) and one of the following conditions hold.

(4∗
1
). For any (x, t, ~Z) ∈ Q∗

T × R3:

|~f(x, t, ~Z)| ≤ c(x, t)F (~Z) + d(x, t), (3.1.34)

where F (~Z) is a continuous function in ~Z ∈ R3, c(x, t), d(x, t) ∈ L∞(0, T ;L2(R+));

(4∗
2
). For any (x, t, ~Z) ∈ Q∗

T × R3 :

|~f(x, t, ~Z)| ≤ c(x, t)|~Z|l + d(x, t), (3.1.35)

where l ≥ 0, c(x, t) ∈ L∞(Q∗

T ), d(x, t) ∈ L∞(0, T ;Ls(R+)), 1 < s ≤ 2.

Then for the solution ~Zε(x, t) of (3.1.9) and (3.1.28), there holds

sup
0≤t≤T

‖~Zεt(·, t)‖H−1(R+) ≤ K11, (3.1.36)

where K11 is independent of ε.
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Proof. Testing the equation (3.1.9) by ψ ∈ H
1

0
(R+), we have

∫

∞

0

ψ(x)~Zεt(x, t)dx = −ε
∫

∞

0

ψx(x)~Zεx(x, t)dx

−
∫

∞

0

ψx(x)[~Zε(x, t) × ~Zεx(x, t)]dx

+
∫

∞

0

ψ(x)~f(x, t, ~Zε(x, t))dx.

For the first two terms on the right-hand side of the above equality, we have
∣

∣

∣

∣

∣

∫

∞

0

ψx(x)~Zεx(x, t)dx

∣

∣

∣

∣

∣

≤ K7‖ψx‖L2(R+)

and
∣

∣

∣

∣

∣

∫

∞

0

ψx(x)[~Zε(x, t) × ~Zεx(x, t)]dx

∣

∣

∣

∣

∣

≤ K7K8‖ψx‖L2(R+).

Under condition (4∗
1
), the third term on the right-hand side can be estimated as

follows
∣

∣

∣

∣

∣

∫

∞

0

ψ(x)~f(x, t, ~Zε(x, t))dx

∣

∣

∣

∣

∣

≤ ‖ψ‖L2(R+)‖~f(x, t, ~Zε(x, t))‖L2(R+).

It follows from (3.1.34) that

|~f(x, t, ~Zε)| ≤ Mc(x, t) + d(x, t), (3.1.37)

where M = sup
|~Z|≤K8

|F (~Z)|. This means that ~f(x, t, ~Zε(x, t)) is uniformly (in ε)

bounded in the space L∞(0, T ;L2(R+)).
Under the condition (4∗

2
), it follows from Corollary 3.1.1 that {~Zε(x, t)} is

uniformly bounded (in ε) in L∞(0, T ;Lsl(R+)). Then

∣

∣

∣

∣

∣

∫

∞

0

ψ(x)~f(x, t, ~Zε(x, t))dx

∣

∣

∣

∣

∣

≤ C5‖ψ‖Lr(R+)‖~f(x, t, ~Zε(x, t))‖Ls(R+),

where 1
r + 1

s , 1 < s ≤ 2, 2 ≤ r < ∞, C5 is independent of ε and t ∈ [0, T ]. Using
(3.1.35), we have that

‖~f(x, t, ~Zε(x, t))‖Ls(R+) ≤ C6‖c‖L∞(Q∗

T
)[K10(ls)]

l

+ ‖d‖L∞(0,T ;Ls(R+)),

where C6 is independent of ε and t ∈ [0, T ].
Therefore in both cases, we have

∣

∣

∣

∣

∫

+∞

0

ϕ(x)~Zεt(x, t)dx
∣

∣

∣

∣

≤ C7‖ψ‖H1(R+)

where C7 is independent of ε and t ∈ [0, T ].
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Lemma 3.1.6 follows.
Now consider the solvability of problem (3.1.1) and (3.1.28) over the infinite rect-

angular domain Q∗

T = {x ∈ R+, 0 ≤ t ≤ T}.

Definition 3.1.2 A vector ~Z(x, t) ∈ L∞(0, T ;H1(R+))
⋂

C(Q∗

T ) is called a weak

solution of (3.1.1) and (3.1.28) if for any test function ϕ(x, t) ∈ Φ∗ = {ϕ : ϕ ∈
C(Q∗

T ), ϕ(x, T ) = 0, suppϕ <∞}, ~Z(x, t) meets

∫ ∫

Q∗

T

[ϕt
~Z − ϕx(~Z × ~Zx) + ϕ~f(x, t, ~Z(x, t))]dxdt

+
∫

∞

0

ϕ(x, t)~Z0(x)dx = 0, (3.1.38)

where ϕ(0, t) = 0.

4. Global weak solutions

Now we prove that when ε→ 0, the approximate solutions ~Zε(x, t) of spin equation
(3.1.9) and (3.1.28) tend to the global weak solution of (3.1.1) and (3.1.28). First we

note that for the approximate solutions ~Zε(x, t) of spin equation (3.1.9) and (3.1.8),
there hold

∫ ∫

Q∗

T

[ϕt
~Zε − εϕx

~Zεx − ϕx(~Zε × ~Zεx) + ϕ~f(x, t, ~Zε(x, t))]dxdt

+
∫

∞

0

ϕ(x, t)~Z0(x)dx = 0 (3.1.39)

for all ϕ ∈ Φ∗ with ϕ(0, t) = 0.
Lemmas 3.1.1 and 3.1.6 imply that the set of approximate solutions ~Zε(x, t) is a

uniformly (in ε) bounded set in the space L∞(0, T ;H1(R+))
⋂

W
(1)

∞
(0, T ; H−1(R+)).

Hence, in any rectangular domain QT with width L: QT = {0 ≤ x ≤ L, 0 ≤ t ≤ T},
the set {~Zε(x, t)} is also unformly bounded in L

∞(0, T ;H1(0, L))
⋂

W
(1)

∞
(0, T ;

H−1(0, L)). It follows from the similar proof as that of Lemma 3.1.5 that for any

rectangular domain QT , there holds

‖~Zε‖
C(

1

2
, 1
4
)
(QT )

≤ (1 + L)K12, (3.1.40)

where K12 is independent of ε and L.

Choose a suitable subsequence {~Zεi
(x, t)} from {~Zε(x, t)} such that for some

vector-valued function ~Z(x, t) there holds ~Zεi
→ ~Z uniformly in any QT for any

width L and ~f(x, t, ~Zεi
) → ~f(x, t, ~Z) uniformly in any QT too. Moreover, we may

have that ~Zεix weakly converges to ~Zx and verify that ~Z(x, t) ∈ L∞(0, T ;H1(R+))
⋂

C
(1/2,1/4)

loc
(Q∗

T ). By the similar method we can see that the integrale relation (3.1.38)
is the limit of the relation (3.1.39). These imply that ~Z(x, t) is a global weak solution

of (3.1.1) and (3.1.28).
Therefore we have the following:

Theorem 3.1.6 Suppose that ~f(x, t, ~Z) and ~Z0(x) meet conditions (1∗), (2∗), (3∗)

and one of (4∗
1
) and (4∗

2
) and assume that (3.1.1) is homogeneous. Then the first
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initial value problem (3.1.1) and (3.1.28) admits at least one global weak solution

L
∞(0, T ;H1(R+))

⋂

C
(
1

2
, 1
4
)

loc
(Q∗

T ).

Theorem 3.1.7 Suppose that conditions of Theorem 3.1.6 hold and b < 0. Then

for the weak solution ~Z(x, t) to the first initial boundary value problem (3.1.1) and

(3.1.28), there holds

lim
t→∞

‖~Z(·, t)‖L2(R+) = 0.

Corollary 3.1.2 For the system of ferromagnetic spin chain

~Zt = ~Z × ~Zxx + ~f(x, t, ~Z), (3.1.41)

we can prove by similar method that there exists at least one global weak solution with

the same properties as above under one of the following conditions :

(1) the second boundary value problem:

~Zx(0, t) = ~Zx(l, t) = 0,

~Z|t=0 = ~Z0(x), 0 ≤ x ≤ l;
(3.1.42)

(2) the mixed condition:

~Z(0, t) = ~Zx(l, t) = 0, or ~Zx(0, t) = ~Z(l, t) = 0,

~Z|t=0 = ~Z0(x), 0 ≤ x ≤ l;
(3.1.43)

(3) the periodic boundary condition

~Z(x, t) = ~Z(x+ 2D, t) = 0, ~Z|t=0 = ~Z0(x), D > 0; (3.1.44)

(4) the initial condition

~Z|t=0 = ~Z0(x), x ∈ R. (3.1.45)

Remark Under the above assumption (2), the condition (3.1.12) is not essential.

In fact , the growth condition of ~f(x, t, ~Z) on ~Z can be eliminated. For example we

may make use of the cutoff method to obtain the proof.

3.2 Nonlinear Initial-boundary Value Problem for

the System of Ferromagnetic Spin Chain

We continue to consider the equation in the above section, but with nonlinear
boundary conditions. This time, we will use the difference method to prove the

existence of global weak solutions.
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3.2.1 Nonlinear Initial-boundary Value Problem for the

System of Ferromagnetic Spin Chain

1. Equations, boundary conditions and initial conditions

Consider the following system of ferromagnetic spin chain:

~Zt = ~Z × ~Zxx + ~f(x, t, ~Z) (3.2.1)

and the relative spin equation:

~Zt = ε~Zxx + ~Z × ~Zxx + ~f(x, t, ~Z) (3.2.2)

with the nonlinear boundary condition







~Zx(0, t) = gradψ0(t, ~Z(0, t)) ,

−~Zx(l, t) = gradψ1(t, ~Z(l, t))
(3.2.3)

and initial condition
~Z(x, 0) = ϕ(x) , (3.2.4)

where ψ0(t, ~Z) and ψ1(t, ~Z) are vector-valued functions of variables t ∈ [0, T ] and
~Z ∈ R3, “grad” denotes the gradient operator with respect to ~Z. On the other hand
we also consider, in this section, the global solution for problem (3.2.1) and (3.2.2)

over the semi-infinite domainQ∗

T = {x ∈ R+, 0 ≤ t ≤ T} with the nonlinear boundary
condition:







~Zx(0, t) = gradψ0(t, ~Z(0, t)) ,
~Zx(x, 0) = ϕ(x) .

(3.2.5)

To this aim, we will use the difference (in spatial variable) method to prove the
existence of global weak solution. We suppose:

(1) ψ0(t, ~Z) and ψ1(t, ~Z) are two scalar functions which are continuously first-

order differentiable in t ∈ [0, T ] and continuously second-order differentiable in t, ~Z

mixed. 3 × 3 Hessian matrix H0(t, ~Z) = ∇2ψ0(t, ~Z) and H1(t, ~Z) = ∇2ψ1(t, ~Z) are

non-negatively definite and gradψ0(t, 0) = gradψ1(t, 0) = 0.

(2) ~f(x, t, ~Z) is a three-dimensional vector-valued function which is continuously

differentiable with respect to (x, t) ∈ QT and ~Z ∈ R3. Moreover, condition (3.1.11)
holds, that is

ξ · ~f~Z(x, t, ~Z) · ξ ≤ b|ξ|2, ∀ ξ ∈ R
3
, (3.2.6)

(3) ϕ(x) ∈ H2(0, l) is the three-dimensional vector-valued initial data which, on
the end points of the interval [0, l], is compatible with the nonlinear condition (3.2.3).

Now divide the interval [0, l] into J small intervals by points xj = jh (j =
0, 1, . . . , J) where Jh = l, J is a positive integer, h is the length of the step. Vector
~Zh(t) = {~Zj(t) : j = 0, 1, . . . , J} is function defined on the points xj (j = 0, 1, . . . , J).
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2. Construct the nonlinear ordinary differential systems

We establish the following difference-differential equation:

d~Zj

dt
= ε

∆+∆−
~Zj

h2
+ ~Zj ×

∆+∆−
~Zj

h2

+ ~f(xj, t, zj), j = 1, 2, . . . , J − 1, (3.2.7)

and the nonlinear boundary condition relative to (3.2.3):

∆+
~Z0(t)

h
= gradψ0(t, ~Z0(t)) , (3.2.8)

−∆−
~ZJ(t)

h
= gradψ1(t, ~ZJ(t))

−
J−1
∑

j=0

∫

1

0

h

(

∆+
~Zj

h
· ~fz(xj, t, τ

~Zj+1 + (1 − τ)~Zj)
∆+

~Zj

h

)

dτ

− ~f(0, t, ~Z0)gradψ0(t, ~Z0) − ~f(l, t, ~ZJ) · gradψ1(t, ~ZJ). (3.2.9)

Multiplying (3.2.7) by ~Zjh and summing from j = 1 to J and integrating over [0, t],

we have

‖δ ~Zh‖2

2
+ 2ε

∫ t

0

‖δ2 ~Zh(t)‖2

2
dt ≤ (2b+ 1)

∫ t

0

‖δ ~Zh‖2

2
dt+ 2G,

where

G =
1

2

∫ t

0

J−1
∑

j=0

∣

∣

∣

∣

∣

∫

1

0

~fx(xj+2, t,
~Zj+1)dτ

∣

∣

∣

∣

∣

2

hdt+
1

2
‖δψh‖2

2

+
∫ t

0

[~f(0, t, ~Z0) · gradψ0(t, ~Z0) + ~f(l, t, ~ZJ) · gradψ1(t, ~ZJ)]dt

+
∫ t

0

[ψ0(t, ~Z0) + ψ1(t, ~ZJ)]dt

− [ψ0(t, ~Z0(t)) + ψ1(t, ~ZJ(t))] + [ψ0(0, ϕ0
(t)) + ψ1(l, ϕJ(t))]

which is clearly bounded.

Since

‖δ ~Zh(t)‖2

2
=

J−1
∑

j=1

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

2

h,

‖δ2 ~Zh(t)‖2

2
=

J−1
∑

j=1

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

2

h.

Therefore, we have

‖δ ~Zh‖2

2
+ 2ε

∫ t

0

‖δ2 ~Zh(t)‖2

2
dt ≤ (2b+ 1)

∫ t

0

‖δ ~Zh‖2

2
dt+ C2,

where C2 is independent of h, ε ≥ 0.
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3.2.2 Discrete Solution of Nonlinear Ordinary Differential

Systems

1. Estimates for discrete solutions

It follows from the above discussions that we have

Lemma 3.2.1 Let assumption (1)–(3) hold. For the solution ~Zj of the nonlinear

ordinary differential system (3.2.7) with (3.2.8) and (3.2.9), there holds

sup
0≤t≤T

‖δ ~Zh‖∞ + sup
0≤t≤T

‖δ ~Zh‖2 +
√
ε

(

∫ T

0

‖δ2 ~Zh(t)‖2

2
dt

)

1/2

+
√
ε

(

∫ T

0

‖δ ~Z ′

h‖2

2
dt

)

1/2

≤ K1, (3.2.10)

where K1 is a constant independent of h, ε > 0.

Now we estimate y(t) = ~Z
′

h(t) = {~Z ′

j(t) : j = 0, 1, . . . , J}. Differentiating (3.2.7)
with respect to t, we have

y
′

j = ε
∆+∆−yj

h2
+ yj ×

∆+∆−yj

h2
+ ~Zj ×

∆+∆−yj

h2

+ ~ft(xj, t,
~Zj) + ~fz(xj, t,

~Zj)yj, j = 1, 2, . . . , J − 1. (3.2.11)

The relative boundary conditions are



















∆+y0

h
= gradψ0t(t, ~Z0) +H0(t, ~Z0)y0,

−∆−yJ

h
= gradψ1t(t, ~ZJ) +H1(t, ~ZJ)yJ ,

(3.2.12)

and


























yj(0) = ε
∆+∆−ϕj

h
2

+ ϕj ×
∆+∆−ϕj

h
2

+ ~f(xj, 0, ϕj),

(E + hH0(0, ϕ0
))y0(0) = y1(0) − h gradψ0t(0, ~ψ0),

(E + hH1(0, ϕJ)yJ(0) = yJ−1(0) − h gradψ1t(0, ~ψJ),

(3.2.13)

where E is a 3 × 3 unit matrix.

Taking inner product of system (3.2.11) with yjh and summing from j = 1 to
J − 1, we have

J−1
∑

j=1

yjy
′

jh = ε

J−1
∑

j=1

yj
∆+∆−yj

h2
h+

J−1
∑

j=1

yj

(

~Zj ×
∆+∆−yj

h2

)

h

+
J−1
∑

j=1

yj
~ft(xj, t,

~Zj)h+
J−1
∑

j=1

yj
~fz(xj, t,

~Zj)yjh. (3.2.14)
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It is obvious that

J−1
∑

j=1

yjy
′

jh =
1

2

d

dt

(

J−1
∑

j=1

|yj|2h
)

,

∣

∣

∣

∣

∣

J−1
∑

j=1

yj
~ft(xj, t,

~Zj)h

∣

∣

∣

∣

∣

≤ 1

2

J−1
∑

j=1

|yj|2h+
1

2

J−1
∑

j=1

|~ft(xj, t,
~Zj)|2h,

J−1
∑

j=1

yj
~fz(xj, t,

~Zj)yjh ≤ b

J−1
∑

j=1

|yj|2h.

For the first term on the right-hand side of (3.2.14), we have

J−1
∑

j=1

yj
∆+∆−yj

h2
h = −‖δyh(t)‖2

2
− y0(gradψ0t(t, ~Z0) +H0(t, ~Z0)y0)

− yJ(gradψ1t(t, ~ZJ) +H1(t, ~ZJ)yJ) ,

where

|y0 gradψ0t(t, ~Z0)| ≤ C3‖yh‖∞ ≤ 1

8
‖δyh‖2

2
+ C4‖yh(t)‖2

2
+ C5,

|yJ gradψ1t(t, ~ZJ)| ≤ 1

8
‖δyh‖2

2
+ C4‖yh(t)‖2

2
+ C5.

It follows from (3.2.12) that

|y0| ≤ C6|y1| + C7,

|yJ | ≤ C6|yJ−1| + C7.

Hence

‖yh(t)‖2

2
≤ C8

J−1
∑

j=1

|yj|2h+ C9. (3.2.15)

For the second term on the right-hand side of (3.2.14), direct computations give

J−1
∑

j=1

yj

(

~Zj ×
∆+∆−yj

h2

)

h = −
J−1
∑

j=1

yj

(

∆+
~Zj

h
× ∆+yj

h

)

h

− y0 ·
(

~Z0 ×
∆+y0

h

)

+ yJ ·
(

~ZJ × ∆−yJ

h

)

, (3.2.16)

where
∣

∣

∣

∣

∣

y0 ·
(

~Z0 ×
∆+y0

h

)∣

∣

∣

∣

∣

= |y0 · (~Z0 × (gradψ0t(t, ~Z0) +H0(t, ~Z0)y0))|

≤ C10‖yh(t)‖2

∞
+ C11

≤ ε

8
‖δyh(t)‖2

2
+ C12‖yh(t)‖2

2
+ C13,

∣

∣

∣

∣

∣

yJ ·
(

~ZJ × ∆−yJ

h

)∣

∣

∣

∣

∣

≤ ε

8
‖δyh(t)‖2

2
+ C12‖yh(t)‖2

2
+ C13.
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For the first term on the right-hand side of (3.2.16), we have

∣

∣

∣

∣

∣

∫ t

0

(

J−1
∑

j=1

yj
∆+

~Zj

h
× ∆+yj

h

)

hdt

∣

∣

∣

∣

∣

≤
∫ t

0

‖yh(t)‖∞‖δ ~Zh(t)‖2‖δyh(t)‖2dt

≤ C14K1

∫ t

0

(‖yh(t)‖1/2

2 ‖δyh(t)‖3/2

2 + ‖yh(t)‖2‖δyh(t)‖2)dt

≤ ε

4

∫ t

0

‖δyh(t)‖2

2
dt+ C15

∫ t

0

‖yh(t)‖2

2
dt,

where C15 is a constant independent of h but depends on ε > 0.

Therefore we have from (3.2.14) that

‖yh(t)‖2

2
− ‖yh(0)‖2

2
+
ε

2

∫ t

0

‖δyh(t)‖2

2
dt ≤ C16

∫ t

0

‖yh(t)‖2

2
dt+ C17,

where C16, C17 are positive constants independent of h but depending on ε. This
implies that sup

0≤t≤T ‖~Z ′

h(t)‖2 and
∫ t
0
‖δ ~Z ′

h(t)‖2dt are uniformly bounded in h.

Lemma 3.2.2 Let (1)–(3) hold. For the solution ~Zh(t) of (3.2.7)–(3.2.9), there holds

sup
0≤t≤T

‖~Z ′

h(t)‖2 +

(

∫ t

0

‖δ ~Z ′

h(t)‖2

2
dt

)

1/2

≤ K2(ε). (3.2.17)

Since the coefficient matrix of
∆+∆−

~Zj

h2 in (3.2.7) is positively definite, sup
0≤t≤T

‖δ2 ~Zh(t)‖2 is uniformly bounded. Similarly, for the differential-difference equation,

we have

∆+
~Z ′

j(t)

h
= ε

∆2

+
∆−

~Zj(t)

h3
+ ~Zj+1(t) ×

∆2

+
∆−

~Zj(t)

h3

+
∆+

~Zj(t)

h
× ∆+∆−

~Zj(t)

h2
+
∫

1

0

~fx(xj+1, t,
~Zj+1)dz

+
∫

1

0

~fz(xj, t, τ
~Zj+1 + (1 − τ)~Zj)dτ)

∆+
~Zj(t)

h
.

This implies that
∫ T
0
‖δ2 ~Zh(t)‖2

2
dt is uniformly bounded in h. Hence, we have

Lemma 3.2.3 Let (1)–(3) hold. For the solution ~Zh(t) of (3.2.7)–(3.2.9), there holds

sup
0≤t≤T

‖δ2 ~Zh(t)‖2 +

(

∫ T

0

‖δ3 ~Zh(t)‖2

2
dt

)

1/2

≤ K3(ε), (3.2.18)

where K3(ε) is a constant independent of h.
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2. Further estimates for the discrete solutions

Using the discrete interpolation formula, we get from the above estimates the
following lemma.

Lemma 3.2.4 Let (1)–(3) hold. For the solution ~Zh(t) of (3.2.7)–(3.2.9), there holds

for t ∈ [0, T − ∆t]

sup
0≤t≤T

|∆+
~Zj(t)| ≤ K4h, j = 0, 1, . . . , J − 1, (3.2.19)

sup
0≤t≤T

|∆2

+
~Zj(t)| ≤ K5h

1/2
, j = 0, 1, . . . , J − 1, (3.2.20)

max
j=0,1,...,J

|~Zj(t + ∆t) − ~Zj(t)| ≤ K6∆t
1/2
, (3.2.21)

max
j=0,1,...,J−1

|∆+
~Zj(t+ ∆t) − ∆+

~Zj(t)| ≤ K7h∆t
1/4
, (3.2.22)

where Kj, (j = 4, 5, 6, 7) are constants independent of h but depending on ε.

3.2.3 Global Weak Solution for the Spin System

1. Construct three-dimensional vector-valued functions

In order to establish the existence of global weak solution of (3.2.2) with nonlinear
boundary condition (3.2.3) and initial condition (3.2.4), we approximate it by the

discrete solution of (3.2.7)–(3.2.9). For this reason, we construct a vector-valued
function ~Z∗

h(x, t) defined on QT as follows: on Q
j
T = {xj ≤ x ≤ xj+1, 0 ≤ t ≤ T},

j = 0, 1, . . . , J − 1:

~Z
∗

h(x, t) =
x− xj

h

~Zj+1(t) +
xj+1 − x

h

~Zj(t).

It follows from (3.2.10), (3.2.19) and (3.2.21) that { ~Z∗

h(x, t)} is uniformly bounded
and equi-continuous over Qj

T = {xj ≤ x ≤ xj+1, 0 ≤ t ≤ T} (j = 0, 1, . . . , J − 1),

h > 0. We may choose a sequence {hj} such that {~Z∗

hj
(x, t)} uniformly converge over

QT to a vector-valued function ~Z(x, t) as hj → 0. Similarly, construct on Qj
T

~Z
∗

h(x, t) =
x− xj

h

∆+
~Zj+1(t)

h
+
xj+1 − x

h

∆+
~Zj(t)

h
, j = 0, 1, . . . , J − 2,

and

~Z
∗

h(x, t) =
∆−

~ZJ−1

h
, on Q

J−1

T .

It follows from (3.2.10), (3.2.20) and (3.2.22) that we may choose a subsequence of

{hj}, still denoted by {hj}, such that {~Z
∗

hj
(x, t)} uniformly converges over QT to a

vector-valued function ~Zx(x, t) as hj → 0.
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For the discrete vector-valued function ~Zh(t) = {~Zj(t) : j = 0, 1, . . . , J} let

~Zh(x, t) = ~Zj(t), ~Z
(1)

h (x, t) =
∆+

~Zj(t)

h
, on Q

(j)
T , j = 0, 1, . . . , J − 1

~̃Zh(x, t) = ~Z
′

j(t),
~̃Zh

(1)

(x, t) =
∆+

~Z
′

j(t)

h
, on Q

(j)
T , j = 0, 1, . . . , J − 1

~Z
(2)

h (x, t) =
∆+∆−

~Zj(t)

h2
, on Q

(j)
T , j = 1, 2, . . . , J − 1,

~Z
(2)

h (x, t) =
∆+∆−

~Z(t)

h2
, on Q

(0)

T ,

~Z
(3)

h (x, t) =
∆2

+
∆−

~Zj(t)

h3
, on Q

(j)
T , j = 1, 2, . . . , J − 2,

~Z
(3)

h (x, t) =
∆2

+
∆−

~Z1(t)

h3
, on Q

(0)

T ,

~Z
(3)

h (x, t) =
∆2

+
∆−

~ZJ−2(t)

h3
, on Q

(J−2)

T .

These functions are piecewise constant in direction of the variable x on QT . It is clear
that

|~Z∗

h(x, t) − ~Zh(x, t)| ≤ K4h,

| ~̃Zh

∗

(x, t) − ~Z
(1)

h (x, t)| ≤ K5h
1/2
.

On the other hand, it follows from Lemmas 3.2.2 and 3.2.3 that

‖~Zh‖L∞(QT ) + ‖~Z(1)

h ‖L∞(QT ) + sup
0≤t≤T

‖~Z(2)

h (·, t)‖L2(0,l)

+ sup
0≤t≤T

‖ ~̃Zh(·, t)‖L2(0,l) + ‖ ~̃Zh

(1)

‖L2(QT ) + ‖~Z(3)

h ‖L2(QT )

≤ K8,

where K8 is a constant independent of h but depending on ε.

We may choose {hj} such that when hj → 0, {~Zhj
} and {~Z(1)

hj
} uniformly converge

to ~Z(x, t) and ~Zx(x, t) in QT respectively; and {~Z(2)

hj
} and {~Z(1)

hj
} weakly converge in

Lp(0, T ;L2(0, l)) (2 ≤ p < ∞) to ~Z(2)(x, t) and ~̃Z(x, t) respectively; and, {~Z(3)

hj
} and

{ ~̃Z
(1)

hj
} weakly converge in L2(QT ) to ~Z(3)(x, t) and ~̃Z

(1)

(x, t) respectively. The norms

of ~Z(2)(x, t) and ~̃Z(x, t) in Lp(0, T ;L2(0, l)) are uniformly bounded in p. This implies

that ~Z(2) and ~̃Z(x, t) ∈ L∞(0, T ;L2(0, l)).

2. The characteristics of vector-valued functions

By the standard method we can prove that ~Z(2) = ~Zxx, ~Z
(3) = ~Zxxx, ~̃Z = ~Zt

and ~̃Z

(1)

= ~Zxt. That is, the limit functions ~Z(x, t) is weakly differentiable and
~Zx,

~Zxx,
~Zt ∈ L∞(0, T ;L2(0, l)), ~Zxt,

~Zxxx ∈ L2(QT ).
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Let Φ(x, t) be any test function, and Φh(x, t) = Φj(t) = Φ(xj , t) in Q
(0)

T ,

j = 0, 1, . . . , J − 1. Similarly we can define Fh(x, t) = ~f(xj, t,
~Zj(t)) in Q

(j)
T ,

j = 0, 1, . . . , J − 1. It follows from (3.2.7) that

∫ T

0

J−1
∑

j=0

Φj(t)

[

~Z
′

j(t) − ε
∆+∆−

~Zj(t)

h2

− ~Zj(t) ×
∆+∆−

~Zj(t)

h2
− ~f(xj, t,

~Zj(t))

]

hdt = 0.

This is equivalent to the following integral identity:
∫ T

0

∫ l

0

Φh(x, t)[ ~̃Zh(x, t) − ε~Z
(2)

h (x, t)

− ~Zh(x, t) × ~Z
(2)

h (x, t) − Fh(x, t)]dxdt = 0.

Sending hi → 0, we have that Φh(x, t), ~Zh(x, t), Fh(x, t) uniformly converge on QT to

Φ(x, t), ~Z(x, t), ~f(x, t, ~Z(x, t)); ~̃Zh(x, t) and ~Z
(2)

h (x, t) weakly converge in L2(QT ) to
~Zt(x, t) and ~Zxx, respectively. Therefore by sending hi → 0, we get

∫ T

0

∫ l

0

Φ(x, t)[~Zt(x, t) − ε~Zxx(x, t)

−~Z(x, t) × ~Zxx(x, t) − ~f(x, t, ~Z(x, t))]dxdt = 0.

3. Nonlinear weak solution to the spin equations

It follows from above discussion that ~Z(x, t) solves the spin equation (3.2.2) in

the sense of distribution.
Since {~Zhi

(x, t)} uniformly converges on QT to ~Z(x, t), and ~Z
(1)

hi
(x, t) uniformly

converges on QT to ~Zx(x, t) when hi → 0, the nonlinear boundary condition (3.2.3)
and initial condition (3.2.4) are satisfied by ~Z(x, t) in the classical sense.

Theorem 3.2.1 Under conditions (1)–(3), problem (3.2.2)–(3.2.4) admits at least

one global weak solution ~Z(x, t) which has classical first order differential ~Zx(x, t)

and weak derivatives ~Zxx,
~Zt ∈ L∞(0, T ;L2(0, l)) and ~Zxt(x, t), ~Zxxx(x, t) ∈ L2(QT ).

Moreover , the equation is met in the sense of distribution and the boundary condition

(3.2.3) and initial condition (3.2.4) in the classical sense.

Theorem 3.2.2 Under conditions (1)–(3), the solution to problem (3.2.2)–(3.2.4) is

unique.

Proof. If there are two solutions ~Z(x, t) and ~Z(x, t) to problem (3.2.2)–(3.2.4),

then w(x, t) = ~Z(x, t) − ~Z(x, t) solves the following equation
∫ ∫

QT

Φ[wt − εwxx − w × ~Zxx − ~Z × wxx

− [~f(x, t, ~Z(x, t)) − ~f(x, t, ~Z(x, t))]dxdt = 0,
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wx(0, t) = H0(t, ~̃Z(0, t))w(0, t),

−wx(l, t) = H1(t, ~̃Z(l, t))w(l, t),

w(x, 0) = 0,

where Φ(x, t) ∈ L2(QT ) is any test function and

H0(t, ~̃Z(0, t)) =
∫

1

0

H0(t, τ ~̃Z(0, t) + (1 − τ)~Z(0, t))dτ,

H1(t, ~̃Z(l, t)) =
∫

1

0

H1(t, τ ~̃Z(l, t) + (1 − τ)~Z(l, t))dτ.

Take test function Φ = w(x, t) to give

‖w(·, t)‖2

L2(0,l) + ε‖wx‖2

L2(QT )

≤ ε

∫ t

0

[w(l, t)wx(l, t) − w(0, t)wx(0, t)]dt

+
∫ l

0

[w(l, t)~Z(l, t) × wx(l, t) − w(0, t)~Z(0, t) × wx(0, t)]dt

−
∫ ∫

QT

w~Zx × wxdxdt+ b‖w‖2

L2(QT )
.

Since

w(l, t)wx(l, t) − w(0, t)wx(0, t)

= −w(l, t) ·H1(t, ~̃Z(l, t))w(l, t) − w(0, t) ·H0(t, ~̃Z(0, t))w(0, t) ≤ 0;

|w(l, t)~Z(l, t) × wx(l, t) − w(0, t)~Z(0, t) × wx(0, t)|
= |w(l, t) · ~Z(l, t) ×H1(t, ~̃Z(l, t))w(l, t)

+ w(0, t) · ~Z(0, t) ×H0(t, ~̃Z(0, t))w(0, t)|
≤ C18‖w(·, t)‖2

L∞(0,l)

≤ ε

2
‖wx(·, t)‖2

L2(0,l) + C19(ε)‖w(·, t)‖2

L2(0,l)

and
∣

∣

∣

∣

∣

∫ ∫

QT

w · ~Zx × wxdxdt

∣

∣

∣

∣

∣

≤ ε

2
‖wx‖2

L2(QT )
+ C20(ε)‖w‖2

L2(QT )
.

Hence

‖w(·, t)‖2

L2(0,l) ≤ C21(ε)
∫ t

0

‖w(·, t)‖2

L2(0,l)dt.

This implies ‖w(·, t)‖L2(0,l) = 0, ∀ t ∈ [0, T ]. The proof of the theorem is complete.
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3.2.4 Global Weak Solution to the Equations of

Ferromagnetic Spin Chain

1. Global weak solutions to spin equations

Now we prove the existence of global weak solution to equation of ferromagnetic

spin chain (3.2.1) with nonlinear boundary condition (3.2.3) and initial condition

(3.2.4). We have obtained the existence of global weak solution of (3.2.2)–(3.2.4) for
ε > 0 and have proved some uniform a priori estimates for such solutions.

Lemma 3.2.5 Let condition (1), (2) and (3) hold. Then the following estimate for

the solution ~Zε(x, t) (ε > 0) to problem (3.2.2)–(3.2.4) holds

‖~Zε‖L∞(QT ) + sup
0≤t≤T

‖~Zεx‖L2(0,l) ≤ K9, (3.2.23)

where K9 is independent of ε > 0.

Let g(x, t) ∈ H1(0, l) be any test function. Simple computations give

∫ l

0

g(x)~Zεt(x, t) = −ε
∫ l

0

gx(x)~Zεx(x, t)dx

−
∫ l

0

gx(x)(~Zε(x, t) × ~Zεx))dx

+
∫ l

0

g(x)~f(x, t, ~Zε(x, t))dx,

where g(0) = g(l) = 0. It follows from (3.2.23) that there is a constant C22 indepen-
dent of t ∈ [0, T ] and ε > 0 such that

∣

∣

∣

∣

∣

∫ l

0

g(x)~Zεx(x, t)dx

∣

∣

∣

∣

∣

≤ C22‖g‖H1(0,l).

This means that {~Zεt(x, t)} is bounded in L∞(0, T ;H−1(0, l)) uniform in ε. Then we

have the following lemma.

Lemma 3.2.6 Let (1)–(3) hold. Then for the global weak solution of (3.2.2)–(3.2.4)
there holds

sup
0≤t≤T

‖~Zεt(·, t)‖H−1(0,l) ≤ K10, (3.2.24)

where K10 is independent of ε.

Lemma 3.2.7 Let (1)–(3) hold. Then for the global weak solution of (3.2.2)–(3.2.4),
there holds







|~Zε(x1, t) − ~Zε(x2, t)| ≤ K11|x1 − x2|1/2,

|~Zε(x, t1) − ~Zε(x, t2)| ≤ K12|t1 − t2|1/4,
(3.2.25)

where K11, K12 are independent of ε, x1, x2 ∈ [0, l] and t1, t2 ∈ [0, T ].
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Proof. Let Sε(x, t) =
∫ x
0
~Zε(x, t)dx, then Sεt(x, t) =

∫ x
0
~Zεt(x, t)dx, Sεx(x, t) =

~Zε(x, t), Sεxx(x, t) = ~Zεx(x, t). For any g(x) ∈ H1

0
(0, l) there holds

∣

∣

∣

∣

∣

∫ l

0

g
′(x)Sεt(x, t)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∫ l

0

g(x)~Zεt(x, t)dx

∣

∣

∣

∣

∣

≤ K10‖g‖H1

0
(0,l) ≤ C23‖g‖L2(0,l),

where g(0) = g(l) = 0, C23 is independent of t ∈ [0, T ] and ε > 0. This implies

sup
0≤t≤T

‖Sεt(·, t)‖L2(0,l) ≤ C24.

Then it is clear that

sup
0≤t≤T

‖Sε(·, t)‖H2(0,l) ≤ C25

with C25 independent of ε > 0.

It follows from the interpolation inequality that

|Sεx(x, t1) − Sεx(x, t2)|
≤ C26‖Sε(x, t1) − Sε(x, t2)‖1/4

L2 ‖Sε(x, t1) − Sε(x, t2)‖3/4

H2 ,

≤ C26‖
∫ t2

t1
Sεt(x, t)dt‖1/4

L2 ‖Sε(x, t1) − Sε(x, t2)‖3/4

H2

≤ C27|t1 − t2|1/4 · sup
0≤t≤T

‖Sεt(x, t)‖1/4

L2 ‖Sε(·, t)‖3/4

H2 , ∀ x ∈ [0, l].

Similarly, we have

|Sεx(x1, t) − Sεx(x2, t)| ≤ C28|x1 − x2|1/2‖Sεxx(·, t)‖L2(0,l), ∀ x ∈ [0, l].

The constants C26, C27, C28 are independent of ε. Therefore we get the first estimate

of (3.2.25). The second one can be proved in the similar manner.

2. Global weak solution

Definition 3.2.1 Vector ~Z(x, t) ∈ L2(0, T ;H1

0
(0, l))

⋂

C(QT ) is called a weak solu-

tion of problem (3.2.1) and (3.2.3)–(3.2.4), if for any test function g(x, t) ∈ H 1(QT ),

g(x, T ) = 0, there holds

∫ ∫

QT

[gt(x, t)~Z(x, t) − gx(x, t)(~Z(x, t) × ~Zx(x, t))

+ g(x, t)~f(x, t, ~Z(x, t))]dxdt +
∫ l

0

g(x, 0)ϕ(x)dx

−
∫ T

0

[g(l, t)(~Z(l, t) × gradψ1(t, ~Z(l, t)))

+ g(0, t)(~Z(0, t) × gradψ0(t, ~Z(0, t)))]dt = 0. (3.2.26)
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Theorem 3.2.3 Let (1)–(3) hold. Problem (3.2.1) and (3.2.3)–(3.2.4) admits at least

one weak solution ~Z(x, t) ∈ L∞(0, T ;H1

0
(0, l))

⋂

C
(
1

2
, 1
4
)(QT ).

Proof. Let ~Zε(x, t) be the unique weak solution of problem (3.2.2)–(3.2.4) as

above. Since the estimates (3.2.23) and (3.2.25) is uniform in ε, { ~Zε(x, t)} is uni-
formly bounded and equi-continuous. We may choose a subsequence { ~Zεi

(x, t)}
from {~Zε(x, t)} such that {~Zεi

(x, t)} uniformly converges on QT to some vector
~Z(x, t). Moreover, ~Z(x, t) ∈ C

(
1

2
, 1
4
)(QT ) since {~Zε(x, t)} is uniformly bounded in

C
(
1

2
, 1
4
)(QT ). On the other hand, we may assume that {~Zεix(x, t)} weakly converges

in Lp(0, T ;L2(0, l)) to ~Zx(x, t) for any 2 ≤ p ≤ ∞. Since {~Zεix(x, t)} is bounded in

Lp(0, T ;L2(0, l)) uniformly in p, the norm of ~Zx(x, t) in Lp(0, T ;L2(0, l)) is bounded
uniformly in p. Therefore, ~Zx(x, t) ∈ L∞(0, T ;L2(0, l)).

Furthermore, for ~Zε(x, t) there holds

∫ ∫

QT

[gt(x, t)~Zε(x, t) − εgx(x, t)~Zεx(x, t)

− gx(x, t)(~Zε(x, t) × ~Zεx(x, t))

+ g(x, t)~f(x, t, ~Zε(x, t))]dxdt+
∫ l

0

g(x, 0)ϕ(x)dx

− ε

∫ T

0

[g(l, t)gradψ1(t, ~Zε(l, t))

+ g(0, t)gradψ0(t, ~Zε(0, t))]dt

−
∫ T

0

[g(l, t)(~Zε(l, t) × gradψ1(t, ~Zε(l, t)))

+ g(0, t)(~Zε(0, t) × gradψ0(t, ~Zε(0, t)))]dt = 0,

where g(x, t) ∈ H1(QT ), g(x, T ) = 0.
Since {~Zεi

(x, t)} uniformly converges on QT to ~Z(x, t), ~f(x, t, ~Zεi
(x, t)) uniformly

converges to ~f(x, t, ~Z(x, t)). Similarly, {~Zεi
(0, t)}, {~Zεi

(l, t)}, {gradψ0(t, ~Zεi
(0, t))}

and {gradψ1(t, ~Zεi
(l, t))} uniformly converge on QT to ~Z(0, t), ~Z(l, t),

gradψ0(t, ~Z(0, t)) and gradψ1(t, ~Z(l, t)) respectively. The corresponding integrals are

also bounded. The diffusion term with small parameter ε tends to zero.
Therefore by sending εi → 0, we see that the above integral equality tends to

the integral equality (3.2.26). This indicates that ~Z(x, t) is a global weak solution of
problem (3.2.1) and (3.2.3)–(3.2.4).

3.2.5 Mixed Boundary Value Problem

Now consider the mixed boundary value problem: (3.2.1) with

~Zx(0, t) = gradψ0(t, ~Z(0, t)), ~Z(l, t) = 0, (3.2.27)

~Z(x, 0) = ϕ(x), x ∈ [0, l]. (3.2.28)

Let conditions (2) and (3) hold and replace (1) by
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(1′). ψ0(t, ~Z) is scalar function with continuous derivative with respect to t ∈
[0, T ], and the mixed derivative with respect to t ∈ [0, T ] and ~Z ∈ R3, and the second

derivative with respect to ~Z ∈ R3 are continuous. The Hessian matrix H0(t, ~Z) of
ψ0(t, ~Z) is assumed to be non-negative definite and gradψ0(t, 0) = 0, ϕ(l) = 0.

We first consider the existence of the solution ~Zε(x, t) to problem (3.2.2), (3.2.27)
and (3.2.28).

Theorem 3.2.4 Let (1′), (2) and (3) hold. Then the mixed boundary value problem

(3.2.2), (3.2.27) and (3.2.28) admits unique weak solution

~Zε(x, t) ∈ Zl = L
∞(0, T ;H2(0, l))

⋂

W
(1)

∞
(0, T ;L2(0, l))

⋂

L
2(0, T ;H3(0, l)).

Proof. The proof is similar to that of Theorems 3.2.1 and 3.2.2.
We construct the nonlinear boundary condition for the ordinary differential equa-

tion (3.2.7)

∆+
~Z0

h
= gradψ0(t, ~Z0), ~ZJ = 0, (3.2.29)

and initial condition
~Zj(0) = ϕj, j = 0, 1, . . . , J, (3.2.30)

whose solution (approximate solution) is denoted by ~Zj(t), where ϕj = ϕj = ϕj(xj),
(j = 1, 2, . . . , J − 1), ϕJ = ϕJ = ϕ(l) = 0, ϕ

0
is subject to:

ϕ1 = ϕ
0
+ h gradψ0(0, ϕ0

).

Before applying fixed point theorem, we must prove that problem (3.2.7), (3.2.29)

and (3.2.30) admits at least one solution ~Zh = {~Zj(t) : j = 0, 1, . . . , J} with ~Zj(t) ∈
C(2)([0, T ]) (j = 1, 2, . . . , J) and ~Z0(t) ∈ C(1)([0, T ]). In order to get solution ~Zε(t) of

(3.2.2), (3.2.27) and (3.2.28), we first give the a priori estimates for solution ~Zh(t) of
(3.2.7), (3.2.29) and (3.2.30) and then send h to zero.

Multiplying (3.2.7) by |~Zj|p−2 ~Zjh, 2 ≤ p <∞, and summing from j = 1 to j = J ,
and integrating over t ∈ [0, t], 0 ≤ t ≤ T , we have

J−1
∑

j=1

|~Zj|ph−
J−1
∑

j=1

|ϕj|h

= −pε
2

∫ t

0

J−1
∑

j=0

(|~Zj+1|p−2 + |~Zj|p−2)

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

2

hdt

− pε

2

∫ t

0

J−1
∑

j=0

(|~Zj+1|p−2 − |~Zj|p−2)(|~Zj+1|2 − |~Zj|2)
dt

h

− pε

∫ t

0

|~Z0|p−2 ~Z0 gradψ0(t, ~Z0)dt

+ p

∫ t

0

J−1
∑

j=1

|~Zj|p−2 ~Zj · ~f(xj, t,
~Zj)hdt,
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where ~ZJ(t) = 0. As before we may conclude that zh(t) = {~Zj(t) : j = 0, 1, . . . , J} is
uniform bounded in j = 0, 1, . . . , J and t ∈ [0, T ].

Then we test (3.2.7) by ∆+∆−
~Zj

h2 h, and sum from j = 1 to j = J − 1, and integrate

over t ∈ [0, t], 0 ≤ t ≤ T to give

J−1
∑

j=0

∣

∣

∣

∣

∣

∆+
~Zj(t)

h

∣

∣

∣

∣

∣

2

h+ 2
∫ t

0

J−1
∑

j=1

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

2

hdt + 2ψ0(t, ~Z0(t))

=
J−1
∑

j=0

∣

∣

∣

∣

∣

∆+ϕj

h

∣

∣

∣

∣

∣

2

h+ 2ψ0(0, ϕ0
)

+ 2
∫ t

0

ψ0t(t, ~Z0(t))dt

+ 2
∫ t

0

J−1
∑

j=0

∆+
~Zj

h

∫

1

0

~fx(xj+2, t,
~Zj+1)hdτdt

+ 2
∫ t

0

J−1
∑

j=0

(

∆+
~Zj

h

∫

1

0

~fz(xj, t, τ
~Zj+1 + (1 − τ)~Zj

)

∆+
~Zj

h
hdtdτ

+ 2
∫ t

0

~f(0, t, ~Z0) · gradψ0(t, ~Z0)dt− 2
∫ t

0

~f(l, t, 0)
∆−

~ZJ

h
dt,

where ~Z ′

J(t) = 0. All terms except for the last term on the right-hand side can be

controlled by A
∫ t
0
‖δ ~Zh‖2

L2dt + B, where A,B are independent of h > 0, ε ≥ 0. For
the last term, we have

∣

∣

∣

∣

∣

2
∫ t

0

~f(l, t, 0)
∆−

~ZJ

h
dt

∣

∣

∣

∣

∣

≤ C28

∫ t

0

‖δ ~Zh(t)‖∞dt+ ε

∫ t

0

‖δ2 ~Zh(t)‖2

L2dt+
1

ε
C29.

The above estimates are independent of h but depending on ε. If ~f(l, t, 0) = 0, then
these estimates are independent of both h and ε.

Next we estimate yh(t) = ~Z
′

h(t) = {~Z ′

j(t) : j = 0, 1, . . . , J}. We have

∆+y0

h
= gradψ0t(t, ~Z0) +H0(t, ~Z0)y0, yJ = 0;

yj(0) = ε
∆+∆−ϕj

h2
+ ϕj ×

∆+∆−ϕj

h2
+ ~f(xj, t, ϕj), j = 1, 2, . . . , J − 1;

(E + hH0(0, ϕ0
))y0(0) = y1(0) − h gradψ0(0, ϕ0

), yJ(0) = 0,

where E is a 3×3 unit matrix. From this we can get the estimates of sup
0≤t≤T ‖~Z ′

j(t)‖2

2

and ∆+∆−
~Zj

h2 ,
∆+

~Z′

h

h
and

∆
2

+
∆−

~Zh

h3 . we have

sup
0≤t≤T

‖~Zh(t)‖2 + sup
0≤t≤T

‖δ ~Zh(t)‖2 + sup
0≤t≤T

‖δ2 ~Zh(t)‖2

+ sup
0≤t≤T

‖~Z ′

h(t)‖2 +

(

∫ t

0

‖δ2 ~Z
′

h(t)‖2

2
dt

)

1/2

+

(

∫ t

0

‖δ3 ~Zh(t)‖2

2
dt

)

1/2

≤ K13(ε),

where K13(ε) is independent of h.
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Now, as before, we may send h → 0 (for some subsequence if necessary) to get a
limit vector ~Zε(x, t) which has weak derivatives ~Zεx,

~Zεxx and ~Zεt ∈ L∞(0, T ;L2(0, l))

and ~Zεxt,
~Zεxxx ∈ L2(QT ). Moreover, ~Zε(x, t) solves (3.2.2) in the sense of distribu-

tion and satisfies (3.2.27) and (3.2.28) in the classical sense. The uniqueness of solu-

tion ~Zε(x, t) to the problem (3.2.2) and (3.2.27)–(3.2.28) can be given by standard
argument. The theorem is proved.

2. Approximate solution of the mixed initial-boundary problem of the spin equation

In order to prove the existence of equation (3.2.1) with nonlinear boundary con-
dition (3.2.27) and initial condition (3.2.28), we must give the uniform (in ε) a priori

estimates for the approximate solution ~Zε(x, t) obtained above.

Lemma 3.2.8 Let (1′), (2), (3) hold and ~f(l, t, 0) = 0. Then for the approximate

solution ~Zε(x, t) obtained above, we have

‖~Zε‖L∞ + sup
0≤t≤T

‖~Zεx(·, t)‖L2 + sup
0≤t≤T

‖~Zεt(·, t)‖H−1(0,l) ≤ K14, (3.2.31)

where K14 is a constant independent of ε > 0.

Lemma 3.2.9 Let (1′), (2), (3) hold and ~f(l, t, 0) = 0. Then for the approximate

solution ~Zε(x, t) of problem (3.2.2) and (3.2.27)–(3.2.28), we have

|~Zε(x1, t) − ~Zε(x2, t)| ≤ K15|x1 − x2|1/2
, (3.2.32)

|~Zε(x, t1) − ~Zε(x, t2)| ≤ K16|t1 − t2|1/4
, (3.2.33)

where K15, K16 are constants independent of ε > 0.

3.2.6 The Mixed Boundary Problem of Equations of

Ferromagnetic Spin Chain

1. Weak solution for the mixed boundary problem of equations of ferromagnetic spin

chain

Definition 3.2.2 Vector ~Z(x, t) ∈ L2(0, T ;H1(0, l))
⋂

C(QT ) with ~Z(l, t) = 0 is

called a weak solution of equation (3.2.1) subject to mixed nonlinear boundary condi-

tion (3.2.27) and initial condition (3.2.28), if for any test function g(x, t) ∈ H 1(QT ),

g(l, t) = g(x, T ) = 0 there holds

∫ ∫

QT

[gt(x, t)~Z(x, t) − gx(x, t)(~Z(x, t) × ~Zx(x, t))

+ g(x, t)~f(x, t, ~Z(x, t))]dxdt +
∫ l

0

g(x, 0)ϕ(x)dx

−
∫ T

0

g(0, t)(~Z(0, t) × gradψ0(t, ~Z0(0, t)))dt = 0. (3.2.34)
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Theorem 3.2.5 Let (1′), (2), (3) hold and ~f(l, t, 0) = 0. Then equation (3.2.1) with

the mixed nonlinear boundary condition (3.2.27) and initial condition (3.2.28) admits

at least one weak solution:

~Z(x, t) ∈ L
∞(0, T ;H1(0, l))

⋂

C
(
1

2
, 1
4
)(QT ).

Proof. The proof is similar to that of Theorem 3.2.3.
In the following we consider another problem.

Let Q∗

T = {x ∈ R+, 0 ≤ t ≤ T}. Consider the nonlinear boundary condition

~Zx(0, t) = gradψ0(t, ~Z(0, t)), (3.2.35)

~Z(x, 0) = ϕ(x). (3.2.36)

(2∗) ~f(x, t, ~Z) is a vector-valued function and continuously differentiable with
respect to (x, t) ∈ Q∗

T and ~Z ∈ R3 and the Jacobi matrix ~f~Z(x, t, ~Z) is semi-bounded,

that is, there is a constant b > 0 such that

ξ · ~f~Z(x, t, ~Z) · ξ ≤ b|ξ|2, ξ ∈ R
3
, (x, t, ξ) ∈ Q

∗

T × R
3;

(3∗) ϕ(x) ∈ H1(R+), ϕ′(x) = gradψ0(0, ϕ).

(4∗) ~f(x, t, ~Z), ~fx(x, t, ~Z), ~ft(x, t, ~Z) meet one of the following conditions:

|~f(x, t, ~Z)|, |~fx(x, t, ~Z)|, |~ft(x, t, ~Z)|
≤ a(x, t)F (~Z) + b(x, t); (3.2.37)

or

|~f(x, t, ~Z)|, |~fx(x, t, ~Z)|, |~ft(x, t, ~Z)|
≤ c(x, t)|~Z|k + d(x, t), (3.2.38)

where a(x, t), b(x, t), d(x, t) ∈ L∞(0, T ;L2(R+)), c(x, t) ∈ L∞(Q∗

T ), k ≥ 0 is a con-
stant, F (~Z) is a continuous scalar function.

2. Weak solution to mixed boundary value problem of system of ferromagnetic spin

chain

Theorem 3.2.6 Let (1′), (2∗), (3∗), (4∗) hold. Then the mixed boundary value prob-

lem of system (3.2.2) defined on Q
∗

T with (3.2.35) and (3.2.36) admits unique weak

solution:

~Zε(x, t) ∈ Z∞ = L
∞(0, T ;H2(R+))

⋂

W
(1)

∞
(0, T ;L2(R+))

⋂

L
2(0, T ;H3(R+)).

Proof. For any l > 0, construct a continuously differentiable vector-valued func-

tion ~f (l)(x, t, ~Z), for (x, t) ∈ Q
(l)
T = {0 ≤ x ≤ l, 0 ≤ t ≤ T} and ~Z ∈ R3 such

that

(i) For x ∈ [0, l − 1], t ∈ [0, T ], ~Z ∈ R3, ~f (l)(x, t, ~Z) ≡ ~f(x, t, ~Z), ~f(x, t, 0) ≡ 0.



82 Landau–Lifshitz Equations

(ii) Jacobi matrix ~f
(l)
~Z

(x, t, ~Z) is semi-bounded, that is, there is a constant b > 0
such that

ξ · ~f (l)
~Z

(x, t, ~Z) · ξ ≤ b|ξ|2, l > 0, (3.2.39)

where b is independent of l > 0.
(iii) ~f (l)(x, t, ~Z), ~f (l)

x (x, t, ~Z), ~f
(l)
t (x, t, ~Z) meet one of the following conditions:

|~f (l)(x, t, ~Z)|, |~f (l)
x (x, t, ~Z)|, |~f (l)

t (x, t, ~Z)|
≤ a(x, t)F (~Z) + b(x, t); (3.2.40)

or

|~f (l)(x, t, ~Z)|, |~f (l)
x (x, t, ~Z)|, |~f (l)

t (x, t, ~Z)|
≤ c(x, t)|~Z|k + d(x, t), (3.2.41)

where the norms of a(x, t), b(x, t), d(x, t) in L∞(0, T ;L2(0, l)), the norm of c(x, t) in

L∞(Q
(l)
T ), and k, F are all independent of l > 0.

We also construct for any l > 0 the vector ϕ(l)(x) ∈ H1(0, l) such that ϕ(l)(x) =
ϕ(x) for x ∈ [0, l − 1], ϕ(l)(l) = 0 and ‖ϕ(l)‖H1(0,l) is uniform bounded in l > 0.

For any l > 0, consider mixed nonlinear boundary condition (3.2.27) and the
initial condition:

~Z(x, 0) = ϕ
(l)(x). (3.2.42)

Over the rectangular domain Q
(l)
T , we consider the spin equation:

~Zt = ε~Zxx + ~Z × ~Zxx + ~f
(l)(x, t, ~Z). (3.2.43)

It follows from Theorem 3.2.4 that problem (3.2.43), (3.2.27), (3.2.42) admits

unique weak solution:

~Z
(l)(x, t) ∈ Zl = L

∞(0, T ;H2(0, l))
⋂

W
(1)

∞
(0, T ;L2(0, l))

⋂

L
2(0, T ;H3(0, l)).

Multiplying (3.2.43) by |~Z|p−2 ~Z, (2 ≤ p ≤ ∞) and integrating it over Q
(l)
t , we

have

‖~Z(·, t)‖p
Lp(0,l) − ‖ϕ(l)‖Lp(0,l)

= −pε
∫ ∫

Q
(l)
t

|~Z|p−2(~Zx · ~Zx)dxdt

− p(p− 2)ε
∫ ∫

Q
(l)
t

|~Z|p−2

(

~Z

|~Z|
· ~Zx

)

2

dxdt

− pε

∫ t

0

|~Z(0, t)|p−2 ~Z(0, t) · gradψ0(t, ~Z(0, t))dt

+ p

∫ ∫

Q
(l)
t

|~Z|p−2 ~Z · ~f(x, t, ~Z)dxdt.
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This yields

sup
0≤t≤T

‖~Z(·, t)‖Lp(0,l) ≤ K17e
(b+δ)T [‖ϕ(l)‖Lp(0,l) + ‖~f (l)

0 ‖
Lp(Q

(l)
T )

], (3.2.44)

where ~f
(l)
0 ≡ ~f (l)(x, t, 0), δ > 0, and constant K7 depends on δ > 0. Therefore,

‖ϕ(l)‖Lp(0,l) ≤ C30‖ϕ(l)‖1/2+1/p
L2(0,l) ‖ϕ(l)‖1/2−1/p

H1(0,l) ,

‖~f (l)
0 ‖

Lp(Q
(l)
T )

≤ C31[ sup
0≤t≤T

‖~f (l)
x (·, t, 0)‖L2(0,l)

+ sup
0≤t≤T

‖~f (l)
x (·, t, 0)‖Lp(0,l)]. (3.2.45)

It follows from (3.2.40) and (3.2.41) that the right-hand side of (3.2.45) is uniformly

bounded in l > 0. Then

sup
0≤t≤T

‖~Z(l)(·, t)‖Lp(0,l) ≤ C32,

where C32 is uniform in both 2 ≤ p <∞ and l > 0, hence

sup
0≤t≤T

‖~Z(l)(·, t)‖L∞(0,l) ≤ C32.

Multiplying equation (3.2.43) by ~Zxx and then integrating it over Q
(l)
T , we have

‖~Zx(·, t)‖2

L2(0,l) − ‖ϕ(l)
x ‖2

L2(0,l) + 2ε‖~Zxx‖2

L2(0,l)

+ ψ0(t, ~Z(0, t)) − ψ0(0, ϕ
(l)(0))

= 2
∫ l

0

ψ0t(t, ~Z(0, t))dt

+ 2
∫ t

0

gradψ0(t, ~Z(0, t)) · ~f (l)(0, t, ~Z(0, t))dt

+ 2
∫ ∫

Q
(l)
t

~Zx · ~f (l)
x (x, t, ~Z)dxdt

+ 2
∫ ∫

Q
(l)
T

~Zx · ~f (l)
x (x, t, ~Z)dxdt,

where ~Z(l, t) = ~Zt(l, t) ≡ 0, ~f (l)(x, t, 0) ≡ 0. It follows from the above that

‖~Z(l)
x (·, t)‖2

L2(0,l) + 2ε‖~Z(l)
xx‖2

L2(Q
(l)
t )

≤ (2b+ 1)‖~Z(l)
x (·, t)‖2

L2(Q
(l)
t )

+ 2
∫ ∫

Q
(l)
t

|~f (l)
x (x, t, ~Z(l))|2dxdt+ C33, (3.2.46)

where the constant C33 is independent of l > 0.
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If ~fx(x, t, ~Z) meets condition (3.2.37), ~f (l)
x (x, t, ~Z) satisfies condition (3.2.40). We

have
∫ ∫

Q
(l)
t

|~f (l)
x (x, t, ~Z(l)(x, t))|2dxdt

≤ 2 sup
|~Z|≤C32

|F (~Z)|2‖a‖2

L2(Q
(l)
t )

+ 2‖b‖2

L2(Q
(l)
t )
.

If ~fx(x, t, ~Z) meets condition (3.2.38), ~f (l)
x (x, t, ~Z) satisfies condition (3.2.41). We

have
∫ ∫

Q
(l)
t

|~f (l)
x (x, t, ~Z(l)(x, t))|2dxdt

≤ 2‖c‖
L∞(Q

(l)
t )

sup
0≤t≤T

‖~Z(l)(x, t)‖2k

L2k(0,l)
+ 2‖d‖2

L2(Q
(l)
t )
,

whose right-hand side is independent of l > 0. Combining these inequalities, we have

sup
0≤t≤T

‖~Z(l)
x (·, t)‖L2(0,l) +

√
ε‖~Z(l)

xx‖L2(Q
(l)
T )

≤ C34,

where C34 is independent of l > 0.
In order to get the estimate for y(l)(x, t) = ~Z

(l)
t (x, t) in L∞(0, T ;L2(0, l)), we

differentiate (3.2.43) with respect to t to obtain

yt = εyxx + y × ~Zxx + ~Z × yxx + ~f
(l)
t (x, t, ~Z) + ~f

(l)
~Z

(x, t, ~Z)y. (3.2.47)

Assumption (4∗) implies that
∫∫

Q
(l)
t
|~ft(x, t, ~Z

(l)(x, t))|2dxdt is bounded uniform in l.

By the similar method as above we have

sup
0≤t≤T

‖~Z(l)
t (·, t)‖L2(0,l) +

√
ε‖~Z(l)

xx‖L2(Q
(l)
T

)
≤ C35, (3.2.48)

where C35 is independent of l > 0.

Differentiating (3.2.43) with respect to x, we obtain

~Zxt = ε~Zxxx + ~Z × ~Zxxx + ~Zx × ~Zxx + ~f
(l)
x (x, t, ~Z) + ~f

(l)
~Z

(x, t, ~Z)~Zx. (3.2.49)

Then the uniform boundedness in l of ~Z(l)
xxx(x, t) in L2(Q

(l)
T ) can be derived from the

uniform boundedness in l of ~Z
(l)
xt (x, t) in L2(Q

(l)
T ) since the coefficient matrix of ~Zxxx

is positively definite and non-singular.

Hence, we may choose {lj} such that when lj → ∞, {~Z(lj)} and {~Z(lj)
x } uniformly

converge to ~Z(x, t) and ~Zx(x, t) on any rectangular domain {0 ≤ x ≤ l, 0 ≤ t ≤
T} respectively; and, {~Z(lj)

xx } and {~Z(lj)
t } weakly converge in L∞(0, T ;L2(0, l)) to

~Zxx(x, t) and ~Zt(x, t) respectively; and, {~Z(lj)
xxx} and {~Z(lj)

xt } weakly converge in L2(Q∗

T )
to ~Zxxx(x, t) and ~Zxt(x, t) (ε > 0) respectively. This means that the limit ~Z(x, t) is

a weak solution of (3.2.2) and (3.2.35) and (3.2.36), and it satisfies the conditions
(3.2.35) and (3.2.36) in the classical sense. By the same method as above, we can

prove the uniqueness. Let l → ∞, we have
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Lemma 3.2.10 Under the condition (1∗), (2∗), (3∗) and (4∗), for the weak solution
~Zε(x, t) of the problem (3.2.2) and (3.2.35) and (3.2.36) (ε > 0), there holds

sup
0≤t≤T

‖~Zε(·, t)‖L2(R+)

+ sup
0≤t≤T

‖~Zεx(·, t)‖L2(R+) + sup
0≤t≤T

‖~Zεt(·, t)‖H−1(R+)

≤ K18. (3.2.50)

The constant K18 is independent of ε > 0.

Proof. Let g(x) ∈ H1

0
(R+) be any test function. We have

∫

∞

0

g(x)~Zεt(x, t)dx = −ε
∫

∞

0

gx(x)~Zεx(x, t)dx

−
∫

∞

0

gx(x)(~Zε(x, t) × ~Zεx(x, t))dx

+
∫

∞

0

g(x)~f(x, t, ~Zε(x, t))dx.

And we have
∣

∣

∣

∣

∣

∫

∞

0

g(x)~f(x, t, ~Zε(x, t))dx

∣

∣

∣

∣

∣

≤ ‖g‖L2(R+)

(

∫

∞

0

|~f(x, t, ~Zε(x, t))|2dx
)

1/2

.

In the case of (3.2.37) or (3.2.38), we have
∫

∞

0

|~f(x, t, ~Zεt(x, t))|2dx

≤ 2

(

sup
|~Z|≤K18

|F (~Z)|2 sup
0≤t≤T

‖a(·, t)‖2

L2(R+)
+ sup

0≤t≤T
‖b(·, t)‖2

L2(R+)

)

and
∫

∞

0

|~f(x, t, ~Zε(x, t))|2dx

≤ 2

(

sup
0≤t≤T

‖~Zε(·, t)‖2k
L2k(R+)

‖c‖L∞(Q∗

T ) + sup
0≤t≤T

‖d(·, t)‖2

L2(R+)

)

.

This implies that (3.2.50) is true.

Lemma 3.2.11 Under the condition (1′), (2∗), (3∗) and (4∗), for the weak solution
~Zε(x, t) of the problem (3.2.2) and (3.2.38) and (3.2.39) (ε > 0), there holds

|~Zε(x, t1) − ~Zε(x, t2)| ≤ K19(x)|t1 − t2|1/4
, (3.2.51)

|~Zε(x1, t) − ~Zε(x2, t)| ≤ K20|x1 − x2|1/2
, (3.2.52)

where K19(x), K20 are independent of ε, K19(x) depends on x.
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It follows from the discussion of Lemma 3.2.10 that the uniform boundedness in
ε > 0 of the vector Sε(x, t) =

∫ x
0
~Zε(x, t)dx and its derivative Sεt(x, t) =

∫ x
0
~Zεt(x, t)dx

is only true on the bounded domain, therefore the estimate (3.2.51) holds only for
finite x.

Now we are in the position to consider the existence of the weak solution to
problem (3.2.1) and (3.2.35) and (3.2.36).

3. Existence of weak solution to the nonlinear boundary problem of the equations

of ferromagnetic spin chain

Definition 3.2.3 A vector ~Z(x, t) ∈ L2(0, T ;H1(R+))
⋂

C(Q∗

T ) is called a weak

solution to problem (3.2.1) and (3.2.35) and (3.2.36), if for any test function g(x, t) ∈
H1(Q∗

T ), g(x, T ) = 0, supp g(x, t) <∞ there holds
∫ ∫

Q∗

T

[gt(x, t)~Z(x, t) − gx(x, t)(~Z(x, t) × ~Zx(x, t))

+ g(x, t)~f(x, t, ~Z(x, t))]dxdt +
∫

∞

0

g(x, 0)ϕ(x)dx

−
∫ T

0

g(0, t)(~Z(0, t) × gradψ0(t, ~Z0(0, t)))dt = 0.

Theorem 3.2.7 Let (1′), (2∗), (3∗) and (4∗) hold. Then there is at least one weak

solution ~Z(x, t) of the problem (3.2.1) and (3.2.35) and (3.2.36) on Q∗

T :

~Z(x, t) ∈ L
∞(0, T ;H1(R+))

⋂

C
(
1

2
, 1
4
)

loc
(Q∗

T ).

4. Properties of weak solution

In the following we discuss the “blow-up” problem and the asymptotic properties

for the solution.

Theorem 3.2.8 Let (1)–(3) hold for any T > 0 and ~f(x, t, 0) ∈ Lp(Q∞) for any

2 ≤ p <∞. If in (3.2.6), b < 0, then the solution to spin equation (3.2.2) with (3.2.3)

and (3.2.4) satisfies

lim
t→∞

‖~Zε(·, t)‖Lp(0,l) = 0.

Proof. For any fixed 2 ≤ p < ∞, take δ > 0 such that b + δ < 0 to give from the
Lp-estimates of ~Zε(x, t) that

‖~Zε(·, t)‖Lp(0,l)

≤ e
(b+δ)t

{

‖ϕ‖Lp(0,l) + (δ(p− 1))1/p

(

p− 1

2p

)

‖~f0‖Lp(Q∞)

}

.

This implies the conclusion.
Similarly we have

Theorem 3.2.9 Under the same conditions as in Theorem 3.2.8, the solution to

equation (3.2.1) with (3.2.3) and (3.2.4) satisfies

lim
t→∞

‖~Z(·, t)‖Lp(0,l) = 0, 2 ≤ p <∞.
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Theorem 3.2.10 Let (1′), (2) and (3) hold and ~f(x, t, 0) ∈ L
p(Q∞) for any 2 ≤ p <

∞, b < 0. Then the solution to equation (3.2.1) with (3.2.35) and (3.2.36) satisfies

lim
t→∞

‖~Z(·, t)‖Lp(0,l) = 0, 2 ≤ p <∞.

Theorem 3.2.11 Let (1′), (2∗), (3∗) and (4∗) hold and ~f(x, t, 0) ∈ Lp(Q∗

∞
) for any

2 ≤ p < ∞, b < 0. Then the solution to equation (3.2.1) and (3.2.2) with (3.2.35)

and (3.2.36) satisfies

lim
t→∞

‖~Z(·, t)‖Lp(0,l) = 0, 2 ≤ p <∞.

Now consider the “blow-up” problem. If there holds

~Z · ~f(x, t, ~Z) ≥ C0|~Z|2+δ
, (x, t) ∈ QT ,

~Z ∈ R
3 (3.2.53)

where C0 > 0, δ > 0, we have by multiplying (3.2.1) by |~Z|p−2 ~Z and integrating over

[0, l] with respect to x that

1

p

d

dt
‖~Z(·, t)‖p

Lp(0,l) =
∫ l

0

|~Z(x, t)|p−2 ~Z(x, t) · ~f(x, t, ~Z)dx.

This combined with (3.2.53) yields

d

dt
‖~Z(·, t)‖p

Lp(0,l) ≥ C0l
−

δ
p‖~Z(·, t)‖1+δ

Lp(0,l),

and hence

‖~Z(·, t)‖Lp(0,l) ≥ (‖ϕ‖−δ
Lp(0,l) − C0tδl

−
δ
p )−

1

δ , 2 ≤ p <∞. (3.2.54)

It follows from (3.2.54) that

Theorem 3.2.12 If ~f(x, t, ~Z) satisfies (3.2.53) and ‖ϕ‖Lp(0,l) 6= 0, 2 ≤ p < ∞, then

the solution to (3.2.1) blows up at finite time, i.e.

lim
t→∞

‖~Z(·, t)‖Lp(0,l) = +∞.

3.3 Smooth Solution for the Ferromagnetic Spin

Chain Systems

In the above sections, we have obtained the existence and uniqueness of the global
weak solution for one-dimensional problems. In this section, we shall prove the

existence and uniqueness of smooth solution for the one-dimensional periodic initial-
boundary value problem and initial value problem. Our method is to use the mobile

framework on S2 in the procedure of viscosity vanishing to get the uniform estimate.
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3.3.1 Smooth Solution to the Nonlinear Systems with

Periodic Initial Boundary Conditions

1. The problem

In order to establish the existence and uniqueness of smooth solution to the equa-

tion of ferromagnetic spin chain

~Zt = ~Z × ~Zxx (3.3.1)

with periodic initial-boundary conditions

~Z(x, 0) = ~Z0(x), ~Z(x +D, t) = ~Z(x−D, t), |~Z0(x)| ≡ 1, x ∈ R
1
, (3.3.2)

or initial condition

~Z(x, 0) = ~Z0(x), |~Z0(x)| ≡ 1, x ∈ R
1
, (3.3.3)

we consider the following nonlinear equations with small parameter ε > 0

~Zt = −ε~Z × (~Z × ~Zxx) + ~Z × ~Zxx, (3.3.4)

with (3.3.2) to approximate the desired solution. It can be proved that:














~Zt = ε~Zxx + ~Z × ~Zxx + ε|~Zx|2 ~Z,
~Z(x, 0) = ~Z0(x),
~Z(x+D, t) = ~Z(x−D, t)

(3.3.5)

is equivalent to (3.3.4) with (3.3.2) in the classical sense. Here we assume that at
the initial time the ferromagnet is saturated, that is, |~Z0(x)| = C0 (positive constant,

C0 = 1, for example).
We use the difference method to prove the existence of local smooth solution of

periodic initial value problem (3.3.5). This also means the existence of local smooth
solution of (3.3.4) and (3.3.2) (ε > 0). Then we use the uniform estimates in ε and

in D for solutions of (3.3.4) and (3.3.2) to get the existence of solution to (3.3.1) and
(3.3.2) by sending ε → 0, and next to obtain the existence of solution to (3.3.1) and

(3.3.3) by sending D → ∞. The uniqueness of smooth solution can be easily given.
2. Smooth solution to the difference-differential system

Using difference in the spatial direction, we prove that (3.3.5) admits at least
one local smooth solution. For simplicity, we let ε = 1 and establish the following

difference-differential equation:



























d~Zj

dt
=

∆+∆−
~Zj

h2
+ ~Zj ×

∆+∆−
~Zj

h2
+

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

2

~Zj,

~Zj|t=0 = ~Z0j = ~Z0(jh),

~Zj+J = ~Zj, j = 0,±1, . . . ,±J,

(3.3.6)
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where ~Zj = ~Z(xj, t), xj = jh, j = 0,±1, . . . ,±J , h = 2D/J , J > 0, ∆+, ∆− denote
the forward and backward difference respectively.

It is not difficult to know that the initial value problem (3.3.6) admits a local
smooth solution. For such solution, we shall give some estimates uniformly in h. In

this section we always denote the smooth solution of (3.3.6) by ~Zj.

Lemma 3.3.1 If ~Z0(x) ∈ H1(Ω) (Ω = (−D,D)), then there are constants T0 > 0,
C > 0 independent of h such that

sup
0≤t≤T0

‖~Zh(t)‖2 ≤ C, sup
0≤t≤T0

‖δ ~Zh(t)‖2 ≤ C, (3.3.7)

where uh = {uj = u(xj) | j = 0, 1, 2, . . . , J}, xj = jh, h = 2D/J, and

‖ · ‖p = ‖ · ‖Lp(Ω), ‖δk
uh‖p =

(

J−k
∑

i=0

∣

∣

∣

∣

∣

∆k
+
ui

hk

∣

∣

∣

∣

∣

p

h

)

1

p

.

Proof. Multiplying (3.3.6) by ~Zjh and summing from j = 1 to J , we have

1

2

d

dt

J
∑

j=1

|~Zj|2h =
J
∑

j=1

~Zj
∆+∆−

~Zj

h2
h+

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

|~Zj|2h

= −
J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

h+
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

|~Zj|2h.

Since

‖~Zh‖∞ ≤ C‖~Zh‖
1

2

2

(

‖δ ~Zh‖2 +
1

2D
‖~Zh‖2

)

1

2

,

we have
d

dt
‖~Zh‖2

2
+ ‖δ ~Zh‖2

2
≤ C(‖~Zh‖4

2
+ ‖δ ~Zh‖4

2
). (3.3.8)

Moreover, multiplying (3.3.6) by ∆+∆−
~Zj

h
and summing from j = 1 to J , we get

J
∑

j=1

~Zjt
∆+∆−

~Zj

h
=

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h+
J
∑

j=1

∆+∆−
~Zj

h

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

~Zj.

Therefore, one gets

1

2

d

dt

J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

h+
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h

≤ 1

4

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h+ C max
1≤j≤J

|~Zj|2
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

4

h.
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Applying interpolation inequalities

‖~Zh‖∞ ≤ C‖~Zh‖
3

4

2 (‖δ2 ~Zh‖2 + ‖~Zh‖2)
1

4 ,

‖δ ~Zh‖4 ≤ C‖δ ~Zh‖
3

4

2 (‖δ2 ~Zh‖2 + ‖δ ~Zh‖2)
1

4

and Hölder inequality, we have

d

dt
‖δ ~Zh‖2

2
+ ‖δ2 ~Zh‖2

2
≤ C(1 + ‖~Zh‖8

2
+ ‖δ ~Zh‖8

2
). (3.3.9)

Combining (3.3.8) with (3.3.9), we have

d

dt
(‖~Zh‖2

2
+ ‖δ ~Zh‖2

2
) + ‖δ2 ~Zh|22 ≤ C + C(‖~Zh‖2

2
+ ‖δ ~Zh‖2

2
)4
.

This inequality combined with Gronwall inequality implies that there exist constants

T0, C > 0 independent of h such that

‖~Zh(t)‖2 + ‖δ ~Zh(t)‖2 ≤ C, ∀ t ∈ [0, T0],

and
∫ T0

0

‖δ2 ~Zh(t)|22 ≤ C.

The lemma is proved.

Corollary 3.3.1 Under the conditions in Lemma 3.3.1, we have, for some constant

C independent of h,

sup
0≤t≤T0;0≤j≤J

|~Zj| ≤ C. (3.3.10)

Lemma 3.3.2 If ~Z0(x) ∈ H2(Ω), there are constants T0 > 0, C > 0 independent of

h such that

sup
0≤t≤T0

‖δ2 ~Zh(t)‖2 ≤ C,

∫ T0

0

‖δ3 ~Zh(t)‖2 ≤ C. (3.3.11)

Proof. It follows from (3.3.6) that

d

dt
∆+

~Zj =
∆2

+
∆−

~Zj

h2
+ ∆+







~Zj ×
∆+∆−

~Zj

h2
+

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

~Zj





 .

Multiplying this equality by
∆

2

+
∆−

~Zj

h3 , summing it from j = 1 to J and noting that

J
∑

j=1

∆2

+
∆−

~Zj

h3
· ∆+

~Zjt = −1

2

d

dt

J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆2

+
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h,

J
∑

j=1

∆2

+
∆−

~Zj

h3
· ∆+




~Zj ×

∆+∆−
~Zj

h2



 =
J
∑

j=1

∆2

+
∆−

~Zj

h3
·


∆+
~Zj ×

∆+∆−
~Zj

h2
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≤ 1

4

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆2

+
∆−

~Zj

h3

∣

∣

∣

∣

∣

∣

2

h + max
1≤j≤J

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h,

J
∑

j=1

∆2

+
∆−

~Zj

h3
· ∆+







∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

~Zj





 ≤ 1

4

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆2

+
∆−

~Zj

h3

∣

∣

∣

∣

∣

∣

2

h

+ C






max
1≤j≤J

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆2

+
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h +
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

6

h






,

as well as the following inequalities

‖δ ~Zh‖∞ ≤ C‖δ ~Zh‖1/2

2 (‖δ2 ~Zh‖2 + ‖δ ~Zh‖2)
1/2
,

‖δ ~Zh‖6 ≤ C‖δ ~Zh‖2/3

2 (‖δ2 ~Zh‖2 + ‖δ ~Zh‖2)
1/3
,

we finally get
d

dt
‖δ2 ~Zh‖2

2
+ ‖δ3 ~Zh‖2

2
≤ C + C‖δ2 ~Zh‖3

2
.

Lemma 3.3.2 follows from the Gronwall’s inequality.

Corollary 3.3.2 Under the conditions in Lemma 3.3.2, we have, for some C inde-

pendent of h,






















sup
0≤t≤T0;1≤j≤J

∣

∣

∣

∣

∣

∣

∆+
~Zj(t)

h

∣

∣

∣

∣

∣

∣

≤ C,

∫ T0

0

‖δ ~Zht(t)‖2

2
dt ≤ C.

(3.3.12)

3. Local smooth solution to the nonlinear equation with periodic initial data

By the similar method as in the proof of Lemmas 3.3.1 and 3.3.2 and using
induction argument, we have

Lemma 3.3.3 If ~Z0(x) ∈ H
k(Ω), then there are constants T0 > 0, C > 0 independent

of h such that

sup
0≤t≤T0

‖δk ~Zh‖2 ≤ C,

sup
0≤t≤T0

‖δk−2 ~Zht‖2 ≤ C, k ≥ 2, (3.3.13)

sup
0≤t≤T0

‖δk−4 ~Zhtt‖2 ≤ C, k ≥ 4.

From the above uniform estimates in h of ~Zj(t) and from the standard method,
we can prove that the solutions of (3.3.6) approximates the solution of (3.3.5), and

then we get the existence of local smooth solution to (3.3.5). That is, we have
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Theorem 3.3.1 Let ε > 0, ~Z0(x) ∈ H
k(Ω) and ~Z0(x − D) = ~Z0(x + D). Then

problem (3.3.5) admits at least one local smooth solution ~Z(x, t) in

~Z(x, t) ∈ G(T0)

=







[
k
2
]

⋂

s=0

W
s
∞

(0, T0;H
k−2s(Ω))







⋂







[
k+1

2
]

⋂

s=0

H
s(0, T0;H

k+1−2s(Ω))





 , (3.3.14)

where T0 > 0 is independent of k, s and k are non-negative integers with k − 2s ≥ 0.

Theorem 3.3.2 Let conditions in Theorem 3.3.1 hold and | ~Z0(x)| = 1, x ∈ R1. Then

problem (3.3.5) is equivalent to the following problem:














~Zt = −ε~Z × (~Z × ~Zxx) + ~Z × ~Zxx,

~Z(x, 0) = ~Z0(x),
~Z(x +D, t) = ~Z(x−D, t).

(3.3.15)

Proof. First we let ~Z(x, t) be a classical solution of (3.3.15) (ε > 0) and prove

that it is also a solution of (3.3.5).
In fact it is easy to get that |~Z(x, t)| ≡ 1. Then we have

−ε~Z × (~Z × ~Zxx) = ε|~Z|2 ~Zxx − ε(~Z · ~Zxx)~Z

= ε~Zxx + ε|~Zx|2 ~Z,

this implies that ~Z solves (3.3.5) in the classical sense.

On the other hand, if ~Z is a classical solution of (3.3.5), we want to prove
|~Z(x, t)| ≡ 1 in QT . In fact, denoting u(x, t) = |~Z(x, t)|2, we have from (3.3.5)

ut = εuxx + 2ε|~Zx|2(u− 1),

u(x, 0) = 1,

u(x−D, t) = u(x+D, t).

It is clear that u = 1 also solves this problem. Let w = u− u = | ~Z(x, t)|2 − 1. Then

wt = εwxx + 2ε|~Zx|2w, (3.3.16)

w(x, 0) = 0, (3.3.17)

w(x−D, t) = w(x+D, t). (3.3.18)

Multiplying (3.3.16) by w and integrating over [−D,D], we have

1

2

∫ D

−D
|w|2dx+ ε

∫ D

−D
|wx|2dx ≤ 2εmax

x,t
|~Zx|2

∫ D

−D
|w|2dx.

This combined with Gronwall inequality yields the conclusion.
4. Global smooth solution to nonlinear system with periodic initial data

It follows from Theorems 3.3.1 and 3.3.2 that the problem (3.3.5) also admits a
local smooth solution. In order to establish the global existence of smooth solution for

problem (3.3.15). We must derive the a priori estimates for the solutions of (3.3.5).
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Lemma 3.3.4 Let ~Z(x, t) be a smooth solution of (3.3.5) |~Z0(x)| = 1. Then we have











|~Z(x, t)| = 1, ∀ (x, t) ∈ R1 × [0, T ],

sup
0≤t≤T

‖~Zx(·, t)‖2 ≤ C,
(3.3.19)

where C is independent of T and D.

Proof. Since (3.3.15) is equivalent to (3.3.5), the lemma can be proved by multi-

plying (3.3.5) by ~Z(x, t) and ~Zxx and integrating by parts.

Lemma 3.3.5 Let ~Z(x, t) be the solution of (3.3.5). Then under the conditions of

Lemma 3.3.4 there hold






















sup
0≤t≤T2

‖~Zxx(·, t)‖L2(Ω) ≤ C,

‖~Zxxx(x, t)‖L2(QT ) ≤ C,

‖~Zxt(·, t)‖L2(QT ) ≤ C.

(3.3.20)

Proof. It follows from (3.3.5) (let ε = 1 for simplicity):

~Zxxt · ~Zxx = ~Zxxxx · ~Zxx + (~Z × ~Zxx)xx + (|~Zx|2 ~Z)xx · ~Zxx.

Integrating this equality over Ω, we get

1

2

d

dt

∫ D

−D
|~Zxx|2dx+

∫ D

−D
|~Zxxx|2dx

≤
∫ D

−D
|~Zx||~Zxx||~Zxxx|dx+

∫ D

−D
|~Zx|3|~Zxxx|dx

+ 2
∫ D

−D
|~Z||~Zx||~Zxx||~Zxxx|dx

≤ 3
(

sup
x

|~Zx|
)

‖~Zxx‖L2(Ω)‖~Zxxx‖L2(Ω)

+ ‖~Zx‖3

L6(Ω)
‖~Zxxx‖L2(Ω). (3.3.21)

From the interpolation inequalities

‖~Zx‖L∞(Ω) ≤ C‖~Zx‖3/4

L2(Ω)
‖~Zxxx‖1/4

L2(Ω)
,

‖~Zx‖L6(Ω) ≤ C‖~Zx‖5/6

L2(Ω)
‖~Zxxx‖1/6

L2(Ω)
,

‖~Zxx‖L2(Ω) ≤ C‖~Zx‖1/2

L2(Ω)
‖~Zxxx‖1/2

L2(Ω)
,

we have from (3.3.21) and Lemma 3.3.4 and Hölder inequality that

d

dt

∫ D

−D
|~Zxx|2dx+

1

2

∫ D

−D
|~Zxxx|2dx ≤ C.

This inequality and Gronwall inequality yields the desired conclusion.
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Corollary 3.3.3 Under the conditions of Lemma 3.3.5, there holds

sup
QT

|~Zx| ≤ C, (3.3.22)

where C is independent of D and T .

By the similar method in proving Lemma 3.3.5, we have from induction argument

Lemma 3.3.6 Let ~Z(x, t) be a classical solution of (3.3.5). Under the conditions of

Theorem 3.3.1 and |~Z0(x)| = 1, there holds










sup
0≤t≤T

‖~Zxk−2sts(·, t)‖L2(Ω) ≤ C, k − 2s > 0,

‖~Zxk+1−2sts‖L2(QT ) ≤ C, k + 1 − 2s ≥ 0,
(3.3.23)

where k, s are non-negative integers and C is independent of D.

It follows from Lemma 3.3.6 and extension method that problem (3.3.5) and

(3.3.15) admits a global smooth solution. That is

Theorem 3.3.3 Let ~Z0(x) ∈ Hk(Ω) (k ≥ 4), |~Z0(x)| = 1, ~Z0(x −D) = ~Z0(x +D).

Problem (3.3.15) (ε > 0) admits a global smooth solution ~Z(x, t) ∈ G(T ), where T is

any positive number.

3.3.2 Smooth Solution to the Equations of Ferromagnetic

Spin Chain

1. Estimates of smooth solution

In order to get the existence of global smooth solution to the periodic initial value
problem (3.3.1) and (3.3.2), we must have the a priori estimates uniform in ε for the

smooth solutions of problem (3.3.15) with ε > 0.

Lemma 3.3.7 Let ~Zε(x, t) be a classical solution of (3.3.5). Under the conditions of

Theorem 3.3.3, there holds










|~Zε(x, t)| = 1, ∀ (x, t) ∈ R× [0, T ],

sup
0≤t≤T

‖~Zεx(·, t)‖L2(Ω) ≤ K1,
(3.3.24)

where K1 is independent of D, ε.

Lemma 3.3.8 Under the conditions of Theorem 3.3.3 (k ≥ 3), for the classical

solutions of (3.3.5), there holds














sup
0≤t≤T

‖~Zεxx(·, t)‖L2(Ω) ≤ K2,

sup
0≤t≤T

‖~Zεt(·, t)‖L2(Ω) ≤ K2,
(3.3.25)

where K2 is independent of D, ε.
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Proof. Drop the subscript ε for ~Zε for simplicity. Since |~Z(x, t)| ≡ 1, the vectors
~Z, ~Zx,

~Z × ~Zx form a unit orthogonal basis of R3. Let ~Zxx = α~Z + β ~Zx + γ ~Z × ~Zx.

Then α = −|~Zx|2, β = ~Zx · ~Zxx/|~Zx|2, γ = (~Z × ~Zx) · ~Zxx/|~Zx|2. Since

1

2

d

dt

∫ D

−D
|~Zxx|2dx =

∫ D

−D

~Zxx · (ε~Zxx + ~Z × ~Zxx + ε|~Zxx|2 ~Z)xxdx

= −ε
∫ D

−D
|~Zxxx|2dx−

∫ D

−D
(~Zx × ~Zxx) · ~Zxxxdx

− ε

∫ D

−D

~Zxxx · (|~Zx|2 ~Zx + 2~Z(~Zx · ~Zxx))dx,

where

∫ D

−D

~Zxxx · |~Zx|2 ~Zxdx = −
∫ D

−D
|~Zx|2|~Zxx|2dx− 2

∫ D

−D
|~Zx · ~Zxx|2dx,

∫ D

−D

~Zxxx · (~Z(~Zx · ~Zxx))dx = −3
∫ D

−D
|~Zx · ~Zxx|2dx,

∫ D

−D
(~Zx × ~Zxx) · ~Zxxxdx

=
∫ D

−D
[~Zx × (−|~Zx|2|~Z +

(~Z × ~Zx) · ~Zxx

|~Zx|2
(~Z × ~Zx))] · ~Zxxxdx

=
∫ D

−D
|~Zx|2(~Z × ~Zx) · ~Zxxxdx

+
∫ D

−D

(~Z × ~Zx) · ~Zxx

|~Zx|2
|~Zx|2 ~Z · ~Zxxxdx

=
5

2

∫ D

−D
|~Zx|2(~Z × ~Zx) · ~Zxxxdx.

In the above relations we have used

~Z · ~Zxxx = −3

2
(|~Zx|2)x.

In summary we have

1

2

d

dt

∫ D

−D
|~Zxx|2dx+ ε

∫ D

−D
|~Zxxx|2dx

= ε

∫ D

−D
|~Zx|2|~Zxx|2dx + 8ε

∫ D

−D
|~Zx · ~Zxx|2dx

− 5

2

∫ D

−D
|~Zx| · (~Z × ~Zx) · ~Zxxxdx. (3.3.26)
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On the other hand,

1

4

d

dt

∫ D

−D
|~Zx|4dx

=
∫ D

−D
|~Zx|2 ~Zx · (ε~Zxx + ~Z × ~Zxx + ε|~Zx|2 ~Z)xdx

=
∫ D

−D
|~Zx|2 ~Zx · (ε~Zxxx + ~Zx × ~Zxx + ~Z × ~Zxxx

+ ε|~Zx|2 ~Zx + 2ε~Z(~Zx · ~Zxx))dx

= −ε
∫ D

−D
|~Zx|2|~Zxx|2dx− 2ε

∫ D

−D
|~Zx · ~Zxx|2dx

+ ε

∫ D

−D
|~Zx|6dx−

∫ D

−D
|~Zx|2(~Z × ~Zx) · ~Zxxxdx,

and hence

1

4

d

dt

∫ D

−D
|~Zx|4dx+ ε

∫ D

−D
|~Zx|2|~Zxx|2 + 2ε

∫ D

−D
|~Zx · ~Zxx|2dx

= ε

∫ D

−D
|~Zx|6dx−

∫ D

−D
|~Zx|2(~Z × ~Zx) · ~Zxxxdx. (3.3.27)

It follows from (3.3.26) and (3.3.27) that

4
d

dt

∫ D

−D
|~Zx|2dx+ 8ε

∫ D

−D
|~Zxxx|2dx+ 20ε

∫ D

−D
|~Zx|6dx

= 5
d

dt

∫ D

−D
|~Zx|4dx + 28ε

∫ D

−D
|~Zx|2|~Zxx|2dx

+ 104ε
∫ D

−D
|~Zx · ~Zxx|2dx.

It follows from Lemma 3.3.7 that

28
∫ D

−D
|~Zx|2|~Zxx|2dx + 104

∫ D

−D
|~Zx · ~Zxx|2dx

≤ 132
∫ D

−D
|~Zx|2|~Zxx|2dx

≤ δ

∫ D

−D
|~Zx|6dx+ C(δ)

∫ D

−D
|~Zxx|3dx

≤ δ

∫ D

−D
|~Zx|6dx+ C(δ)‖~Zx‖5/4

L2(Ω)
‖~Zxxx‖7/4

L(Ω)

≤ δ

∫ D

−D
|~Zx|6dx+ C(δ)‖~Zxxx‖2

L(Ω)
+ C

′(δ).

Taking δ = 1

4
, we have

4
d

dt

∫ D

−D
|~Zxx|4dx+ 4ε

∫ D

−D
|~Zxxx|2dx + 16ε

∫ D

−D
|~Zx|6dx

≤ 5
d

dt

∫ D

−D
|~Zx|4dx+ C,



One-dimensional Landau–Lifshitz equations 97

where C is independent of ε. Integrating this inequality over t ∈ [0, T ] and using the
following imbedding inequality

‖~Zx‖L4(Ω) ≤ C‖~Zx‖3/4

L2(Ω)
‖~Zxx‖1/4

L2(Ω)
,

we can get the estimates on ‖~Zxx‖L2(Ω) immediately. Using equation (3.3.5), we also

obtain the estimates for ‖~Zt‖L2(Ω).

Corollary 3.3.4 Let ~Zε(x, t) be a smooth solution to problem (3.3.5). We have

sup
x,t

|~Zεx(x, t)| ≤ K3, (3.3.28)

where K3 is independent of ε,D.

2. Uniform boundedness

Lemma 3.3.9 Under the conditions of Theorem 3.3.2 (k ≥ 4), for the smooth solu-

tion of (3.3.5) ~Zε(x, t), there holds














sup
0≤t≤T

‖~Zεxxx(·, t)‖L2(Ω) ≤ K4,

sup
0≤t≤T

‖~Zεxt(·, t)‖L2(Ω) ≤ K4,
(3.3.29)

where K4 is independent of ε,D.

Proof. Differentiating equation (3.3.5) three times with respect to x, and multi-
plying it by ~Zxxx, then integrating in x, we have

1

2

d

dt

∫ D

−D
|~Zxxx|2dx+ ε

∫ D

−D
|~Zxxxx|2dx

= −2
∫ D

−D
(~Zx × ~Zxxx) · ~Zxxxxdx− ε

∫ D

−D
(|~Zx|2 ~Z)xx · ~Zxxxxdx.

Since
∣

∣

∣

∣

∣

∫ D

−D
(|~Zx|2 ~Z)xx · ~Zxxxxdx

∣

∣

∣

∣

∣

≤ C +
1

4

∣

∣

∣

∣

∣

∫ D

−D
|~Zxxxx|2dx+ C

∫ D

−D
|~Zxxx|2dx + C

∫ D

−D
|~Zxx|4dx

∣

∣

∣

∣

∣

and the following imbedding inequality

‖~Zxx‖4 ≤ C‖~Zxx‖7/8

2 ‖~Zxxxx‖1/8

2 ,

we have from Hölder inequality that

1

2

d

dt

∫ D

−D
|~Zxxx|2dx +

ε

2

∫ D

−D
|~Zxxxx|2dx

≤ C + C

∫ D

−D
|~Zxxx|2dx− 2

∫ D

−D
(~Zx × ~Zxxx) · ~Zxxxxdx. (3.3.30)
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Since ~Z · ~Zx = 0, ~Z · ~Zxxx = −3|~Zxx|2 − 4~Zx · ~Zxxx, assuming ~Zxxx = α
′ ~Z + β

′ ~Zx +

γ′ ~Z × ~Zx, where α′ = ~Z · ~Zxxx = −3~Z · ~Zxx, β
′ = ~Zx · ~Zxxx/|~Zx|2, γ′ = (~Z×~Zx)·~Zxxx

|~Zx|
2

, we

have

∫ D

−D
(~Zx × ~Zxxx) · ~Zxxxx

=
∫ D

−D

[

− 3(~Zx · ~Zxx) · (~Zx × ~Z) +
(~Z × ~Zx) · ~Zxxx

|~Zx|2
|~Zx|2 · ~Z

]

· ~Zxxxxdx

= −3
∫ D

−D
[(~Zx · ~Zxx) · (~Z × ~Zx)]x · ~Zxxxdx

− 4
∫ D

−D
((~Zx × ~Zx) · ~Zxxx)~Zx · ~Zxxxdx

− 3
∫ D

−D
((~Z × ~Zx) · ~Zxxx)|~Zxx|2dx

≤ C

(

∫ D

−D
|~Zxxx|2dx+

∫ D

−D
|~Zxx|4dx

)

.

Here we have used the following Sobolev inequality

‖~Zxx‖L4(Ω) ≤ C‖~Zxx‖3/4

L2(Ω)
‖~Zxxx‖1/4

L2(Ω)

and the Hölder inequality. From (3.3.30), we finally get

1

2

d

dt

∫ D

−D
|~Zxxx|2dx+

ε

2

∫ D

−D
|~Zxxxx|2dx ≤ C + C

∫ D

−D
|~Zxxx|2dx.

The lemma then follows from Gronwall inequality.

Corollary 3.3.5 Under the conditions of Lemma 3.3.9, for the smooth solution of

(3.3.5) ~Zε(x, t), there holds















sup
x,t

|~Zεxx(x, t)| ≤ K5,

sup
x,t

‖~Zεt(x, t)| ≤ K5,
(3.3.31)

where K5 is independent of ε,D.

By induction, we also have

Lemma 3.3.10 Under the conditions of Theorem 3.3.3, for the smooth solution of

(3.3.5) ~Zε(x, t), there holds

sup
0≤t≤T

‖~Zεxk−2sts(·, t)| ≤ K6, (3.3.32)

where K6 is independent of ε, D, k, s are any integers such that k − 2s > 0, s ≥ 0,

k ≥ 3.
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3. Smooth solution to the equations of ferromagnetic spin chain

From the above estimates uniform in ε and choosing subsequence by the standard

method, sending ε → 0 in (3.3.5), we obtain the global smooth solution to problem
(3.3.1) and (3.3.2). That is we have

Theorem 3.3.4 Let ~Z0(x) ∈ Hk(Ω), k ≥ 4 and |~Z0(x)| ≡ 1, ~Z0(x−D) = ~Z0(x+D),

D > 0. Then problem (3.3.1) and (3.3.2) admits a global smooth solution ~Z(x, t) ∈
[k/2]
⋂

s=0

W
s
∞

(0, T ;Hk−2s(Ω)).

Similarly, sending ε → 0 and D → ∞, we know that the initial value problem

(3.3.1) and (3.3.3) admits a global smooth solution.
By the standard method, one can prove the uniqueness of such smooth solution.

3.4 Smooth Solution for the 1D Inhomogeneous

Heisenberg Chain Equations

3.4.1 Inhomogeneous Heisenberg Chain Equations

In this section, we are concerned with the existence and uniqueness of smooth solution
to the one-dimensional periodic initial value problem of the inhomogeneous non-

automorphic Landau–Lifshitz equation

~Zt = f(x, t)~Z × ~Zxx + ∂f(x,t)
∂x

~Z × ~Zx, (3.4.1)

~Z(x, 0) = ~Z0(x), ~Z(x+D, t) = ~Z(x−D, t), |~Z0(x)| ≡ 1, x ∈ R1, (3.4.2)

whereD > 0 is a constant, f(x, t) and ~Z0(x) are smooth functions and f(x, t) ≥ f0 > 0
for some constant f0, ~Z(x, t) = (Z1(x, t), Z2(x, t), Z3(x, t)). We assume that f(x, t)

and ~Z0(x) are periodic functions with period 2D.
Equation (3.4.1) is related to the generalized model of inhomogeneous ferromag-

netisms and the simplified compressible ferromagnetisms which reads as

~Zt = (G(~Zx)~Z × ~Zx)x, (3.4.3)

in which G(ξ) = A + B|ξ|2. Equation (3.4.3) with B = 0, A = f(x) corresponds to
the inhomogeneous Heisenberg chain equation; B = 0, A = f(x, t) is just equation

(3.4.1).
In order to prove the existence of smooth solution to problem (3.4.1)–(3.4.2), we

use the viscosity vanishing method as in the above section.
First, by difference method, we establish the existence and uniqueness of smooth

solution to the following problem

~Zt = ε~Zxx + ε|~Zx|2 ~Z + f(x, t)~Z × ~Zxx + ∂f(x,t)
∂x

~Z × ~Zx, ε > 0, (3.4.4)

~Z(x, 0) = ~Z0(x), ~Z(x+D, t) = ~Z(x−D, t), |~Z0(x)| ≡ 1, x ∈ R1. (3.4.5)
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Then we prove some a priori estimates for the solution of (3.4.4)–(3.4.5) uniform
in ε by constructing some new energy laws, then we send ε to zero to obtain the

existence of smooth solution to problem (3.4.1)–(3.4.2). In this procedure, as in the
above section, we use the orthogonal base { ~Z, ~Zx,

~Z × ~Zx} in our proof.

In the classical sense, equation (3.4.4) is equivalent to

~Zt = −ε~Z × (~Z × ~Zxx) + f(x, t)~Z × ~Zxx +
∂f(x, t)

∂x

~Z × ~Zx, (3.4.6)

since ~A× ( ~B × ~C) = ( ~A · ~C) ~B − ( ~A · ~B) ~C and |~Z(x, t)| ≡ 1.

3.4.2 ε > 0: Local Smooth Solution

Lemma 3.4.1 Let q, r be real numbers and j, m be integers such that 1 ≤ q, r ≤ ∞,

0 ≤ j < m. If u ∈ W
m,r(Ω) ∩ Lq(Ω), then

‖Dj
u‖p ≤ C‖u‖1−α

q ‖Dm
u‖α

r ,

where ‖ · ‖p = ‖ · ‖Lp(Ω), p ≥ 1, j
m

≤ α ≤ 1 and

1

p
− j =

1 − α

q
+ α

(

1

r
−m

)

, Ω ⊂ R
1
.

Lemma 3.4.2 Let p be real number and j, m be integers such that 2 ≤ p ≤ ∞,

0 ≤ j < m. Then

‖δj
uh‖p ≤ C‖uh‖1−α

2

(

‖δm
uh‖2 +

‖uh‖2

(2D)m

)α

,

where uh = {uj = u(xj) | j = 0, 1, 2, . . . , J}, xj = jh, h = 2D/J, α = 1

m
(j + 1

2
− 1

p
),

‖δk
uh‖p =

(

J−k
∑

i=0

∣

∣

∣

∣

∣

∆k
+
ui

hk

∣

∣

∣

∣

∣

p

h

)

1

p

.

Lemma 3.4.3 Let uh = {uj | j = 0,±1,±2, . . . ,±J, . . .}, vh = {vj | j =

0,±1,±2, . . . ,±J, . . .} such that uj+J = uj, vj+J = vj. We have

(i)
J−1
∑

j=0

uj∆+vj = −
J
∑

j=1

vj∆−uj,

(ii)
J
∑

j=1

uj∆+∆−vj = −
J−1
∑

j=0

∆+uj∆+vj,

(iii) ∆+(ujvj) = uj+1∆+vj + vj∆+uj,

where ∆+, ∆− denote the forward and backward difference respectively.
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We use the differential-difference method to prove the local existence of smooth
solution of (3.4.4)–(3.4.5). We establish the following difference-differential equation:

d~Zj

dt
=

∆+∆−
~Zj

h2
+

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

2

~Zj + fj
~Zj ×

∆+∆−
~Zj

h2
+

∆+fj

h

~Zj ×
∆+

~Zj

h
, (3.4.7)

~Zj|t=0 = ~Z0j = ~Z0(jh), (3.4.8)

~Zj+J = ~Zj, (3.4.9)

where j = 0,±1, . . . ,±J, . . ., h = 2D
J

, J > 0.

It is clear that the initial value problem for ordinary differential equation (3.4.7)–
(3.4.9) admits a local smooth solution. For such solution, we shall give some estimates

uniformly in h and then get a local smooth solution to problem (3.4.4)–(3.4.5).
In this section we always denote a smooth solution of (3.4.7)–(3.4.9) by ~Zj.

Lemma 3.4.4 If ~Z0(x) ∈ H1(Ω), ∂f
∂x

∈ L∞(Q) then there are constants T0 > 0,
C > 0 independent of h such that

sup
0≤t≤T0

‖~Zh(t)‖2 ≤ C, (3.4.10)

sup
0≤t≤T0

‖δ ~Zh(t)‖2 ≤ C. (3.4.11)

Proof. Multiplying (3.4.7) by ~Zjh and summing from j = 1 to J , we have

1

2

d

dt

J
∑

j=1

|~Zj|2h =
J
∑

j=1

~Zj ·
∆+∆−

~Zj

h2
h +

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

|~Zj|2h

= −
J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

h+
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+
~Zj

h2

∣

∣

∣

∣

∣

∣

2

|~Zj|2h.

It follows from Lemma 3.4.2 that

‖~Zh‖∞ ≤ C‖~Zh‖
1

2

2

(

‖δ ~Zh‖2 +
1

2D
‖~Zh‖2

)
1

2

.

Therefore we have

d

dt
‖~Zh‖2

2
+ ‖δ ~Zh‖2

2
≤ C(‖~Zh‖4

2
+ ‖δ ~Zh‖4

2
). (3.4.12)

Moreover, multiplying (3.4.7) by ∆+∆−
~Zj

h
and summing from j = 1 to J , we get

J
∑

j=1

∆+∆−
~Zj

h
· ~Zjt =

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h+
J
∑

j=1

∆+∆−
~Zj

h
·







∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

~Zj







+
J
∑

j=1

∆+fj

h




~Zj ×

∆+
~Zj

h



 · ∆+∆−
~Zj

h2
h.
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Therefore, one gets

1

2

d

dt

J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

h+
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h

≤ 1

4

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h+ C max
1≤j≤J

∣

∣

∣

~Zj

∣

∣

∣

2
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

4

h+ C max
1≤j≤J

∣

∣

∣

~Zj

∣

∣

∣

2
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

h.

Applying Lemma 3.4.2, we have

‖~Zh‖∞ ≤ C‖~Zh‖
3

4

2 (‖δ2 ~Zh‖2 + ‖~Zh‖)
1

4 ,

‖δ ~Zh‖4 ≤ C‖δ ~Zh‖
3

4 (‖δ2 ~Zh‖2 + ‖δ ~Zh‖2)
1

4 .

Then it follows from the Young’s inequality that

d

dt

(

‖δ ~Zh‖2

2

)

+ ‖δ2 ~Zh‖2

2
≤ C

(

1 + ‖~Zh‖18

2
+ ‖δ ~Zh‖18

2

)

. (3.4.13)

Hence, putting (3.4.12) and (3.4.13) together, we have

d

dt

(

‖δ ~Zh‖2

2
+ ‖δ ~Zh‖2

2

)

≤ C

(

1 + ‖~Zh‖2

2
+ ‖δ ~Zh‖2

2

)

9

.

This inequality, combined with Gronwall’s inequality, implies that there are con-
stants T0, C > 0, independent of h such that

‖~Zh(t)‖2 + ‖δ ~Zh(t)‖2 ≤ C, ∀ t ∈ [0, T0] ,
∫ T0

0

‖δ2 ~Zh(t)‖2

2
dt ≤ C.

Lemma 3.4.4 is proved.

Corollary 3.4.1 Under the conditions in Lemma 3.4.4 and f(x, t) ∈ L∞(Q), we

have, for some constant C independent of h,

sup
0≤t≤T0;1≤j≤J

|~Zj| ≤ C. (3.4.14)

Lemma 3.4.5 If ~Z0(x) ∈ H2(Ω), f(x, t), ∂f
∂x

∈ L∞(Q), ∂2f
∂x2 ∈ L∞(Q), then there are

constants T0 > 0, C > 0 independent of h such that

sup
0≤t≤T0

‖δ2 ~Zh(t)‖2 ≤ C, (3.4.15)

∫ T0

0

‖δ3 ~Zh(t)‖2 ≤ C. (3.4.16)
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Proof. It follows from (3.4.7) that

d

dt
∆+

~Zj =
∆2

+
∆−

~Zj

h2
+ ∆+







∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

~Zj





+ fj+1∆+



~Zj ×
∆+∆−

~Zj

h2





+ ∆+fj




~Zj ×

∆+∆−
~Zj

h2



+
∆+fj+1

h
∆+




~Zj ×

∆+
~Zj

h





+
∆2

+
fj

h



~Zj ×
∆+

~Zj

h



 .

Multiplying this equality by
∆

2

+
∆−

~Zj

h3 , summing it from j = 1 to J and noting that

J
∑

j=1

∆2

+
∆−

~Zj

h3
· ∆+

~Zjt = −1

2

d

dt

J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆2

+
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h,

J
∑

j=1

∆2

+
∆−

~Zj

h3
· ∆+fj



~Zj ×
∆+∆−

~Zj

h2





≤ 1

10

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆2

+
∆−

~Zj

h3

∣

∣

∣

∣

∣

∣

2

h+ C max
1≤j≤J

∣

∣

∣

~Zj

∣

∣

∣

2
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h

and

J
∑

j=1

∆2

+
∆−

~Zj

h3
· fj+1∆+




~Zj ×

∆+∆−
~Zj

h2





=
J
∑

j=1

∆2

+
∆−

~Zj

h3
· fj+1



∆+
~Zj ×

∆+∆−
~Zj

h2





≤ 1

10

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆2

+
∆−

~Zj

h3

∣

∣

∣

∣

∣

∣

2

h+ max
1≤j≤J

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h,

as well as

‖δ ~Zh‖∞ ≤ C‖δ ~Zh‖
1

2

2 (‖δ2 ~Zh‖2 + ‖δ ~Zh‖2)
1

2 ,

‖δ ~Zh‖6 ≤ C‖δ ~Zh‖
2

3

2 (‖δ2 ~Zh‖2 + ‖δ ~Zh‖2)
1

3

we finally get

d

dt

J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆2

+
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h+
J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆2

+
∆−

~Zj

h3

∣

∣

∣

∣

∣

∣

2

h ≤ C + C







J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆2

+
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h







3

.

Then, Lemma 3.4.5 follows from the Gronwall’s inequality.



104 Landau–Lifshitz Equations

Corollary 3.4.2 Under the conditions in Lemma 3.4.5, we have, for some C inde-

pendent of h,

sup
0≤t≤T0;1≤j≤J

∣

∣

∣

∣

∣

∣

∆+
~Zj(t)

h

∣

∣

∣

∣

∣

∣

≤ C, (3.4.17)

∫ T0

0

‖δ ~Zht(t)‖2

2
dt ≤ C. (3.4.18)

Lemma 3.4.6 If ~Z0(x) ∈ H3(Ω), f(x, t), ∂jf
∂xj ∈ L∞(Q), j = 1, 2, 3, then there are

constants T0 > 0, C > 0 independent of h such that

sup
0≤t≤T0

‖δ3 ~Zh(t)‖2 ≤ C, (3.4.19)

∫ T0

0

‖δ4 ~Zh(t)‖2 ≤ C. (3.4.20)

Proof. From (3.4.7) we have

J
∑

j=1

∆3

+
∆−

~Zj

h4
· ∆2

+
~Zjt

h2
h

=
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆3

+
∆−

~Zj

h4

∣

∣

∣

∣

∣

∣

2

h+
J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+
~Zj+2

h

∣

∣

∣

∣

∣

∣

2

∆+
~Zj

h2
· ∆3

+
∆−

~Zj

h4
h

+
J
∑

j=1





∆2

+
~Zj+1

h2
· ∆+

~Zj+2

h





∆+
~Zj

h
· ∆3

+
∆−

~Zj

h4
h

+
J
∑

j=1





∆+
~Zj+2

h
· ∆2

+
~Zj+1

h2
+

∆2

+
~Zj+1

h2
· ∆+

~Zj+1

h





∆+
~Zj

h
· ∆3

+
∆−

~Zj

h4
h

+
J
∑

j=1





∆+
~Zj+2

h
· ∆3

+
~Zj

h3
+

∆2

+
~Zj+1

h2
· ∆2

+
~Zj

h2



 ~Zj ·
∆3

+
∆−

~Zj

h4
h

+
J
∑

j=1





∆+
~Zj+1

h
· ∆2

+
~Zj+1

h2









∆+
~Zj

h
· ∆3

+
∆−

~Zj

h3





+
J
∑

j=1







∆+
~Zj+1

h
· ∆3

+
~Zj

h3
+

∣

∣

∣

∣

∣

∣

∆2

+
~Zj

h2

∣

∣

∣

∣

∣

∣

2









~Zj ·

∆3

+
∆−

~Zj

h4



 h

+ 2
J
∑

j=1

fj+2





∆+
~Zj+1

h
× ∆2

+
∆−

~Zj

h3



 · ∆3

+
∆−

~Zj

h4
h

+
J
∑

j=1

fj+2





∆2

+
~Zj

h2
× ∆+∆−

~Zj

h2



 · ∆3

+
∆−

~Zj

h4
h

+ 2
J
∑

j=1

∆+fj+1

h





∆+
~Zj

h
× ∆+∆−

~Zj

h3



 · ∆3

+
∆−

~Zj

h4
h
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+ 2
J
∑

j=1

∆+fj+1

h




~Zj+1 ×

∆2

+
∆−

~Zj

h3



 · ∆3

+
∆−

~Zj

h4
h

+
J
∑

j=1

∆2

+
fj

h2



~Zj ×
∆+∆−

~Zj

h2



 · ∆3

+
∆−

~Zj

h4
h

+
J
∑

j=1

∆+fj+2

h




~Zj+2 ×

∆3

+
~Zj

h3



 · ∆3

+
∆−

~Zj

h4
h

+
J
∑

j=1

∆+fj+2

h





∆+
~Zj+1

h
× ∆2

+
~Zj

h2



 · ∆3

+
∆−

~Zj

h4
h

+
J
∑

j=1

∆2

+
fj+1

h2



~Zj ×
∆+

~Zj

h



 · ∆3

+
∆−

~Zj

h4
h

+
J
∑

j=1

∆2

+
fj+1

h2




~Zj+1 ×

∆2

+
~Zj+1

h2



 · ∆3

+
∆−

~Zj

h4
h

+
J
∑

j=1

∆3

+
fj

h3




~Zj ×

∆+
~Zj

h



 · ∆3

+
∆−

~Zj

h4
h.

From Lemma 3.4.2, we have

‖δ2 ~Zh‖4 ≤ C‖~Zh‖
1

4

2

(

‖δ3 ~Zh‖2 + ‖~Zh‖2

)
3

4

.

By Lemmas 3.4.3–3.4.5, one gets

J
∑

j=1

∆3

+
∆−

~Zj

h4
· ∆2

+
~Zjt

h2
h = −1

2

d

dt

J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆3

+
~Zj

h3

∣

∣

∣

∣

∣

∣

2

h,

J
∑

j=1





∆2

+
~Zj+1

h2
· ∆+

~Zj+2

h





∆+
~Zj

h
· ∆3

+
∆−

~Zj

h4
h

≤ 1

32

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆3

+
∆−

~Zj

h4

∣

∣

∣

∣

∣

∣

2

h + C

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆3

+
~Zj

h3

∣

∣

∣

∣

∣

∣

2

h + C.

The others are given in the same way.

Therefore we have

1

2

d

dt

J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆3

+
~Zj

h3

∣

∣

∣

∣

∣

∣

2

h+
1

2

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆3

+
∆−

~Zj

h4

∣

∣

∣

∣

∣

∣

2

h ≤ C

J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆3

+
~Zj

h3

∣

∣

∣

∣

∣

∣

2

h+ C.

Lemma 3.4.6 follows from the Gronwall’s inequality.
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By induction method we have

Lemma 3.4.7 If ~Z0(x) ∈ H
k(Ω, S2), f(x, t) ∈ L

∞(Q), ∂jf
∂xj ∈ L

∞(Q), j = 1, 2, . . . , k,
then there are constants T0 > 0, C > 0 independent of h such that

sup
0≤t≤T0

‖δk ~Zh‖2 ≤ C, (3.4.21)

sup
0≤t≤T0

‖δk−2 ~Zht‖2 ≤ C, k ≥ 2, (3.4.22)

sup
0≤t≤T0

‖δk−4 ~Zhtt‖2 ≤ C, k ≥ 4. (3.4.23)

From Lemma 3.4.7 and the a priori estimates for solutions to the differential-

difference equation (3.4.7)–(3.4.9), we conclude that there exists a constant T0 > 0
such that problem (3.4.4)–(3.4.5) admits a smooth solution in Ω× [0, T0]. This result

is stated as follows.

Theorem 3.4.1 Let ε > 0, ~Z0(x) ∈ Hk(Ω, S2), f(x, t) ∈ L∞(Q), ∂jf
∂xj ∈ L∞(Q),

j = 1, 2, . . . , k, f(x, t) ≥ f0 > 0. Then (3.4.4)–(3.4.5) admits a local smooth solution
~Z(x, t)in [0, T0] with T0 depending on k :

~Z(x, t) ∈







[
k
2
]

⋂

s=0

W
s
∞

(0, T0;H
k−2s(Ω))







⋂







[
k+1

2
]

⋂

s=0

H
s(0, T0;H

k+1−2s(Ω))





 .

3.4.3 ε > 0: Global Solution and Uniform Estimates

In the above subsection, we have obtained a local smooth solution for (3.4.4)–(3.4.5)

when ε > 0 is fixed. In this subsection, we intend to prove the global existence of

smooth solution to problem (3.4.4)–(3.4.5) for fixed ε > 0 by deriving the global
(in time) estimates. To meet the need of sending ε to zero, these estimates have to

be equal both global in time and uniform in ε.

Lemma 3.4.8 If ~Z0(x) ∈ H
1(Ω, S2) and ~Z(x, t) is a global smooth solution of prob-

lem (3.4.4)–(3.4.5), then we have

|~Z(x, t)| = 1, ∀ (x, t) ∈ R
1 × [0,+∞). (3.4.24)

Lemma 3.4.9 Under the same conditions of Lemma 3.4.8 and ∂f
∂t
,

∂f
∂x

∈ L∞(Q), we

have, for any given T > 0, there exists C > 0 independent of ε and D,

sup
0≤t≤T

‖~Zx(·, t)‖2 ≤ C. (3.4.25)

Proof. From (3.4.6), we have

~Zxt = −ε
(

~Z ×
(

~Z × ~Zxx

))

x
+
∂2f

∂x2

~Z × ~Zx + 2
∂f

∂x

~Z × ~Zxx + f ~Zx × ~Zxx + f ~Z × ~Zxxx.
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By ( ~A× ( ~B × ~C)) · ~B = ( ~A× ~B) · ( ~C × ~B), we get

∫

Ω

f ~Zx · ~Zxt = ε

∫

Ω

∂f

∂x

(

~Z ×
(

~Z × ~Zxx

))

· ~Zx − ε

∫

Ω

f

(

~Z ×
(

~Zxx × ~Z

))

· ~Zxx

+ 2
∫

Ω

f
∂f

∂x

(

~Z × ~Zxx

)

· ~Zx +
∫

Ω

f
2
(

~Z × ~Zxx

)

x
· ~Zx

= ε

∫

Ω

∂f

∂x

(

~Z ×
(

~Z × ~Zxx

))

· ~Zx − ε

∫

Ω

f

∣

∣

∣

~Z × ~Zxx

∣

∣

∣

2

.

Therefore, one gets

1

2

d

dt

∫

Ω

f

∣

∣

∣

~Zx

∣

∣

∣

2

+ ε

∫

Ω

f

∣

∣

∣

~Z × ~Zxx

∣

∣

∣

2

=
1

2

∫

Ω

∂f

∂t

∣

∣

∣

~Zx

∣

∣

∣

2

+ ε

∫

Ω

∂f

∂x

(

~Z ×
(

~Z × ~Zxx

))

· ~Zx

≤ C

∫

Ω

f

∣

∣

∣

~Zx

∣

∣

∣

2

dx+
ε

2

∫

Ω

f

∣

∣

∣

~Z × ~Zxx

∣

∣

∣

2

.

It is easy to see that

1

2

d

dt

∫

Ω

f

∣

∣

∣

~Zx

∣

∣

∣

2

dx ≤ C

∫

Ω

f

∣

∣

∣

~Zx

∣

∣

∣

2

dx.

Then lemma 3.4.9 follows. 2

Lemma 3.4.10 Let ~Z0(x) ∈ H2(Ω, S2), f(x, t), ∂f
∂t
,

∂jf
∂xj ∈ L∞(Q), j = 1, 2, 3, then

for any given T > 0, there are constants C > 0 independent of ε, D, such that

sup
0≤t≤T

‖~Zxx(·, t)‖2 ≤ C, (3.4.26)

sup
0≤t≤T

‖~Zt(·, t)‖2 ≤ C. (3.4.27)

Proof. In the proof, we shall use the following identities which follow from the
fact |~Z(x, t)| = 1:

~Z · ~Zt = 0, ~Z · ~Zx = 0, ~Z · ~Zxx = −|~Zx|2, ~Z · ~Zxxx = −3~Zx · ~Zxx. (3.4.28)

It follows from (3.4.4) that

~Zxxt = ε~Zxxxx + ε

∣

∣

∣

~Zx

∣

∣

∣

2
~Zxx + 2ε

(

~Zx · ~Zxx

)

~Zx

+ 2ε
[(

~Zx · ~Zxx

)

~Z

]

x
+
∂3f

∂x3

~Z × ~Zx + 3
∂2f

∂x2

~Z × ~Zxx + 3
∂f

∂x

~Zx × ~Zxx

+ 3
∂f

∂x

~Z × ~Zxxx + 2f ~Zx × ~Zxxx + f ~Z × ~Zxxxx. (3.4.29)
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From (3.4.29) we get

1

2

d

dt

∫

Ω

f
2

∣

∣

∣

~Zxx

∣

∣

∣

2

dx

=
∫

Ω

f
∂f

∂t

∣

∣

∣

~Zxx

∣

∣

∣

2

dx+
∫

Ω

f
2 ~Zxx · ~Zxxtdx

= −2ε
∫

Ω

f
∂f

∂x

~Zxx · ~Zxxxdx− ε

∫

Ω

f
2

∣

∣

∣

~Zxxx

∣

∣

∣

2

dx+ ε

∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

2
∣

∣

∣

~Zxx

∣

∣

∣

2

dx

+ 8ε
∫

Ω

f
2

∣

∣

∣

~Zx · ~Zxx

∣

∣

∣

2

dx− 4ε
∫

Ω

f
∂f

∂x

(

~Zx · ~Zxx

) (

~Z · ~Zxx

)

dx+
∫

Ω

f
∂f

∂t

∣

∣

∣

~Zxx

∣

∣

∣

2

dx

+
∫

Ω

f
2
∂3f

∂x3

(

~Z × ~Zx

)

· ~Zxxdx−
∫

Ω

f
3
(

~Zx × ~Zxx

)

· ~Zxxxdx. (3.4.30)

Note that, if |~Zx| 6= 0, then the vectors ~Z, ~Zx, ~Z × ~Zx form an orthogonal basis

of R3. Let
~Zxx = α~Z + β ~Zx + γ ~Z × ~Zx,

and it is easy to see that

α = −|~Zx|2, β =
~Zx · ~Zxx

|~Zx|2
, γ =

(~Z × ~Zx) · ~Zxx

|~Zx|2
.

Therefore we have

−
∫

Ω

f
3
(

~Zx × ~Zxx

)

· ~Zxxx

= −
∫

Ω

f
3







~Zx ×


−|~Zx|2 ~Z +
(~Z × ~Zx) · ~Zxx

|~Zx|2
(~Z × ~Zx)











· ~Zxxx

= −
∫

Ω

f
3

∣

∣

∣

~Zx

∣

∣

∣

2
(

~Z × ~Zx

)

· ~Zxxx −
∫

Ω

f
3
[(

~Z × ~Zx

)

· ~Zxx

]

(

−3

2
|~Zx|2

)

x

= −5

2

∫

Ω

f
3

∣

∣

∣

~Zx

∣

∣

∣

2
(

~Z × ~Zx

)

· ~Zxxx −
9

2

∫

Ω

f
2
∂f

∂x

∣

∣

∣

~Zx

∣

∣

∣

2
(

~Z × ~Zx

)

· ~Zxx, (3.4.31)

where we have used the fact that ~A× ( ~B × ~C) = ( ~A · ~C) ~B − ( ~A · ~B) ~C.

Combining (3.4.30) with (3.4.31), we get

2
d

dt

∫

Ω

f
2

∣

∣

∣

~Zxx

∣

∣

∣

2

+ 4ε
∫

Ω

f
2

∣

∣

∣

~Zxxx

∣

∣

∣

2

= −8ε
∫

Ω

f
∂f

∂x

~Zxx · ~Zxxx + 4ε
∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

2
∣

∣

∣

~Zxx

∣

∣

∣

2

+ 32ε
∫

Ω

f
2

∣

∣

∣

~Zx · ~Zxx

∣

∣

∣

2

− 16ε
∫

Ω

f
∂f

∂x

(

~Zx · ~Zxx

) (

~Z · ~Zxx

)

+ 4
∫

Ω

f
∂f

∂t

∣

∣

∣

~Zxx

∣

∣

∣

2

+ 4
∫

Ω

f
2
∂3f

∂x3

(

~Z × ~Zx

)

· ~Zxx − 10
∫

Ω

f
3

∣

∣

∣

~Zx

∣

∣

∣

2
(

~Z × ~Zx

)

· ~Zxxx

− 18
∫

Ω

f
2
∂f

∂x

∣

∣

∣

~Zx

∣

∣

∣

2
(

~Z × ~Zx

)

· ~Zxx. (3.4.32)
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On the other hand, from (3.4.4) we get that

5

2

d

dt

∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

4

dx = 5
∫

Ω

f
∂f

∂t

∣

∣

∣

~Zx

∣

∣

∣

4

dx+ 10
∫

Ω

f
2|~Zx|2 ~Zx · ~Zxtdx

= 5
∫

Ω

f
∂f

∂t

∣

∣

∣

~Zx

∣

∣

∣

4

dx+ 10ε
∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

2
~Zx · ~Zxxxdx

+ 10ε
∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

6

dx− 20
∫

Ω

f
2
∂f

∂x

∣

∣

∣

~Zx

∣

∣

∣

2
(

~Z × ~Zx

)

· ~Zxxdx

− 10
∫

Ω

f
3

∣

∣

∣

~Zx

∣

∣

∣

2
(

~Z × ~Zx

)

· ~Zxxxdx. (3.4.33)

Putting (3.4.32) and (3.4.33) together, we have

2
d

dt

∫

Ω

f
2

∣

∣

∣

~Zxx

∣

∣

∣

2

dx+ 4ε
∫

Ω

f
2

∣

∣

∣

~Zxxx

∣

∣

∣

2

dx+ 10ε
∫

Ω

f

∣

∣

∣

~Zx

∣

∣

∣

6

dx− 5

2

d

dt

∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

4

dx

= −5
∫

Ω

f
∂f

∂t

∣

∣

∣

~Zx

∣

∣

∣

4

dx + 4
∫

Ω

f
∂f

∂t

∣

∣

∣

~Zxx

∣

∣

∣

2

dx− 8ε
∫

Ω

f
∂f

∂x

~Zxx · ~Zxxxdx

+ 4ε
∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

2
∣

∣

∣

~Zxx

∣

∣

∣

2

dx + 32ε
∫

Ω

f
2

∣

∣

∣

~Zx · ~Zxx

∣

∣

∣

2

dx + 16ε
∫

Ω

f
∂f

∂x

∣

∣

∣

~Zx

∣

∣

∣

2
~Zx · ~Zxxdx

− 10ε
∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

2
~Zx · ~Zxxxdx+ 2

∫

Ω

f
3
∂f

∂x

∣

∣

∣

~Zx

∣

∣

∣

2
(

~Z × ~Zx

)

· ~Zxxdx

+ 4
∫

Ω

f
2
∂3f

∂x3

(

~Z × ~Zx

)

· ~Zxxdx. (3.4.34)

By Lemmas 3.4.1 and 3.4.8, we have

4ε
∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

2
∣

∣

∣

~Zxx

∣

∣

∣

2

dx+ 32ε
∫

Ω

f
2

∣

∣

∣

~Zx · ~Zxx

∣

∣

∣

2

dx

≤ Cδ1ε

∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

6

dx+ Cε‖~Zx‖
5

4

2 ‖~Zxxx‖
7

4

2

≤ Cδ1ε

∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

6

dx+ Cεδ2

∫

Ω

f
2

∣

∣

∣

~Zxxx

∣

∣

∣

2

dx+ C.

Letting δ1 = 2

C
, δ2 = 1

C
, we get

2
d

dt

∫

Ω

f
2

∣

∣

∣

~Zxx

∣

∣

∣

2

+ 3ε
∫

Ω

f
2

∣

∣

∣

~Zxxx

∣

∣

∣

2

+ 8ε
∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

6 − 5

2

d

dt

∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

4

≤ 4
∫

Ω

f
∂f

∂t

∣

∣

∣

~Zxx

∣

∣

∣

2 − 5
∫

Ω

f
∂f

∂t

∣

∣

∣

~Zx

∣

∣

∣

4 − 8ε
∫

Ω

f
∂f

∂x

~Zxx · ~Zxxx

− 10ε
∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

2
~Zx · ~Zxxx + 16ε

∫

Ω

f
∂f

∂x

∣

∣

∣

~Zx

∣

∣

∣

2
~Zx · ~Zxx

+ 2
∫

Ω

f
3
∂f

∂x

∣

∣

∣

~Zx

∣

∣

∣

2
(

~Z × ~Zx

)

· ~Zxx + 4
∫

Ω

f
2
∂

3
f

∂x3

(

~Z × ~Zx

)

· ~Zxx + C

≤ C

∫

Ω

f
2

∣

∣

∣

~Zxx

∣

∣

∣

2

+ 6ε
∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

6

+ ε

∫

Ω

f
2

∣

∣

∣

~Zxxx

∣

∣

∣

2

+ C, (3.4.35)

where we have used the fact that ‖~Zx‖6 ≤ ‖~Zx‖
2

3

2 ‖~Zxx‖
1

3

2 .
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Therefore one gets

d

dt

∫

Ω

f
2

∣

∣

∣

~Zxx

∣

∣

∣

2

dx ≤ C
d

dt

∫

Ω

f
2

∣

∣

∣

~Zx

∣

∣

∣

4

dx+ C

∫

Ω

f
2

∣

∣

∣

~Zxx

∣

∣

∣

2

dx+ C. (3.4.36)

Integrating (3.4.36), by Lemma 3.4.9 and ‖~Zx‖4 ≤ C‖~Zx‖
3

4

2 ‖~Zxx‖
1

4

2 , we have

∫

Ω

f
2

∣

∣

∣

~Zxx

∣

∣

∣

2

dx ≤ C

∫ t

0

∫

Ω

f
2

∣

∣

∣

~Zxx

∣

∣

∣

2

dxdt+ C.

The conclusion of Lemma 3.4.10 follows from this inequality and Gronwall’s

inequality.
Similarly, we have the following lemma:

Lemma 3.4.11 Let ~Z0(x) ∈ H3(Ω), f(x, t),∂f
∂t
,

∂jf
∂xj ∈ L∞(Q), j = 1, 2, 3, 4. For any

given T > 0, there are C > 0 independent of ε, D such that

sup
0≤t≤T

‖~Zxxx(·, t)‖2 ≤ C, (3.4.37)

sup
0≤t≤T

‖~Zxt(·, t)‖2 ≤ C. (3.4.38)

Proof. It follows from (3.4.29) that

1

2

d

dt

∫

Ω

f
3|~Zxxx|2dx

=
3

2

∫

Ω

f
∂f

∂t
|~Zxxx|2dx +

∫

Ω

f
3 ~Zxxx · ~Zxxxtdx

=
3

2

∫

Ω

f
∂f

∂t
|~Zxxx|2dx− ε

∫

Ω

f
3|~Zxxxx|2dx− 3ε

∫

Ω

f
2
∂f

∂x

~Zxxx · ~Zxxxxdx

+ ε

∫

Ω

f
3|~Zx|2|~Zxxx|2dx+ 4ε

∫

Ω

f
3
(

~Zx · ~Zxx

) (

~Zxx · ~Zxxx

)

dx

+ 2ε
∫

Ω

f
3|~Zxx|2

(

~Zx · ~Zxxx

)

dx+ 2ε
∫

Ω

f
3

∣

∣

∣

~Zx · ~Zxxx

∣

∣

∣

2

dx

− 2ε
∫

Ω

f
3
[

|~Zxx|2 ~Z +
(

~Zx · ~Zxxx

)

~Z +
(

~Zx · ~Zxx

)

~Zx

]

· ~Zxxxxdx

− 6ε
∫

Ω

f
2
∂f

∂x

[

|~Zxx|2 ~Z +
(

~Zx · ~Zxxx

)

~Z +
(

~Zx · ~Zxx

)

~Zx

]

· ~Zxxxdx

+
∫

Ω

f
3
∂

4
f

∂x4

(

~Z × ~Zx

)

· ~Zxxxdx+ 4
∫

Ω

f
3
∂

3
f

∂x3

(

~Z × ~Zxx

)

· ~Zxxxdx

+ 6
∫

Ω

f
3
∂2f

∂x2

(

~Zx × ~Zxx

)

· ~Zxxxdx− 2
∫

Ω

f
4
(

~Zx × ~Zxxx

)

· ~Zxxxxdx. (3.4.39)

Then if |~Zx| 6= 0, let ~Zxxx = α′ ~Z + β ′ ~Zx + γ′ ~Z × ~Zx.

It is easy to see that

α
′ = −3~Zx · ~Zxx, β

′ =
~Zx · ~Zxxx

|~Zx|2
, γ

′ =
(~Z × ~Zx) · ~Zxxx

|~Zx|2
.
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Thus

−2
∫

Ω

f
4
(

~Zx × ~Zxxx

)

· ~Zxxxxdx

= −2
∫

Ω

f
4







~Zx ×




(

−3~Zx · ~Zxx

)

~Z +
(~Z × ~Zx) · ~Zxxx

|~Zx|2
(

~Z × ~Zx

)











· ~Zxxxxdx

= 24
∫

Ω

f
3
∂f

∂x

(

~Zx · ~Zxx

) (

~Z × ~Zx

)

· ~Zxxxdx + 12
∫

Ω

f
4

∣

∣

∣

~Zxx

∣

∣

∣

2
(

~Z × ~Zx

)

· ~Zxxxdx

+ 6
∫

Ω

f
4
(

~Zx · ~Zxx

) (

~Z × ~Zxx

)

· ~Zxxxdx+ 6
∫

Ω

f
4
(

~Zx · ~Zxxx

) (

~Z × ~Zx

)

· ~Zxxxdx

+ 8
∫

Ω

f
4
[(

~Z × ~Zx

)

· ~Zxxx

] (

~Zx · ~Zxxx

)

dx

≤ C

∫

Ω

f
3

∣

∣

∣

~Zxxx

∣

∣

∣

2

dx+ C, (3.4.40)

where we have used the fact that ~Z · ~Zxxxx = −3|~Zxx|2 − 4~Zx · ~Zxxx.
Putting (3.4.39) and (3.4.40) together, we have

1

2

d

dt

∫

Ω

f
3

∣

∣

∣

~Zxxx

∣

∣

∣

2

+ ε

∫

Ω

f
3|~Zxxxx|2 ≤ C

∫

Ω

f
3

∣

∣

∣

~Zxxx

∣

∣

∣

2

+
ε

2

∫

Ω

f
3

∣

∣

∣

~Zxxxx

∣

∣

∣

2

+ C.

Employing Gronwall’s inequality, we obtain (3.4.37). Using

~Zxt = ε~Zxxx + ε|~Zx|2 ~Zx + 2ε(~Zx · ~Zxx)~Z +
∂2f

∂x2

~Z × ~Zx

+ 2
∂f

∂x

~Z × ~Zxx + f ~Zx × ~Zxx + f ~Z × ~Zxxx,

we get (3.4.38).
By induction, we have

Lemma 3.4.12 Let ~Z0(x) ∈ Hk(Ω), f(x, t), ∂f
∂t
,

∂jf
∂xj ∈ L∞(Q), j = 1, 2, . . . , k + 1.

For any given T > 0, there is C > 0 independent of ε, D such that

sup
0≤t≤T

‖∂s
t ∂

k−2s
x

~Z(·, t)‖2 ≤ C, 0 ≤ s ≤ [k/2]. (3.4.41)

Combining the local existence obtained above and the global in time estimates in
Lemmas 3.4.8–3.4.12, we can get the global existence of smooth solution to problem

(3.4.4)–(3.4.5) for fixed ε > 0 in the following sense:

Theorem 3.4.2 Let ~Z0(x) ∈ Hk(Ω), f(x, t), ∂f
∂t
,

∂jf
∂xj ∈ L∞(Q), j = 1, 2, . . . , k + 1,

f(x, t) ≥ f0 > 0. Then, for any given T > 0, problem (3.4.4)–(3.4.5) admits at least

one smooth solution ~Z(x, t) in [0, T ] :

~Z(x, t) ∈
[
k
2
]

⋂

s=0

W
s
∞

(0, T ;Hk−2s(Ω)). (3.4.42)

All the a priori estimates in Lemmas 3.4.8–3.4.12 are uniform in ε.
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3.4.4 ε = 0: Global Solution and Uniqueness

In the above section, we have obtained a global smooth solution for (3.4.4)–(3.4.5) for

fixed ε > 0, and the estimates are all uniform in ε. These uniform estimates allow us

to pass to the limit ε→ 0 in equation (3.4.4) and then get the global smooth solution
of problem (3.4.1)–(3.4.2). Therefore, we have the following theorem:

Theorem 3.4.3 Let ~Z0(x) ∈ Hk(Ω), f(x, t), ∂f
∂t
,

∂jf
∂xj ∈ L∞(Q), j = 1, 2, . . . , k + 1,

f(x, t) ≥ f0 > 0. Then (1.1), (1.2) admits a global smooth solution ~Z(x, t) :

~Z(x, t) ∈
[
k
2
]

⋂

s=0

W
s
∞

(0,∞;Hk−2s(Ω)).

On the other hand, all the estimates in Sec. 3 are independent of D. Thus, by
sending D to ∞, we get the global existence of smooth solution to the Cauchy problem

of (3.4.1).

Theorem 3.4.4 Let ~Z0(x) ∈ Hk(Ω), f(x, t), ∂f
∂t
,

∂jf
∂xj ∈ L∞(Q), j = 1, 2, . . . , k + 1,

f(x, t) ≥ f0 > 0. Then the Cauchy problem of (3.4.1) admits a global smooth solution
~Z(x, t) :

~Z(x, t) ∈
[
k
2
]

⋂

s=0

W
s
∞

(0,∞;Hk−2s(Ω)).

Remark 3.4.1 For any given ε > 0, it is not difficult to see that the problem

(3.4.4)–(3.4.5) (or the Cauchy problem) admits at least one global smooth solution.

Now we turn to prove that the global smooth solution of (3.4.1) and (3.4.2)
obtained in Theorem 3.4.3 is unique. That is, we prove

Theorem 3.4.5 The global smooth solution of (3.4.1)–(3.4.2) obtained in Theo-

rem 3.4.3 is unique.

Proof. First of all, we prove that the smooth solution to periodic problem (3.4.4)–
(3.4.5) is unique. Let ~Z1(x, t) and ~Z2(x, t) be smooth solutions of (3.4.4) and (3.4.5).

Let ~W (x, t) = ~Z1 − ~Z2.
Then, we have

~Wt = ε ~Wxx + ε~Z2

[(

~Z1x + ~Z2x

)

· ~W
]

+ ε

∣

∣

∣

~Z1x

∣

∣

∣

2
~W

+ f ~Z2 × ~Wxx + f ~W × ~Z1xx +
∂f

∂x

~Z2 × ~Wx +
∂f

∂x

~W × ~Z1x, (3.4.43)

with homogeneous initial boundary conditions. Multiplying (3.4.43) by ~W , using
Hölder inequality and noting that ~Z1, ~Z2 are smooth, we have

1

2

d

dt

∫ D

−D

∣

∣

∣

~W

∣

∣

∣

2

dx+ ε

∫ D

−D

∣

∣

∣

~Wx

∣

∣

∣

2

dx

≤ ε

4

∫ D

−D

∣

∣

∣

~Wxx

∣

∣

∣

2

dx+ C

∫ D

−D

∣

∣

∣

~Wx

∣

∣

∣

2

dx+ C

∫ D

−D

∣

∣

∣

~W

∣

∣

∣

2

dx. (3.4.44)
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On the other hand, multiplying (3.4.43) by ~Wxx, we have

1

2

d

dt

∫ D

−D

∣

∣

∣

~Wx

∣

∣

∣

2

dx+ ε

∫ D

−D

∣

∣

∣

~Wxx

∣

∣

∣

2

dx

≤ ε

4

∫ D

−D

∣

∣

∣

~Wxx

∣

∣

∣

2

dx+ C

∫ D

−D

∣

∣

∣

~Wx

∣

∣

∣

2

dx+ C

∫ D

−D

∣

∣

∣

~W

∣

∣

∣

2

dx. (3.4.45)

Combining (3.4.44) and (3.4.45), using Gronwall’s inequality and noting that
~W (x, 0) = 0,Wx(x, 0) = 0, we can get the uniqueness when ε > 0.

In the second step, we let ε = 0 in (3.4.43) to get

~Wt = f(x, t)~Z2 × ~Wxx + f(x, t) ~W × ~Z1xx +
∂f

∂x

~Z2 × ~Wx +
∂f

∂x

~W × ~Z1x. (3.4.46)

Therefore we have,

1

2

d

dt

∫ D

−D
| ~W |2dx =

∫ D

−D
f(x, t)

(

~Z2 × ~Wxx

)

· ~Wdx+
∫ D

−D

∂f

∂x

(

~Z2 × ~Wx

)

· ~Wdx

=
∫ D

−D

∂f

∂x

(

~Z2 × ~W

)

· ~Wxdx+
∫ D

−D
f

(

~Z2x × ~W

)

· ~Wxdx

−
∫ D

−D

∂f

∂x

(

~Z2 × ~W

)

· ~Wxdx

≤ C

∫ D

−D

∣

∣

∣

~W

∣

∣

∣

2

dx+ C

∫ D

−D
f

∣

∣

∣

~Wx

∣

∣

∣

2

dx. (3.4.47)

On the other hand, from (3.4.46) we have

~Wtx = 2
∂f

∂x

~Z2 × ~Wxx + f ~Z2x × ~Wxx + f ~Z2 × ~Wxxx + 2
∂f

∂x

~W × ~Z1xx

+ f ~Wx × ~Z1xx + f ~W × ~Z1xxx +
∂

2
f

∂x2

~Z2 × ~Wx +
∂f

∂x

~Z2x × ~Wx

+
∂2f

∂x2

~W × ~Z1x +
∂f

∂x

~Wx × ~Z1x.

Therefore using Hölder inequality and noting that ~Z1, ~Z2 are smooth, we have

1

2

d

dt

∫ D

D
f

∣

∣

∣

~Wx

∣

∣

∣

2

dx =
1

2

∫ D

−D

∂f

∂t

∣

∣

∣

~Wx

∣

∣

∣

2

dx+
∫ D

−D
f ~Wx · ~Wxtdx

=
1

2

∫ D

−D

∂f

∂t

∣

∣

∣

~Wx

∣

∣

∣

2

dx+
∫ D

−D

[

f
2
(

~Z2 × ~Wxx

)

· ~Wx

]

x
dx

+ 2
∫ D

−D
f
∂f

∂x

(

~W × ~Z1xx

)

· ~Wxdx

+
∫ D

−D
f

2
(

~W × ~Z1xxx

)

· ~Wxdx+
∫ D

−D
f
∂2f

∂x2

(

~W × ~Z1x

)

· ~Wxdx

≤ C

∫ D

−D

∣

∣

∣

~W

∣

∣

∣

2

dx + C

∫ D

−D
f

∣

∣

∣

~Wx

∣

∣

∣

2

dx. (3.4.48)
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Putting (3.4.47) and (3.4.48) together, we get

d

dt

(

∫ D

−D

∣

∣

∣

~W

∣

∣

∣

2

dx +
∫ D

−D
f

∣

∣

∣

~Wx

∣

∣

∣ dx

)

≤ C

(

∫ D

−D

∣

∣

∣

~W

∣

∣

∣

2

dx+
∫ D

−D
f

∣

∣

∣

~Wx

∣

∣

∣

2

dx

)

.

Using Gronwall’s inequality and noting that ~W (x, 0) = 0, Wx(x, 0) = 0, we can
get the conclusion of Theorem 3.4.5.

3.5 Measure-Valued Solution to the Strongly

Degenerate Compressible Heisenberg

Chain Equations

3.5.1 Compressible Heisenberg Chain Model and

Compressible Heisenberg Chain System

In this section, we intend to establish the existence of measure-valued solution to the

following periodic initial value problem:

~Zt = (G(~Zx)~Z × ~Zx)x, x ∈ R1, t ∈ R+, (3.5.1)

~Z(x, 0) = ~Z0(x), ~Z(x+D, t) = ~Z(x−D, t), |~Z0(x)| ≡ 1, x ∈ R
1
, (3.5.2)

where G(ξ) = A +B|ξ|2 and A, B, D > 0 are constants by considering the viscosity
problem

~Zt = ε(G(~Zx)~Zx)x + (G(~Zx)~Z × ~Zx)x, x ∈ R1, t ∈ R+, (3.5.3)

~Z(x, 0) = ~Z0(x), ~Z(x+D, t) = ~Z(x−D, t), |~Z0(x)| ≡ 1, x ∈ R1. (3.5.4)

We first prove that problem (3.5.3)–(3.5.4) admits at least one global weak solu-

tion, and then give the a priori estimates uniform in ε for such solutions to obtain

the existence of the measure-valued solution to (3.5.1)–(3.5.2) by letting ε→ 0.
To get the existence of local solution of (3.5.3)–(3.5.4), we apply the difference-

differential method. In the sequel, we denote Ω = (−D,D). For simplicity, we let
ε = 1 in this subsection.

We establish the following difference-differential equation:

d~Zj

dt
=

∆−

(

G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h
+

∆−

(

~Zj ×G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h
, (3.5.5)

~Zj|t=0 = ~Z0j = ~Z0(jh), (3.5.6)

~Zj+J = ~Zj, (3.5.7)

where j = 0,±1, . . . ,±J, . . . , h = 2D/J , J > 0.
It is clear that the initial value problem of ordinary differential equation (3.5.5)–

(3.5.7) admits a local smooth solution. We shall give some estimates uniformly in h
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for such solution, and then get the local solution to problem (3.5.3)–(3.5.4). In this
section we always denote the solution of (3.5.5)–(3.5.7) by ~Zj.

Lemma 3.5.1 If ~Z0(x) ∈ W 1,4(Ω), there are constants T0 > 0, C > 0 independent

of h such that

sup
0≤t≤T0

(

‖~Zh(t)‖2 + ‖δ ~Zh(t)‖2 + ‖δ ~Zh(t)‖4

)

≤ C, (3.5.8)

∫ t

0

∫

Ω

‖δ2 ~Zh(t)‖2 ≤ C. (3.5.9)

Proof. Multiplying (3.5.5) by ~Zjh and summing from j = 1 to J , we have

1

2

d

dt

J
∑

j=1

|~Zj|2h = −
J−1
∑

j=0

G

(

∆+
~Zj

h

)
∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

2

h

+
J−1
∑

j=0

(

~Zj ×G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

· ∆+
~Zj

h
h

= −
J−1
∑

j=0

(

A+B|∆+
~Zj

h
|2
)

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

h.

Therefore, we have

1

2

d

dt
‖~Zh‖2

2
+ A‖δ ~Zh‖2

2
+B‖δ ~Zh‖4

4
= 0. (3.5.10)

It follows from (3.5.5) that

d∆+
~Zj

dt
=

∆+∆−

(

G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h
+

∆+∆−

(

~Zj ×G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h
.

Multiplying this equation by G
(

∆+
~Zj

h

)

∆+
~Zj

h
and summing from j = 0 to j = J − 1 to

give

J−1
∑

j=0

G

(

∆+
~Zj

h

)

∆+
~Zj

h

d∆+
~Zj

dt
=

J−1
∑

j=0

∆+∆−

(

G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h
G

(

∆+
~Zj

h

)

∆+
~Zj

h

+
J−1
∑

j=0

∆+∆−

(

~Zj ×G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h
G

(

∆+
~Zj

h

)

∆+
~Zj

h

= −
J
∑

j=1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∆−

(

G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

h

−
J
∑

j=1

∆−

(

~Zj ×G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h

∆−

(

G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h
h. (3.5.11)
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We claim

J
∑

j=1

∆−

(

~Zj ×G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h

∆−

(

G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h
h = 0. (3.5.12)

In fact, since

J
∑

j=1

∆−

(

~Zj ×G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h

∆−

(

G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h
h

=
J
∑

j=1





∆−
~Zj

h
×G

(

∆+
~Zj−1

h

)

∆+
~Zj−1

h





∆−

(

G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h
h

=
J
∑

j=1





∆+
~Zj−1

h
×G

(

∆+
~Zj−1

h

)

∆+
~Zj−1

h





∆−

(

G

(

∆+
~Zj

h

)

∆+
~Zj

h

)

h
h

= 0,

where we have used ~a × ~a = 0, (~a × ~b) · ~b = 0 and ∆−
~Zj = ∆+

~Zj−1, the claim is

proved.

Therefore we have

A
d

dt

J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2

h+
1

2
B
d

dt

J−1
∑

j=0

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

4

h+ A
2

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h

+ AB

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∣

∣

∣

∣

∣

∣

2
∣

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h+B

J
∑

j=1

G(
∆+

~Zj

h
)

∣

∣

∣

∣

∣

∣

∆+∆−
~Zj

h2

∆+
~Zj−1

h

∣

∣

∣

∣

∣

∣

2

h

+B
2

J
∑

j=1

∣

∣

∣

∣

∣

∣

∆+
~Zj−1

h

∣

∣

∣

∣

∣

∣

2
∣

∣

∣

∣

∣

∣

∆+
~Zj

h

∆+∆−
~Zj

h2
+

∆+
~Zj−1

h

∆+∆−
~Zj

h2

∣

∣

∣

∣

∣

∣

2

h ≤ 0. (3.5.13)

This inequality combined with (3.5.10) leads to

d

dt

(

‖~Zh‖2

2
+ ‖δ ~Zh‖2

2
+ ‖δ ~Zh‖4

4

)

+‖~Zh‖2

2
+‖δ ~Zh‖2

2
+‖δ ~Zh‖4

4
+‖δ2 ~Zh‖2

2
≤ 0. (3.5.14)

Inequality (3.5.14) combined with Gronwall inequality implies that there exist
constants T0, C > 0 independent of h such that

‖~Zh(t)‖2 + ‖δ ~Zh(t)‖2 + ‖δ ~Zh(t)‖4

4
≤ C, ∀ t ∈ [0, T0],

∫ T0

0

‖δ2 ~Zh(t)‖2

2
≤ C.
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The lemma is proved.

Corollary 3.5.1 Under the conditions in Lemma 3.5.1, we have, for some constant

C independent of h,

sup
0≤t≤T0;1≤j≤J

|~Zj| ≤ C. (3.5.15)

Sending h→ 0, we obtain the local existence of the solution to (3.5.3)–(3.5.4).
For the global solution to the viscosity problem, we prove

Theorem 3.5.1 Let ε = 1, ~Z0(x) ∈ W 1,4(Ω). Then (3.5.3)–(3.5.4) admits a local

solution ~Z(x, t) in [0, T0] in the space

~Z(x, t) ∈ L
∞(0, T0;W

1,4(Ω))
⋂

L
2(0, T0;H

2(Ω)) (3.5.16)

and the following estimates hold

sup
0≤t≤T0;x∈Ω

|~Z| ≤ C, (3.5.17)

‖~Z(t)‖2 + ‖~Zx(t)‖2 + ‖~Zx‖4

4
≤ C, ∀ t ∈ [0, T0], (3.5.18)

∫ T0

0

‖~Zxx(t)‖2

2
≤ C. (3.5.19)

In order to prove the global existence of weak solution to (3.5.3)-(3.5.4), we need
the following a priori estimates for the solution of (3.5.3)-(3.5.4).

Lemma 3.5.2 Let ε = 1, ~Z0(x) ∈ W 1,4(Ω), T > 0 and ~Z(x, t) ∈ L∞(0, T ;W 1,4(Ω))∩
L2(0, T ;H2(Ω)) is a solution of (3.5.3)–(3.5.4). Then the following estimates hold

sup
0≤t≤T ;1≤j≤J

|~Z| ≤ C, (3.5.20)

‖~Z(t)‖2 + ‖~Zx(t)‖2 + ‖~Zx‖4

4
≤ C, ∀ t ∈ [0, T ], (3.5.21)

∫ T

0

‖~Zxx(t)‖2

2
≤ C. (3.5.22)

Proof. Multiplying (3.5.3) by ~Z(x, t) and integrating it over Ω, we get

1

2

d

dt
‖~Z(·, t)‖2

2
+ A‖~Zx‖2

2
+B‖~Zx‖4

4
= 0. (3.5.23)

Differentiating (3.5.3) with respect to x and then testing it by G( ~Zx)~Zx, one has

G(~Zx)~Zx
~Zxt = (G(~Zx)~Zx)xxG(~Zx)~Zx + (G(~Zx)~Z × ~Zx)xxG(~Zx)~Zx.

Integrating this equation by parts, we have

A

2

d

dt
‖~Zx‖2

2
+
B

4

d

dt
‖~Zx‖4

4
+
∫

Ω

|(G(~Zx)~Zx)x|2 = −
∫

Ω

(G(~Zx)~Z × ~Zx)x(G(~Zx)~Zx)x
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which implies

1

2
A
d

dt
‖~Zx‖2

2
+

1

4
B
d

dt
‖~Zx‖4

4
+
∫

Ω

|(G(~Zx)~Zx)x|2 = 0. (3.5.24)

Since

|(G(~Zx)~Zx)x|2 = |G(~Zx)~Zxx + 2B(~Zx · ~Zxx)~Zx|2

= G
2(~Zx)|~Zxx|2 + 4B2|(~Zx · ~Zxx)~Zx|2 + 4BG(~Zx)|~Zx · ~Zxx|2

≥ A
2|~Zxx|2,

where C depends only on ‖~Z0‖W 1,4(Ω), it follows from (3.5.24) that

1

2
A
d

dt
‖~Zx‖2

2
+

1

4
B
d

dt
‖~Zx‖4

4
+ A

2

∫

Ω

|~Zxx|2 ≤ 0.

Putting this inequality and (3.5.23) together, we get from the Gronwall’s inequality

that (3.5.21) and (3.5.22) hold. (3.5.20) can be derived from these inequalities. The
lemma is proved.

Now, we can use the extension method to give

Theorem 3.5.2 Let ε > 0 be fixed and ~Z0 ∈ W 1,4(Ω). Then problem (3.5.7)–(3.5.8)

admits a global solution ~Zε(x, t) in the space

~Zε(x, t) ∈ L
∞(0,∞;W 1,4(Ω))

⋂

L
2(0,∞;H2(Ω)) (3.5.25)

and the following estimates hold

sup
0≤t<∞;x∈Ω

|~Zε(x, t)| ≤ C1, (3.5.26)

‖~Zε(t)‖2 + ‖~Zεx(t)‖2 + ‖~Zεx(t)‖4

4
≤ C1, ∀ t ∈ [0,∞), (3.5.27)

‖~Zεt‖L4/3(0,∞;W−1,4/3(Ω))
≤ C1, (3.5.28)

∫

∞

0

‖~Zεxx(t)‖2

2
≤ Cε, (3.5.29)

where C1 depends only on ‖~Z0‖W 1,4(Ω).

3.5.2 Measure-Valued Solution to the Strongly Degenerate

Equations

The a priori estimates we have obtained are not enough for us to obtain the weak

solution for (3.5.1)–(3.5.2), we apply the notion of measure-valued solution.
Denote M = C1 where C1 is given in Theorem 3.5.2 which depends only on

‖~Z0‖W 1,4(Ω). Let Zε = (~Zε,
~Zεx), τ(ξ) = B|(ξ4, ξ5, ξ6)|2(ξ1, ξ2, ξ3) × (ξ4, ξ5, ξ6) : (R3 ∩

{|(ξ1, ξ2, ξ3)| ≤ M}) × R3 → R3. Then Zε is uniformly bounded in L4(Q)6 where

Q = Ω × (0, T ) ∈ R
2 and

|τ(ξ)| ≤ CM(1 + |ξ|)3
, ∀ ξ ∈ (R3 ∩ {|(ξ1, ξ2, ξ3)| ≤M}) × R

3
.
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Lemma 3.5.3 Let Q ⊂ R
2 be a bounded open set. Let Zεn be uniformly bounded in

L4(Q)6. Then there exists a subsequence, still denoted by Z εn, and a measure-valued

function ν such that for all τ : (R3 ∩ {|(ξ1, ξ2, ξ3)| ≤ M}) × R3 → R3 satisfying for

some q > 0 the growth condition

|τ(ξ)| ≤ C(1 + |ξ|)3
, ∀ ξ ∈ (R3 ∩ {|(ξ1, ξ2, ξ3)| ≤M}) ×R

3
,

we have

τ(Zεn) ⇀ τ weakly in L
r(Q),

τ (y) = 〈νy, τ〉 a.e. y ∈ Q,

provided that

1 < r ≤ 4

3
.

Proof. It suffices to verify the condition (2.7) of Theorem 4.2.1 of [34, Chap. 4].

Taking the Young function Ψ(u) = ur, we have
∫

Q
Ψ(τ |Zεn|) =

∫

Q
|Zεn|r ≤ C

r
∫

Q
(1 + |Zεn|)3r

and the last term is uniformly bounded (with respect to n) if 3r ≤ 4. The

lower bound r > 1 follows from the properties of Orlicz functions, namely from
lims→∞ Ψ(s)/s = ∞.

Definition 3.5.1 A pair (~Z, ν) is called a measure-valued solution of (3.5.1)–
(3.5.2) if

~Z ∈ L
∞(0,∞;W 1,4(Ω)), (3.5.30)

ν ∈ L
∞

ω (Q; Prob(R6)), (3.5.31)

and if for any ϕ ∈ D(−∞, T ;C∞

per
(Ω)) there holds

∫

Q

~Z0ϕ =
∫

Q

~Zϕt − A

∫

Q
ϕx
~Z × ~Zx −

∫

Q
ϕx

∫

R
6

τ(λ)dνt,x(λ)dxdt (3.5.32)

where τ is defined as above, Q = Ω × (0, T ).

Theorem 3.5.3 Let ~Z0 ∈ W 1,4(Ω). Then problem (3.5.1)–(3.5.2) admits a measure-

valued solution.

Proof. It follows from Lemma 3.5.3 that there exists a subsequence Z εn and a
measure-valued function ν such that

τ(Zεn) ⇀ τ weakly in L
r(Q), 1 < r ≤ 4

3
, (3.5.33)

τ (x, t) = 〈νt,x, τ〉 a.e. (x, t) ∈ Q. (3.5.34)
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To complete the proof, we only need to prove, for some subsequence ~Zεn, that

∫

Q

~Zεntϕ→ −
∫

Q

~Ztϕ+
∫

Ω

~Z0ϕ(x, 0), (3.5.35)

∫

Q
(~Zεn × ~Zεnx)ϕx →

∫

Q
(~Z × ~Zx)ϕx, (3.5.36)

Z
i
x =

∫

R
6

λi+3dνt,x(λ), a.e. (x, t) ∈ Q, i = 1, 2, 3. (3.5.37)

In view of (3.5.27), we have for some subsequence ~Zεn that

~Zεn ⇀
~Z weakly in L

r(0, T ;L2(Ω)), ∀ r > 1, (3.5.38)

~Zεnx ⇀
~Zx weakly in L

r(0, T ;L4(Ω)), ∀ r > 1. (3.5.39)

To prove (3.5.35), we take ϕ ∈ D(−∞, T ;C∞

per
(Ω)) to give

∫ T

0

∫

Ω

~Zεntϕ = −
∫ T

0

∫

Ω

~Zεnϕt +
∫

Ω

~Z0(x)ϕ(x, 0)

−→ −
∫ T

0

∫

Ω

~Zϕt +
∫

Ω

~Z0(x)ϕ(x, 0),

this proves (3.5.35).

Now we prove (3.5.36) and (3.5.37).

Since ~Zεn is uniformly bounded in the space

{v : v ∈ L
r(0, T ;W 1,4

per
(Ω)), vt ∈ L

4/3(0, T ; (W 1,4(Ω))∗)} (3.5.40)

for any r > 1 and since W 1,4
per

(Ω) ↪→↪→ L
r(Ω) ↪→ (W 1,4(Ω))

∗

, applying Aubin–Lions
Lemma [8, Lemma 1.2.48] with X0 = W 1,4

per
(Ω), X = Lr(Ω), X1 = (W 1,4(Ω))

∗

, α = r

(r > 1), β = 4/3, we know that the space defined in (3.5.40) is compactly imbedded
into Lr(0, T ;Lr(Ω)), that is

~Zεn → ~Z strongly in L
r(0, T ;Lr(Ω)). (3.5.41)

Since
∫

Q

(

(~Zεn × ~Zεnx)ϕx − (~Z × ~Zx)ϕx

)

=
∫

Q
((~Zεn − ~Z) × ~Zεnx)ϕx +

∫

Q
(~Z × (~Zεnx − ~Zx))ϕx

= I1 + I2,

it follows from (3.5.26) and (3.5.39) that

I2 → 0 as n→ ∞,
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and it follows from (3.5.27) and (3.5.41) that

|I1| ≤
(

∫ T

0

∫

Ω

|~Zεn − ~Z|4
)

1/4
(

∫ T

0

∫

Ω

|ϕx|4
)

1/4
(

∫ T

0

∫

Ω

|~Zεnx|2
)

1/2

≤ C

(

∫ T

0

∫

Ω

|~Zεn − ~Z|4
)

1/4

→ 0 as n→ ∞.

The proof of (3.5.36) is complete.

Since Lemma 3.5.3 is true for all τ , if we let τ = Id, then for r = 4, q = 1,
∀ ψ ∈ L4/3(Q), we have for Zεn = (~Zεn,

~Zεnx) that

∫

Q
Zεnψdxdt→

∫

Q
ψ

∫

R
6

λdνt,x(λ)dxdt.

However, ~Zεn → ~Z strongly in Lr(Q) and ~Zεnx ⇀
~Zx in L

4(Q), we know

Z
i
x =

∫

R
6

λi+3νt,x(λ), a.e. (x, t) ∈ Q, i = 1, 2, 3.

This verifies (3.5.37).

Corollary 3.5.2 Since the former estimates are independent of D, we get by letting

D → ∞ that the Cauchy problem of (3.5.1)–(3.5.2) admits a solution ~Z(x, t) :

~Z(x, t) ∈ L
∞(R+;W 1,4(R1))

⋂

L
2(R+;H2(R1)).

3.6 Bibliography Comments

In this chapter we have introduced the mathematical theory of the global solutions
to the equations of ferromagnetic spin chain with or without Gilbert damping term

in one dimension. Applying Leray–Schauder principle, we proved the global exis-
tence of weak solution to one-dimensional ferromagnetic spin chain equation. By

the differential-difference method we get the existence of global weak solution to the
one-dimensional nonlinear initial boundary value problem for the ferromagnetic spin

chain. To get the existence and uniqueness of smooth solution, Zhou, Guo and Tan
[158] created a particular mobile frame on S2, this method was first used by them and

enabled one to get the existence and uniqueness of the smooth solution by the special
estimates for the higher derivatives, which is a challenging problem for a long time.

Applying the similar method, Ding, Guo and Su [51] obtained the smooth solution
for the system of inhomogeneous Heisenberg chain. However, the frame on S2 was

not used for the inhomogeneous problem in [51] until the work by Lin and Ding [108]
in 2006. Introducing the notion of measure-valued solution, Ding, Guo and Su [50]

discussed the compressible Heisenberg chain equations.
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Chapter 4

Landau–Lifshitz Equations and

Harmonic Maps

In Chapter 3, we have proved some global existence and uniqueness results for the
one-dimensional Landau–Lifshitz equations. It is natural to ask how about the higher-

dimensional problems.

We will find, in general, that there exist global weak solutions for the initial-

boundary value problems. However, in higher dimensions, there exists global smooth

solution to the Landau Lifshitz equations with the Gilbert damping term only for
small initial data. If the initial data is large, one can only prove the short time

existence of smooth solution.

Generally speaking, higher-dimensional Landau–Lifshitz equations with large ini-

tial data may develop singularities. In this aspect, the Landau–Lifshitz equations
behave like the heat flow of harmonic maps.

4.1 Weak Solution to Multidimensional

Ferromagnetic Spin Chain Equations

4.1.1 Existence of Weak Solution to Multidimensional
Ferromagnetic Spin Chain Equations

1. Initial boundary value problem for multidimensional ferromagnetic spin chain

equations

Let Ω ∈ Rm be a bounded domain with boundary ∂Ω ∈ C2. We study the
ferromagnetic spin chain system with m variables of the form

~Zt = ~Z × ∆~Z + ~f(x, t, ~Z), (4.1.1)

where ~Z(x, t) = (u(x, t), v(x, t), w(x, t)) is a three-dimensional unknown and ~f(x, t) is
a known three dimensional vector of variables x ∈ Rm, t ∈ R+, ~Z ∈ R3, ∆ =

∑m
i=1

∂2

∂x2

i
.

In the cylinder QT = {x ∈ Ω, 0 ≤ t ≤ T}, we give the homogeneous boundary

123
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condition of the form

~Z(x, t) = 0, x ∈ ∂Ω, 0 ≤ t ≤ T, (4.1.2)

and initial condition
~Z(x, 0) = ϕ(x), x ∈ Ω, (4.1.3)

where ϕ(x) is a given vector.

We also consider the spin system:

~Zt = ε∆~Z + ~Z × ∆~Z + ~f(x, t, ~Z). (4.1.4)

We establish the existence of a global weak solution to initial boundary value prob-

lem (4.1.1)–(4.1.3) and problem (4.1.4), (4.1.2) and (4.1.3) by the Galerkin method.

2. Approximate solution to the initial boundary value problem of spin systems

In order to prove the existence of global weak solution to the spin system, we use
the Galerkin method. To this aim we construct the Galerkin approximate solution.

Let {wn}∞n=1
be the normal eigenfunctions of the equation

∆u+ λu = 0,

u|∂Ω = 0,

corresponding to eigenvalue {λn}∞n=1
. It is well known that {wn} forms a normal

orthogonal basis of H1

0
(Ω). We denote the approximate solution of (4.1.4), (4.1.2),

and (4.1.3) by

~ZN(x, t) =
N
∑

n=1

αnN(t)wn(x). (4.1.5)

According to the Galerkin method, coefficients αnN solve the first order ordinary

differential system as follows:

∫

Ω

~ZNt(x, t)ws(x)dx =
∫

Ω

(~ZN(x, t) × ∆~ZN(x, t))ws(x)dx

+ ε

∫

Ω

∆~ZN(x, t)ws(x)dx+
∫

Ω

~f(x, t, ~ZN)ws(x)dx,

s = 1, 2, . . . , N (4.1.6)

with the initial condition
∫

Ω

~ZN(x, 0)ws(x)dx =
∫

Ω

ϕ(x)ws(x)dx, s = 1, 2, . . . , N. (4.1.7)

It is clear that






∫

Ω
~ZNt(x, t)ws(x)dx = α′

sN(t),
∫

Ω
~ZN(x, 0)ws(x)dx = αsN(0),

(4.1.8)
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and
ϕs =

∫

Ω

ϕ(x)ws(x)dx, s = 1, 2, . . . , N

are the coefficients of expansion ϕ(x) =
∑N
s=1

ϕsws(x).
3. Estimates for the approximate solutions

In order to prove the existence of a global weak solution, we assume the following:
(1) The 3 × 3 Jacobi matrix ~f~Z(x, t, ~Z) is semi-bounded, i.e., there is a constant

b > 0 such that for any ξ ∈ R3

ξ · ~f~Z · ξ ≤ b|ξ|2 (4.1.9)

holds, where “ · ” denotes the three-dimensional inner product.
(2) (4.1.1) and (4.1.4) are homogeneous, that is, ~f(x, t, 0) ≡ 0. Moreover, it is

assumed that for some constants A and B:






|~f(x, t, ~Z)| ≤ A|~Z|l +B, 2 ≤ l ≤ 2 + 4

m−2
, m ≥ 2,

|∇x
~f(x, t, ~Z)| ≤ A|~Z|1+ 2

m +B.
(4.1.10)

(3) Vector ϕ(x) ∈ H
1

0
(Ω).

Lemma 4.1.1 Let condition (1) hold , ϕ(x) ∈ L2(Ω) and ~f(x, t, 0) ∈ L2(QT ). Then

the approximate solution ~ZN(x, t) meets the estimate

sup
0≤t≤T

‖~ZN(·, t)‖L2(Ω) ≤ K1, (4.1.11)

where K1 is independent of ε and N .

Proof. Multiplying (4.1.6) by αnN(t) and summing from s = 1 to s = N , we have
∫

Ω

~ZNt · ~ZNdx =
∫

Ω

(~ZN × ∆~ZN ) · ~ZNdx

+ ε

∫

Ω

∆~ZN · ~ZNdx +
∫

Ω

~f(x, t, ~ZN) · ~ZNdx, (4.1.12)

or simply write as
∫

Ω

~ZNt · ~ZNdx =
∫

Ω

(~ZN × ∆~ZN ) · ~ZNdx

+ ε

∫

Ω

∆~ZN · ~ZNdx +
∫

Ω

~f(~ZN) · ~ZNdx. (4.1.13)

We have
∫

Ω

~ZNt · ~ZNdx = −1

2

d

dt
‖~ZN(·, t)‖2

L2(Ω)
,

∫

Ω

(~ZN × ∆~ZN) · ~ZNdx = 0,
∫

Ω

∆~ZN · ~ZN =
∫

∂Ω

(∇~ZN · ~ZN) ∗ νm −
∫

Ω

∇~ZN ∗ ∇~ZN ,
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where νm is the unit outer normal vector to ∂Ω, ∇~ZN is an m× 3 tensor and ∗ is the
inner product in an m-dimensional space. It follows from the homogeneous condition

that
∫

Ω

∆~ZN · ~ZN = −‖∇~ZN‖2

L2(Ω)
.

For the last term on the right-hand side of (4.1.13), we have

∫

Ω

~f(~ZN) · ~ZN =
∫

1

0

dτ

∫

Ω





∂ ~f (x, t, τ ~ZN(x, t))

∂ ~Z
· ~ZN(x, t)



 · ~ZN(x, t)dx

+
∫

Ω

~f(x, t, 0) · ~ZN(x, t)dx,

and hence
∫

Ω

~f(~ZN) · ~ZN ≤
(

b+
1

2

)

‖~ZN(·, t)‖2

L2(Ω)

+
1

2
‖~f(·, t, 0)‖2

L2(Ω)
.

Therefore it follows from (4.1.13) that

d

dt
‖~ZN(·, t)‖2

L2(Ω)
+ 2ε‖∇~ZN(·, t)‖2

L2(Ω)

≤ (2b+ 1)‖~ZN(·, t)‖2

L2(Ω)
+ ‖~f(·, t, 0)‖2

L2(Ω)
. (4.1.14)

This proves the lemma.

Lemma 4.1.2 Let conditions (1)–(3) hold. For the approximate solution ~ZN(x, t),

sup
0≤t≤T

‖∇~ZN‖L2(Ω) ≤ K2 (4.1.15)

holds, where K2 is independent of ε and N .

Proof. Multiplying (4.1.6) by −λsαsN(t) and summing from s = 1 to s = N , we
have

∫

Ω

~ZNt · ∆~ZNdx =
∫

Ω

(~ZN × ∆~ZN) · ∆~ZNdx

+ ε

∫

Ω

∆~ZN · ∆~ZNdx+
∫

Ω

~f(~ZN) · ∆~ZNdx. (4.1.16)

The first term in the above equality is
∫

Ω

~ZNt · ∆~ZN = −1

2

d

dt
‖∇~ZN(·, t)‖2

L2(Ω)
. (4.1.17)

The last term on the right-hand side of (4.1.16) is
∫

Ω

~f(~ZN) · ∆~ZN =
∫

∂Ω

(~f(~ZN) ∗ ∇~ZN) ∗ νm −
∫

Ω

D~f(~ZN) ∗ ∆~ZN

= −
∫

Ω

∇x
~f ∗ ∇~ZN −

∫

Ω

(

∂ ~f

∂ ~ZN

· ∇~ZN

)

∗ ∇~ZN . (4.1.18)
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Since ∂ ~f

∂ ~Z
is semi-bounded, one has

∫

Ω

(

∂ ~f

∂ ~ZN

· ∇~ZN

)

∗ ∇~ZN ≤ b‖∇~ZN (·, t)‖2

L2(Ω)
.

The first term on the right of (4.1.18) can be estimated by

∣

∣

∣

∣

∣

∫

Ω

∇~f ∗ ∇~ZN

∣

∣

∣

∣

∣

≤ 1

2
‖∇~ZN(·, t)‖2

L2(Ω)
+

1

2
‖∇~f(·, t, ~ZN(·, t))‖2

L2(Ω)
.

It follows from (4.1.10) that

‖∇~f(·, t, ~ZN(·, t))‖2

L2(Ω)
≤ C1

∫

Ω

|~ZN(x, t)|2+ 4

mdx + C2,

where C1, C2 are constants. From the Sobolev inequality, we have

∫

Ω

|~ZN(x, t)|2+ 4

mdx ≤ C3‖~ZN(·, t)‖4/m
L2(Ω)

‖∇~ZN(·, t))‖2

L2(Ω)

+ C4‖~ZN(·, t))‖2+
4

m

L2(Ω)
,

where C3, C4 are constants.
Finally, we have from (4.1.16) that

d

dt
‖∇~ZN(·, t)‖2

L2(Ω)
+ 2ε‖∆~ZN(·, t)‖2

L2(Ω)

≤ (2b + C5)‖∇~ZN(·, t)‖2

L2(Ω)
+ C6,

where C5, C6 are constants depending only on sup
0≤t≤T ‖~ZN(·, t)‖L2(Ω) but indepen-

dent of N. Applying the Gronwall inequality to the last inequality, we can finish the
proof of this lemma.

Lemma 4.1.3 Let (1)–(3) hold. For above approximate solutions,

sup
0≤t≤T

‖~ZNt(·, t)‖H−(2+[
m
2

])
(Ω)

≤ K3 (4.1.19)

holds with K3 independent of ε and N.

Proof. Let ν(x) ∈ H
2+[

m
2

]

0 (Ω) be a test function. We have

ν(x) = νN(x) + νN(x),

νN(x) =
N
∑

n=1

βnwn(x),

νN(x) =
∞
∑

n=N+1

βnwn(x),
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where βn =
∫

Ω
ν(x)wn(x)dx, n = 1, 2, . . . . If s ≥ N + 1, then

∫

Ω

~ZNtws = 0.

If 1 ≤ s ≤ N , one has
∫

Ω

~ZNtws =
∫

∂Ω

[(~ZN ×∇~ZN) ∗ νm]ws −
∫

Ω

(~ZN ×∇~ZN ) ∗ ∇ws

+ ε

∫

∂Ω

(~ZN ∗ νm)ws − ε

∫

Ω

∇~ZN ∗ ∇ws

+
∫

Ω

~f(x, t, ~ZN(x, t))ws(x)dx. (4.1.20)

We estimate every term on the right-hand side of (4.1.20). The first and the third
term are equal to zero. For the second term, we have

∣

∣

∣

∣

∣

∫

Ω

(~ZN ×∇~ZN) ∗ ∇ws
∣

∣

∣

∣

∣

≤ C7‖∇ws‖L∞(Ω)‖~ZN(·, t)‖L2(Ω)‖∇~ZN(·, t)‖L2(Ω).

It follows from the Sobolev inequality that

‖∇ws‖L∞(Ω) ≤ C8‖ws‖H2+[
m
2

]
(Ω)
.

Therefore, we have
∣

∣

∣

∣

∣

∫

Ω

(~ZN ×∇~ZN) ∗ ∇ws
∣

∣

∣

∣

∣

≤ C9‖ws‖H2+[
m
2

]
(Ω)
,

where C9 depends only on sup
0≤t≤T ‖~ZN(·, t)‖H1(Ω) but is independent of N .

For the fourth term on the right-hand side of (4.1.20), we have
∣

∣

∣

∣

∣

∫

Ω

∇~ZN ∗ ∇ws
∣

∣

∣

∣

∣

≤ C10‖∇~ZN(·, t)‖L2(Ω)‖∇ws‖L2(Ω).

For the last term on the right-hand side of (4.1.20), we have
∣

∣

∣

∣

∣

∫

Ω

~f(x, t, ~ZN(x, t))ws(x)dx

∣

∣

∣

∣

∣

≤ ‖ws‖L∞(Ω)

∫

Ω

|~f(x, t, ~ZN(x, t))|dx

≤ ‖ws‖L∞(Ω)

(

A

∫

Ω

|~ZN(x, t)|ldx+B

)

≤ C11‖ws‖L∞(Ω) ≤ C12‖ws‖H2+[
m
2

]
(Ω)
,

where we have used
∫

Ω

|~ZN(x, t)|ldx ≤ C13‖~ZN(·, t)‖(1−α)l
L2(Ω)

‖~ZN(·, t)‖αlH1(Ω)
,

α = m
2
− m

l
, 2 ≤ l ≤ 2m

m−2
.
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In summary we have
∣

∣

∣

∣

∣

∫

Ω

~ZNtws

∣

∣

∣

∣

∣

≤ C14‖ws‖H2+[
m
2

]
(Ω)
,

where constant C14 depends on sup
0≤t≤T ‖~ZN(·, t)‖H1(Ω) but is independent of ε,

0 ≤ t ≤ T , and N .
Similarly, we also have

∣

∣

∣

∣

∣

∫

Ω

~ZNtνN

∣

∣

∣

∣

∣

≤ C14‖νN‖H2+[
m
2

]
(Ω)
,

and hence
∣

∣

∣

∣

∣

∫

Ω

~ZNtν

∣

∣

∣

∣

∣

≤ C14‖ν‖H2+[
m
2

]
(Ω)
, ∀ ν ∈ H

2+[
m
2

](Ω)

0 .

The proof is complete.
4. Existence of global weak solution

Applying the fixed point theorem and the a priori estimates on the approximate
solutions, we can prove the existence of global solution αsN(t) of system (4.1.6) and

(4.1.7) (0 ≤ t ≤ T , s = 1, 2, . . . , N).

Lemma 4.1.4 Let (1)–(3) hold. Then the ordinary differential system (4.1.6) and

(4.1.7) admits at least one global continuously differentiable solution αsN(t) (0 ≤ t ≤
T , s = 1, 2, . . . , N).

Lemma 4.1.5 Let (1)–(3) hold. Then for the approximate solution,

‖~ZN(·, t+ ∆t) − ~ZN(·, t)‖L2(Ω) ≤ K4∆t
1

3+[
m
2

] (4.1.21)

holds, where K4 is independent of ε, N, and 0 ≤ t, t+ ∆t ≤ T .

Proof. It follows from the Sobolev inequality with negative index that

‖~ZN(·, t)‖L2(Ω) ≤ C15‖~ZN(·, t)‖
1

3+[
m
2

]

H−(2+[
m
2

])
(Ω)

‖~ZN(·, t)‖
2+[

m
2

]

3+[
m
2

]

H1(Ω)
.

Applying this inequality to ~ZN(x, t+ ∆t) − ~ZN(x, t), we get

‖~ZN(·, t+ ∆t) − ~ZN(·, t)‖L2(Ω)

≤ C15‖~ZN(·, t+ ∆t) − ~ZN(·, t)‖
1

3+[
m
2

]

H−(2+[
m
2

])
(Ω)

· ‖~ZN(·, t+ ∆t) − ~ZN(·, t)‖
2+[

m
2

]

3+[
m
2

]

H1(Ω)
,

where 0 ≤ t, t + ∆t ≤ T .
Thus,

‖~ZN(·, t+ ∆t) − ~ZN(·, t)‖L2(Ω)

≤ C15∆t
1

3+[
m
2

] sup
0≤t≤T

‖~ZN(·, t)‖
1

3+[
m
2

]

H−(2+[
m
2

])
(Ω)

· sup
0≤t≤T

‖~ZN(·, t)‖
2+[

m
2

]

3+[
m
2

]

H1(Ω)

holds. This proves the lemma.
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4.1.2 Weak Solution to Multidimensional System of
Ferromagnetic Spin Chain

1. Convergence of approximate solutions

In order to get a weak solution to system (4.1.4) or (4.1.1) with homogeneous

boundary condition (4.1.2) and initial condition (4.1.3), we allow N → ∞.

Definition 4.1.1 A vector-valued function ~Z(x, t) ∈ L∞(0, T ;H1(Ω)) is called

a weak solution to system (4.1.4) (ε > 0) or (4.1.1) (ε = 0) with homogeneous

boundary condition (4.1.2) and initial condition (4.1.3), if for any test function

ν(x, t) ∈ C
1(QT ): ν(x, t) = 0 for x ∈ Ω and t = T and x ∈ ∂Ω and 0 ≤ t ≤ T,

then

∫ T

0

∫

Ω

[νt(x, t)~Z(x, t) −∇ν(x, t) ∗ (~Z(x, t) ×∇~Z(x, t))

− ε∇ν(x, t) ∗ ∇~Z(x, t) + ν(x, t)~f(x, t, ~Z(x, t))]dxdt

+
∫

Ω

ν(x, 0)ϕ(x)dx = 0, ε ≥ 0 (4.1.22)

holds and ~Z(x, t) satisfies the homogeneous boundary condition on manifold ∂Ω ×
[0, T ].

The Galerkin approximate function of ν(x, t) is

νN (x, t) =
N
∑

n=1

βnN(t)wn(x),

which uniformly converges in C1(QT ) to ν(x, t) as N → ∞, where

βsN(t) =
∫

Ω

ν(x, t)ws(x)dx, s = 1, 2, . . . , N.

It follows from (4.1.6) that the following integral equality holds:

∫ T

0

∫

Ω

[νNt(x, t)~ZN(x, t) −∇νN (x, t) ∗ (~ZN(x, t) ×∇~ZN(x, t))

− ε∇νN(x, t) ∗ ∇~ZN(x, t) + νN(x, t)~f(x, t, ~ZN(x, t))]dxdt

+
∫

Ω

νN (x, 0)ϕN(x)dx = 0, ε ≥ 0. (4.1.23)

2. Estimates of uniform boundedness and convergence

It follows from former estimates that ~ZN(x, t) is uniformly bounded in the space:

G = L
∞(0, T ;H1

0
(Ω))

⋂

W
(1)

∞
(0, T ;H−(2+[

m
2

])(Ω)).

Then we may choose a subsequence ~ZNi
(x, t) from ~ZN(x, t) such that ~ZNi

(x, t) con-

verges in Lp(0, T ;L2(Ω)) to a vector ~Z(x, t) ∈ Lp(0, T ;H1(Ω)) (1 < p < ∞),
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and ∇~ZNi
(x, t) converges in L

p(0, T ;L2(Ω)) to ∇~Z(x, t). On the other hand, since
~ZNit(x, t) is uniformly bounded in Lp(0, T ;H−(2+[

m
2

])(Ω)) (1 < p < ∞), we may as-

sume that ~ZNit(x, t) weakly converges to a vector w(x, t) ∈ Lp(0, T ;H−(2+[
m
2

])(Ω))
(1 < p <∞). Now we claim w(x, t) = ~Zt(x, t). In fact, we have

∫ T

0

∫

Ω

~ZNitν(x, t)dxdt = −
∫ T

0

∫

Ω

~ZNi
νt(x, t)dxdt,

where ν(x, t) is any test function with compact support set in QT . Let Ni → ∞, we
get

∫ T

0

∫

Ω

w(x, t)ν(x, t)dxdt = −
∫ T

0

∫

Ω

~Z(x, t)νt(x, t)dxdt.

The claim follows.

This means that

~Z(x, t) ∈ Gp = L
p(0, T ;H1(Ω))

⋂

W
(1)

p (0, T ;H−(2+[
m
2

])(Ω)), 1 < p <∞,

and the norm of ~Z(x, t) in Gp is uniformly bounded in p. Then ~Z(x, t) ∈ G∞. We
have

Lemma 4.1.6 Suppose that (1)–(3) hold. Then for the limit function ~Zε(x, t) of the

approximate solution ~ZN(x, t),

sup
0≤t≤T

‖~Zε(·, t)‖H1(Ω) ≤ K5, (4.1.24)

sup
0≤t≤T

‖~Zεt(·, t)‖H−(2+[
m
2

])
(Ω)

≤ K6, (4.1.25)

‖~Zε(·, t+ ∆t) − ~Zε(·, t)‖L2(Ω) ≤ K7∆t
1

3+[
m
2

] (4.1.26)

hold, where K5, K6, K7 are independent of ε and 0 ≤ t, t+ ∆t ≤ T .

Choose a suitable subsequence from {~ZNi
(x, t)}, still denoted by {~ZNi

(x, t)}, such

that for some vector-valued function ~Z(x, t) ~ZNi
(x, t) → ~Z(x, t) holds strongly in

L2(Ω) for every 0 ≤ t ≤ T , and ‖~ZNi
(·, t)‖L2(Ω) → ‖~Z(·, t)‖L2(Ω) uniformly in 0 ≤ t ≤

T . More precisely, ~ZNi
(x, t) converges to ~Z(x, t) in C

(0, 1

3+[
m
2

]+δ
)

(0, T ;L2(Ω)), δ > 0.
It is clear that ~Z(x, t) satisfies the homogeneous boundary condition almost ev-

erywhere on ∂Ω × [0, T ].
Now we consider the limit of the integral (4.1.23) as Ni → ∞. Since as Ni →

∞, {νNit(x, t)} and {∇νNi
(x, t)} uniformly converge in QT to νt(x, t) and ∇ν(x, t),

{νNi
(x, 0)} uniformly converge in Ω to ν(x, 0); {ϕNi

(x)} converge in L2(Ω) to ϕ(x),

for the second term of (4.1.23), we have
∣

∣

∣

∣

∣

∫ T

0

∫

Ω

[∇νNi
∗ (~ZNi

×∇~ZNi
) −∇ν ∗ (~Z ×∇~Z)]

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

∫ T

0

∫

Ω

∇(νNi
− ν) ∗ (~ZNi

×∇~ZNi
)

∣

∣

∣

∣

∣
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+

∣

∣

∣

∣

∣

∫ T

0

∫

Ω

∇ν ∗ ((~ZNi
− ~Z) ×∇~ZNi

)

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∫ T

0

∫

Ω

∇ν ∗ (~Z ×∇(~ZNi
− ~Z))

∣

∣

∣

∣

∣

≤ ‖∇(νNi
− ν)‖L∞(QT )‖~ZNi

‖L2(QT )‖∇~ZNi
‖L2(QT )

+ ‖∇ν‖L∞(QT )‖~ZNi
− ~Z‖L2(QT )‖∇~ZNi

‖L2(QT )

+

∣

∣

∣

∣

∣

∫ T

0

∫

Ω

∇ν ∗ (~Z ×∇(~ZNi
− ~Z))

∣

∣

∣

∣

∣

.

Every term of the above inequality tends to zero as Ni → ∞.

Since {~ZNi
(x, t)} strongly converges to ~Z(x, t), {~ZNi

(x, t)} converges to ~Z(x, t)

a.e. on QT , and {~f(x, t, ~ZNi
(x, t))} converges to ~f(x, t, ~Z(x, t)) a.e. on QT , too.

Therefore it follows from (4.1.10) that

‖~f(x, t, ~ZNi
(·, t))‖qLq(Ω)

=
∫

Ω

|~f(x, t, ~ZNi
(x, t))|qdx

≤ C17

∫

Ω

|~ZNi
(x, t)|2+ 4

m−2dx+ C18,

where q = (2 + 4

m−2
)/l > 1 since l < 2 + 4

m−2
. Hence {~f(x, t, ~ZNi

(x, t))} weakly

converges to ~f(x, t, ~Z(x, t)) in L
∞(0, T ;Lq(Ω)) as Ni → ∞.

Now we may send Ni → ∞ so that (4.1.23) tends to (4.1.22). This means that
the limit vector ~Z(x, t) is a weak solution of (4.1.4) (ε > 0) or (4.1.1) (ε = 0) and

satisfies the homogeneous boundary condition (4.1.2) and initial condition (4.1.3).

3. The global weak solution with homogeneous boundary condition

Theorem 4.1.1 Let (1)–(3) hold. Then Eqs. (4.1.4) (ε > 0) and (4.1.1) (ε = 0) with

conditions (4.1.2) and (4.1.3) admit at least one global weak solution

~Z(x, t) ∈ L
∞(0, T ;H1

0
(Ω))

⋂

C
(0, 1

3+[
m
2

]
)

(0, T ;L2(Ω)).

Theorem 4.1.2 Let (1)–(3) hold. Let ~Z(x, t) be any limit function of any conver-

gent sequence of weak solutions {~Zε(x, t)} to the spin equation (4.1.4) (ε > 0) with

conditions (4.1.2) and (4.1.3) in C
(0, 1

3+[
m
2

]
)

(0, T ;L2(Ω)) ∩ L∞(0, T ;H1

0
(Ω)) as ε → 0.

Then ~Z(x, t) is a weak solution of problem (4.1.1)–(4.1.3).

Proof. For any ε > 0, there exists at least one ~Zε(x, t) ∈ G such that

∫ T

0

∫

Ω

[νt(x, t)~Zε(x, t) −∇ν(x, t) ∗ (~Zε(x, t) ×∇~Zε(x, t))

− ε∇ν(x, t) ∗ ∇~Zε(x, t) + ν(x, t)~f(x, t, ~Zε(x, t))]dxdt

+
∫

Ω

ν(x, 0)ϕ(x)dx = 0, ε ≥ 0, (4.1.27)
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where ν(x, t) is any test function. Since

ε

∫ T

0

∫

Ω

∇ν(x, t) ∗ ~Zε(x, t)dxdt→ 0, as ε→ 0,

limit ~Z(x, t) ∈ G meets

∫ T

0

∫

Ω

[νt(x, t)~Z(x, t) −∇ν(x, t) ∗ (~Z(x, t) ×∇~Z(x, t)) + ν(x, t)~f(x, t, ~Zε(x, t))]dxdt

+
∫

Ω

ν(x, 0)ϕ(x)dx = 0.

That is,

~Z(x, t) ∈ L
∞(0, T ;H1

0
(Ω))

⋂

C
(0, 1

3+[
m
2

]
)

(0, T ;L2(Ω))

is a weak solution of problem (4.1.1)–(4.1.3).

4. Global weak solution in the cylinder with infinite length

In former discussion, T may be arbitrary. We denote the cylinder with infinite

length by

Q∞ = {x ∈ Ω, 0 ≤ t ≤ ∞}.

We see that the ordinary system (4.1.6) and (4.1.7) of coefficients αnN (t) admits
at least one continuously differentiable solution αnN(t) which exists on [0,∞] so that

the approximate solution ~ZN(x, t) exists on Q∞ too.

Let Tk be a number sequence such that Tk → ∞ as k → ∞. Let {~ZNk,i(x, t)}
(k = 1, 2, . . . ; i = 1, 2, . . .) be the kth subsequence of ~ZN(x, t) such that

(1) {~ZNk+1,i(x, t)} ⊂ {~ZNk,i(x, t)};
(2) there is a vector-valued function ~Z(x, t) defined on Q∞ such that the subse-

quence {~ZNk,i(x, t)} weakly converges to ~Z(x, t) in

G(Tk) = L
∞(0, Tk;H

1

0
(Ω))

⋂

W
(1)

∞
(0, Tk;H

−(2+[
m
2

])(Ω))

⋂

C
(0, 1

3+[
m
2

]
)

(0, Tk;L
2(Ω)), k = 1, 2, . . . .

Hence we may take the diagonal method to choose a subsequence ~ZNk,k(x, t) that, on

any cylinder QT , weakly converges in G to ~Z(x, t). Hence ~Z(x, t) is in the space

G∞ = L
∞

loc
(0,∞;H1

0
(Ω))

⋂

H
1

loc
(0,∞;H−(2+[

m
2

])(Ω))

⊂ L
∞

loc
(0,∞;H1

0
(Ω))

⋂

C
(0, 1

3+[
m
2

]
)

(0,∞;L2(Ω)),

and meets the integral relation (4.1.22).

Theorem 4.1.3 Suppose

(i) the 3 × 3 Jacobi matrix ~f~Z(x, t, ~Z) is semi-bounded , i.e. for (x, t) ∈ Q∞ and
~Z ∈ R3, (4.1.9) holds.
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(ii) for any 0 < T <∞ and (x, t) ∈ QT and ~Z ∈ R
3
,















|~f(x, t, ~Z)| ≤ A(T )|~Z|l +B(T ),

|∇x
~f(x, t, ~Z)| ≤ A(T )|~Z|1+ 2

m +B(T ),
~f(x, t, 0) ≡ 0

(4.1.28)

holds, where A(T ), B(T ) are positive constant depending on T, and

2 ≤ l ≤ 2 +
4

m− 2
, m ≥ 2.

(iii) Vector ϕ(x) ∈ H1

0
(Ω).

Then both the spin equation (4.1.4) (ε > 0) and the ferromagnetic spin chain

equation (4.1.1) (ε = 0) with conditions (4.1.2) and (4.1.3) have a global weak solution

~Z(x, t) ∈ L
∞

loc
(0,∞;H1

0
(Ω))

⋂

C
(0, 1

3+[
m
2

]
)

loc
(0,∞;L2(Ω)).

If b < 0, it follows from (4.1.14) that

d

dt
‖~ZN(·, t)‖2

L2(Ω)
≤ −2|b|‖~ZN(·, t)‖2

L2(Ω)
,

and if (4.1.4) and (4.1.1) are both homogeneous, i.e. ~f(x, t, 0) ≡ 0, then

‖~ZN(·, t)‖L2(Ω) ≤ ‖ϕ‖L2(Ω)e
−|b|t

, 0 ≤ t <∞.

We conclude that the similar inequality also holds for limit ~Z(x, t), that is, we

have

Theorem 4.1.4 Let (i)–(iii) hold. Then for the weak solution ~Z(x, t) to the spin

equation (4.1.4) (ε > 0) or the ferromagnetic spin chain equation (4.1.1) (ε = 0) in

Q∞ with conditions (4.1.2) and (4.1.3),

lim
t→∞

‖~Z(·, t)‖L2(Ω) = 0

holds.

5. Uniqueness of smooth solution

Theorem 4.1.5 Assume that ~f(x, t, ~Z) is twice continuously differentiable with re-

spect to x, and ~Z, and the Jacobi matrix ~f~Z(x, t, ~Z) is semi-bounded. Then the classical

solution to problem (4.1.1)–(4.1.3) is unique.

Proof. Let ~u(x, t), ~Z(x, t) be two solutions. Set w(x, t) = ~u(x, t) − ~Z(x, t). We
have

d

dt
‖w(·, t)‖2

L2(Ω)
= 2

∫

∂Ω

(∇w · (w × ~u)) ∗ νm

− 2
∫

Ω

∇w ∗ (w ×∇~u) + 2
∫

Ω

w · ∂f̃
∂ ~Z

· w,
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d

dt
‖∇w(·, t)‖2

L2(Ω)
= 2

∫

∂Ω

(∇w · (w × ∆~Z)) ∗ νm − 2
∫

Ω

∇w ∗ (w ×∇∆~Z)

+ 2
∫

∂Ω

(

∇w · ∂f̃
∂ ~Z

· w
)

∗ νm − 2
∫

Ω

∇w ∗ ∇ ∂f̃

∂ ~Z
· ∇w

− 2
∫

Ω

∇w ∗
(

∂2f̃

∂ ~Z2
· w
)

· ∇~u − 2
∫

Ω

∇w ∗ ∂
~f(x, t, ~Z)

∂ ~Z
· ∇w,

where

∂f̃

∂ ~Z
=
∫

1

0

∂ ~f (x, t, τ~u + (1 − τ)~Z)

∂ ~Z
dτ ,

∂
2
f̃

∂ ~Z2
=
∫

1

0

∂
2 ~f(x, t, τ~u + (1 − τ)~Z)

∂ ~Z2
dτ ,

∇ ∂f̃

∂ ~Z
=
∫

1

0

∇∂ ~f (x, t, τ~u + (1 − τ)~Z)

∂ ~Z
dτ.

Hence w(x, t) ∈ C(3,1)(QT ) satisfies the homogeneous equation and the homogeneous

boundary and initial conditions. Thus

d

dt
‖∇w(·, t)‖2

H1(Ω)
≤ C18‖w(·, t)‖2

H1(Ω)
.

This proves the theorem.

Finally we consider the “blow-up” problem for the weak solution ~Z(x, t) of (4.1.1).

Theorem 4.1.6 If

~Z · ~f(x, t., ~Z) ≥ C0|~Z|2+δ, (x, t) ∈ QT ,
~Z ∈ R

3
, (4.1.29)

holds, where C0 > 0, δ > 0, and ‖ϕ(x)‖L2(Ω) > 0, then the weak solution ~Z(x, t) ∈
W

(2,1)
2 (QT ) to (4.1.1) blows up at finite time, i.e. for a finite t0 > 0

lim
t→t0−0

‖~Z(·, t)‖Lp(Ω) → ∞, 2 ≤ p <∞.

Proof. we have by multiplying (4.1.1) by |~Z|p−2 ~Z and integrating over [0, l] with

respect to x that

1

p

d

dt
‖~Z(·, t)‖pLp(Ω)

=
∫

Ω

(|~Z(x, t)|p−2 ~Z(x, t) · ~f(x, t, ~Z))dx

≥ C0

∫

Ω

|~Z(x, t)|p+δdx ≥ C0(mes Ω)−
δ
p‖~Z(·, t)‖p+δLp(Ω)

,

or

d

dt
‖~Z(·, t)‖Lp(Ω) ≥ C0(mes Ω)−

δ
p‖~Z(·, t)‖1+δ

Lp(Ω)
,
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and then

‖~Z(·, t)‖Lp(Ω) ≥ (‖ϕ‖−δLp(Ω)
− C0tδ(mes Ω)−

δ
p )−

1

δ , 2 ≤ p <∞.

This proves the theorem.

In the following we consider a more general blow-up result.

For example, we consider a general system

ut = ∇ ∗A(x, t, u) · ∇u+ f(x, t, u), (4.1.30)

where u(x, t) = (u1(x, t), . . . , un(x, t)) is an n-dimensional vector-valued unknown
defined on cylinder QT = {x ∈ Ω ⊂ Rm, 0 ≤ t ≤ T} and · and ∗ denote the inner

product in Rn and Rm, respectively. A(x, t, u) is a nonsingular and zero-definite
matrix, and f(x, t, u) is an n-dimensional vector-valued function satisfying

u · f(x, t, u) ≥ C0|u|2+δ (4.1.31)

for (x, t) ∈ QT and u ∈ Rn, C0 > 0, δ > 0.

Multiplying (4.1.30) by u and integrating over Ω, one has

1

2

d

dt
‖u(·, t)‖2

L2(Ω)
=
∫

∂Ω

(u · A · ∇u) ∗ νm

−
∫

Ω

∇u ∗ A · ∇u+
∫

Ω

u · f.

Consider the first initial boundary condition

u(x, t) = 0, x ∈ ∂Ω, 0 ≤ t ≤ T, (4.1.32)

u(x, 0) = ϕ(x), x ∈ Ω; (4.1.33)

or the second boundary condition

A(x, t, u(x, t)) · ∇u(x, t) ∗ νm = 0, x ∈ ∂Ω, 0 ≤ t ≤ T, (4.1.34)

u(x, 0) = ϕ(x), x ∈ Ω. (4.1.35)

We have

Theorem 4.1.7 Under above condition on A, f, for solution u(x, t) to problem

(4.1.30), (4.1.32) and (4.1.33), or problem (4.1.30), (4.1.34) and (4.1.35), we have

‖u(x, t)‖L2(Ω) → ∞, t→ t1 − 0,

where t1 > 0 is finite and ‖ϕ‖L2(Ω) > 0.
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4.2 Landau–Lifshitz Equations on Riemannian

Manifold and Harmonic Maps

4.2.1 Landau–Lifshitz Equations and Harmonic Maps

1. Landau–Lifshitz equations on Riemannian manifold

Let M be an m-dimensional Riemannian manifold of metric γ without boundary,
and S2 be the surface of a unit sphere in R3 centered at x = 0. In local coordinate

(x1, x2, . . . , xm) onM , the Laplace–Beltrami operator and norm |Du(x)| are expressed
by

∆M :=
1√
γ

∂

∂xβ

(

γ
αβ√

γ
∂

∂xα

)

= γ
αβ

(

∂2

∂xα∂xβ
− Γkαβ

∂

∂xk

)

and

|Du(x)|2 =
∑

α,β

∑

i

γ
αβ ∂u

i

∂xα

∂u
i

∂xβ
,

where (γαβ) is the inverse of (γαβ). The Landau–Lifshitz equations with the Gilbert

damping term on M is given by

~ut = −α1~u ×
(

~u × 1√
γ

∂

∂xβ

(

γ
αβ√

γ
∂~u

∂xα

))

+ α2~u × 1√
γ

∂

∂xβ

(

γ
αβ√

γ
∂~u

∂xα

)

, (4.2.1)

where α1 > 0 is the Gilbert constant and α2 is a constant too, with initial value ~u0(x)

such that
|~u0(x)|2 = 1, ∀ x ∈M. (4.2.2)

2. Harmonic maps

Lemma 4.2.1 (Gronwall Inequality) Let u, v, w be continuous functions for t ≥ 0
and suppose that w ≥ 0. Then the inequality

u(t) ≤ v(t) +
∫ t

0

w(s)u(s)ds

implies the inequality

u(t) ≤ v(t) +
∫ t

0

w(s)v(s)exp
(
∫ t

0

w(r)dr
)

ds.

Now we can consider an equivalent form of (4.2.1) under condition (4.2.2)

~ut = α1

1√
γ

∂

∂xβ

(

γ
αβ√

γ
∂~u

∂xα

)

+ α1|∇~u|2~u + α2~u × 1
√
γ

∂

∂xβ

(

γ
αβ√

γ
∂~u

∂xα

)

, (4.2.3)
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with initial value ~u0(x) such that

|~u0(x)|2 = 1, ∀ x ∈M. (4.2.4)

The equivalence follows from

Theorem 4.2.1 In the classical sense, ~u is a solution of (4.2.1) and (4.2.2) if and

only if ~u is a solution of (4.2.3) and (4.2.4).

Proof. Suppose that ~u is a solution of (4.2.1) and (4.2.2). By the vector product

formula

~a× (~b× ~c ) = (~a · ~c )~b− (~a ·~b)~c,
we have

~u × (~u × ∆M~u) = (~u · ∆M~u) − |~u|2∆M~u.

Multiplying (4.2.1) by ~u, we have

~u · ~ut = 0, ∀ (x, t) ∈M × [0,∞).

Then from (4.2.2) we get

|~u(x, t)|2 = 1, ∀ (x, t) ∈M × [0,∞).

This implies

~u ·D~u = 0, ~u · ∆Mu = −|D~u|2.
Thus

~u × (~u × ∆M~u) = −∆M~u − |D~u|2~u.
This proves that ~u solves (4.2.3) and (4.2.4).

Suppose that ~u is a solution of (4.2.3) and (4.2.4). Set z(x, t) = |~u(x, t)|2 on
MT := M × [0, T ], where T is a finite time T <∞. We have

zt = 2~u · ~ut, Dz = 2~u ·D~u.

By simple calculations we have

∆Mz = 2~u · ∆M~u + 2|D~u|2.

Thus we have

zt = α1∆Mz + 2α1|D~u|2(|~u|2 − 1), z(x, 0) = 1, x ∈M.

Setting w = z − 1, we have

wt = α1∆Mw + 2α1|D~u|2w, (4.2.5)

w(x, 0) = 0. (4.2.6)
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Multiplying (4.2.5) by w and integrating it on M we get

1

2

d

dt

∫

M
|w|2dx+ α1

∫

M
|Dw|2dx ≤ 2α1 max

x,t
|D~u|2

∫

M
|w|2dx.

It follows from Gronwall’s and Hölder’s inequalities and (4.2.6) that w(x, t) = 0 for
any (x, t) ∈MT , i.e. |~u(x, t)|2 = 1. This proves that ~u solves (4.2.1) and (4.2.2).

Corollary 4.2.1 Let α2 = 0 in (4.2.1). In the classical sense the Landau–Lifshitz

equation is equivalent to the heat flow of harmonic maps

~ut = ∆M~u + |∆~u|2~u.

Now we establish a relation between harmonic maps and the solutions to the

elliptic type Landau–Lifshitz equations.

Theorem 4.2.2 In the classical sense, ~u : M → S2 is a harmonic map if and only

if ~u solves (4.2.1) and ~ut(x, t) = 0 for t ≥ 0.

Proof. First, suppose ~u : M → S2 is a harmonic map, i.e.

−∆M~u = |D~u|2~u.

By the property of vector cross products, we get

~ut = −α1~u × (~u × ∆M~u) + α2~u × ∆M~u = 0.

Second, suppose that ~u(x, t) solves (4.2.1) and ~u t = 0, i.e.

α1∆M~u + α1|∆~u|2~u + α2~u × ∆M~u = 0. (4.2.7)

By the cross product of ~u and (4.2.7), we have

α1~u × ∆M~u + α2~u × (~u × ∆M~u) = 0.

By an argument similar to that of Theorem 4.2.1, we have

α1~u × ∆M~u − α2∆M~u − α2|D~u|2~u = 0.

It implies that

~u × ∆M~u =
α2

α1

(∆M~u + |D~u|2~u). (4.2.8)

Combining (4.2.8) with (4.2.7), we get

α1∆M~u + α1|D~u|2~u +
α2

α1

(∆M~u + |D~u|2~u) = 0, (4.2.9)

which implies that ~u is a harmonic map. This proves Theorem 4.2.2.
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Corollary 4.2.2. Suppose that ~u0 : M → S
2 is a given initial data. Then in the

classical sense, solution ~u of the Landau–Lifshitz equation (4.2.1) (α2 6= 0) is usually

not equal to a solution of the equation of the harmonic map heat flow. It equals to one

solution of the equation of the harmonic map heat flow if and only if ~u(x, t) ≡ ~u0(x)

for all (x, t) ∈M × R+ and ~u0(x) is a harmonic map from M to S2.

Suppose that ~u(x, t) ≡ ~u0(x) for (x, t) ∈M×R+ and ~u0(x) is a harmonic map, i.e.

−∆M~u = |D~u|2~u.

Then it is easy to see that ~u0(x) is a solution to both (4.2.1) and the equation of
harmonic map heat flow.

Suppose that ~u0(x), a solution to the equation of harmonic map heat flow, is also
a solution of (4.2.1) with α2 6= 0. Then we have

(α1 − 1)∆M~u + (α1 − 1)|D~u|2~u + α2 × ∆M~u = 0.

Taking the cross product of ~u with the above equation, we can prove as that of

Theorem 4.2.2 that

∆M~u + |D~u|2~u = 0.

Then it follows from the equation of heat flow that

~ut = 0.

Therefore, ~u(x, t) ≡ ~u0(x) is a harmonic map.

4.2.2 Local Smooth Solution of L–L Equation

1. Strong parabolicity

Now we consider a family of second order parabolic differential operators of the
form

~ut =
m
∑

α,β=1

Dα(aαβ(x, t, ~u)Dβ~u) + f(x, t, ~u,D~u), 0 ≤ t ≤ T <∞, (4.2.10)

where Dα = ∂
∂xα , acting on N -vector valued real functions ~u : Ω → R

N . We assume
that the coefficient functions are smooth, that is,

aαβ = aβα, aαβ ∈ C
∞(Ω × [0, T ] ×R

N
,Z(RN)),

where Z(RN ) is the space of all endomorphisms of RN . Like in [74], we say that

Eq. (4.2.10) is a strongly parabolic system, i.e.

N
∑

i,j=1

m
∑

α,β=1

a
ij
αβ(x, t, η)ξ

α
ξ
β
ζiζj > 0
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for all (x, t, η) ∈ Ω × [0, T ] × R
N , for all ξ = (ξ1

, ξ
2
, . . . , ξ

m) ∈ R
m \ {0}, and for all

ζ = (ζ1, ζ2, . . . , ζN) ∈ RN \ {0}, where aijαβ are the elements of matrices ajk.

We denote matrix g = (gij) by







g11 g12 g13

g21 g22 g23

g31 g32 g33






=







α1 −α2u
3 α2u

2

α2u
3

α1 −α2u
1

−α2u
2 α2u

1 α1






.

By Theorem 4.2.1, Eq. (4.2.1) is equivalent to (4.2.3) if the initial data ~u0(x) satisfies

condition (4.2.2). For the Landau–Lifshitz equation (4.2.3), the principle part is
given by

m
∑

α,β=1

Dα(aαβ(x, t, ~u)Dβ~u) =
m
∑

α,β=1

Dα(γ
αβ
Dβ~u + ~u × γ

αβ
Dβ~u).

The corresponding coefficients aijαβ are given by

a
ij
αβ = γ

αβ
gij.

Therefore the Landau–Lifshitz equation is strongly parabolic by the following relation:

N
∑

i,j=1

m
∑

α,β=1

a
ij
αβ(x, t, η)ξ

α
ξ
β
ζiζj = α1|ζ|2

m
∑

α,β=1

γ
αβ
ξ
α
ξ
β
> 0

for all (x, t, η) ∈ Ω × [0, T ] × RN , for all ξ = (ξ1, ξ2, ξ3) ∈ R3 \ {0}, and for all

ζ = (ζ1, ζ2, ζ3) ∈ R3 \ {0}.
2. Local smooth solution for L–L equation

Now consider the Landau–Lifshitz equation from R2 → S2.
First, let us consider the Cauchy problem of the Landau–Lifshitz equation from

the flat torus. In order to formulate the problem, let Q be the flat torus R2/Z2. We
suppose that ~u0 is a map from Q to S2.

Consider the Cauchy problem Q into R3

~ut = −α1~u × (~u × ∆~u) + α2~u × ∆~u, (4.2.11)

with initial condition

~u|t=0 = ~u(x, 0) = ~u0(x), ∀ x ∈ R
2
. (4.2.12)

It is easy to see from Theorem 4.2.1 that if ~u is a smooth solution of (4.2.11) and

(4.2.12), then
|~u(x, t)|2 = 1.

Lemma 4.2.2 Suppose that ~u is a smooth solution of the Cauchy problem (4.2.11)
and (4.2.12). Then

‖∇~u(·, t)‖L2(Q) ≤ ‖∇~u0‖L2(Q), ∀ t ≥ 0.
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Proof. Multiplying (4.2.11) by ∆~u, we have

∆~u · ~ut = −α1∆~u · (~u × (~u × ∆~u))

= −α1(~u × ∆~u) · (∆~u × ~u) = α1|~u × ∆~u|2.

Then
1

2

d

dt
‖∇~u‖L2(Q) + α1‖~u × ∆~u‖L2(Q) = 0.

This implies that
1

2

d

dt
‖∇~u‖L2(Q) ≤ 0.

The lemma follows.

Lemma 4.2.3 (Gagliardo–Nirenberg Inequality) Let Ω be Rn or a bounded Lipschitz

domain in Rn with boundary ∂Ω, and let u be any function in Wm,r(Ω) ∩ Lq(Ω),

1 ≤ r, q ≤ ∞. For any integer j: 0 ≤ j < m, and for any number α in the interval
j
m

≤ α ≤ 1, set
1

p
=
j

n
+ α

(

1

r
− m

n

)

+ (1 − α)
1

q
.

If m− j − n
r

is not a nonnegative integer, then

‖∇j
u‖0,p ≤ C(‖u‖m,r)α(‖u‖0,q)

1−α
. (4.2.13)

If m− j − n
r

is a nonnegative integer , then (4.2.13) holds for α = j
m
, where ‖ · ‖h,k =

‖ · ‖Wh,k(Ω). Constant C depends only on r, q, m, j, α and the shape of Ω.

Lemma 4.2.4 Suppose that ∇~u0 ∈ H1,2(Q). Let T > 0 be a constant. Let ~u be a

smooth solution of (4.2.11) and (4.2.12) on QT = Q× [0, T ]. Then there is a constant

C > 0 such that

‖∇2
~u(·, t)‖L2(Q) ≤ C, ∀ T ≥ t ≥ 0; ‖∇3

~u‖L2(QT ) ≤ C,

provided that ‖∇~u0‖L2(Q) ≤ λ for some small λ > 0.

Proof. Denote Dα = ∂α1

x1
∂α2

x2
, |α| = α1 +α2, where α1, α2 are nonnegative integers.

For simplicity, let Dk denote any kind of Dα, where |α| = k.
Differentiating (4.2.11) with D2, multiplying it by D2~u, and integrating with

respect to x on Q, we have

(∂tD
2
~u,D

2
~u) = α1(∆D

2
~u,D

2
~u) + α1(D

2(|∇~u|2~u), D2
~u)

+ α2(D
2(~u × ∆~u), D2

~u). (4.2.14)

Since Q has no boundary we get






















(∂tD
2~u,D2~u) =

1

2

d

dt
‖D2

~u‖L2(Q),

(∆D2
~u,D

2
~u) = −‖∇D2

~u‖L2(Q),

|(D2(|∇~u|2~u), D2
~u)| = |(D(|∇~u|2~u), D3

~u)|.

(4.2.15)
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Due to

D(|∇~u|2~u) = |∇~u|2D~u + 2~u∇~u ·D∇~u,
we have

‖D(|∇~u|2~u)‖L2(Q) ≤ ‖∇~u‖2

L∞(Q)
‖D~u‖L2(Q)

+ 2‖~u‖L∞(Q)‖∇~u‖L∞(Q)‖D∇~u‖L2(Q).

From the Gagliardo–Nirenberg inequality, we have

‖∇~u‖L4(Q) ≤ C1‖∇~u‖1/4
H2,2(Q)

‖∇~u‖3/4
L2(Q)

, (4.2.16)

‖∇2
~u‖L4(Q) ≤ C1‖∇~u‖3/4

H2,2(Q)
‖∇~u‖1/4

L2(Q)
, (4.2.17)

‖∇~u‖L6(Q) ≤ C1‖∇~u‖1/3
H2,2(Q)

‖∇~u‖2/3
L2(Q)

. (4.2.18)

Then from (4.2.16)–(4.2.18)

|(D2(|∇~u|2~u), D2
~u)|

≤ ‖∇3
~u‖L2(Q)(2‖~u‖L∞(Q)‖∇~u‖L4(Q)‖D∇2

~u‖L4(Q) + ‖∇~u‖3

L6(Q)
)

≤ C2(C1‖∇~u‖L2(Q) + C
3

1
‖∇~u‖2

L2(Q)
)‖∇~u‖H2,2(Q)

≤ C2(2C1‖∇~u0‖L2(Q) + C
3

1
‖∇~u0‖2

L2(Q)
)‖∇~u‖H2,2(Q), (4.2.19)

where C2 > 0 is a constant.

On the other hand, from (4.2.16)–(4.2.18)

|(D2(~u × ∆~u), D2
~u)|

= |(D2∇ · (~u ×∇~u), D2
~u)|

= |(D2(~u ×∇~u),∇D2
~u)|

= |(D2
~u ×∇~u + 2D~u ×D∇~u + ~u ×∇D2

~u,∇D2
~u)|

≤ C3‖∇~u‖L4(Q)‖∇2
~u‖L4(Q)‖∇3

~u‖L4(Q)

≤ C
2

1
C3‖∇~u‖L2(Q)‖∇~u‖H2,2(Q)

≤ C
2

1
C3‖∇~u0‖L2(Q)‖∇~u‖H2,2(Q), (4.2.20)

where C3 > 0 is an absolute constant and ~u ×∇~u := (~u ×∇1~u, ~u ×∇2~u).

Therefore from (4.2.14)–(4.2.20) we have

d

dt
‖∇2

~u(·, t)‖2

L2(Q)
+ α1‖∇3

~u(·, t)‖2

L2(Q)

≤ α1‖∇3
~u(·, t)~u‖2

L2(Q)
(C3

1
C2‖∇~u0‖2

L2(Q)

+ 2C1C2‖∇~u0‖L2(Q) +
α2

α1

C
2

1
C3‖∇~u0‖L2(Q))

+ C‖∇2
~u(·, t)‖2

L2(Q)
+ C, (4.2.21)
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where C > 0 depends on ‖∇~u0‖L2(Q). When λ is chosen small enough such that

ε :=
(

C
3

1
C2λ

2 + 2C1C2λ+
α2

α1

C
2

1
C3λ

)

< 1,

we have

d

dt
|∇2

~u(·, t)|2L2(Q)
+ α1(1 − ε)‖∇3

~u(·, t)‖2

L2(Q)
≤ C‖∇2

~u(·, t)‖2

L2(Q)
+ C.

By the Gronwall inequality we have

‖∇2
~u(·, t)‖2

L2(Q)
≤ C, ∀ T ≥ t > 0,

and

‖∇3
~u‖2

L2(QT )
≤ C.

The lemma follows.

Lemma 4.2.5 Let Ω be R2 or bounded Lipschitz domain in R2 with boundary Ω. Let

u be any function in H2,2(Ω). Then we have

‖u‖L∞(Ω) ≤ C‖u‖3/4
H2,2(Ω)

‖u‖1/4
L2(Ω)

,

where C > 0 is a constant.

Proof. Without loss of generality, we assume that Ω be R2, u ∈ C∞

0
(R2). Then

for any x = (x1, x2) ∈ R2 we have

|u(x1, x2)| ≤
∫

∣

∣

∣

∣

∣

∂u(x1, x2)

∂x1

∣

∣

∣

∣

∣

dx1.

For any fixed x1, we define

v(x2) =
∂u(x1, x2)

∂x1

which is a one-dimensional function. By using Theorem 2.2 of Chapter 2 of [39], we

have
|v(x2)| ≤ C‖vx2

‖1/2
L2(R)

‖v‖1/2
L2(R)

.

Therefore using the above inequalities and the Gagliardo–Nirenberg inequality we

have

|u(x1, x2)| ≤ C

∫

∥

∥

∥

∥

∥

∂2u(·, x2)

∂x1∂x2

∥

∥

∥

∥

∥

1/2

L2

∥

∥

∥

∥

∥

∂u(·, x2)

∂x1

∥

∥

∥

∥

∥

1/2

L2

dx1

≤ C‖∇2
u‖1/2

L2(Ω)
‖∇u‖1/2

L2(Ω)

≤ C‖∇2
u‖3/4

L2(Ω)
‖u‖1/4

L2(Ω)
.

This proves the lemma.
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Lemma 4.2.6 Suppose that ∇~u0 ∈ H
k,2(Q;S2), k ≥ 2 and the conditions of

Lemma 4.2.4 hold. Then there exists a constant C such that

sup
0≤t≤T

‖∇~u(·, t)‖2

Hm,2(Q)
≤ C for 2 ≤ m ≤ k.

Proof. We prove this lemma by induction.

First, we know from Lemma 4.2.4 that ‖∇~u(·, t)‖H1,2(Q) ≤ C for all t ≤ T .
Second, from (4.2.3) we have

d

dt
D

3
~u = α1∆D

3
~u + α1D

3(|∇~u|2~u) + α2D
3(~u × ∆~u).

Since Q has no boundary, we have

(D3~ut, D
3~u) =

1

2

d

dt
‖D3

~u(·, t)‖2

L2(Q)
,

(∆D3~u,D3~u) = −‖∇D3~u(·, t)‖2

L2(Q)
.

(4.2.22)

Since

D
2(|∇~u|2~u) = |∇~u|2D2

~u + 4∇~uD∇~u ·D~u
+ 2|D∇~u|2~u + 2∇~uD2∇~u · ~u,

we have from Lemmas 4.2.3 and 4.2.5

|(D3(|∇~u|2~u), D3
~u)| = |(D2(|∇~u|2~u), D4

~u)|
≤ C(‖∇~u‖2

L∞(Q)
‖D∇~u‖L2(Q) + ‖∇~u‖2

L2(Q)

+ ‖∇~u‖L∞(Q)‖D2∇~u‖2

L2(Q)
)‖D4

~u‖L2(Q)

≤ ε

2
‖∇~u‖2

H3,2(Q)
+ C‖∇3

~u‖2

L2(Q)
+ C

and

|α2(D
3(~u × ∆~u), D3

~u)|
= |α2(∇ ·D3(~u ×∇~u), D3

~u)|
= |α2(D

3(~u ×∇~u),∇D3
~u)|

= |α2(D
3
~u ×∇~u + 5D2

~u ×D∇~u + 4D~u ×D
2∇~u + ~u ×∇D3

~u,∇D3
~u)|

≤ C(‖∇~u‖2

L∞(Q)
‖D3

~u‖L2(Q) + ‖D2
~u‖L4(Q)‖D∇~u‖L4(Q) + ‖∇~u‖L∞(Q))‖D3∇~u‖L2(Q)

≤ α1ε

2
‖∇~u‖2

H3,2(Q)
+ C‖∇3

~u‖2

L2(Q)
+ C.

Choosing ε small enough, we have

d

dt
‖∇3

~u‖2

L2(Q)
+
α1

2
‖∇4

~u‖2

L2(Q)
≤ C‖∇3

~u‖2

L2(Q)
+ C.
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By the Gronwall inequality, we have

‖∇~u(·, t)‖2

H2,2(Q)
≤ C, ∀ 0 ≤ t ≤ T,

where C depends on ‖∇~u0‖H2,2(Q). In fact, ‖∇~u‖L∞(Q) ≤ C.

Second, suppose that ‖∇~u‖Hm,2(Q) ≤ C, m ≥ 2. From (4.2.3) we have

D
m+1

~ut = α1∆D
m+1

~u + α1D
m+1(|∇~u|2~u) + α2D

m+1(~u × ∆~u).

Since Q has no boundary, we have

(Dm+1
~ut, D

m+1
~u) =

1

2

d

dt
‖Dm+1

~u(·, t)‖2

L2(Q)
,

(∆Dm+1
~u,D

m+1
~u) = −‖∇Dm+1

~u(·, t)‖2

L2(Q)
.

By using the well-known Kato’s inequality (see Lemma 3.1 of [97]), we have

‖Ds(fg) − fD
s
g‖Lp(Q)

≤ C(‖Df‖L∞(Q)‖Ds−1
g‖Lp(Q) + ‖Ds

f‖Lp(Q)‖g‖L∞(Q))

for any two functions f, g.
Setting f = ~u, g = |∇~u|2, s = m, we have

‖Dm(|∇~u|2~u)‖L2(Q)

≤ ‖~uDm(|∇~u|2)‖L2(Q) + C(‖∇~u‖L∞(Q)‖Dm−1|∇~u|2‖L2(Q)

+ ‖Dm
~u‖L2(Q)‖|∇~u|2‖L∞(Q))

≤ ‖Dm|∇~u|2‖L2(Q) + C(‖Dm−1|∇~u|2‖L2(Q) + ‖Dm
~u‖L2(Q))

≤ C1‖∇m+1
~u‖L2(Q)) + C2.

Then

|(Dm+1(|∇~u|2~u), Dm+1
~u)| = |(Dm(|∇~u|2~u), Dm+2

~u)|

≤ 1

4
‖∇Dm+1

~u‖2

L2(Q)
+ ‖∇m+1

~u‖2

L2(Q)
.

On the other hand, we have

|(Dm+1(~u × ∆~u), Dm+1
~u)| = |(Dm+1(~u ×∇~u),∇Dm+1

~u)|.
Since

D
m+1(~u ×∇~u) = D

m+1
~u ×∇~u + ~u ×D

m+1∇~u +
m
∑

h=1

chD
h
~u ×D

m+1−h∇~u,

α2|(Dm+1(~u ×∇~u),∇Dm+1
~u)|

≤ α2|(Dm+1
~u ×∇~u,∇Dm+1

~u)| + α2

m
∑

h=1

ch|(Dh
~u ×D

m+1−h∇~u,∇Dm+1
~u)|

≤ ‖∇~u‖2

L∞(Q)
‖Dm+1

~u‖L2(Q) + C‖Dm
~u‖L4(Q)‖Dm∇~u‖L4(Q)‖∇Dm+1

~u‖L2(Q)

≤ α1

4
‖∇Dm+1

~u‖2

L2(Q)
+ C‖∇m+1

~u‖2

L2(Q)
.
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Therefore, we have

d

dt
‖∇m+1

~u(·, t)‖2

L2(Q)
+
α1

2
‖∇m+2

~u(·, t)‖2

L2(Q)
≤ C‖∇m+1

~u(·, t)‖2

L2(Q)
.

By the Gronwall inequality, we have

‖∇~u(·, t)‖2

Hm+1,2(Q)
≤ C, m ≥ 2, ∀ 0 ≤ t ≤ T.

This prove the lemma.

4.2.3 Global Smooth Solution to L–L Equation

Due to the strong parabolicity of the Landau-lifshitz equation with Gilbert damping
(4.2.3), the local existence of smooth solution has been proved by Amann in [5].

Combining this local existence with Lemma 4.2.2–Lemma 4.2.6, we conclude that the
local smooth solution can be extended to a large t to obtain the existence of global

solution.

Theorem 4.2.3 Let Q be the flat torus R2/Z2. Suppose that ∇~u0(x) is a given

initial value in Hk(Q;S2), where k is large enough. Then there exists a constant λ

such that the periodic value problem (4.2.11) and (4.2.12) with the initial value ~u0

admits a smooth global solution ~u(x, t) provided that ‖∇~u0‖2 ≤ λ.

4.2.4 On the Landau–Lifshitz Equation on Riemannian

Surface

1. Local estimates

Now we consider the Landau–Lifshitz equations on Riemannian manifold.

Let M be a closed Riemannian surface, BM
R (x) = {y ∈ M : |y − x|M < R} for a

domain Ω and −∞ < s < t < ∞, and let Ωt
s = Ω × [s, t]. The energy on BM

R (x) is

given by

ER(~u; x) =
∫

BM
R (x)

e(~u)dM, where e(~u) =
1

2
|∇~u|2.

We denote

V (MT
τ ;S2) =

{

~u : M × [τ, T ] → S
2 | ~u is measurable and

ess sup
τ≤t≤T

∫

M
|∇~u(·, t)|2dM +

∫ T

τ
(|∇2

~u|2 + |~ut|2)dMdt <∞
}

.

Like in [133], we have

Lemma 4.2.7 There exist constants C and R0 such that for any u ∈ V (MT ;S2),
and any R ∈ (0, R0) there holds the estimate

∫

MT
|∇u|4dMdt ≤ C ess sup

(x,t)∈MT

∫

BM
R

(x)
|∇u(x, t)|2dM

×
(
∫

MT
|∇2

~u|2dMdt +R
−2

∫

MT
|∇~u|2dMdt

)

.
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Lemma 4.2.8 There exists a constant C = C(S2) such that for any solution ~u ∈
V (MT ;S2) of (4.2.11) there holds the estimate

∫

MT
|~ut|2dMdt ≤ CE(~u0).

Moreover, E(~u(·, t)) is absolutely continuous on [0, T ] and non-increasing.

Proof. By Lemma 4.2.7, we may multiply (4.2.3) by ~u t and integrate. Then for
any s, t ∈ [0, T ]

∫

Mt
s

|~ut|2dMdt+ α1

∫ t

s

d

dt
E(~u(·, t))dt− α2

∫

Mt
s

~ut · (~u × ∆M~u)dMdt = 0. (4.2.23)

In the distribution sense we have

~ut = α1(∆M~u + |D~u|2~u) + α2(~u × ∆M~u).

By the cross product of the above equation with ~u, we get

~u × ~ut = α1(~u × ∆M~u) + α2(~u × (~u × ∆M~u))

= α1(~u × ∆M~u) − α2∆M~u − α2|Du|2~u.

Since

−∆M~u − |Du|2~u = − 1

α1

~ut +
α2

α1

(~u × ∆M~u),

we have

~u × ~ut +
α2

α1

~ut =

(

α1 +
α2

2

α1

)

(~u × ∆M~u). (4.2.24)

Multiplying the above equation by ~ut, we have

~ut · (~u × ∆M~u) = α2(α
2

1
+ α

2

2
)−1|~ut|2.

Then we have

α2

∫

MT
~ut(~u × ∆M~u)dMdt =

α2

2

α2

1 + α2

2

∫

MT
|~ut|2dMdt. (4.2.25)

The conclusion of the lemma follows by (4.2.24) and (4.2.25).

Corollary 4.2.3 Combining Lemma 4.2.7 and Lemma 4.2.8 we obtain the estimate

∫

MT
|∇~u|4dMdt ≤ C sup

(x,t)∈MT

ER(~u(·, t), x)
(
∫

MT
|∇2

~u|2dMdt +
T

R2
E(~u0)

)

for any solution ~u ∈ V (MT ;S2) of (4.2.3) and any R ∈ (0, R0].
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This corollary makes it important to control energy locally.
2. Estimates for the solution to the equivalent equation

Like in [133], we have

Lemma 4.2.9 There exists a constant C1 = C1(M ;S2) such that for any solution

~u ∈ V (MT ;S2) of (4.2.3), any R ∈ (0, R0], and any (x, t) ∈ MT , there holds the

estimate

ER(~u(·, t), x) ≤ E2R(~u(·, 0), x) + C1

t

R2
E(~u0).

Proof. Let φ ∈ C∞

0
(BM

2R(x0)) satisfy 0 ≤ φ ≤ 1, φ ≡ 1 on BM
R (x0), |∇φ| ≤ C

R
. By

multiplying Eq. (4.2.3) by φ2~ut, and by the same arguments used in Lemma 4.2.8,

we have

α2

∫

MT
~ut · (~u × ∆M~u)φ2

dMdt =
α

2

2

α2

1 + α2

2

∫

MT
|~ut|2φ2

dMdt.

Hence by the same steps of Lemma 3.6 in [133], we obtain

ER(~u(·, t), x) ≤
∫

M
e(~u(·, t))φ2

dM ≤ E2R(~u0, x) + C
t

R2
E(~u0)

as claimed.

For a solution ~u ∈ V (MT ;S2) of (4.2.3) and R ∈ (0, R0], let

ε(R) := ε(R;~u, T ) = sup
(x,t)∈MT

ER(~u(·, t); x).

We give a priori estimates for the V -norm and the Hölder norm of ~u in terms of

initial energy E(~u0), T , and the number

R = sup{R > 0 : ε(R;~u, T ) ≤ ε1},
where ε1 > 0 is a parameter depending on M which is to be determined.

Then we have

Lemma 4.2.10 There is a constant ε1 > 0 such that for any solution ~u ∈ V (MT ;S2)

of (4.2.3) and any number R ∈ (0, R0], there holds the estimate
∫

MT
|∇2

~u|2dMdt ≤ CE(~u0)(1 + TR
−2),

provided ε(R) ≤ ε1.

Proof. We only note that
∫

MT
∆M~u · (α1~u × ∆M~u)dMdt = 0.

The other steps follow as those of Lemma 3.7 in [133].

Corollary 4.2.4 In the above proof we have the estimate
∫

MT
|∆M~u|2dMdt ≥

∫

MT
|∇2

~u|2dMdt− C

∫

MT
|∇~u|2dMdt. (4.2.26)

By the same proof as that of Lemma 3.8 in [133], we obtain
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Lemma 4.2.11 For any number ε, τ, E0 > 0, R1 ∈ (0, R0], there exists a number

δ > 0 such that for any solution ~u ∈ V (MT ;S2) of (4.2.3) and any I ⊂ [τ, T ] with

measure |I| < δ there holds the estimate

∫

I

∫

M
|∇~u|4dMdt < ε,

provided ε(R1) ≤ ε1, E(~u0) ≤ E0.

Lemma 4.2.12 For numbers E0 > 0, R0 > 0, let ~um ∈ V (MT ;S2) be solutions to

Eq. (4.2.3) with initial value ~um(0) provided that ε(R;~um, T ) ≤ ε1 for R ∈ (0, R0], and

~um(0) → ~u0 as m → ∞. Then ~um converges to a solution of (4.2.3) in V (MT ;S2)
as m→ ∞.

Proof. The proof of Lemma 4.2.10 and [133, Lemma 3.8] then show that

∫

(

∫

M
|∆M~um|4dM

)

dt

is uniformly absolutely continuous on [0, T ]. We may suppose that ~um → ~u a.e. and
∂t~um ⇀ ∂t~u, ∆2~um ⇀ ∆2~u weakly in L2(MT ), and ∇~um → ∇~u strongly in L2(MT ).

Let vm := ~um − ~u; |∇Um| := |∇~um| + |∇~u|. Then

(∂tvm − α1∆Mvm + α2~um × ∆Mvm + α2vm × ∆M~um)

≤ Cm(|vm||∇Um|2 + |∇vm||∇Um|).

Multiplying it by ∆Mvm and integrating it give

1

2

∫

M

d

dt
(∇vm,∇vm)MdMdt + α1

∫

MT
|∆Mvm|2dMdt

≤ α1

2

∫

MT
|∆Mvm|2dMdt+

∫

MT
|vm|2|∆M~u|2dMdt

+ C

∫

MT
(|vm|2|∇Um|4 + |∇vm|2|∇Um|2)dMdt.

Then by (4.2.26) and Vitali’s theorem, we have

sup
0≤t≤T

∫

M
|∇vm(·, t)|2dM +

∫

MT
|∇2

vm|2dMdt→ 0

since ∇vm(·, 0) → 0 in L2(M).
Similarly,

∫

MT
|∂tvm|2dMdt ≤ C

∫

MT
(|∆Mvm|2 + |vm|2|∇Um|4

+ |∇vm|2|∇Um|2 + |vm|2|∆M~u|2)dMdt→ 0, (m→ ∞),

i.e. ~um → ~u strongly in V (MT ;S2).
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3. Regularity of solutions to L–L equation

Lemma 4.2.13 Let ~u ∈ V (MT ;S2)
⋂

τ>0 C
2(MT

τ ;S2) be a regular solution to (4.2.3).
Then for any τ > 0 the Hölder norms of ~u and its derivatives may be estimated

uniformly on MT
τ by quantities involving only E(~u0), τ, T and R, provided ε(R) ≤ ε1.

Proof. Multiplying (4.2.3) by ∆M~u and integrating it give
∫

M
|∆M~u(·, t)|2dM ≤ 1

2

∫

M
|∆M~u(·, t)|2dM

+ C

∫

M
|∂t~u(·, t)|2dM + C

∫

M
|∇~u(·, t)|4dM,

which implies
∫

M
|∆M~u(·, t)|2dM ≤ C

∫

M
(|∇~u(·, t)|4 + |∂t~u(·, t)|2)dM, a.e. t ∈ [0, T ].

From
~u × ∆M~u = ∇ · (~u ×∇~u),

we have
∫

MT
(~u × ∆M~u)t · ~utdMdt

=
∫

MT
(∇ · [∂t~u ×∇~u + ~u ×∇∂t~u]) · ~utdMdt

= −
∫

MT
(∂t~u ×∇~u) · ∇~utdMdt

≤ 1

4

∫

MT
|∇∂t~u|2dMdt + C

∫

MT
|∂t~u|2|∇~u|2dMdt.

In order to estimate the right-hand side of the above inequality, we differentiate
(4.2.3) with respect to t, and multiply with ∂t~u, and then integrate over MT

s , where

τ ≤ s ≤ t ≤ T , to give

1

2

∫

MT
s

∂t|~ut|2dMdt + α1

∫

MT
s

|∇∂t~u|2dMdt

≤ C

∫

MT
s

(|∂t~u|2|∇~u|2 + |∂t~u||∇~u||∇∂t~u|)dMdt

+

∣

∣

∣

∣

∣

α2

∫

MT
s

(~u × ∆M~u)t · ~utdMdt

∣

∣

∣

∣

∣

≤ α

2

∫

MT
s

|∇∂t~u|2dMdt + C

∫

MT
s

|∂t~u|2|∇~u|2dMdt.

Repeating the proof of Lemma 3.10 of [133], we have


















sup
τ≤t≤T

∫

M
|∂t~u(·, t)|2dM ≤ C(1 + τ

−1)E(~u0);

∫

M
|∇2

~u(·, t)|2dM ≤ C(1 + τ
−1 +R

−2)E(~u0),
(4.2.27)
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where ε(R) ≤ ε1. On the other hand, it follows from Lemma 4.2.5 and (4.2.27) that

sup
x∈M

‖~u(·, t1) − ~u(·, t2)‖L∞(M)

≤ C‖~u(·, t1) − ~u(·, t2)‖3/4
H2,2(M)

‖~u(·, t1) − ~u(·, t2)‖1/4
L2(M)

≤ 2C sup
t

‖~u(·, t)‖3/4
H2,2(M)

∥

∥

∥

∥

∥

∫ t2

t1
∂t~udt

∥

∥

∥

∥

∥

1/4

L2(M)

≤ C sup
t

‖~u(·, t)‖3/4
H2,2(M)

|t1 − t2|1/4
(

∫

MT
τ

|~ut|2dMdt

)

1/4

≤ C|t1 − t2|1/4. (4.2.28)

Combining (4.2.27) with (4.2.28), we know that the C
1

2
, 1
4 -Hölder norm of ~u can

be estimated uniformly on MT
τ by quantities in E(~u0) and ε(R) ≤ ε1. Since (4.2.3)

is parabolic, using [101, Chap. VII, Theorem 10.4] and by the standard bootstrap

method, we may get the higher regularity about the solution.
4. Uniqueness of solution to L–L equation

Now we consider the uniqueness of solution to (4.2.3) in V (MT ;S2).

Theorem 4.2.4 Suppose ~u1, ~u2 ∈ V (MT ;S2) are two solutions to (4.2.3) with

~u1(·, 0) = ~u2(·, 0) = ~u0(·). Then ~u1 = ~u2 in MT .

Proof. Let v = ~u1 − ~u2 and |∇U | := |∇~u1| + |∇~u2|. From (4.2.1) we obtain

|vt − α1∆Mv + α2~u1 × ∆M~u1 − α2~u2 × ∆M~u2| ≤ C(|v||∇U |2 + |∇v||∇U |).
If we multiply this by v and integrate over MT , we have

1

2

∫

M
|v(·, t)|2dM + α1

∫

MT
(∇v,∇v)MdMdt

≤ C

∫

MT
(|v|2|∇U |2 + |v||∇v||∇U |)dMdt

+ C

∣

∣

∣

∣

∫

MT
(~u1 × ∆M~u1 − ~u2 × ∆M~u2)vdMdt

∣

∣

∣

∣

.

Since

(~u1 × ∆M~u1 − ~u2 × ∆M~u2)v = (v × ∆M~u1 + ~u2 × ∆Mv)v

= (~u2 × ∆Mv) · v = −(~u2 × v) · ∆Mv,

∣

∣

∣

∣

∫

MT
(~u1 × ∆M~u1 − ~u2 × ∆M~u2)vdMdt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

MT
(~u2 × v)∆MvdMdt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

MT
(∇~u2 × v + ~u2 ×∇v) · ∇vdMdt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

MT
(∇~u2 × v) · ∇vdMdt

∣

∣

∣

∣

≤ C

∫

MT
|v|2|∇U |2dMdt +

1

4

∫

MT
|∇v|2dMdt.
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Therefore

1

2

∫

M
|v(·, t)|2dM + α1

∫

MT
(∇v,∇v)MdMdt

≤ α1

2

∫

MT
(∇v,∇v)MdMdt + C

∫

MT
|v|2|∇U |2dMdt.

By the same steps as that of the proof of Lemma 3.12 in [133], we complete the proof
of the theorem.

In order to prove a local existence of solution to (4.2.3), we improve Hamilton’s
idea and derive the following

Lemma 4.2.14 For every function g ∈ Lp(M × [α, ω]) there exists a unique f ∈
W

2,p(M × [α, ω]) such that

∂tf = α1∆Mf + a∇f + bf + α2z × ∆Mf + g

on M × [α, ω], where a, b, z are given smooth functions.

Proof. Let Hf = ∂tf − α1∆Mf − α2z × ∆Mf and Kf = a∇f + bf . Then map
f → Hf defines an isomorphism from W 2,p(M × [α, ω]) onto Lp(M × [α, ω]) since

H is a strongly parabolic linear operator. Moreover, since K has weight 1, map
K : W 2,p(M × [α, ω]) → Lp is compact as it factors through the compact inclusion

of W 2,p into Lp. By the theory of Fredholm mappings map W 2,p → Lp given by
f → (Hf − Kf) has finite dimensional kernel and cokernel. Moreover, its index is

zero. Then to show that it is an isomorphism it suffices to show that its kernel is
zero. Let f ∈ W 2,p(M × [α, ω]) we know that f |[M×α] = 0 since

∂tf − α1∆Mf − α2z × ∆Mf − a · ∇f − bf = 0.

Taking the scalar product of the above equation with f , we obtain

∫

M
∂t|f |2dM + α1|∇f |2dM − α2

∫

M
f · (z × ∆Mf)dM

=
∫

M
af · ∇fdM + bf

2
dM.

Since
∫

M
f∇ · (z ×∇f)dM = −

∫

M
∇f · (z ×∇f)dM = 0,

∫

M
f · (z × ∆Mf)dM = −

∫

M
f · ∇z ×∇fdM,

we have
∫

M
∂t|f |2dM + α1|∇f |2dM ≤ α1

2

∫

M
|∇f |2dM + C

∫

M
bf

2
dM.

Using the Gronwall inequality, we have f = 0. This proves the lemma.
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From Proposition 2.1 of [25], we have

Lemma 4.2.15 Let M be a two-dimensional compact Riemannian manifold. Then

for all u ∈ W
1,2
p (MT ), 4 < p <∞, there exists constant C > 0 such that

sup
t∈[0,T ]

‖u(·, t)‖C1+α(M) ≤ C‖u‖W 1,2
p (MT )

,

where α = 1 − 4

p
.

We now prove the existence of solutions of (4.2.3) for short periods of time.

Theorem 4.2.5 Let ~u0 : M → S2 be a smooth map. There exists a constant ε > 0

and a map ~u : M × [0, ε] → S2 with ~u ∈ L
p
2(M

ε) solving the equation

∂t~u = α1∆M~u + α1|∇~u|2~u + α2~u × ∆M~u, on M × [0, ε],

~u = ~u0, on M × {0} .

Moreover , ~u is unique and smooth.

Proof. First, we define a nonlinear map L : W 2,p(M × [0, ω]) → Lp(M × [0, ω]) as

follows:

L := α1∆M~u + α1|∇~u|2~u + α2~u × ∆M~u.

For the smooth map ~u, the derivative of L at ~u is given by

DL(~u)k = α1∆Mk + α2~u × ∆Mk + a(~u)k + b(~u)k,

where a and b are smooth matrices of functions. Choosing ~ub : M × [0, ω] → R3

to be a smooth map with ~ub = ~u0 on M × {0}, we denote ~u as sum ~ub + ~u∗. Let
H(~u) = ∂t~u − L(~u). The derivative of H(~u) is given by

DH(~u)k = ∂tk − α1∆Mk − α2~u × ∆Mk − a∇k − bk.

Fix ~ub and consider ~u∗ as a variable function. Then ~u∗ → H(~ub + ~u∗) defines a
continuously differentiable map of W 2,p(M × [0, ω]) → Lp(M × [0, ω]). Its derivative

at ~u∗ = 0, DH(~ub) : W 2,p(M × [0, ω]) → Lp(M × [0, ω]) is given by

DH(~ub)k = ∂tk − α1∆Mk − α2~u × ∆Mk − a∇k − bk,

which by Lemma 4.2.14 is an isomorphism. Therefore by the inverse function theorem,

the set of all H(~ub + ~u∗) for ~u∗ is a neighborhood of H(~ub) in L
p(M × [0, ω]). If we

choose ε > 0 small enough, the function equals to 0 for 0 ≤ t ≤ ε, and equals to

H(~ub) for ε < t ≤ ω will be in this neighborhood. So ~u|Mε is in W 2,p(M × [0, ε]), and
it solves the Landau–Lifshitz equation (4.2.3).

Second, using [133, Chap. VII, Theorem 10.4] and the standard bootstrap method,

we conclude that ~u is smooth.
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5. Uniqueness

Using Lemma 4.2.15, we have

sup
0≤t≤s

‖~u(·, t)‖C1+α(M) ≤ C.

From the above estimate and Lemma 4.2.5 we know that the local solution is unique.

We thus have

Theorem 4.2.6 For any initial value ~u0 ∈ H1,2(M ;S2) there exists a unique solution

~u of (4.2.3) on M × [0,∞) which is regular on M × [0,∞) with exception of at most

finitely many points (xl, T l), 1 ≤ l ≤ L, characterized by the condition that

lim
T→T l

sup
T<T l

ER(~u(·, T ), xl) > ε1 for all R ∈ (0, R0].

The proof of this theorem, which is based on Lemma 4.2.8, Lemma 4.2.9,

Lemma 4.2.12, Theorem 4.2.4, and Theorem 4.2.5, is the same as the proof of Theo-
rem 4.2 of [133].

4.2.5 The Landau–Lifshitz Equation in Higher Dimensions

1. Global weak solution to L–L equation in higher dimensions

Let M be a compact m-dimensional Riemannian manifold without boundary and
m ≥ 3.

Using a similar way as before, we can prove that Eq. (4.2.11) is equivalent to the
following equation:

α1

α2

1 + α2

2

∂t~u − α2

α2

1 + α2

2

~u × ∂t~u = ∆~u + |∇~u|2~u. (4.2.29)

So we define a global weak solution for (4.2.29) as follows:

Definition 4.2.1 A vector function ~u is said to be a global weak solution to (4.2.29),

if ~u is defined a.e. on M × R+ such that

(1) ~u ∈ L∞((0,∞);H1,2(M)) and ∂t~u ∈ L2((0,∞);L2(M));

(2) |~u(x, t)|2 = 1 a.e. on M × R+;
(3) (4.2.29) holds in the sense of distribution;

(4) ~u(x, 0) = ~u0(x) in the trace sense.

We consider the following penalized equation:

α1

α2

1 + α2

2

∂t~u
k − α1

α2

1 + α2

2

~u
k × ∂t~u

k − ∆~uk + k
2(|~uk|2 − 1)~uk = 0, (4.2.30)

where t > 0, x ∈M .
We construct approximate solutions of (4.2.30) by using the Galerkin method. Let

wj(x) (j = 1, 2, . . .) be the normalized eigenfunction of equation ∆~u + λ~u = 0 on M
corresponding to eigenvalue λj (j = 1, 2, . . .). {wj(x)} forms a normalized orthogonal

basis in H1,2(M,R3).
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Denote the approximate solutions ~ukN(x, t) of Eq. (4.2.30) by the following form:

~u
k
N (x, t) =

N
∑

j=1

αkj(t)wj(x),

where αkj(t) (j = 1, 2, . . .) are vector-valued functions of t ∈ R+. By the stan-

dard procedure of the Galerkin approximation, there exists a global weak solution of
(4.2.30) that satisfies

∫

M

[

α1

α2

1 + α2

2

∂t~u
k
N · ws −

α1

α2

1 + α2

2

(~ukN × ∂t~u
k
N) · ws

+ ∇~ukN · ∇ws + k
2(|~ukN |2 − 1)~ukN · ws

]

dM = 0, (4.2.31)

for all s = 1, 2, . . . , N , with the initial value ~uN(x, 0) satisfying

∫

M
~uN(x, 0)ws(x)dM =

∫

M
~u0(x)ws(x)dM, s = 1, 2, . . .N, (4.2.32)

where ~u0(x) ∈ H1,2(M ;S2) is the initial value. Moreover ~ukN satisfies

∫ t

0

‖∂t~ukN (τ)‖2

L2(M)
dτ + ‖∇~ukN(·, t)‖2

L2(M)

+
k2

4

∫

M
(|~ukN(·, t)|2 − 1)2

dM ≤ C (4.2.33)

for all t ∈ R+.

Since k is fixed, using (4.2.31) and (4.2.33) and letting N → ∞, there exists a
function f k(x) ∈ (H1,2(MT ))∗ such that

lim
N→∞

∫

MT
~u
k
N × ∂t~u

k
N · φdx =

∫

MT
f
k(x) · φdx, ∀ φ ∈ H

1,2(MT ;R3).

On the other hand, from (4.2.33) we have

lim
N→∞

∫

MT
~u
k
N × ∂t~u

k
N · φdx =

∫

MT
~u
k × ∂t~u

k · φdx, ∀ φ ∈ H
1,2(MT ;R3).

By a density argument, we get

f
k(x) = ~u

k × ∂t~u
k
.

Therefore using (4.2.31) and (4.2.33) there exists a global weak solution ~uk of (4.2.30)
such that

∫ t

0

‖∂τ~uk(τ)‖2

L2(M)
dτ + ‖∇~uk(·, t)‖2

L2(M)
+
k2

4

∫

M
(|~uk(·, t)|2 − 1)2

dM ≤ C (4.2.34)

for all t ∈ R+.
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From (4.2.31) we have

Lemma 4.2.16 Let ~uk be a global weak solution of (4.2.30). Then we have

|~uk(x, t)| ≤ 1.

Proof. Let φ = ~uk − ~uk

|~uk
|
min{1, |~uk|} be a test function for Eq. (4.2.30) like in

[73]. Then by a simple calculation, we get

1

2

α1

α2

1 + α2

2

∂t

∫

|~uk|≥1

|~uk|2
(

1− 1

|~uk|

)

dM+
∫

|~uk|≥1

|∇~uk|2
(

1− 1

|~uk|

)

dM ≤ 0. (4.2.35)

Since |~uk(x, 0)| = |~u0| = 1, we get that |~uk| ≤ 1 for all t ≥ 0 and a.e. on M .

Using Lemma 4.2.16 and (4.2.34), we prove the following:

Theorem 4.2.7 Let α1 > 0 in (4.2.29). For all ~u0 ∈ H1,2(M ;S2), there exists a

global weak solution of Eq. (4.2.29).

Proof. From (4.2.34) and Lemma 4.2.16 we can choose a subsequence of ~uk, still
denoted by ~uk, such that as k → ∞

~uk ⇀ ~u, weakly-* in L∞(0,∞;H1,2(M));

∂t~u
k ⇀ ∂t~u, weakly in L2(0,∞;L2(M));

~u
k × ∂t~u

k
⇀ ~u × ∂t~u, weakly in L

2(0,∞;L2(M));

~uk → ~u, strongly in L2(0,∞;L2(M));

and
|~u| = 1 a.e. on R+ ×M.

By taking the edge product of (4.2.30) with ~uk, we get

0 =

(

α1

α2

1 + α2

2

∂t~u
k − α2

α2

1 + α2

2

~u
k × ∂t~u

k − ∆~uk
)

× ~u
k
.

Then the conclusion of theorem follows by allowing k → ∞.
2. Examples of solution to L–L equation in higher dimensions

From the theory of harmonic maps we give the examples of solution to (4.2.29).
Example 4.2.1 Let M = R3. Let ~u = x

|x|
: R3 → S2. By the well-known result,

we have
−∆~u = |∇~u|2~u, ∀ x ∈ R

3 \ {0}.
Then from the well-known result of De Giorgi, ~u is a solution of (4.2.3) from R

3 → S
2,

but it is not smooth at the origin in R3.

Example 4.2.2 Let M = R3. For any constant K, we set

~u(x, t) ≡ ~u(x) = (cosKx3
, sinKx3

, 0),

where x = (x1, x2, x3). Then ~u is a smooth solution of (4.2.3) from R3 ×R+ into S2.
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4.3 Generalized L–L Systems and Harmonic Maps

4.3.1 Generalized Landau–Lifshitz Systems

1. Generalized Landau–Lifshitz systems and harmonic maps

Let (M, γ) be an m-dimensional Riemannian manifold of metric γ. Then gener-

alized Landau–Lifshitz system from M to Sn−1 is of the form

~ut = α1(∆M~u + |∇~u|2~u)

+ α2 ∗ [~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆M~u], (4.3.1)

where “∧” denotes the outer product in Rn, “∗” is the Hodge-∗ operator in Euclid
space Rn, ai(~u) : Sn−1 → Rn (i = 1, 2, . . . , n− 2) are smooth vector-valued functions

which are linear independent. If n = 3 and M is a bounded domain, (4.3.1) is the
usual Landau–Lifshitz system discussed in above section. Note that

(∆M~u + |∇~u|2~u) · (∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆M~u]) = 0,

that is, vector ∆M~u+|∇~u|2~u is orthogonal to vector ∗[~u∧a2(~u)∧· · ·∧an−2(~u)∧∆M~u].
We may see that the harmonic map from M into Sn−1, i.e. the solution of

∆M~u + |∇~u|2~u = 0

is also a solution from M to Sn−1 of the following elliptic Landau–Lifshitz system:

α1∆M~u + |∇~u|2~u + α2 ∗ [~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆M~u] = 0.

This establishes the relation between harmonic maps and the generalized Landau–

Lifshitz system and makes that some approaches for harmonic maps can be applied

to the generalized Landau–Lifshitz system.
First, we want to prove the existence of a global smooth solution to (4.3.1) from

a closed Riemannian manifold into Sn−1 with initial data of small energy. Then we
discuss the global existence of a weak solution to (4.3.1) if the initial data ~u0 ∈
H1(M ;Sn−1) and ai(~u) : Sn−1 → Rn (i = 1, 2, . . . , n − 2) are linear independent. If
m = 2, we have known that such weak solutions are in fact regular with exception of

at most finitely many points.
In local coordinate x = (x1, x2, . . . , xm) on M , (4.3.1) can be expressed as follows:

~ut = α1

1√
γ

∂

∂xβ

(

γ
αβ√

γ
∂~u

∂xα

)

+ α1|∇~u|2~u

+ α2 ∗
[

~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ 1√
γ

∂

∂xβ

(

γ
αβ√

γ
∂~u

∂xα

)]

, (4.3.2)

where ∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆M~u] is


















b11 b12 b13 · · · b1n

b21 b22 b23 · · · b2n

b31 b32 b33 · · · b3n
...

...
...

. . .
...

bn1 bn2 bn3 · · · bnn





































∆Mu
1

∆Mu
2

∆Mu
3

...
∆Mu

n



















.
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For simplicity, let α1 = α2 = 1. From the definitions of outer product and Hodge-∗
operator, we have

∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆M~u]

=



























e1 u1 a21(~u) · · · an−2,1(~u) ∆Mu
1

e2 u2 a22(~u) · · · an−2,2(~u) ∆Mu
2

e3 u3 a23(~u) · · · an−2,3(~u) ∆Mu
3

e4 u4 a24(~u) · · · an−2,4(~u) ∆Mu
4

...
...

...
. . .

...
...

en−1 un−1 a2,n−1(~u) · · · an−2,n−1(~u) ∆Mu
n−1

en un a2n(~u) · · · an−2,n(~u) ∆Mu
n−2



























,

where {e1, e2, . . . , en} is a normal orthogonal basis of Rn, ~u = (u1
, u

2
, . . . , u

n). Direct
computation shows that (bij) is antisymmetric. Let S = (sij) denote the following

matrix:

S = (sij) =



















1 b12 b13 · · · b1n

−b12 1 b23 · · · b2n

−b13 −b23 1 · · · b3n
...

...
...

. . .
...

−b1n −b2n −b3n · · · 1



















.

It is easy to see that matrix (sij) is an n× n nondegenerate matrix. In fact,

n
∑

i,j=1

sijηiηj =
n
∑

i=1

η
2

i , ∀ η ∈ R
n \ {0}.

Therefore in the local coordinates, the principle part of the generalized Landau–

Lifshitz system is

m
∑

i,j=1

Di(aij(·, ~u)Dj~u) =
m
∑

i,j=1

Di(γ
ij
Dj~u + ∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ γijDj~u]).

The corresponding coefficients aαβij are given by

a
αβ
ij = γ

ij
sαβ.

It is clear that (aαβij ) satisfies the Legender–Hadamard condition:

n
∑

α,β=1

m
∑

i,j=1

a
αβ
ij (x, p)ξiξjηαηβ = |η|2

m
∑

i,j=1

γ
ij
ξ
i
ξ
j
> 0

for all (x, p) ∈M × Rn, η ∈ Rn \ {0}, and ξ ∈ Rm \ {0}.
2. Initial boundary value problem for the generalized Landau–Lifshitz equations

Consider the following initial boundary value problem for the Landau–Lifshitz

equation
{

~ut = ∆M~u + |∇~u|2~u + ∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆M~u],

~u = ψ, x ∈ ∂M, t ≥ 0; ~u(·, 0) = ~u0, x ∈M,
(4.3.3)
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where M is a Riemannian manifold with boundary, and ψ : ∂M → S
n is a smooth

map. ~u0 : M → Sn belongs to C2

ψ(M ;Sn) ≡ {~u : ~u ∈ C2(M ;Sn), ~u|∂M = ψ}.
In order to prove the local existence of solutions for (IBP) we shall use the results

of Amann [5].

Let Ω be a bounded smooth domain in Rm and consider the second order parabolic
systems of the form

~ut =
m
∑

i,j=1

Di(aij(x, t, u)Dju) + f(x, t, Du), 0 < t < T, x ∈ Ω, (4.3.4)

where Dj = ∂
∂xj

is acting on the N -dimensional vector u : Ω → RN . Suppose that

the coefficients of system (4.3.4) are smooth, that is,

aij = aji, aij ∈ C
∞(Ω × [t, T ] × R

N ; l(RN)),

where l(RN) is the self-isomorphism space. Furthermore, suppose that

n
∑

r,s=1

m
∑

j,k=1

a
rs
jkξ

i
ξ
j
ηrηs > 0, ∀ (x, t, p) ∈ Ω × [t, T ] × R

N
, η ∈ R

n \ {0}, ξ ∈ R
m \ {0},

where arsjk are the elements of matrix ajk. Let

f ∈ C
∞(Ω × [t, T ] ×R

m × R
mN ;RN).

3. Initial boundary value problem for the quasilinear parabolic systems

Consider the following initial boundary value problem:














~ut =
m
∑

j,k=1

Dj(ajk(x, t, u)Dku) + f(x, t, u,Du), s < t ≤ T, x ∈ Ω,

u = 0, on ∂Ω × (s, T ]; u(·, s) = u0,

(4.3.5)

where 0 ≤ s < T . The classical solution u of this problem is defined on interval

J ⊂ [s, T ] such that

u ∈ C(Ω × J ;RN) ∩ C1(Ω × J ;RN) ∩ C2,0(Ω × J ;RN),

and it satisfies (4.3.5) pointwise.
Let m < p < ∞, and denote W r

p (Ω, R
N) by W r

p , the usual Sobolev space, where

r ∈ [0,∞]. H. Amann in [5] proved the following local existence result:

Theorem 4.3.1 Let 0 ≤ s < T,
m
p
< τ < ∞, u0 ∈ W

τ
p . Then the initial-boundary

value problem (4.3.5) admits a classical solution u defined on an open interval J ⊂
[s, T ]. If

sup
t∈J

‖u((t)‖W τ
p
<∞,

then J = [s, T ] and u is a global solution.
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4. Local smooth solution

Applying Amann Theorem 4.3.1 to problem (4.3.3), we have

Theorem 4.3.2 Let ψ(x, t) ∈ C∞(∂M ;Sn), ~u0 ∈ C2

ψ(M ;Sn) and ai(~u) (i =
2, 3, . . . , n− 2) be smooth functions. Then the initial boundary value problem (4.3.3)

admits a unique classical local solution ~u(x, t) defined on [0, ω) ⊂ [0, T ].

If M is a Riemannian manifold without boundary, we can consider the initial
value problem (IP) for the generalized Landau–Lifshitz systems from M to Sn−1 as

follows:

~ut = ∆M~u + |∇~u|2~u + ∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆M~u], t > 0, x ∈M,

~u(x, 0) = ~u0, x ∈M,
(4.3.6)

where ~u0 ∈ C2(M,Sn−1) and |~u0| = 1.

Theorem 4.3.3 Let M be a closed smooth Riemannian manifold , ~u0 ∈ C2(M,Sn−1),

and ai(~u) (i = 2, 3, . . . , n − 2) be smooth functions. Then the initial boundary value

problem (4.3.6) admits a unique classical solution ~u(x, t) defined on t ∈ [0, ω) ⊂ [0, T ].

Proof. From Theorem 4.3.2, it suffices to prove that the smooth solution of (4.3.6)
satisfies |~u(x, t)| = 1. In fact, setting z(x, t) = |~u(x, t)|2 on MT := M × [0, T ], where

T is a finite time T <∞, we have

zt = 2~u · ~ut, ∇z = 2~u · ∇~u.

By simple calculations we have

∆Mz = 2~u · ∆M~u + 2|D~u|2.

Thus we have

zt = ∆Mz + 2|D~u|2(|~u|2 − 1), z(x, 0) = 1, x ∈M.

Setting w = z − 1, we have

wt = ∆Mw + 2|D~u|2w, (4.3.7)

w(x, 0) = 0. (4.3.8)

Multiplying (4.3.7) by w and integrating it on M , we get

1

2

d

dt

∫

M
|w|2dx+

∫

M
|Dw|2dx ≤ 2 max

x,t
|D~u|2

∫

M
|w|2dx.

It follows from Gronwall’s and (4.3.8) that w(x, t) = 0 for any (x, t) ∈ MT , i.e.

|~u(x, t)|2 = 1. This proves the theorem.
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Now consider the following Cauchy problem for the Landau–Lifshitz equation from
the flat torus T 2 = R2/Z ⊕ Z to Sn−1. Let ~u0 : T 2 → Sn−1 be a mapping. Consider

the following problem:

~ut = ∆M~u + |∇~u|2~u + ∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆M~u], (4.3.9)

~u(x, 0) = ~u0(x), x ∈ T 2, (4.3.10)

where ai(~u) (i = 2, 3, . . . , n− 2) are smooth functions and |ai(~u)| = 1.

Lemma 4.3.1 Let ~u ∈ C∞(T 2 × R+;Sn−1) be a smooth solution to the Cauchy

problem (4.3.9) and (4.3.10). Then we have

E(~u(·, t)) ≤ E0(~u0) = E0, ∀ t ≥ 0, (4.3.11)

where E(~u) =
∫

T 2 e(~u)dx, e(~u) = 1

2
|∇~u|2.

Proof. Multiplying (4.3.9) by ∂t~u and integrating it over T 2 × [0, T ], we have

∫ T

0

∫

T 2

|~ut|2dxdt−
∫ T

0

∫

T 2

~ut · (∆~u + |∇~u|2~u)dxdt

=
∫ T

0

∫

T 2

~ut · {∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]}dxdt. (4.3.12)

Since ∆~u + |∇~u|2~u and ∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u] are orthogonal with each
other, we have

|~ut|2 =
∣

∣

∣∆~u + |∇~u|2~u
∣

∣

∣

2 |∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]|2 .

Then it follows from the definition of outer product that

~ut · {∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]}
= |∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]|2

=
∣

∣

∣∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ (∆~u + |∇~u|2~u)]
∣

∣

∣

2

≤ |∆~u + |∇~u|2~u|2,

where we have used |ai(~u)| = 1 (i = 2, . . . , n− 2). Then we have

|~ut · ∗{[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]}| ≤ 1

2
|~ut|2, (4.3.13)

and therefore
∫ T

0

∫

T 2

~ut · (∆~u + |∇~u|2~u)dxdt = −
∫ T

0

d

dt
E(~u(t))dt. (4.3.14)

It then follows from (4.3.12)–(4.3.14) that

∫ T

0

∫

T 2

|~ut|2dxdt+ 2
∫ T

0

d

dt
E(~u(t))dt ≤ 0.

The lemma follows.
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Lemma 4.3.2 Suppose that ~u0 ∈ H
2(T 2). Let ~u be a smooth solution of (4.3.9) and

(4.3.10) on T 2 × [0, T ]. Then there is a constant C > 0 depending only on E0 (if E0

is small enough) such that

‖∇2
~u(·, t)‖L2(T 2) ≤ C, ∀ 0 < t ≤ T ; ‖∇3

~u(x, t)‖L2(T 2
×[0,T ]) ≤ C.

Proof. Acting on (4.3.9) by ∆, multiplying it by ∆~u, and integrating it with
respect to x on T 2, we have

∫

T 2

∆~ut · ∆~udx =
∫

T 2

∆2
~u · ∆~udx+

∫

T 2

∆(|∇~u|2~u) · ∆~udx

+
∫

T 2

∆{∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]}∆~udx.

It is clear that
∫

T 2

∆~ut · ∆~udx =
1

2

d

dt
‖∆~u‖2

L2(T 2)
;

∫

T 2

∆2
~u · ∆~udx = −‖∇∆~u‖2

L2(T 2)
.

Hence
∣

∣

∣

∣

∫

T 2

∆(|∇~u|2~u) · ∆~u)dx

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

T 2

∇(|∇~u|2~u) · ∇∆~u)dx

∣

∣

∣

∣

≤ ‖∇∆~u‖L2(T 2)(2‖~u‖L∞(T 2)‖∇~u‖L4(T 2)

· ‖∆~u‖L4(T 2) + ‖∇~u‖3

L6(T 2)
). (4.3.15)

From the following Gagliardo–Nirenberg inequalities

‖∇~u‖L4(T 2) ≤ C1‖∇~u‖3/4
L2(T 2)

‖∇∆~u‖1/4
L2(T 2)

, (4.3.16)

‖∇~u‖L6(T 2) ≤ C1‖∇∆~u‖1/3
L2(T 2)

‖∇~u‖2/3
L2(T 2)

, (4.3.17)

‖∇2
~u‖L4(T 2) ≤ C1‖∇~u‖1/4

L2(T 2)
‖∇∆~u‖3/4

L2(T 2)
, (4.3.18)

we have
∣

∣

∣

∣

∣

∫

T 2

∇(|∇~u|2~u) · ∇∆~udx

∣

∣

∣

∣

∣

≤ (23/2
C

2

1

√

E0 + 2C3

1
E0)‖∇∆~u‖2

L2(T 2)
.

On the other hand, using (4.3.15) and (4.3.17), we have
∣

∣

∣

∣

∣

∫

T 2

∆~u · ∆{∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]}dx
∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

∫

T 2

∇∆~u · {∗[∇~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]}dx
∣

∣

∣

∣

∣

+
n−2
∑

i=2

∣

∣

∣

∣

∣

∫

T 2

∇∆~u · {∗[~u ∧ a2(~u) ∧ · · · ∧ ai′(~u)∇~u ∧ · · · ∧ an−2(~u) ∧ ∆~u]}dx
∣

∣

∣

∣

∣
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+

∣

∣

∣

∣

∣

∫

T 2

∇∆~u · {∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∇∆~u]}dx
∣

∣

∣

∣

∣

≤ ‖∇∆~u‖L2(T 2)(C
2

1
‖∇~u‖L2(T 2)‖∇∆~u‖L2(T 2)

+ (n− 2)C2

1
max
i

‖a′i(~u)‖L∞(T 2
×(0,T ])‖∇~u‖L2(T 2)‖∇∆~u‖L2(T 2)).

We finally get

d

dt
‖∆~u(·, t)‖2

L2(T 2)
+ ‖∇∆~u(·, t)‖2

L2(T 2)
≤ ε‖∇∆~u‖2

L2(T 2)
,

where
ε := C

2

1

(

2
3

2 + 2
1

2 + 2
1

2 (n− 2) max
i

‖a′i(~u)‖L∞

)

√

E0 + 2C3

1
E0.

We have that when E0 is small enough such that ε < 1

d

dt
‖∆~u(·, t)‖2

L2(T 2)
+ (1 − ε)‖∇∆~u‖2

L2(T 2)
≤ 0.

By the Gronwall inequality we have

‖∇2
~u(·, t)‖2

L2(T 2)
≤ C, ∀ T ≥ t > 0,

and

‖∇∆~u‖L2(T 2
×(0,T )) ≤ C.

The lemma follows.

Lemma 4.3.3 Let ~u0 ∈ H3(T 2;Sn−1) and the conditions of Lemma 4.3.2 hold. Then

there exists a constant C such that

sup
0≤t≤T

‖∇(·, t)‖L2(T 2) ≤ C. (4.3.19)

Proof. Acting on (4.3.9) by ∇∆, multiplying it by ∇∆~u, and integrating it over

T 2, we have

1

2

d

dt
‖∇∆~u‖2

L2(T 2)
+ ‖∆2

~u‖2

L2(T 2)
=
∫

T 2

∇∆(|∇~u|2~u) · ∇∆~udx

+
∫

T 2

∇∆~u · ∇∆{∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]}dx. (4.3.20)

It follows from Lemma 4.3.4 and the Sobolev inequality that the first term on the

right-hand side of (4.3.20) can be estimated as follows:
∣

∣

∣

∣

∫

T 2

∇∆(|∇~u|2~u) · ∇∆~udx
∣

∣

∣

∣

=
∣

∣

∣

∣

∫

T 2

∆(|∇~u|2~u) · ∆2
~udx

∣

∣

∣

∣

=
∣

∣

∣

∣

∫

T 2

{5|∇~u|2∆~u + 2|∇~u|2~u + 2(∆~u · ∇∆~u)}∆2
~udx

∣

∣

∣

∣

≤ C(‖∇~u‖2

L∞(T 2)
‖∆~u‖L2(T 2) + ‖∆~u‖L2(T 2)

+ ‖∇~u‖L∞(T 2)‖∇∆~u‖L2(T 2))‖∆2
~u‖L2(T 2)

≤ 1

2
‖∆2

~u‖2

L2(T 2)
+ C‖∇∆~u‖2

L2(T 2)
+ C1.
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On the other hand, we estimate the second term on the right-hand side of (4.3.20) as
follows

∣

∣

∣

∣

∫

T 2

∇∆~u · ∇∆{∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]}dx
∣

∣

∣

∣

=
∣

∣

∣

∣

∫

T 2

∆2
~u · ∆{∗[∇~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]}dx

∣

∣

∣

∣

≤ C(‖∇~u‖2

L∞(T 2)
‖∆~u‖2

L2(T 2)
+ ‖∇~u‖L∞(T 2)‖∇∆~u‖L2(T 2)

+ ‖∆~u‖2

L4(T 2)
)‖∆2

~u‖L2(T 2)

≤ 1

2
‖∆2

~u‖2

L2(T 2)
+ C‖∇∆~u‖2

L2(T 2)
+ C1.

Since E0 is small enough, we finally get

d

dt
‖∇∆~u‖2

L2(T 2)
≤ C‖∇∆~u‖2

L2(T 2)
+ C1.

By the Gronwall inequality, we have

sup
0≤t≤T

‖∇∆~u(·, t)‖2

L2(T 2)
≤ C2,

where C2 depends on ‖∇∆~u0‖L2(T 2) and E0. The lemma follows.

5. Global smooth solution

Combining the local existence Theorem 4.3.2 and the a priori estimate Lemma
4.3.6, we know that the local solution can be extended to the global solution.

Theorem 4.3.4 Suppose that ~u0 ∈ Hk(T 2;Sn−1), k ≥ 4, and E0 is small enough.

Then the initial value problem (4.3.9) and (4.3.10) admits at least one global classical

solution.

4.3.2 The Global Weak Solution to the Generalized
L–L Equations

Now we consider the global weak solution to the generalized Landau–Lifshitz equa-
tions from a two-dimensional Riemannian manifold to Sn−1. We first give some

notions.

Let M be a compact Riemannian manifold of metric γ = (γij)1≤i,j≤2, ~u : M →
Sn−1 be a smooth map, and

e(~u) =
1

2
γ
ij(x)

∂uα

∂xi

∂uα

∂xj

be the density of energy on M where (γij) = (γij)
−1. The energy on M is given by

E(~u) =
∫

M
e(~u)dM.
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The stationary point of E(~u) is called the harmonic map from M to S
n−1 which

satisfies the Euler–Lagrange equation

∆M~u + |∇~u|2~u = 0.

Let Lp, Hm
p , and C∞ be the Lebesgue, Sobolev, and Hölder spaces, respectively.

Hm
p (M , Sn−1) is the space of function ~u : M → Sn−1, ~u|Ω ∈ Hm

p (Ω, Rn), Ω ⊂ M ,
and |~u| = 1, a.e. x ∈M . dM(·, ·) is the geodesic distance,

B
M
R (x) = {y : y ∈M, dM(x, y) < R},

ER(~u; x) =
∫

BM
R (x)

e(~u)dM.

1. Generalized Landau–Lifshitz equations on Riemannian manifold

Now consider the following problem:

~ut = ∆M~u + |∇~u|1~u + {∗[∇~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]}, (4.3.21)

~u(x, 0) = ~u0(x), x ∈M, (4.3.22)

where ai(~u) (i = 2, . . . , n − 2) are n-dimensional linear independent vectors, ~u0 ∈
C2(M), and M is a compact closed Riemannian manifold.

Lemma 4.3.4 ([133]) For any ~u ∈ H
1

loc
(R2) and any function ϕ ∈ C

∞

0
(BR), 0 ≤

ϕ ≤ 1 and |∇ϕ| ≤ 2

R
,

∫

R2

|~u|4ϕ2
dx ≤ C

(

∫

BR

|~u|2dx
)

·
(

∫

BR

|∆~u|2ϕ2
dx+R

−2

∫

BR

|~u|2dx
)

holds, where C is independent of ~u and R.

Lemma 4.3.5 Let ~u ∈ C
2(M × [0, T ];Sn−1) be a solution to problem (4.3.21) and

(4.3.22). Then

1

2
sup

0≤t≤T

∫ t

0

∫

M
|~ut|2dxdt + sup

0≤t≤T
E(~u(t)) ≤ E(~u0).

The proof of this lemma is just the same as that of Lemma 4.3.1; hence we omit it.

Lemma 4.3.6 There exists an absolute constant C3 > 0 such that for any R <
1

2
iM

E(~u(T );BM
R ) ≤ E(~u0;B

M
2R) + C3

T

R2
E(~u0).

for any solution of (4.3.21) and (4.3.22).
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Proof. Multiplying (4.3.21) by ϕ
2
~ut, where ϕ ∈ C

∞

0
(BM

2R), 0 ≤ ϕ ≤ 1, ϕ(x) ≡ 1
in BM

R and |∇ϕ| ≤ 2

R
, and integrating by parts by noting

1

2
|~ut|2ϕ2 ≥ ~utϕ

2 · {∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆M~u]},

we have

1

2

∫ T

0

∫

BM
2R

{

|~ut|2ϕ2 +
d

dt
(|∇~u|2ϕ2)

}

dMdt

≤ −2
∫ T

0

∫

BM
2R

∇~u · ~ut∇ϕ · ϕdMdt

≤ 1

2

∫ T

0

∫

BM
2R

|~ut|2ϕ2
dMdt+ 2

∫ T

0

∫

BM
2R

|∇~u|2ϕ2
dMdt.

Hence we have

E(~u(T );BM
R ) − E(~u0;B

M
2R) ≤ 1

2

∫

BM
2R

|∇~u|2ϕ2
dM |T

0
≤ C2

T

R2
E(~u0).

This completes the proof.

Lemma 4.3.7 There exists ε1 = ε1(M ;Sn−1) > 0 such that if ~u ∈ C2(BM
2R ×

(0, T );Sn−1) be a solution of (4.3.21) and (4.3.22) on BM
2R × [0, T ) and if for some

0 < R <
1

2
iM

sup
x∈BM

2R;0≤t<T

E(~u(t);BM
R (x)) < ε1,

then
∫ T

0

∫

BM
R

|∇2
~u|2dMdt ≤ CE(~u0)

(

1 +
T

R2

)

,

where C depends only on M and Sn−1.

The proof is similar to that of Lemma 3.7 of [133] if we note that

∆M~u · {∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]}.

2. Existence of global weak solution

Let

V
0(M × [τ, T );Sn−1)

=

{

~u : M × [τ, T ) → S
n−1

, ~u is measurable

ess sup
0≤t<T

∫

M
|∇~u(· · · , t)|2dM +

∫ T

τ

∫

M
(|∇2

~u|2 + |~ut|2)dMdt <∞
}

.

Modifying the proof of Lemma 3.8 in [133], we can get
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Lemma 4.3.8 For any numbers ε, τ, E1

0
> 0, 0 < R <

1

2
iM , there exists a positive

number δ such that if ~u ∈ V 0(BM
2R× [0, T ];Sn−1) is a solution of (4.3.21) and (4.3.22),

then for any interval I ⊂ [τ, T ) with |I| < δ there holds the estimate

∫

I

∫

BM
R

|∆~u|4dMdt < ε,

where E0 < E1

0
and

ε(2R; x) = ε(~u; 2R, x, T ) = sup
0≤t<T

E(~u(·, t);BM
2R(x)) < ε1.

Lemma 4.3.9 Let ~u ∈ C2(BM
2R(x) × [τ, T ];Sn−1)

⋂

V 0(BM
2R(x) × [τ, T ];Sn−1) be a

regular solution of (4.3.21) and (4.3.22), where 0 < R ≤ 1

2
iM . Then for any τ > 0

when ε(4R, x) < ε1, the norms of ~u and its derivatives on BM
R ×[τ, T ) can be uniformly

estimated by a quantity depending only on E(~u0), τ, T, and R.

Proof. Multiplying (4.3.21) by ϕ2∆M~u, where ϕ ∈ C∞

0
(BM

2R), 0 ≤ ϕ ≤ 1, ϕ(x) ≡ 1
in BM

R , and |∇ϕ| ≤ 2

R
, and integrating by parts, we have

∫

BM
2R

|∆M~u|2ϕ2
dM ≤ C

∫

BM
2R

(|∇~u(·, t)|4ϕ2 + |~ut|2ϕ2)dM. (4.3.23)

In order to estimate the bound for the right-hand side of above inequality, differen-

tiating (4.3.21) with respect to t and then multiplying it by ϕ2~ut and integrating it
over BM

2R × [s, t], we have

1

2

∫ t

s

∫

BM
2R

∂t|~ut|2ϕ2
dMdt +

∫ t

s

∫

BM
2R

|∇~ut|2ϕ2
dMdt

≤ C

{

∫ t

s

∫

BM
2R

(|∇~u|2|~ut|2ϕ2 + |~ut||∇~u||∇~ut|ϕ2)dMdt

+
∫ t

s

∫

BM
2R

|~ut||∇ϕ||∇~ut|ϕdMdt

+

∣

∣

∣

∣

∣

∫ t

s

∫

BM
2R

ϕ
2
~ut · ∂t{∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆M~u]}dMdt

∣

∣

∣

∣

∣

}

. (4.3.24)

The last term in the above inequality can be estimated by
∣

∣

∣

∣

∣

∫ t

s

∫

BM
2R

ϕ
2
~ut · ∂t{∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆M~u]}dMdt

∣

∣

∣

∣

∣

≤ C

(

∫ t

s

∫

BM
2R

(2|∇ϕ||~ut||∇~ut|ϕ+ |~ut||∇~u|∇~ut|ϕ2)dMdt

)

+ C

∫ t

s

∫

BM
2R

(|~ut|2 + |∇~u|2)dMdt

≤ 1

4

∫ t

s

∫

BM
2R

|∇~ut|2ϕ2 + C

∫ t

s

∫

BM
2R

|∇~u|2|~ut|2ϕ2
dMdt + C. (4.3.25)
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Hence

1

2

∫ t

s

∫

BM
2R

∂t|~ut|2ϕ2
dMdt+

1

2

∫ t

s

∫

BM
2R

|∇~ut|2ϕ2
dMdt

≤ C

∫ t

s

∫

BM
2R

|~ut|2|∇~u|2ϕ2
dMdt + C.

Since

∫ t

s

∫

BM
2R

|~ut|2|∇~u|2ϕ2
dMdt ≤

(

∫ t

s

∫

BM
2R

|∇~u|4dMdt

∫ t

s

∫

BM
2R

|~ut|4ϕ2
dMdt

)
1

2

≤
(

∫ t

s

∫

BM
2R

|∇~u|4dMdt

)
1

2

·

·
(

∫ t

s

(

ess sup
s≤θ≤t

∫

BM
2R

|~ut(·, θ)|2ϕ2
dM

∫

BM
2R

|∇(ϕ|~ut|)|2dM
)

dt

)
1

2

≤ C

(

∫ t

s

∫

BM
2R

|∇~u|4dMdt

)
1

2

(

∫ t

s
ess sup
s≤θ≤t

∫

BM
2R

|~ut(·, θ)|2ϕ2
dM

)

+
∫

BM
2R

ϕ
2|∇~ut|2dMdt) + C.

It follows from Lemma 4.3.8 that if t− s < δ is small enough, the right-hand side of
(4.3.25) can be controlled by the left-hand side. Therefore,

∫

BM
2R

|~ut(·, t)|2ϕ2
dM ≤ inf

t−δ≤s≤t

∫

BM
2R

ϕ
2|~ut(·, s)|2dM + C,

where C depends only on E(~u0), τ , T , and R, and then

ess sup
τ≤t<T

∫

BM
2R

|~ut(·, t)|2ϕ2
dM ≤ C(1 + τ

−1)
∫ T

τ

∫

BM
2R

|~ut|2dMdt + C,

that is

ess sup
τ≤t<T

∫

BM
2R

|~ut(·, t)|2dM ≤ C(1 + τ
−1)E0 + C(E0, R, T ), (4.3.26)

where C(E0, R, T ) depends only on E0, R, T . Applying Lemma 4.3.8 to v = ∇~u(·, t),
we have
∫

BM
R

|∇~u|4dM ≤
∫

BM
2R

|∇~u|4ϕ2
dM ≤ C ess sup

τ≤t<T

∫

BM
2R

|∇~u(·, t)|2dM ·

·
(

∫

BM
2R

ϕ
2|∇2

~u(·, t)|2dM +R
−2

∫

BM
2R

|∇~u(·, t)|2dM
)

≤ C ess sup
τ≤t<T

ER(~u(·, t), x)
(

∫

BM
2R

ϕ
2|∇2

~u(·, t)|2dM +R
−2
E(~u0)

)

.

(4.3.27)
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If ε(4R; x) ≤ ε1 is small enough, then from (4.3.23), (4.3.26), and (4.3.27) we have
the uniform estimate in t ∈ [τ, T ) as follows:

∫

BM
R

|∇2
~u(·, t)|2dM ≤ CE(~u0)

(

1 + τ
−1 +R

−2
)

, (4.3.28)

where we have used in (4.3.28) the following inequality:

∫

BM
2R

|∆~u|2ϕ2
dM ≥ 1

2

∫

BM
2R

|∇2
~u|2ϕ2

dM − C

∫

BM
2R

|∇~u|2|∇ϕ|2dM.

On the other hand, it follows from the Gagliardo–Nirenberg inequality and (4.3.28)
that

sup
x′∈BM

R

‖~u(x′, t2) − ~u(x′, t1)‖L∞

≤ C‖~u(·, t2) − ~u(·, t1)‖
3

4

H2(BM
R )

· ‖~u(·, t2) − ~u(·, t1)‖
1

4

L2(BM
R )

≤ C sup
τ≤t<T

‖~u(·, t)‖
3

4

H2(BM
R

)

(

∫ T

τ

∫

BM
R

|∂t~u|dMdt

)
1

4

|t2 − t1|
1

4

≤ C|t2 − t1|
1

4 ; (t1, t2) ⊂ [τ, T ). (4.3.29)

Then we deduce from (4.3.28) and (4.3.29) that the C1−δ, 1
4 -Hölder norm on BM

R ×
[τ, T ) of ~u can be uniformly estimated by E(~u0), R, τ, T and ε1. This proves the

lemma.

Lemma 4.3.10 Let ~u ∈ V 0(BM
2R × [τ, T );Sn−1) be a weak solution of (4.3.21) and

(4.3.22), where τ > 0, 0 < R ≤ 1

4
iM . Then ~u ∈ C

1−δ, 1
4 (BM

R × [τ, T );Sn−1) and its

Hölder norm on BM
R × [τ, T ) are uniformly bounded.

Lemma 4.3.11 Let Q = B
M
2R×(0, T ), where 0 < R ≤ 1

4
iM . If ~u ∈ C

∞(Q;Sn−1)
⋂

τ>0

V 0(BM
2R×[τ, T );Sn−1) is a weak solution of (4.3.21) and (4.3.22), and if ε(4R; x) < ε1,

then ~u can be smoothly extended to BM
R × (0, T ), where x is the center of BM

2R.

Proof. From Lemma 4.3.9 and the imbedding of H2(BM
2R) into W 1

p (BM
2R) for any

p <∞, we have

|~ut − ∆M~u − {∗[~u ∧ a2(~u) ∧ · · · ∧ an−2(~u) ∧ ∆~u]}| ∈ L
p(BM

2R × [τ, T )).

On the other hand, we know from Lemma 4.3.9 that ~u ∈ C
1−δ, 1

4 (BM
R ×[τ, T );Sn−1)

and its Hölder norm on BM
R × [τ, T ) is uniformly bounded. Hence it follows from the

Lp theory of a strongly parabolic system [23, 24] that ~u ∈ W 2,1
p (BM

R × [τ, T ) for
any p < ∞. The higher regularity can be proved by Eq. (4.3.21) and the bootstrap

method.
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Lemma 4.3.12 Let

V (M × [0, T ];Sn−1) =

{

~u : M × [0, T ) → S
n−1

, ~u is measurable

ess sup
τ≤t≤T

∫

M
|∇~u(·, t)|2dM+

∫ T

0

∫

M
(|∇2

~u|2+|~ut|2)dMdt <∞
}

.

Let ~u1, ~u2 ∈ V (M × [0, T ];Sn−1) be two weak solutions of (4.3.21) with ~u1(·, 0) =

~u2(·, 0) = ~u0. Then ~u1 = ~u2 = ~u0 on M × [0, T ].

Proof. Set v = ~u1 − ~u2, |∇U | = |∇~u1| + |∇~u2|. It follows from (4.3.21) that

|vt − ∆Mv + {∗[~u1 ∧ a2(~u1) ∧ · · · ∧ an−2(~u1) ∧ ∆~u1]}
− {∗[~u2 ∧ a2(~u2) ∧ · · · ∧ an−2(~u2) ∧ ∆~u2]}|

≤ C(|v||∇U |2 + |∇v||∇U |).

It follows from (4.3.21) that

1

2

∫

M
|v(·, t)|2dM +

∫ t

0

∫

M
(∇v,∇v)MdMdt

≤ C

∫ t

0

∫

M
(|v||∇v||∇U | + |v|2|∇U |2)dMdt

+ C

∣

∣

∣

∣

∫ t

0

∫

M
v · ({∗[~u1 ∧ a2(~u1) ∧ · · · ∧ an−2(~u1) ∧ ∆~u1]}

− {∗[~u2 ∧ a2(~u2) ∧ · · · ∧ an−2(~u2) ∧ ∆~u2]})dMdt

∣

∣

∣

∣

.

Therefore, we have

1

2

∫

M
|v(·, t)|2dM +

1

2

∫ t

0

∫

M
|∇v|2dMdt ≤ C

∫ t

0

∫

M
|v|2|∇U |2dMdt.

The remaining of the proof is similar to that of Lemma 3.12 of [133].

Lemma 4.3.13 Let ~um ∈ V (M × [0, T ];Sn−1) be weak solutions of (4.3.21) with

~um(·, 0) = ~um(0). If ε(~um, R, T ) = sup
(x,t)∈M×[0,T ]

ER(~um) ≤ ε1, R ∈ [0, R0], where

R0 be a positive constant , and ~um(0) → ~u0 in H1(M) (m → ∞), then ~um → ~u

(m→ ∞) in V (M × [0, T ];Sn−1), where ~u is a solution of (4.3.21).

Theorem 4.3.5 For any ~u0 ∈ H1(M ;Sn−1) there exists a unique global solution to

(4.3.21) and (4.3.22) on M × [0,∞) which is regular with exception of at least finitely

many points (xl, T l) (1 ≤ l ≤ L) characterized by

lim sup
T→T l,T<T l

ER(~u(·, T ), xl) > ε, ∀ R ∈ (0, R0].

Theorem 4.3.6 Let b = inf{E(~u) |~u : M → Sn−1 is nonconstant smooth harmonic

map}. If ~u0 ∈ H
1(M ;Sn−1) with E(~u0) < b, then the solution to (4.3.21) and (4.3.22)

is globally regular on M × [0,∞).
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4.4 Regularity of Weak Solutions to the

Two-Dimensional Landau–Lifshitz Equations

In the above sections, we have obtained the global existence of weak solutions to
higher-dimensional Landau–Lifshitz equations. The relations with harmonic maps

were proposed, and the partially regular solution to two-dimensional problem was
constructed.

In this section, we will show that all weak solutions, with finite energy, to two-
dimensional Landau–Lifshitz equations must be partially regular and then unique.

4.4.1 Cauchy Problem to Two-Dimensional L–L Equation

1. The problem

Let M be a two-dimensional compact Riemannian manifold without boundary.

Consider the following Cauchy problem of the Landau–Lifshitz equation on M ×R+:

∂tu = αu× ∂tu+ β∆Mu+ β|du|2u, x ∈M, t > 0, (4.4.1)

u(x, 0) = u0, x ∈ M, (4.4.2)

where u0 ∈ H1(M,S2), and dim(M) = 2.

We want to prove that any weak solution with finite energy, i.e.,

E(u(t)) =
∫

M
|∇u(·, t)|2dM ≤ E0, (4.4.3)

is “almost smooth.”

The weak solution of this problem is defined as follows:

Definition 4.4.1 A map u : M × [0, T ] → S2 is said to be a weak solution of (4.4.1)

and (4.4.2) if u ∈ WT , where

WT =: {u : ∂tu ∈ L2(0, T ;L2(M)), du ∈ L∞((0, T ), L2(M)),

|u| = 1, a.e. on M × [0, T ]},

and if u satisfies (4.4.1) and (4.4.2) in the sense of distribution.

The existence, uniqueness, and regularity for the strong solution have been ob-

tained in Sec. 4.2 (Theorems 4.2.4 and 4.2.6); now we prove the following theorem:

Theorem 4.4.1 Let M be a compact two-dimensional Riemannian manifold without

boundary. For any T > 0, if u ∈ WT is a weak solution of (4.4.1) and (4.4.2)

with finite energy E(u(t)) =
∫

M |du|2(·, t) ≤ E0 for some constant E0 and for a.e.

t ∈ [0, T ], then u is unique and is smooth on M × [0, T ] with the exception of at most

finitely many points.
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From now on, we call such solution as the “almost smooth” solution.

Our proof is completed by first showing that any weak solution of (4.4.1) and
(4.4.2) with finite energy is in space L2(0, T ;W 1,4(M)), and second by proving that

such a solution in fact is in space L4(0, T ;W 1,4(M)). Then, we can prove the unique-
ness for the weak solutions of (4.4.1) and (4.4.2). At last, the regularity result is the

consequence of the uniqueness result and the existence result.

The Sobolev space W k,p(M,S
2) is defined by

W
k,p(M,S

2) = {u ∈ W
k,P (M,R

3)|u ∈ S
2
a.e. x ∈ M}.

Norm ‖u‖W k,p(M,S2) is simply denoted by ‖u‖W k,p; here domain M and target S2 are

usually omitted. We use W k,p(M,∧`) to denote the space of differential `-forms on
M with coefficients in the Sobolev space W k,p(M). The exterior derivative operator

is denoted by d and the conjugate operator of the exterior differential operator d in
the metric of M is denoted by d∗. It is well known that dd = 0, d∗d∗ = 0, and the

Laplace operator for differential forms is given by ∆M = dd∗ + d∗d.

Lemma 4.4.1 (Hodge decomposition theorem) [92] Let M be an m-dimensional

compact Riemannian manifold without boundary and W be an `-form on M in

Lp(M,∧`). Then there is an (`− 1)-form A and (`+ 1)-form B such that

W = dA+ d
∗
B,

and A ∈ W 1,p(M,∧`−1), B ∈ W 1,p(M,∧`+1) satisfy

‖A‖W 1,p + ‖B‖W 1,p ≤ C‖W‖LP , (4.4.4)

where C > 0 is a constant depending on M and p. Moreover A and B are unique and

satisfy

d
∗
A = dB = 0.

This result is due to Iwaniec and Martin [92], and the original proof is for the case
that M = Rm, but it is not difficult to see that the lemma is also true in this case.

Lemma 4.4.2 (Wente’s theorem) [144] Let M be a two-dimensional compact Rie-

mannian manifold without boundary. If g ∈ H1(M,∧2) and h ∈ H1(M,∧0), then

〈d∗g, dh〉 ∈ H−1(M,∧0) and

‖〈d∗g, dh〉‖H−1 ≤ C‖d∗g‖L2‖dh‖L2, (4.4.5)

where C > 0 is a constant depending only on M .

This result is due to Wente; the original proof is for the case that M = R2, but

the argument can also be applied to this case.



174 Landau–Lifshitz Equations

2. Regularity and uniqueness to the Cauchy problem

The next lemma is on the uniqueness and regularity for weak solutions to the
Cauchy problem of the following system:

∂tu
i − β∆Mu

i = β

3
∑

j=1

d
∗
g
ij · dui + f

i
, x ∈M, t > 0, (4.4.6)

ui(x, 0) = ui
0
(x), x ∈M, i = 1, 2, 3, (4.4.7)

where β > 0 is a absolute constant, gij(i, j = 1, 2, 3) are differential two-forms on M

for each t ∈ (0, T ), and f i (i = 1, 2, 3) are functions of x and t.

Let

XT = {u : M → R
3 | u ∈ L

2([0, T ], H1,2(M)), ∂tu ∈ L
2([0, T ], H−1(M))},

and for u ∈ XT , define the norm of u in XT by

‖u‖XT
= ‖∂tu‖L2([0,T ],H−1) + ‖u‖L2([0,T ],H1,2),

and

YT = {u : M → R
3 | u ∈ L

2([0, T ],W 1,4(M)), ∂tu ∈ L
2([0, T ], L

4

3 (M))}, (4.4.8)

and for u ∈ YT , define the norm of u in YT by

‖u‖YT
= ‖∂tu‖

L2([0,T ],L
4

3 )
+ ‖u‖L2([0,T ],W 1,4).

We have the following lemma:

Lemma 4.4.3 Let M be a two-dimensional compact Riemannian manifold without

boundary, and in (4.4.6) and (4.4.7) f i (i = 1, 2, 3) ∈ L2([0, T ], L
4

3 (M,∧0)), gij (1 ≤
i, j ≤ 3) ∈ L∞([0, T ], H1(M,∧2)), and u0 ∈ H1(M,S2). Then there exists an ε0 > 0,

depending only on M, T, and β, such that if

‖g‖L∞([0,T ],H1) = max
1≤i,j≤3

‖gij‖L∞([0,T ],H1) < ε0, (4.4.9)

then any solution u of (4.4.6) and (4.4.7) in space XT must belong to space YT .

Proof. It is sufficient to prove

Claim 1: Problem (4.4.6) and (4.4.7) has a unique solution u in XT .

Claim 2: Problem (4.4.6) and (4.4.7) has a unique solution w in YT .

In fact, from the second claim, the problem (4.4.6) and (4.4.7) admits a unique

solution w in YT . Since YT ⊂ XT , so w ∈ XT . Then, from the first claim, if u is a
solution of (4.4.6) and (4.4.7) in XT , u must coincide with w. Therefore, u ∈ YT .

Now let us prove these claims by the contraction mapping principle. Endowed

with metric ρ1(u1, u2) = ‖u1−u2‖XT
on XT and with metric ρ2(u1, u2) = ‖u1−u2‖YT
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on YT , XT and YT are nonempty complete metric spaces. For any v ∈ XT , by solving
the Cauchy problem of the following parabolic system

∂tu
i − β∆Mu

i = β

3
∑

j=1

d
∗
g
ij · dvj + f

i
, in M × (0, T ], (4.4.10)

ui(x, 0) = ui
0
(x) on M, i = 1, 2, 3, (4.4.11)

we define a map L : v → u = Lv.

By the theory for linear parabolic equations [101], problem (4.4.10) and (4.4.11)
admits a unique solution u ∈ XT and

‖u||XT
= ‖∂tu‖L2([0,T ],H−1) + ‖du‖L2([0,T ],L2)

≤ C





3
∑

j=1

‖d∗gij · dvj‖L2([0,T ],H−1) + ‖f‖L2([0,T ],H−1) + ‖u0‖L2



 .

Applying Lemma 4.4.3 and the Sobolev embedding theorem to the right of this
inequality, we obtain that

‖u‖XT
≤ C(‖d∗g‖L∞([0,T ],L2)‖dv‖L2([0,T ],L2)

+ ‖f‖
L2([0,T ],L

4

3 )
+ ‖u0‖H1), (4.4.12)

where C > 0 is a constant depending only on M and β. Therefore, the mapping
L maps XT into itself. Moreover, we would like to show that L is a contraction

mapping with respect to the metric of XT . For any v̄, ¯̄v ∈ XT , let ū = Lv̄, ¯̄u = L¯̄v,
and u = ū− ¯̄u, v = v̄ − ¯̄v. Since L maps XT into itself, ū, ¯̄u ∈ XT , and u satisfies

∂tu
i − β∆Mu

i = β

3
∑

j=1

d
∗
g
ij · dvj, in M × (0, T ], (4.4.13)

ui(x, 0) = 0 on M, i = 1, 2, 3. (4.4.14)

Applying estimate (4.4.12) to problem (4.4.13) and (4.4.14) and noticing that

‖dv‖L2([0,T ],L2) ≤ T‖v‖XT
,

we find that under assumption (4.4.9),

‖u‖XT
≤ Cε0‖v‖XT

,

where C > 0 is a constant depending only on M , T , and β. Therefore, if ε0 is chosen

to be equal to 1

2C
, L is a contraction mapping on XT . By the contraction mapping

principle, there exists a unique solution u ∈ XT to problem (4.4.6) and (4.4.7). The

proof of Claim 1 is complete.
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Claim 2 can be proved by the same method. In fact, by the regularity theory
for linear parabolic equations [101], problem (4.4.10) and (4.4.11) admits a unique

solution u ∈ YT and

‖u||YT
≤ ‖∂tu‖L2([0,T ],L4/3) + ‖d2

u‖L2([0,T ],L4/3)

≤ C(‖d∗g‖L∞([0,T ],L2)‖dv‖L2([0,T ],L4)

+ ‖f‖
L2([0,T ],L

4

3 )
+ ‖u0‖H1). (4.4.15)

By estimate (4.4.15), it easy to see that if ε0 in (4.4.9) is sufficiently small, then
map L is a contraction mapping on YT . Therefore, there exists a unique solution

u ∈ YT to problem (4.4.6) and (4.4.7).
The last lemma in this subsection is regarding the following Cauchy problem:

∂tu
i −G1(x, t)∆u = G2(x, t)∆u+ g(x, t) x ∈M, t > 0, (4.4.16)

u(x, 0) = u0(x), x ∈M, (4.4.17)

where Gi(x, t) (i = 1, 2) are matrices and g(x, t) is a vector.

Lemma 4.4.4 Let M be a two-dimensional compact Riemannian manifold without

boundary. Suppose that in (4.4.16) and (4.4.17)

(1) G1(x, t)∆u is strongly elliptic.

(2) G1 ∈ C∞(M × (0, T )), G2 ∈ L∞(M × (0, T )), g ∈ L4(0, T ;L4/3(M)) and

u0 ∈ H1(M).
Then there exists a constant ε1 > 0 depending only on M and T such that if

‖G2‖L∞(M×(0,T )) ≤ ε1, (4.4.18)

then problem (4.4.16) and (4.4.17) has a unique solution in Ls(0, T ;W 2,4/3 (M)) for

any s ∈ [2, 4].

Proof. Again we will use the contraction mapping principle to prove this lemma.
Fix an s ∈ [2, 4]. For any v ∈ Ls(0, T ;W 2,4/3(M)) by solving the following linear

strongly parabolic system

∂tu−G1(x, t)∆u = G2(x, t)∆v + g(x, t), x ∈M, t > 0, (4.4.19)

with the initial condition (4.4.17), we define a map L : v → u = Lv.
By the theory for linear parabolic equations (Theorem 9.3, Remark 9.14, and

Remark 9.15 of [39]), problem (4.4.19) and (4.4.17) admits a unique solution u ∈
Ls(0, T ; W 2,4/3(M)) and

‖u||Ls(0,T ;W 2,4/3(M))
= C{‖G2‖L∞(M×[0,T ])‖v‖Ls(0,T ;W 2,4/3(M))

+ ‖g‖L4(0,T ;L4/3(M))
+ ‖u0‖H1(M)}

≤ C{ε1‖v‖Ls(0,T ;W 2,4/3(M))
+ ‖g‖L4(0,T ;L4/3(M))

+ ‖u0‖H1(M)},
(4.4.20)
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where C > 0 depends only on M and T , and in the last inequality we have used
(4.4.18). Therefore, mapping L maps Ls(0, T ;W 2,4/3(M)) into itself. Next we show

that L is a contraction mapping with respect to the metric of Ls(0, T ;W 2,4/3(M)). For
any v̄, ¯̄v ∈ Ls(0, T ;W 2,4/3(M)), let ū = Lv̄, ¯̄u = L¯̄v, and u = ū− ¯̄u, v = v̄ − ¯̄v. Since

L maps Ls(0, T ;W 2,4/3(M)) into itself, ū, ¯̄u ∈ Ls(0, T ;W 2,4/3(M)), and u satisfies
(4.4.19) and (4.4.17) with g = 0 and u0 = 0. It is easy to see from (4.4.20) that

‖u‖Ls(0,T ;W 2,4/3(M))
≤ 1

2
‖v‖Ls(0,T ;W 2,4/3(M))

if ε1 is sufficiently small. Therefore, L is a contraction mapping. By the contraction
mapping principle, there exists a unique solution u ∈ Ls(0, T ;W 2,4/3(M)) to problem

(4.4.16) and (4.4.17) for any s ∈ [2, 4].

4.4.2 Proof of Regularity of Solution to L–L Equation

1. Weak solution with finite energy

In this section we shall prove Theorem 4.4.1. In the first step, we will show that if
u ∈ WT is a weak solution of (4.4.1) and (4.4.2) with finite energy, then u ∈ YT ∩WT .

Let
W

ij = u
i
du

j − u
j
du

i
, i, j = 1, 2, 3. (4.4.21)

Since E(u(t)) ≤ E0 for a.e. t ∈ [0, T ], we have

W
ij ∈ L

∞([0, T ], L2(M,∧1))

and
‖W ij‖L∞([0,T ],L2) ≤ 2

√

E0.

By using the fact that |u| = 1 and Hélein’s trick [90], Eq. (4.4.1) can be written as

∂tu
i − β∆Mu

i = α(u× ∂tu)
i + β

3
∑

j=1

W
ij · duj. (4.4.22)

Applying the Hodge decomposition theorem (Lemma 4.4.1) to W ij at each time
slice t ∈ (0, T ), one may find that Aij ∈ L∞([0, T ], H1(M,∧0)) and Bij ∈ L∞([0, T ],

H1(M,∧2)) such that

W
ij = dA

ij + d
∗
B
ij for a.e. t ∈ [0, T ], (4.4.23)

and

‖Aij‖L∞([0,T ],H1) + ‖Bij‖L∞([0,T ],H1) ≤ C‖W ij‖L∞([0,T ],L2) ≤ C

√

E0. (4.4.24)

From (4.4.23), (4.4.21) and (4.4.1), we get

∆Aij = d
∗
W

ij = u
i∆Mu

j − u
j∆Mu

i

+ β
−1(ui∂tu

j − u
j
∂tu

i) − α

β
(ui(u× ∂tu)

j − u
j(u× ∂tu)

i)

∈ L
2([0, T ], L2(M,∧0)).
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By the Calderon–Zygmund inequality, dAij ∈ L
2([0, T ], H1(M,∧0)) and

‖dAij‖L2([0,T ],H1) ≤ C‖∂tu‖L2(M×[0,T ]), (4.4.25)

where C > 0 is a constant depending only on α, β and M .
On the other hand, since Bij ∈ L∞([0, T ], H1(M,∧2)), for any ε > 0, we always

can find B
ij
1 ∈ L∞([0, T ], C∞(M,∧2)) and B

ij
2 ∈ L∞([0, T ], H1(M,∧2)) such that

B
ij = B

ij
1 +B

ij
2 , (4.4.26)

and
‖Bij

2 ‖L∞([0,T ],H1) < ε. (4.4.27)

Now, by using (4.4.23) and (4.4.26), we may rewrite Eq. (4.4.22) in the following

form:

∂tu
i − β∆Mu

i = β

3
∑

j=1

d
∗
B
ij
2 · duj + f

i
, (4.4.28)

where

f
i = α(u× ∂tu)

i + β

3
∑

j=1

dA
ij · duj + β

3
∑

j=1

d
∗
B
ij
1 · duj. (4.4.29)

By the Sobolev embedding theorem and (4.4.25),

∥

∥

∥

∥

∥

3
∑

j=1

dA
ij · duj

∥

∥

∥

∥

∥

L2([0,T ],L
4

3 )

≤
3
∑

j=1

‖dAij‖L2([0,T ],L4)‖duj‖L∞([0,T ],L2)

≤
3
∑

j=1

‖dAij‖L2([0,T ],H1)‖duj‖L∞([0,T ],L2) ≤ C1

√

E0, (4.4.30)

where C1 > 0 is a constant depending only on M and ‖∂tu‖L2(M×[0,T ]).

On the other hand, noticing that Bij
1 ∈ L∞([0, T ], C∞(M,∧2)), we have

‖d∗Bij
1 ||L2([0,T ],L4) ≤ C(T,M)‖d∗Bij

1 ‖L∞(M×[0,T ]) ≤ C(T,M).

This leads to the estimate
∥

∥

∥

∥

∥

3
∑

j=1

d
∗
B
ij
1 · duj

∥

∥

∥

∥

∥

L2([0,T ],L
4

3 )

≤
3
∑

j=1

‖d∗Bij
1 ‖L2([0,T ],L4)‖duj‖L∞([0,T ],L2) ≤ C2

√

E0, (4.4.31)

where C2 > 0 is a constant depending only on M , T .

It is obvious that

u× ∂tu ∈ L
2([0, T ], L2) ⊂ L

2([0, T ], L
4

3 ). (4.4.32)
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From (4.4.29)–(4.4.32), we get that

f
i ∈ L

2([0, T ], L
4

3 ), i = 1, 2, 3, (4.4.33)

and ‖f i‖
L2([0,T ],L

4

3 )
is bounded by a constant depending only on M , T , ε, E0 and

‖∂tu‖L2(M×[0,T ]).
Applying Lemma 4.4.4 to problem (4.4.28) and (4.4.2), from (4.4.27) and (4.4.33),

we can conclude that if ε ≤ ε0, where ε0 is determined in Lemma 4.4.4, then any
solution of (4.4.28) and (4.4.2) in XT is in YT . On the other hand, if u is a weak

solution of (4.4.28) and (4.4.2), then u is also a solution of (4.4.28) and (4.4.2) in XT .
Therefore, u ∈ YT .

2. Uniqueness of weak solution

In this step we will show that if u ∈ YT ∩WT is a weak solution of (4.4.1) and

(4.4.2), then u ∈ L4(0, T ;W 2,4/3) ∩WT .
For u ∈ YT ∩WT , u is defined a.e. on M × [0, T ]. From (4.4.1), one can have

u× ∂tu = βu× ∆u− α∂tu.

Inserting this into (4.4.1), we have

(1 + α
2)∂tu = β∆u+ β|du|2u+ αβu× ∆u,

i.e.

∂tu−G(u)∆u = β̃|du|2u, (4.4.34)

where β̃ = β/(1 + α2) and

G(u) =
1

1 + α2







β −αβu3 αβu2

αβu3 β −αβu1

−αβu2 αβu1 β





 . (4.4.35)

Since |u| = 1, for any ε > 0 we can decompose u into the form

u = m+ n, (4.4.36)

where m ∈ C∞(M × (0, T )), n ∈ L∞(M × (0, T )) with

‖m‖L∞(M×(0,T )) ≤ C‖u‖L∞(M×(0,T )), (4.4.37)

‖n‖L∞(M×(0,T )) ≤ ε. (4.4.38)

Inserting (4.4.36) into (4.4.34), we get that

∂tu−G(m)∆u = G(n)∆u+ β̃|du|2u. (4.4.39)

Letting G1(x, t) = G(m(x, t)), G2(x, t) = G(n(x, t)), and g(x, t) = β̃|du|2u, (4.4.39)
takes the same form as (4.4.16). Moreover,

‖G2‖L∞(M×(0,T )) ≤ C‖n‖L∞(M×(0,T )),

‖g‖L4(0,T ;L4/3)
≤ C‖du‖L∞([0,T ],L2)‖du‖L2([0,T ],L4).
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We can see from (4.4.35), (4.4.37) and (4.4.38), that if ε is sufficiently small, then
the assumptions in Lemma 4.4.5 and (4.4.18) are satisfied. Therefore, by Lemma

4.4.4, problem (4.4.39) with the initial condition (4.4.2) admits an unique solution
v ∈ L4(0, T ;W 2,4/3) ⊂ L2(0, T ;W 2,4/3) and the solution in space L2(0, T ;W 2,4/3) is

also unique. On the other hand, it is obvious that if u ∈ YT ∩WT is a weak solution
of (4.4.1) and (4.4.2), then u is a solution of (4.4.39) and (4.4.2) in L2(0, T ;W 2,4/3).

Therefore, u = v ∈ L4(0, T ;W 2,4/3).

3. Almost everywhere smoothness

In this step we will complete our proof for Theorem 4.4.1 by showing the following
lemma:

Lemma 4.4.5 Let u ∈ L
4(0, T ;W 2,4/3) ∩WT and v ∈ L

4(0, T ;W 2,4/3) ∩WT be two

solutions of (4.4.1) and (4.4.2). Then, u = v a.e. on M × [0, T ].

Proof. For simplicity we assume α = 1, β = 1. Now w = u−v solves the equation

wt − ∆Mw = u× ∆Mw + w × ∆Mu+ u(|du|2 − |dv|2) + |dv|2w, (4.4.40)

with the condition w(x, 0) = 0. Let |dU |2 = |du|2 + |dv|2. Testing (4.4.40) by w and

integrating it by parts, we obtain

1

2

d

dt
‖w‖2

L2(M)
+

1

2

∫

M
|dw|2 ≤ C

∫

M
|w|2|dU |2. (4.4.41)

Using the Sobolev inequality

‖w‖4

L4 ≤ 4‖w‖2

L2‖dw‖2

L2,

we have

∫

M
|w|2|dU |2 ≤ C

(

∫

M
|dU |4

)

1/2(
∫

M
|w|2

)

1/2(
∫

M
|dw|2

)

1/2

≤ 1

4

∫

M
|dw|2 + C

∫

M
|dU |4

∫

M
|w|2.

This combined with (4.4.41) implies

f
′(t) +

1

2
g(t) ≤ Cp(t)f(t)

where f(t) =
∫

M |w|2, g(t) =
∫

M |dw|2 and p(t) =
∫

M |dU |4. Since u, v ∈
L4(0, T ;W 2,4/3), p(t) ∈ L1(0, T ). We have from the Gronwall inequality that f(t) = 0
for a.e. t ∈ [0, T ], and hence w = 0 a.e. on M × [0, T ]. The proof of the lemma is

complete.

The proof of Theorem 4.4.1 is complete.
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4.5 Ginzburg–Landau Approximation to

Landau–Lifshitz Equations

In this section, we will discuss the Ginzburg–Landau approximation to Landau–

Lifshitz equations to obtain the existence and partial regularity for the global weak

solutions to the initial and boundary value problem. We will consider the weighted
Landau–Lifshitz flow in two dimensions and follow the ideas of Paul Harpes’ [89] for

a(x) = 1.

1

2
∂tu−

1

2
u× ∂tu−∇ · (a(x)∇u) = a(x)|∇u|2u in Ω × R+, (4.5.1)

u = u0 on Ω × {0}⋃∂Ω × R+ (4.5.2)

where domain Ω ⊂ R2 is open, bounded and smooth. The initial and boundary data
u0 is assumed to be a smooth map into the standard sphere S2 ⊂ R3.

In the classical sense, Eq. (4.5.1) is equivalent to

ut = u×∇ · (a(x)∇u) − u× (u×∇ · (a(x)∇u)). (4.5.3)

The Ginzburg–Landau appoximations uε : Ω̄ × R+ → R3 to Landau–Lifshitz flow
(4.5.1) are solutions of

1

2
∂tuε −

1

2
uε × ∂tuε −∇ · (a(x)∇uε) =

1

ε2
a(x)(1 − |uε|2)uε in Ω ×R+, (4.5.4)

uε = u0 on (Ω × {0})⋃(∂Ω × R+), (4.5.5)

where a(x) is a positive smooth function satisfying 0 < m ≤ a(x) ≤ M . For small
ε > 0, we can see that maps {uε}ε approximate the weighted Landau–Lifshitz flow in

Ω × R+. For fixed ε > 0, a smooth solution to (4.5.4) and (4.5.5) on Ω × R+ exists
and if u0 ∈ H1,2(Ω;S2) ∩ H

3

2 (∂Ω;S2), it is unique in H
1,2
loc

⋂

L∞(H1,2) := H
1,2
loc

(Ω ×
R+;R3)

⋂

L∞(H1,2). Existence is obtained by Galerkin’s method. C∞ regularity
follows from a standard bootstrap argument. The total energy of the approximate

flow at time t ≥ 0 is defined by

Gε(uε(t)) :=
∫

Ω

gε(uε(x, t))dx, (4.5.6)

where

gε(uε(x, t)) = a(x)

[

1

2
|∇uε|2 +

1

4ε2
(1 − |uε|2)2

]

. (4.5.7)

We will see that the total energy of the ε approximation always decreases.
We define the local energy by

Gε(uε(t), B
Ω

R(x0)) :=
∫

BR(x0)

⋂

Ω

gε(uε(x, t))dx (4.5.8)

which may concentrate at space–time points (x0, t0) as ε ↘ 0, either for fixed t = t0

or for variable t ↗ t0 or t ↘ t0. It characterizes the local “asymptotic behavior”
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of the weighted flow. Here asymptotic refers to limit ε ↘ 0. We will show that all
the derivatives of the family of maps {uε}ε>0 are locally uniformly bounded on the

regular set Reg{uε}ε>0 consisting of all points z0 = (x0, t0) ∈ Ω × (0,∞) for which
there is R0 = R0(z0) such that

lim sup
ε↘0

sup
t0−R2

0
<t<t0

Gε(uε(t), B
Ω

R0
(x0)) < ε0 (4.5.9)

for a constant ε0 > 0 that will be determined later in Lemmas 4.5.9 and 4.5.11. Com-

plement S({uε}ε>0) := Ω×R+\Reg{uε}ε>0 is referred to as the energy-concentration
set. We will show that the approximation solutions converge to the global weak solu-

tion of (4.5.1) with the Dirichlet condition. This convergence is smooth in Reg{uε}ε>0,
while the energy-concentration set is closed, with the locally finite parabolic Hausdorff

measure. Delicate energy inequality shows that, in fact, the singular set consists of
finitely many points as observed in [29, 89]. Such Ginzburg–Landau penalty method

was first used to study the harmonic map heat flow in higher dimensions by Chen
and Struwe in [34]. So we call the solution obtained the Chen–Struwe solution.

4.5.1 Estimates for Strong Parabolic System

In this section, we will show that under the uniform smallness condition (4.5.9) on

the local energy, all higher derivatives of uε are locally and uniformly bounded.
We first recall some facts about Lp estimates for a strongly parabolic system and

Cα estimates for the parabolic system in the divergence form. Then, we derive the
L∞ and Lp bounds for the right-hand side of (4.5.4) which are necessary to get the

uniform bounds of 1

ε2
a(x)(1 − |uε|2) for Lp estimates. Finally, we prove that all the

derivatives of uε and 1

ε2
a(x)(1 − |uε|2) are locally uniformly bounded if the energy

density satisfies the condition lim supε↘0
supPR(z0)

gε(uε(x, t)) < C0, which may be

verified under the uniformly smallness condition (4.5.9). For z0 = (x0, t0), denote
PR(z0) = BR(x0) × (t0 −R2, t0) and PΩ

δR := (BδR(x0)
⋂

Ω)
⋂

(t0 − δ2R2, t0).

We rewrite Eq. (4.5.4) in the form

∂tuε −M(uε)a(x)4uε −M(uε)∇a(x) · ∇uε = M(uε)
1

ε2
a(x)(1 − |uε|2)uε := fε(uε),

where M(uε) satisfies

m|ξ|2 ≤ ξ
T
a(x)M(uε)ξ =

2a(x)

(1 + |uε|2)
{|ξ|2 + (uε · ξ)2} ≤ 2M |ξ|2, ∀ ξ ∈ R

3
. (4.5.10)

We may therefore write (4.5.4) as

Lε(uε) := ∂tuε −M(uε)a(x)4uε −M(uε)∇a(x) · ∇uε = fε(uε),

where the coefficient-matrix M(uε) is smooth with respect to uε. Note that Lε defines

a strongly parabolic system in the Petrovskii sense [101]. So Lp global and local
estimates hold for such system. We list two a priori Lp estimates concerning the

strongly parabolic system in the Petrovskii sense.
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Lemma 4.5.1 (Global L
p estimates) Let fε ∈ L

p(Ω × [0, T ];R3) and u0 ∈
H2,p(Ω;R3). A solution of Lε(v) = fε in (Ω × (0, T );R3) with v = u0 on

(Ω × {0})⋃(∂Ω × (0, T )) satisfies

‖v‖H2,1
p

(Ω × [0, T ]) ≤ Cp(Ω, T, ωuε)(‖fε‖Lp(Ω×[0,T ]) + ‖u0‖H2,p(Ω)). (4.5.11)

Lemma 4.5.2 (Local Lp estimates) Let fε ∈ Lp(Ω×[0, T ];R3) and u0 ∈ H2,p(Ω;R3).
A solution of Lε(v) = fε in (Ω × (0, T );R3) with v = u0 on (Ω × {0})⋃(∂Ω × (0, T ))

satisfies

‖v‖H2,1
p (PΩ

δR
(z0))

≤ C̃p(R,Ω, T, ωuε)
(

‖fε‖Lp(PΩ

R (z0))

+ ‖v‖Lq(PΩ

δR
(z0)) + δBR

⋂

∂Ω
‖u0‖

H
2−

1
p ,p

(BΩ

R

⋂

∂Ω)

)

(4.5.12)

for all 1 ≤ q ≤ p. Here, δBR

⋂

∂Ω
= 1 if BR

⋂

∂Ω 6= ∅ and 0 otherwise. The trace

theorem of course implies ‖u0‖
H

2−
1
p ,p

(∂Ω)

≤ ‖u0‖H2,p(Ω). Constants Cp and C̃p depend

on the indicated quantities and additionally on the uniform lower and upper bounds for

the eigenvalues of a(x)M(uε), that is m and 2M, which are chosen to be independent

of ε > 0. Note that Cp and C̃p also depend on the modulus of continuity of the

coefficients of the leading term-, i.e. the modulus of continuity ωuε of uε.

The equation can also be written in the divergence form

Lε(v) := ∂tv−a(x)∇·(M(uε)∇v)+a(x)(∂kM(uε)∂kuε)∂kv−M(uε)∇a(x)·∇v = fε(uε).

Lemma 4.5.3 If we assume

lim sup
ε↘0

sup
PΩ

R

|∇uε| <∞, (4.5.13)

then v ∈ C
γ, γ

2 (PΩ

δR;R3) for some γ ∈ (0, 1) and any δ ∈ (0, 1). If the right-hand side

fε ∈ Lp(PΩ

R ;R3) with p > 2, we have the following estimate for the mixed Hölder-norm

of v on PΩ

δR

‖v‖
Cγ,

γ
2 (PΩ

δR
;R3)

≤ C(fε), (4.5.14)

where bound C(fε) depends on the parabolicity constants, δ, supPΩ

R
|uε|, ‖fε‖Lp(PΩ

R
),

and also depends on ‖u0‖Cγ(BR

⋂

∂Ω)
if BR

⋂

∂Ω 6= ∅.

If (4.5.13) holds and ‖fε‖Lp(PΩ

R )
or supPΩ

R
|∇uε| is uniformly bounded with respect

to ε > 0, then estimate (4.5.14) holds for uε and is uniform in ε > 0. Assumption
supPΩ

R
|∇uε| ≤ C, however, does not include the time derivatives. (4.5.14) enables us

to obtain bounds on the modulus of continuity with respect to time variable. Thus
the modulus of continuity of uε on PΩ

δR is bounded from above independent of ε > 0.

Therefore estimates (4.5.11) and (4.5.12) are uniform in ε > 0.
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4.5.2 L
∞ and L

p Bounds for 1

ε2
a(x)(1 − |uε|

2)

Multiplying (4.5.4) by −uε, we obtain

1

4
∂tρε −

1

2
a(x)4ρε −

1

2
∇a(x)∇ρε +

1

ε2
a(x)ρε = a(x)|∇uε|2 + a(x)

1

ε2
ρ

2

ε , (4.5.15)

where ρε = 1 − |uε|2. On the parabolic boundary, ρε = 1 − |u0|2 = 0. We get ρε ≥ 0

in Ω × R+ by using the maximum principle, i.e. |uε| ≤ 1.

Consider the following auxiliary problem:

∂tf − a(x)4f −∇a(x) · ∇f +
1

ε2
a(x)f = a(x)g in PR, (4.5.16)

|f | ≤ a on ∂PR, (4.5.17)

where ∂PR = BR(0) × {−R2}⋃ ∂BR(0) × [−R2, 0].

Lemma 4.5.4 Let a > 0, ε ∈ (0, 1), g ∈ C0(PR), with ε2 supPR
|g| ≤ a. Let

f ∈ C0(PR)
⋂

C2(PR) be a solution of (4.5.16) and (4.5.17). Then there exists R0 de-

pending on m, M, and M1 = maxx∈Ω̄ |∇a(x)| such that for any δ ∈ (0, 1), R ∈ (0, R0)

we have
1

ε2
|f | ≤ sup

PΩ

R

|g|+ 2a

ε2
exp

(

− 1

ε
(1 − δ

2)2
R

4

)

on PδR. (4.5.18)

Proof. Taking w(x, t) = 2a exp[− 1

ε
(R2 − x2)(R2 + t)], we have

ε
2[∂tw − a(x)4w −∇a(x) · ∇w] + a(x)w

= w[a(x) − ε(R2 − x
2) − a(x)4|x|2(R2 + t)2

− a(x)ε · 4(R2 + t) − ε∇a(x) · 2x(R2 + t)]

≥ w(m− εR
2 − 4MR

4 − 4εMR
2 − 2RεM1R

2).

Therefore, there exists R0 depending on m, M , M1 such that if R ∈ (0, R0),

ε ∈ (0, 1)

ε2[∂tw − a(x)4w −∇a(x) · ∇w] + a(x)w > 0 in PR,

w = 2a on ∂PR

holds.

For f1 = f − ε2 supPR
|g| and f2 = f + ε2 supPR

|g|, we have |f1| ≤ 2a and |f2| ≤ 2a

on ∂PR and

ε
2[∂tf1 − a(x)4f1 −∇a(x) · ∇f1] + a(x)f1

= ε
2
a(x)g − a(x)ε2 sup

PR

|g| ≤ 0

≤ ε
2[∂tw − a(x)4w −∇a(x) · ∇w] + a(x)w.
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Therefore, we obtain by the comparison principle that

f1 − w ≤ 0 in PR. (4.5.19)

Similarly, we have

f2 + w ≥ 0 in PR. (4.5.20)

Combining (4.5.19) and (4.5.20), one gets

−w − ε
2 sup
PΩ

R

|g| ≤ f ≤ w + ε
2 sup
PΩ

R

|g|,

which yields the desired conclusion

1

ε2
|f | ≤ sup

PΩ

R

|g| + 1

ε2
w ≤ sup

PΩ

R

|g|+ 2a

ε2
exp

(

− 1

ε
(1 − δ

2)2
R

4

)

.

If BR
⋂

Ω 6= ∅ and f ≡ 0 on BR
⋂

∂Ω, we have the local estimate near the

boundary.

Lemma 4.5.5 Consider a smooth domain Ω ⊂ R2, a > 0, ε ∈ (0, 1), g ∈ C0(PR),
with ε2 supPR

|g| ≤ a. Let f ∈ C0(PR)
⋂

C2(PR) be a solution of (4.5.16) and (4.5.17)

and f = 0 on ∂Ω
⋂

PR. Then there exist R0, depending on m, M and M1 such that

for any δ ∈ (0, 1), R ∈ (0, R0), we have

1

ε2
|f | ≤ sup

PΩ

R

|g| + 2a

ε2
exp

(

− 1

ε
(1 − δ

2)2
R

4

)

on P
Ω

δR. (4.5.21)

In the sequel, we will derive a priori Lp estimates for Eqs. (4.5.16) and (4.5.17).
First we give L1 estimates.

Lemma 4.5.6 Let Ω ⊂ R2 be as bounded smooth domain, a > 0, ε ∈ (0, 1), g ∈
C0(PR). For any nonnegative function f ∈ C1(Ω× (0, T ))

⋂

C2(Ω× (0, T )) satisfying

∂tf − a(x)4f −∇a(x) · ∇f +
1

ε2
a(x)f ≤ a(x)g in Ω × (0, T ),

f = 0 on (Ω × {0})⋃(∂Ω × (0, T )),

(1) there exists some constant c > 0 only depending on M and m such that

‖ 1

ε2
f‖L1(Ω×(0,T )) ≤ c‖g‖L1(Ω×(0,T )); (4.5.22)

(2) for any R, ρ > 0 and z0 = (x0, t0) ∈ Ω × (0, T ) with R2 + ρ2 < t0, we have

∫

PΩ

R (z0)

1

ε2
|f |dz ≤ c

∫

PΩ

R+ρ(z0)

(

|g| + c

ρ2
|f |
)

dz. (4.5.23)
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Proof of (1). Multiplying Eq. (4.5.16) by f√
f2+δ2

, we attain

∂tf · f√
f 2 + δ2

− a(x)4f · f√
f 2 + δ2

−∇a(x) · ∇f f√
f 2 + δ2

+
1

ε2
a(x)f

f√
f 2 + δ2

= a(x)g · f√
f 2 + δ2

. (4.5.24)

(4.5.24) can be written as

∂t|f | ·
|f |√
f 2 + δ2

+ a(x) · |∇f |2√
f 2 + δ2

(

1 − f 2

f 2 + δ2

)

+
1

ε2
a(x)

f 2

√
f 2 + δ2

= a(x)g · f√
f 2 + δ2

+ div

(

a(x)∇f f√
f 2 + δ2

)

. (4.5.25)

Integrating (4.5.25) over Ω×(0, t), letting δ → 0, and using the monotone convergence

theorem, we have

sup
0≤t≤T

∫

Ω

|f(x, t)|dx+
∫ T

0

∫

Ω

a(x)
1

ε2
|f(x, t)|dxdt ≤

∫ T

0

∫

Ω

a(x)|g(x, t)|dxdt,

where we have used the fact that
∫ T
0

∫

Ω
div(a(x)∇f f√

f2+δ2
)dxdt = 0 by the divergence

theorem. From the above inequality, we obtain
∫ T

0

∫

Ω

1

ε2
|f(x, t)|dxdt ≤ M

m

∫ T

0

∫

Ω

|g(x, t)|dxdt.

Taking C = M
m

, we have
∥

∥

∥

∥

∥

1

ε2
f

∥

∥

∥

∥

∥

L1(Ω×(0,T ))

≤ c‖g‖L1(Ω×(0,T )).

Proof of (2). Multiplying Eq. (4.5.16) by f√
f2+δ2

(x, t)φ2(x)η(t) where the cutoff

function φ(x) satisfies 0 ≤ φ(x) ∈ C∞(Ω) with sptφ ⊂ BR+ρ(x0) and φ ≡ 1 on

BR(x0), η(t) satisfies η(t) ∈ C
∞(R+) with 0 ≤ η(t) ≤ 1, η(t0 − R

2 − ρ
2) = 1 and

η(t) ≡ 1, |∇φ| ≤ c
ρ
, |∇2φ| ≤ c

ρ2
, and |∂tη| ≤ c

ρ2
, we get

∂tf · f√
f 2 + δ2

φ
2
η − a(x)4f · f√

f 2 + δ2
φ

2
η −∇a(x) · ∇f f√

f 2 + δ2
φ

2
η

+
1

ε2
a(x)f

f√
f 2 + δ2

φ
2
η = a(x)g · f√

f 2 + δ2
φ

2
η. (4.5.26)

(4.5.26) can be written as

∂t(|f |φ2
η)

|f |√
f 2 + δ2

+ a(x) · |∇f |
2φ2η√

f 2 + δ2

(

1 − f 2

f 2 + δ2

)

+
1

ε2
a(x)

f 2φ2η√
f 2 + δ2

= a(x)g · fφ
2
η√

f 2 + δ2
+ div

(

a(x)∇f fφ
2
η√

f 2 + δ2

)

− a(x)∇f f√
f 2 + δ2

2φ∇φη + |f |φ2
∂tη. (4.5.27)
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Integrating (4.5.27) over Ω × (0, t) and letting δ → 0, we get

sup
t0−(R2+ρ2)≤t≤t0

∫

BR
Ω

|f(x, t)|dx+
∫

PΩ

R

a(x)
1

ε2
|f(x, t)|

≤
∫

PΩ

R+ρ

(

a(x)|g(x, t)| + c

ρ2
|f(x, t)|

)

.

Recalling the assumption m = minx∈Ω
|a(x)| ≤ a(x) ≤ maxx∈Ω

|a(x)| = M , we arrive

at the conclusion

∫

PΩ

R (z0)

1

ε2
|f |dz ≤ c

∫

PΩ

R+ρ(z0)

(

|g| + c

ρ2
|f |
)

dz.

Lemma 4.5.7 Let Ω ⊂ R2 be as above, g ∈ L1
⋂

Lp(Ω× (0, T )) for p ≥ 2 and ε > 0.

For any nonnegative function f ∈ C1(Ω × (0, T ))
⋂

C2(Ω × (0, T )) satisfying

∂tf − a(x)4f −∇a(x) · ∇f +
1

ε2
a(x)f ≤ a(x)g in Ω × (0, T ),

f = 0 on (Ω × {0})
⋃

(∂Ω × (0, T ))

∀ δ ∈ (0, 1), z0 = (x0, t0) ∈ Ω × (0, T ] with 0 < R2 < t0, we have

∥

∥

∥

∥

∥

1

ε2
f

∥

∥

∥

∥

∥

Lp(PΩ

δR
(z0)

≤ c1‖g‖Lp(PΩ

δR
(z0) + c2ε

2/p
, (4.5.28)

where c1 = c1(p,m,M) and c2 = c2(‖g‖Lp(PΩ

R )
, ‖f‖L2p−1(PR(z0)), p, δ, R,m,M).

Proof. Multiplying the equation by f |f |2s−2φ2η, where s ≥ 1, and taking cutoff

functions φ and η as in the proof of Lemma 4.5.6, we have

∂tff |f |2s−2
φ

2
η − a(x)4ff |f |2s−2

φ
2
η −∇a(x) · ∇ff |f |2s−2

φ
2
η

+
1

ε2
a(x)ff |f |2s−2

φ
2
η = a(x)gf |f |2s−2

φ
2
η. (4.5.29)

(4.5.29) can be written as

1

2s
∂t(|f |2sφ2

η) + a(x)
2s− 1

s2
|∇|f |s|2φ2

η +
1

ε2
a(x)|f |2sφ2

η

= div(a(x)∇ff |f |2s−2
φ

2
η) +

1

2s
|f |2sφ2

∂tη

+ a(x)gf |f |2s−2
φ

2
η − a(x)∇|f ||f |2s−12∇φφη. (4.5.30)

We now estimate the last two terms of (4.5.30). By the Young inequality we have

||g|f |f |2s−2| ≤ 1

2ε2
2s− 1

2s
|f |2s + (2ε2)2s−1

1

2s
|g|2s
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and

|∇|f ||f |2s−12∇φφη| = 2

∣

∣

∣

∣

∣

(

1

s
∇|f |sφ√η

)

· (|f |s∇φ√η)
∣

∣

∣

∣

∣

≤ 2s− 1

2s2
|∇|f |s|2φ2

η +
2

2s− 1
|f |2s|∇φ|2η

which lead to

1

2s
∂t(|f |2sφ2

η) + a(x)
2s− 1

2s2
|∇|f |s|2φ2

η +
1

2ε2
1

2s
a(x)|f |2sφ2

η

≤ div(a(x)∇ff |f |2s−2
φ

2
η) − a(x)(2ε2)2s−1

1

2s
|g|2sφ2

η

+
2

2s− 1
|f |2s[a(x)|∇φ|2η + φ

2|∂tη|]. (4.5.31)

Setting p = 2s, multiplying (4.5.31) by (2s) · ( 1

ε2
)p−1, and integrating it over PΩ

R+ρ, we

get, for p ≥ 2,

sup
t≥−R2

−ρ2

∫

BΩ

R+ρ

(

1

ε2

)p−1

|f |pφ2
ηdx

+
∫

PΩ

R+ρ

(

1

ε2

)p−1

|∇|f | p
2 |2φ2

ηdz +
∫

PΩ

R+ρ

(

1

ε2

)p

|f |pφ2
ηdz

≤ C(p,m,M)

{

∫

PΩ

R+ρ

|g|pφ2
η +

∫

PΩ

R+ρ

(

1

ε2

)p−1

|f |p[|∇φ|2η + φ
2|∂tη|]

}

dz. (4.5.32)

Hence we obtain

∫

PΩ

R

(

1

ε2

)p

|f |pdz ≤ C(p,m,M)

{

∫

PΩ

R+ρ

|g|p + ε
2
c

ρ2

∫

PΩ

R+ρ

(

1

ε2

)p

|f |p
}

dz. (4.5.33)

Let p = k
2

+ 1 for k ∈ N . Then Hölder’s inequality for q1 = 2p−1

2p−2
and q2 = 2p − 1

implies

∫

PΩ

R+ρ

(

1

ε2
|f |
)p−1

|f |dz ≤
∥

∥

∥

∥

∥

1

ε2
f

∥

∥

∥

∥

∥

p−1

Lp− 1

2

‖f‖L2p−1.

Now (4.5.33) yields

∥

∥

∥

∥

∥

1

ε2
f

∥

∥

∥

∥

∥

p

Lp(PΩ

R )

≤ C(p,m,M)

[

‖g‖p
Lp(PΩ

R+ρ
)
+

c

ρ2

∥

∥

∥

∥

∥

1

ε2
f

∥

∥

∥

∥

∥

(p− 1

2
)·

2p−2

2p−1

Lp− 1

2 (PΩ

R+ρ)

‖f‖L2p−1(PΩ

R+ρ)

]

. (4.5.34)

Noticing that 2p−2

2p−1
< 1, we can iterate (4.5.34) for k steps and use Lemma 4.5.6 to

derive that
∥

∥

∥

∥

∥

1

ε2
f

∥

∥

∥

∥

∥

p

Lp(PΩ

R )

≤ C

(

‖g‖p
Lp(PΩ

R+(k+1)ρ
)
, ‖f‖L2p−1(PΩ

R+(k+1)ρ
)
, p, ρ, R

)

.
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If we use new cutoff function φ̄(x) and η̄(t) satisfying 0 ≤ φ̄(x) ∈ C
∞(Ω) with

spt φ̄(x) ⊂ BR+2ρ(x0) and φ̄ ≡ 1 on BR+ρ(x0) and η̄(t) satisfying η̄(t) ∈ C∞(R+) with

0 ≤ η̄(t) ≤ 1, η̄(t0 − (R + ρ)2 − ρ2) = 1, η̄(t) ≡ 1 if t ≥ t0 − (R + ρ)2, |∇φ̄| ≤ c
ρ
,

|∇2φ̄| ≤ c
ρ2

, and |∂tη̄| ≤ c
ρ2

, we get, by the same iteration, that

∥

∥

∥

∥

∥

1

ε2
f

∥

∥

∥

∥

∥

p

Lp(PΩ

R+ρ
)

≤ C

(

‖g‖p
Lp(PΩ

R+ρ+(k+1)ρ
)
, ‖f‖L2p−1(PΩ

R+ρ+(k+1)ρ
)
, p, ρ, R

)

. (4.5.35)

Taking ρ := δR
k+2

and then substituting (4.5.35) into (4.5.34), one deduces

∥

∥

∥

∥

∥

1

ε2
f

∥

∥

∥

∥

∥

p

Lp(PΩ

R
)

≤ C(p,m,M)
[

‖g‖p
Lp(PΩ

(1+δ)R
)
+ ε

2
C2

]

, (4.5.36)

where c2 = c2(‖g‖Lp(PΩ

(1+δ)R
)
, ‖f‖L2p−1(PΩ

(1+δ)R
)
, p, δ, R). The lemma follows if one sets

Rnew = (1 + δ)R and δnew = 1

1+δ
, i.e. Rnewδnew = R.

4.5.3 Higher Order Interior Estimates

We intend to claim that the higher derivatives of uε and 1

ε2
a(x)(1 − |uε|2) are locally

and uniformly bounded in the interior point under the uniform smallness condition

(4.5.9), where uε are the solution to approximating equation.

Lemma 4.5.8 Let uε be a solution of (4.5.4) and assume

lim sup
ε↘0

sup
PΩ

R

gε(uε) ≤ C0, (4.5.37)

where BR(x0) ⊂ Ω, 0 < R2 < t0. Then for any δ ∈ (0, 1), we have

lim sup
ε↘0

‖uε‖Ck(PδR(z0)) ≤ Ck and lim sup
ε↘0

∥

∥

∥

∥

∥

1

ε2
(1 − |uε|2)

∥

∥

∥

∥

∥

Ck(PδR(z0))

≤ C̃k (4.5.38)

for all integers k ≥ 0. Constants Ck and C̃k depend on C0, k, R, δ > 0, ‖a(x)‖Ck(Ω).

Proof. We prove this lemma by induction. If k = 0, we have proved ‖uε‖L∞ ≤ 1.

Using assumption (4.5.37), we obtain supPR

√

a(x)|∇uε| ≤ C0, and 1

ε2
a(x)(1−|uε|2)2 ≤

C0. Therefore, g = |∇uε|2 + 1

ε2
ρ2

ε can be controlled by a multiple of C0(m). Lemma

4.5.4 implies ‖ 1

ε2
(1− |uε|2)‖L∞ ≤ C̃0. For k = 1, since the conclusions for k = 0 hold,

i.e., lim supε↘0
‖uε‖Lp(PδR(z0)) ≤ Ck and lim supε↘0

‖ 1

ε2
(1−|uε|2)‖Lp(PδR(z0)) ≤ C̃k, using

the Cα,α
2 estimate of strongly parabolic systems in the divergence form, we know there

exists γ ∈ (0, 1) such that ‖uε‖Cγ,
γ
2
≤ C(‖ 1

ε2
(1 − |uε|2)‖Lp). From Lemma 4.5.4, we

know that ‖ 1

ε2
1 − |uε|2‖L∞ ≤ C0. Using the W 2,1

p estimate, we get

‖uε‖W 2,1
p (PδR)

≤ CP (Ω, T, wuε)

(
∥

∥

∥

∥

∥

1

ε2
a(x)(1 − |uε|2)

∥

∥

∥

∥

∥

Lp(PR)

+ ‖uε‖Lq(PR)

)
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for any 1 ≤ q ≤ p. From the Sobolev inequality, we have when p > 2 + 2 = 4,

‖∇uε‖Cα(PδR) ≤ C(m, p, α, δ)‖uε‖W 2,1
p (PδR)

.

We can take derivatives in (4.5.16) with respect to x to obtain, ∇(a(x)[|∇uε|2 +
1

ε2
(1 − |uε|2)2]) ∈ Lp. Using (4.5.16) and Lemma 4.5.5, we get ∇( 1

ε2
(1 − |uε|2)2) ∈

Lp. Taking derivatives with respect to x in (4.5.4), we can get uε ∈ W 3,1
p . By the

Sobolev embedding theorem, we know that uε ∈ C1,1. Using (4.5.16) again, we get
1

ε2
(1 − |uε|2) ∈ C1,1. By the standard bootstrap argument, we complete the proof.

The following Lemma proves that the boundedness of (4.5.37) can be verified
by the smallness of the energy, i.e. the energy density is uniformly bounded in the

regularity points of uε.

Lemma 4.5.9 There are constants C1 > 0, ε0 > 0, R0 ∈ (0,min{1,√t0}) such that

for solution uε of (4.5.4) satisfying

sup
t0−R0

2<t<t0

∫

BR0
(x0)

gε(uε(x, t))dx < ε0,

there holds, ∀ δ ∈ (0, 1),

sup
PδR0

(z0)

gε(uε) ≤
C

(1 − δ)2R2

0

where x0 ∈ Ω and BR0
⊂ Ω.

Proof. Without loss of generality, let (x0, t0) = 0. We set PR := PR(0). For fixed

ε > 0, since the solution uε of (4.5.4) is smooth, there exist σε ∈ [0, R0) such that

(R0 − σε)
2 sup
Pσε

gε = max
0≤σ≤R0

(R0 − σ)2 sup
Pσ

gε,

and there is some zε = (xε, tε) ∈ PR(z0) ∈ Pσε such that eε := gε(uε(zε)) = supPσε
gε.

Setting ρε := 1

2
(R0 − σε) such that Pρε(zε) ⊂ Pσε+ρε ⊂ PR0

, we have

sup
Pρε(zε)

gε ≤
1

[R0 − (σε + ρε)2]
[R0−(σε+ρε)

2] sup
Pρε+σε(zε)

gε ≤
4

(R0 − σε)2
(R0−σε)2

eε ≤ 4eε.

Setting rε =
√
eερε, we can consider a rescaled map vε = v(y, s) = u(xε + e

−
1

2

ε y, tε +

e−1

ε s), (y, s) ∈ Prε. Thus vε satisfies Eq. (4.5.4) with ε̃ :=
√
eεε. By computation,

g√eεε(vε)(0, 0) = 1 and supPrε
g√eεε(vε) = 4. We now claim that rε ≤ 2. If it holds, we

can use the definition of rε and set σ = δR0 to finish the proof:

r
2

ε =

[

1

2
(R0 − σε)

√
eε

]

2

≤ 4

and

(R0 − δR0)
2 sup
PδR0

gε(uε) = (R0 − σε)
2 sup
Pσε

gε(uε) ≤ 16,
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which implies

sup
PδR0

gε(uε) ≤
C

(1 − δ)2R2

0

.

We prove the claim by the contradiction argument. Suppose rε > 2. Since BR0
(x0) ⊂

Ω, all the derivatives of vε are then bounded on P1 independently of ε > 0. Indeed, if

lim infε↘0

√
eεε > 0, from the equation

1

2
∂tvε −

1

2
vε × ∂tvε −∇ · (a(x)∇vε) =

1

ε̃2
a(x)(1 − |vε|2)vε

the claim holds by using the Lp estimates and the fact that |vε| ≤ 1. If
lim infε↘0

√
eεε = 0, then the claim follows from the fact that supPrε

g√eεε ≤ 4 and

Lemma 4.5.8. In particular, all the derivatives of vε are uniformly bounded. Thus

√

∂tgε̃(vε), |∇gε̃(vε)| ≤ C <∞ in P1.

Therefore, if we choose r0 = min{ 1

4C
, 1}, we have

|gε̃(vε)(x, t) − gε̃(vε)(0, 0)| = |∂tgε̃(vε)(x′, t′)||t| + |∇gε̃(vε)(x′, t′)||x| <
1

2
.

Using the differential mean-value theorem, we get

gε̃(vε)(x, t) > gε̃(vε)(0, 0) − 1

2
>

1

2
,

which implies

1 = g√eεε(vε)(0, 0) ≤ 2

πr2

0

sup
−r2

0
<s<0

∫

Br0

g√eεε(vε)dy

≤ C∗ sup
tε−r20e

−1

ε <t<tε

∫

B√
eεr0

(xε)

gε(uε)dx

≤ C∗ sup

−(
r2

0

eε
+σ2

ε )<t<0

∫

B r0√
eε

+σε(x0)
(xε)

gε(uε)dx. (4.5.39)

Setting ε1 = min{1

2
,

1

2C∗
}, since rε =

√
eερε > 2 > r0, we get r0

√
eε

+ σε ≤ ρε + σε ≤ R0

and ( r0
√
eε

)2 + σ
2

ε ≤ (ρε + σε)
2 ≤ R

2

0
. Hence, the right-hand side of (4.5.39) ≤ ε1 ≤ 1

2
.

This leads to a contradiction. Therefore, rε ≤ 2.

4.5.4 Boundary Estimates

In this section, we will derive local boundary sup-estimates for the energy density,
thereby the W 2,1

p -estimates for uε and Lp-estimates for 1

ε2
a(x)(1 − |uε|2) near the

boundary.
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Lemma 4.5.10 Let uε be a solution of (4.5.4) and (4.5.5) with u0 ∈ H
1,2(Ω;S2)

⋂

H2,P (∂Ω;S2). Assume

sup
PΩ

R

gε(uε) ≤ C0 (4.5.40)

and BR(x0)
⋂

∂Ω 6= ∅, 0 < R2 < t0. Then for any δ ∈ (0, 1), we have

‖uε‖W 2,1
p (PΩ

δR
(z0))

≤ C1





∥

∥

∥

∥

∥

1

ε2
(1 − |uε|2)

∥

∥

∥

∥

∥

Lp(PΩ

R (z0))

+ ‖uε‖L2(PΩ

R
(z0)) + ‖u0‖

H
2−

1
p ,p

(BΩ

R
(z0)

⋂

∂Ω)



 ,

where constant C1 depends on C0, δ, R, p, Ω and ‖a(x)‖L∞(Ω). Furthermore, for any

δ ∈ (0, 1) we have

∥

∥

∥

∥

∥

1

ε2
(1 − |uε|2)

∥

∥

∥

∥

∥

Lp(PΩ

δR
(z0))

≤ C(p, ‖a(x)‖L∞)‖gε‖Lp(PΩ

R
)
+ ε

2

pC(‖gε‖Lp(PΩ

R
)
, p, δ, R, ‖a(x)‖L∞(Ω))

and

∥

∥

∥

∥

∥

1

ε2
(1 − |uε|2)

∥

∥

∥

∥

∥

L∞(PΩ

δR
(z0))

≤ 4C0 +Oδ(ε),

where ε 7→ Oδ(ε) is a function that depends on δ ∈ (0, 1) and limε↘0 ε
−kOδ(ε) = 0 for

all k ∈ N. All the constants also depend on the parabolic constants.

Proof. Assumption supPΩ

R
gε(uε) ≤ C0 implies that lim supε↘0

supPΩ

δR
‖∇uε‖ ≤

C0(m) < ∞. Therefore from the Cα estimate, there exists γ ∈ (0, 1) such that

‖uε‖Cγ,
γ
2 (PΩ

δR
)
≤ C(fε). Furthermore, supPΩ

R

1

ε2
a(x)(1 − |uε|2)2 ≤ C. Therefore g =

1

2
a(x)(|∇uε| + 1

ε2
(1 − |uε|2)2) ∈ Lp(PΩ

R ). From the W 2,1
p estimate, we have

‖uε‖W 2,1
p (PΩ

δR
(z0))

≤ C1

(∥

∥

∥

∥

∥

1

ε2
a(x)(1 − |uε|2)

∥

∥

∥

∥

∥

Lp(PΩ

R
(z0))

+ ‖uε‖L2(PΩ

R
(z0)) + ‖u0‖

H
2−

1
p ,p

(BΩ

R
(z0)

⋂

∂Ω)

)

.

From Lemma 4.5.7, we have

∥

∥

∥

∥

∥

1

ε2
(1 − |uε|2)

∥

∥

∥

∥

∥

Lp(PΩ

δR
(z0))

≤ C(p, ‖a(x)‖L∞)‖gε‖Lp(PΩ

R )
+ ε

2

pC(‖gε‖Lp(PΩ

R )
, p, δ, R, ‖a(x)‖L∞(Ω)).



Landau–Lifshitz Equations and Harmonic Maps 193

From Lemma 4.5.5, we have

∥

∥

∥

∥

∥

1

ε2
(1 − |uε|2)

∥

∥

∥

∥

∥

L∞(PΩ

δR
(z0))

≤ sup
PΩ

R

|g(uε)| +
2a

ε2
exp

(

− 1

ε
(1 − δ

2)2
R

4

)

.

Noting that

g(uε) =

[

|∇uε|2 +
1

ε2
(1 − |uε|2)2

]

≤ 4

[

1

2
|∇uε|2 +

1

4ε2
(1 − |uε|2)2

]

+Oδ(ε) ≤ C0(m) +Oδ(ε),

where limε→0 ε
−k · 2a

ε2
exp(−1

ε
(1 − δ2)2R4 = 0, ∀ k ∈ N . The lemma follows.

The following lemma proves that the boundedness of (4.5.40) may be verified

by the smallness of the energy, i.e. the energy density is uniformly bounded in the
regularity points of uε.

Lemma 4.5.11 Let uε be a solution to (4.5.4) and (4.5.5) with u0 ∈ H1,2(Ω;S2)
⋂

C2(∂Ω;S2). There are constants C0 = C0(‖u0‖C2(∂Ω), E0,Ω) and ε0 = ε0(‖u0‖C2(∂Ω),

E0,Ω) > 0, such that if for some z0 = (x0, t0) and R0 ∈ (0,min{1,√t0}),

lim sup
ε↘0

sup
t0−R0

2<t<t0

∫

BR0
(x0)

⋂

Ω

gε(uε(x, t))dx < ε0,

then for any δ ∈ (0, 1), we have

lim sup
ε↘0

sup
PΩ

δR0
(z0)

gε(uε) ≤
C

(1 − δ)2R2

0

.

The proof is similar to the interior case, though the computation is much more

complicate. For more detail, we refer to [89].

4.5.5 Energy Estimates

In this section, we will prove that the total energy of the smooth weighted flow of

(4.5.4) and (4.5.5) is decreasing. Recall that in the first section we have defined the
total energy Gε(uε(t)) :=

∫

Ω
gε(uε(x, t))dx and the local energy Gε(uε(t), B

Ω

R(x0)) :=
∫

BR(x0)

⋂

Ω
gε(uε(x, t))dx, respectively.

Lemma 4.5.12 Let uεbe a solution of (4.5.4) and (4.5.5). Then, we have

Gε(uε(T ) +
1

2

∫ T

0

∫

Ω

|∂tuε|2dxdt = Gε(uε(0) = E(u0) = E0. (4.5.41)
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Proof. We multiply Eq. (4.5.4) by ∂tuε and integrate it over Ω to get

∫

Ω

1

2
|∂tuε|2dx−

∫

Ω

∇ · (a(x)∇uε) · ∂tuεdx =
∫

Ω

1

ε2
a(x)(1 − |uε|2)uε · ∂tuεdx

and then
∫

Ω

1

2
|∂tuε|2dx+

∂

∂t

∫

Ω

1

2
a(x)|∇uε|2 = − ∂

∂t

∫

Ω

1

4ε2
a(x)(1 − |uε|2)2

.

Integrating the above equality over [0, T] leads to

∫ T

0

∫

Ω

1

2
|∂tuε|2dxdt+

∫

Ω

a(x)
[

1

2
|∇uε|2 +

1

4ε2
(1 − |uε|2)2

]

(T )

=
∫

Ω

a(x)
[

1

2
|∇u0|2 +

1

4ε2
(1 − |u0|2)2

]

= Gε(uε(0)) := E0.

(4.5.41) follows.
The following lemma is about the estimate for the local energy.

Lemma 4.5.13 Let uε be a solution of (4.5.4) and (4.5.5). Then, for 0 ≤ T1 < T2

we have

Gε(uε(T2), B
Ω

R(x0)) ≤ Gε(uε(T1), B
Ω

2R(x0)) +
C

R2

∫ T2

T1

Gε(uε(t), B
Ω

2R(x0))dt. (4.5.42)

Proof. We multiply Eq. (4.5.4) by ∂tuεφ
2, where φ is a cutoff function satisfying

φ(x) ∈ C∞

c (Ω), 0 ≤ φ(x) ≤ 1, φ ≡ 1 on BR(x0)
⋂

Ω), φ ≡ 1 on BR(x0)
⋂

Ω; φ ≡ 0 on
(B2R(x0)

⋂

Ω)C , |∇φ| ≤ C
R2 , and then integrate over BΩ

2R = B2R(x0)
⋂

Ω to derive

∫

BΩ

2R

1

2
|∂tuε|2φ2

dx−
∫

BΩ

2R

∇ · (a(x)∇uε) · ∂tuεφ2
dx

=
∫

BΩ

2R

1

ε2
a(x)(1 − |uε|2)uε · ∂tuεφ2

dx.

Integrating by parts, we have

∫

BΩ

2R

1

2
|∂tuε|2φ2

dx+
∂

∂t

∫

BΩ

2R

1

2
a(x)|∇uε|2φ2

dx+
∂

∂t

∫

BΩ

2R

1

4ε2
a(x)(1 − |uε|2)2

φ
2
dx

= −2
∫

BΩ

2R

a(x)∇uε∂tuε∇φφdx

≤ 1

2

∫

BΩ

2R

|∂tuε|2φ2
dx + 8

∫

BΩ

2R

a(x)2|∇uε|2|∇φ|2dx.

Integrating over [T1, T2], using the assumption that a(x) ≤ maxx∈Ω
|a(x)| = M and

the property of the cut-off function φ, we get

Gε(uε(T2), B
Ω

R(x0)) ≤ Gε(uε(T1), B
Ω

2R(x0)) +
C

R2

∫ T2

T1

Gε(uε(t), B
Ω

2R(x0))dt.

The lemma follows.
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Lemma 4.5.14 ∀ η > 0, ∃ T0 > 0, R0 > 0, such that ∀ x0 ∈ Ω and ∀ ε > 0,

sup
0≤t≤T0

Gε(uε(t), B
Ω

R0
(x0)) ≤ η (4.5.43)

holds.

Proof. For each fixed η > 0, using the absolute continuity of integration, we can
choose R0 small enough to guarantee

Gε(uε(0), BΩ

2R0
(x0)) =

∫

B2R0
(x0)

⋂

Ω

1

2
a(x)|∇u0|2dx ≤ η

2
.

Setting T1 = 0, T2 = T0 =
R2

0
η

2CE0

in (4.5.42) and choosing T0 small enough we attain

Gε(uε(t), B
Ω

R0
(x0)) ≤ Gε(uε(0), BΩ

2R0
(x0))

+
C

R2

0

∫ t

0

Gε(uε(t), B
Ω

2R0
(x0))dt ≤

η

2
+

C

R2

0

T0E0 ≤ η.

Taking supremum for t over [0, T0], one has sup
0≤t≤T0

Gε(uε(t), B
Ω

R0
(x0)) ≤ η. (4.5.43)

is proved.

4.5.6 Hausdorff Measure Estimate for Singularity

First of all, it follows from energy estimates (4.5.41) and (4.5.42) that for any 0 ≤ s < t

Gε(uε(t), B
Ω

R(x0)) ≤ Gε(uε(s), B
Ω

2R(x0)) +
C(t− s)E0

R2
. (4.5.44)

Define δ0 := ε0
2CE0

, where ε0 is the constant from (4.5.9) and (4.5.11). We may assume
0 < δ0 < 1, otherwise we can choose a larger C.

Lemma 4.5.15 Let uε be a solution of (4.5.4) and (4.5.5) with u0 ∈ H1,2(Ω;S2)
⋂

C2(∂Ω;S2). Then the following assertions are equivalent :

(1) z0 = (x0, t0) ∈ Reg({uε}ε>0),

(2) ∃ δ, R > 0 such that lim supε↘0
supt0−δ<t<t0 Gε(uε(t), B

Ω

R(x0)) < ε0,

(3) ∃ δ > 0 such that limR↘0 lim supε↘0
supt0−δ<t<t0 Gε(uε(t), B

Ω

R(x0)) = 0,

(4) ∃ R > 0 such that lim supε↘0

1

R2

∫ t0
t0−R2

∫

BΩ

R(x0)
gε(uε)dxdt <

1

4
δ0ε0,

(5) ∃ δ, R > 0 such that lim supε↘0
supt0−δ<t<t0+δGε(uε(t), B

Ω

R(x0)) = 0.

Sketch of the proof. We can easily prove them by using the energy estimates
Lemma 4.5.9 and 4.5.11, which characterize the supnorm of energy density under the

smallness energy condition. For the details, we refer to [89].

Corollary 4.5.1 Let uε be a solution of (4.5.4) and (4.5.5) with u0 ∈ H1,2(Ω;S2)
⋂

C2(∂Ω;S2). Let {εi}i be a sequence with εi ↘ 0 as i→ ∞. Then the following hold :
(1) Reg({uε}ε) and Reg({uεi}i) are open in Ω × R+.

(2) There exists some T0 > 0 such that Ω × (0, T0) ⊂ Reg({uε}ε).
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Proof of Corollary 4.5.1.

(1) follows from Lemma 4.5.15(5) which is the characterization of a regularity

point.

(2) follows from Lemma 4.5.12 and Lemma 4.5.14. We can set η = ε0, where ε0 is

determined in Lemma 4.5.9 and Lemma 4.5.11 to obtain a corresponding T0. Then
Lemma 4.1(2) implies that T0 satisfies the conclusion. This completes the proof.

Set QR(z) := BR(x) × (t − R2, t + R2) for z = (x, t). Let H2 denotes the two-
dimensional parabolic Hausdorff measure.

We give in the following theorem the Hausdorff measure estimate for a singularity

set.

Theorem 4.5.1 Let uε be a solution of (4.5.4) and (4.5.5) with u0 ∈ H1,2(Ω;S2)
⋂

C2(∂Ω;S2). Let {εi}i be a sequence with εi ↘ 0 as i→ ∞. Then the following hold :

(1) S({uε}ε) has locally finite two-dimensional parabolic Hausdorff measure. More

precisely there is a constant K1 = K1(E0, ε0) > 0, such that for any compact interval

I ⊂ R+, H2(S({uε}ε)
⋂

(Ω × I)) ≤ K1|I|.
(2) There is a constant K2 = K2(E0, ε0) > 0 such that for any t > 0, set

St({uε}ε) := S({uε}ε)
⋂

(Ω × {t}) has at most K2 points.

Proof. (1) By (4) of Lemma 4.5.15, we have for any z0 = (x0, t0) ∈ S({uε}ε), any

R > 0, and sufficiently small 0 < ε ≤ ε(z0)

1

R2

∫ t0

t0−R2

∫

BΩ

R(x0)

gε(uε) >
1

4
δ0ε0. (4.5.45)

Fix a compact interval I ⊂ R+ and δ > 0. By compactness and Vitali’s Covering
theorem [7], any covering of S({uε}ε)

⋂

(Ω × I) by parabolic cylinders QΩ

R with

0 < R
2
< δ and z ∈ S({uε}ε)

⋂

(Ω × I) contains a finite covering
⋃

j Q
Ω

5Rj
(zj) ⊃

S({uε}ε)
⋂

(Ω × I) such that cylinders QΩ

Rj
(zj) are pairwise disjoint. Since

S({uε}ε)
⋂

(Ω × I) is a closed subset of the compact set Ω × I, it is compact. And

therefore the countable subcovering stated in the Vitali theorem is indeed finite. By
(4.5.45) and the energy estimate, we obtain for 0 < ε ≤ minj{ε(zj)},

∑

j

ω2(5R
2

j) ≤ 25
4ω2

δ0ε0
Σj

∫ tj

tj−R2

j

∫

BΩ

R(xj)

gε(uε(x, t))dxdt <
100ω2

δ0ε0
(|I| + δ)E0.

By letting δ ↘ 0, and by the definition of the Hausdorff measure we find that

H2(S({uε}ε)
⋂

(Ω × I)) ≤ 100ω2E0

δ0ε0
|I|.

(2) Pick any (x1, T ), . . . , (xk, T ) ∈ S({uε}). By assumption we conclude that ∀ R, δ,
γ > 0, ∃ ε ∈ (0, γ) such that

sup
T−δ<t<T

∫

BΩ

R(xl)

gε(uε(x, t))dx >
ε0

2
for 1 ≤ l ≤ k,
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where we have used Lemma 4.5.15. We may choose R > 0 such that BΩ

2R(xl) (1 ≤ l ≤
k) are pairwise disjoint. Choose δ ∈ (0, R

2ε0
4CE0

), where C is the constant from Lemma

4.5.13 and ε ∈ (0, γ) as above. Since t 7→ ∫

BΩ

R(xl)
gε(uε(x, t))dx is continuous, we may

find tlδ ∈ (T − δ, T ) such that
∫

BΩ

R
(xl)

gε(uε(x, t
l
δ))dx ≥ ε0

2
for 1 ≤ l ≤ k. The energy

estimates and the local energy inequality now imply

E0 ≥
k
∑

l=1

∫

BΩ

2R
(xl)

gε(uε(x, T − δ))dx

≥
k
∑

l=1

∫

BΩ

R
(xl)

gε(uε(x, t
l
δ))dx−

C

R2

∫ T

T−δ

∫

BΩ

2R
(xl)

gε(uε, B
Ω

2R(xl))dt.

Thus E0 ≥ k( ε0
2
− CE0

R2 δ). Since δ < R2ε0
4CE0

, we finally get k ≤ 4E0

ε0
:= K2. Theorem 4.5.1

is proved.

4.5.7 Passing to the Limits

In this section, we prove

Theorem 4.5.2 Let uε be a solution of (4.5.4) and (4.5.5) with u0 in H1,2(Ω;S2)
⋂

H
3

2
,2(∂Ω;S2). Then there is at least one sequence {uεi}i and u∗ ∈ H

1,2
loc

(Ω ×
R+;S2)

⋂

L∞(R+;H1,2(Ω;S2)) such that uεi ⇀ u∗ weakly in H
1,2
loc

(Ω × R+;R3) and

weak* in L∞(R+;H1,2(Ω;R3)).
Moreover the following hold :

(1) For any such sequence {uεi}i, we have limi→∞ uεi = u∗ and 1

ε2
(1 − |uε|2) →

|∇u∗|2 in C
∞(Reg({uεi}i)

⋂

(Ω ×R+)).
(2) u∗ is a smooth solution of (4.5.1) in Reg({uεi}i)

⋂

(Ω×R+) and a global distri-

butional solution in H
1,2
loc

(Ω × R+)
⋂

L
∞(R+;H1,2(Ω;R3)). Furthermore, u∗ satisfies

the initial and boundary condition in the sense limt↘0 u∗(·, t) = u0 in H2,2(Ω;R3) and

u∗|∂Ω = u0|∂Ω as an H
2,2(Ω;R3)-trace for a.e. t > 0, respectively.

(3) If u∗ is regular at z0 = (x0, t0) in the sense limR↘0 supt0−R2
≤t≤t0

∫

BR(x0)

a(x)|∇u∗|2dx = 0, then z0 is parabolic isolated for {uεi}i, i.e. BR(x0)× (t0 −R2

0
, t0)−

{z0} ⊂ Reg({uεi}) for some R0 > 0.

Proof. From the local energy estimates in Lemma 4.5.13, we see that {uεi} is
uniformly bounded in H

1,2
loc

(Ω × R+)
⋂

L∞(R+;H1,2(Ω;R3)). From the weak com-

pactness, and using the diagonal method, we can see that, there is u∗ ∈ H
1,2
loc

(Ω ×
R+;R3)

⋂

L∞(R+;H1,2(Ω;R3)), and a subsequence {εi}i such that uεi ⇀ u∗ weakly

in H
1,2
loc

(Ω × R+;R3) and weakly* in L∞(R+;H1,2(Ω;R3)).

(1) From Lemma 4.5.9, we can see that ∀ z0 ∈ Reg({uεi}i)
⋂

(Ω × R+),
supPδR(z0)

gε(uε) ≤ C1

(1−δ)2R2

0

. By Lemma 4.5.8, we obtain limi→∞ uεi = u∗ in PδR(z0).

Since point z0 is arbitrary, we get limi→∞ uεi = u∗ in C∞(Reg({uεi}i)
⋂

(Ω×R+);R3).
(2) We multiply Eq. (4.5.4) by uεi to get

uεi ×
1

2
∂tuεi − uεi ×

(

1

2
uεi × ∂tuεi

)

− uεi ×∇ · (a(x)∇uεi) = 0.
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Using Lemma 4.5.8 that 1

ε2i
(1− |uεi|2) is uniformly bounded in Reg({uεi}i)

⋂

(Ω×
R+), we get (1 − |uεi|2) → 0 smoothly, i.e. |uε∗(x, t)| = 1 in Reg({uεi}i)

⋂

(Ω × R+).

Now from
−→a × (

−→
b ×−→c ) = (−→a · −→c )

−→
b − (−→a · −→b )−→c

and the fact that |u∗(x, t)| = 1, we can let εi to approach 0 to obtain

1

2
u∗ × ∂tu∗ −

1

2
u∗ × (u∗ × ∂tu∗) − u∗ ×∇ · (a(x)∇u∗) = 0

in the sense of distribution. It is easy to get

1

2
∂tu∗ −

1

2
u∗ × ∂tu∗ −∇ · (a(x)∇u∗) = a(x)|∇u∗|2u∗. (4.5.46)

From Eq. (4.5.4)

1

2
∂tuεi −

1

2
uεi × ∂tuεi −∇ · (a(x)∇uεi) =

1

ε2i

a(x)(1 − |uεi|2)uεi.

We can see that the left side of the above equation converges to that of (4.5.46) and

correspondingly we obtain

1

ε2i

(1 − |uεi|2) → |∇u∗|2 in C
∞(Reg({uεi}i)

⋂

(Ω ×R+)).

In the sequel, we will rigorously prove that u∗ is the distributional H1,2
loc

⋂

L∞(H1,2)

solution of (4.5.1)

1

2
∂tu∗ −

1

2
u∗ × ∂tu∗ −∇ · (a(x)∇u∗) = a(x)|∇u∗|2u∗ in Ω × R+.

Note that sequence {uεi}i converges weakly in H1,2(Ω×R+;S2) and smoothly on

Reg({uεi}i)
⋂

(Ω×R+). Furthermore, since St({uεi}i) := S({uεi})
⋂

(Ω×{t}) is finite
for all t ≥ 0, we have both uεi → u∗ pointwise a.e. in Ω × R+ and uεi(·, t) → u∗(·, t)
pointwise a.e. in Ω for all t ∈ R+.

From the energy estimates in Lemma 4.5.12, we have
∫

∞

0

∫

Ω
|∂tuεi|2dxdt ≤ E0. By

Fatou’s lemma, the complement of F := {t ≥ 0| lim infεi↘0

∫

Ω
|∂tuεi|2(x, t)dx < ∞}

has measure zero. For t0 ∈ F , there is a subsequence, still denoted by uεi, such that

∂tuεi(·, t0) ⇀ ∂tu∗(·, t0) weakly in L2(Ω;R3). By the local energy estimate, we may
assume that, for the same subsequence, we also have ∂tuεi(·, t0) ⇀ ∂tu∗(·, t0) weakly

in H1,2(Ω;S2). By the uniqueness of the limit, the whole sequence converges. Hence,
u∗(·, t0) ∈ H1,2(Ω;S2) and ∂tu∗(·, t0) ∈ L2(Ω;R3) for all t0 ∈ F .

Moreover, since St0({uεi}i) consists of finitely many points, it has zero 2-capacity

in R
2, i.e.

Cap
2
(St0({uεi}i)) = 0.

Therefore, from the definition of capacity, there exists a sequence {ηk}k = {ηk,q}k ⊂
C∞

c (R2) such that ηk(x) = 1, ∀ x ∈ St0({uεi}i) and ‖ηk‖H1,2(R2) → 0 as k → ∞.
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For φ ∈ C
∞

c (Ω), we multiply Eq. (4.5.4) by (1−ηk(t))φ(x), with its support contained
in Reg({uεi}i). After passing to limit k → ∞ and using the property of the test

function η, we see that for any t ∈ F

∫

Ω

1

2
∂tu∗(x, t)φ(x)dx− 1

2
u∗(x, t) × ∂tu∗(x, t)φ(x)

+ a(x)∇u∗(x, t)∇φ(x)dx =
∫

Ω

a(x)|∇u∗|2u∗(x, t)φ(x)dx.

The above equation holds for a.e. t ≥ 0. On the other hand, we have u∗ ∈ H1,2(Ω ×
[0, t];S2) for any t ≥ 0. Therefore both sides of the above equation are locally
integrable on R+. Multiplying the above equation by ψ ∈ C∞

c [0,∞) and integrating

it over R+, and noticing that linear combinations of Σkakφk(x)ψk(t) with φk(x) ∈
C∞

c (Ω) and ψk(t) ∈ C∞

c ([0,∞)) being dense in C∞

c (Ω × [0,∞)), we therefore get

∫

∞

0

∫

Ω

1

2
∂tu∗(x, t)φ(x, t)dx− 1

2
u∗(x, t) × ∂tu∗(x, t)φ(x, t)

+ a(x)∇u∗(x, t)∇φ(x, t)dxdt =
∫

∞

0

∫

Ω

a(x)|∇u∗|2u∗(x, t)φ(x, t)dxdt

for any φ(x, t) ∈ C∞

c (Ω × [0,∞)). Thus we have proved that u∗ is a distributional

solution to (4.5.1). We still need to verify that u∗ satisfies the initial and boundary
condition. Now the equation can be written as

−a(x)4u∗(·, t0) = a(x)|∇u∗|2u∗(·, t0) + f,

where

f = −1

2
∂tu∗(·, t0) +

1

2
u∗ × ∂tu∗(·, t0) + ∇a(x)∇u∗(·, t0) ∈ L

2(Ω;R3).

By a regularity result due to Rivière (see [126]), we have u∗(·, t0) ∈ H2,2(Ω;S2) if
u0 ∈ H

3

2
,2(∂Ω;S2)

⋂

H2,2(Ω;S2). This implies u∗(·, t)|∂Ω = u0|∂Ω as an H2,2-trace for

any t ∈ F . As for the initial condition, we have

lim
t↘0

u∗(·, t) = 0 in H
1,2(Ω;S2).

As a matter of fact, it follows from the following commutative diagram:

uε(x, t) −→ u∗(x, t) as ε↘ 0 in C∞(Reg({uε})
⋂

(Ω ×R+))

↓ t→ 0 ↓ t→ 0

uε(x, 0) −→ u0(x) as ε↘ 0 in C∞,

where u0 ∈ H1,2 ⋂H
3

2
,2(∂Ω) is the boundary value of u∗ ∈ H2,2 in the trace sense.

Thus we have proved statement (2) of the theorem.
(3) From the regularity assumption, ∃ R > 0 such that

sup
t0−R2

≤t≤t0

∫

BR(x0)

1

2
a(x)|∇u∗(x, t)|2dx <

ε0

4
.
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Set δ := min{R2
,
R2ε0
2CE0

} and s0 = t0 − 1

2
δ. We may also assume that for same R > 0,

PΩ

2R(z0)\{z0} ⊂ Reg({uεi}). Using Lemmas 4.5.8 and 4.5.11 and the above steps, we

have |uεi| → |u∗| = 1 in Reg({uεi})
⋂

Ω and

lim
i→∞

∫

BR(x0)

⋂

Ω

gεi(uεi(x,s0))dx =
∫

BR(x0)

⋂

Ω

1

2
a(x)|∇u∗(x, s0)|2dx <

ε0

4
.

From Lemma 4.5.13 we have

sup
s0≤t≤s0+δ

∫

B 1

2
R

(x0)

⋂

Ω

gεi(uεi(x, t))dx

≤
∫

BR(x0)

⋂

Ω

gεi(uεi(x, s0))dx+
δCE0

R2
<
ε0

2
+
ε0

2
= ε0

for sufficiently large i. By construction, t0 ∈ (s0, s0 + δ); hence the claim follows.

Corollary 4.5.2 There is T0 > 0, such that limε↘0 uε = u∗ in C∞(Ω × (0, T0);S
2),

where u∗ is the smooth solution of (4.5.1) with initial and boundary data u0.

Proof. From above discussions we know that there exists T0 > 0 such that Ω ×
[0, T0) ⊂ Reg({uε}). Using Theorem 4.5.2, we obtain

uε(x, t) → u∗(x, t), in C
∞(Reg({uεi}i)).

4.5.8 Chen–Struwe Solution

The main purpose of this section is to show that the solution to (4.5.1) is indeed a
Struwe solution. In Theorem 4.5.1 of Sec. 4.5.6, we have proved that for each t > 0,

there are at most finitely many singularities; in particular, so is the maximal existence

time T0. By iterating the short time existence result, a short time smooth solution
can be extended to a global weak solution which is smooth except for finitely many

point singularities and has decreasing energies t→ E(u∗(t)). This extension solution
is referred to as a Struwe solution. First, we give a lemma describing the energy of

sublimits u∗.

Lemma 4.5.16 Let uε be a solution of (4.5.4) and (4.5.5) for each fixed ε > 0, and

assume u∗ to be weak H1,2 limits of uεi for a sequence 0 < εi ↘ 0. If s < t and

S
s({uεi}) := (Ω × {s})⋂S({uεi}) = ∅ and St({uεi}) 6= ∅, then

∫

Ω

1

2
a(x)|∇u∗|2(x, s)dx ≥

∫

Ω

1

2
a(x)|∇u∗|2(x, τ)dx ∀ τ > s

and

∫

Ω

1

2
a(x)|∇u∗|2(x, s)dx ≥

∫

Ω

1

2
a(x)|∇u∗|2(x, t)dx + ε0 ∀ t > s (4.5.47)

where ε0 is the constant from Lemma 4.5.11.
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Proof. Set x := (x1, x2, . . . , xk) if St({uεi}) = (x1, x2, . . . , xk) and BR(x) :=
⋃k
j=1

(BR(xj)). Using the fact that u∗(x, t) = 1, on Reg({uε}), we have

E(u∗(s),Ω) :=
∫

Ω

1

2
a(x)|∇u∗|2(x, s)dx = lim

i→∞

∫

Ω

gεi(uεi)(x, s)dx

≥ lim sup
i→∞

∫

Ω

gεi(uεi)(x, τ)dx (∀ τ > s) (by Lemma 4.5.12)

≥
∫

Ω

1

2
a(x)|∇u∗|2(x, τ)dx (by weak lower semi-continuity).

Also

E(u∗(s),Ω) ≥ lim sup
i→∞

(

∫

Ω−BR(x)
gεi(uεi )

(x, τ)dx +
∫

BR(x)

gεi(uεi )
(x, τ)dx

)

for all τ ∈ (s, t). Now from Lemma 4.5.15, for all δ ∈ (0, 1) and R > 0, there are
sequences s < ti ↗ t and 0 < δi ↘ 0 such that

∫

BR(x)
gεi(uεi )

(x, ti)dx = sup
t−δi<τ<t

∫

BR(x)
gεi(uεi )

(x, τ)dx) ≥ δε0

and so

E(u∗(s)) = lim sup
i→∞

∫

Ω−BR(x)
gεi(uεi

)(x, ti)dx+ δε0 ≥
∫

Ω−BR(x)
gεi(uεi

)(x, τ)dx + δR0

∀ R > 0, and δ ∈ (0, 1). Since the last inequality holds for any R > 0 and δ ∈ (0, 1),
the claim follows.

Theorem 4.5.3 Let u0 ∈ H1,2(Ω;S2).Then there is a global distributional solution

u ∈ H
1,2
loc

(Ω × (0,∞);S2)
⋂

L
∞((0,∞);H1,2(Ω;S2)) with ∂tu ∈ L

2(Ω × (0,∞);R3) of

(4.5.1) with initial and boundary data u0. u is smooth on Ω× (0,∞) except at finitely

many points and has decreasing and right continuous energy. If in addition u0 ∈
H

3

2
,2(∂Ω;S2), then u is unique among the solutions of (4.5.1) with initial and boundary

data u0. Also u is smooth except for isolated singular points, with limt↘sE(u(t)) <
E(u(s)) + ε0 for all s ≥ 0.

Proof. By Theorem 4.5.2, the ε-approximation scheme provides a smooth short
time solution u ∈ C∞(Ω × (0, T0);S

2) to (4.5.1) with boundary data u0 and

limt↗0 u(·, t) = u0 in H1,2(Ω;R3). Also, there are {x1, . . . , xk} ⊂ Ω such that

limt↗T0
u(·, t) = u(·, T0) ∈ C

∞(Ω\{x1, . . . , xk}, R3) and

‖
√

a(x)∇u(·, T0)‖2

L2(Ω)
≤ lim inf

t↗T0

‖
√

a(x)∇u(·, t)‖2

L2(Ω)
≤ 2E0.

We have used the maximum principle to prove that u(·, t) ≤ 1; therefore, u(·, T0) ∈
H1,2(Ω). If we now set ũ0 := u(·, T0) and repeat the same procedure with ũ0 instead

of u0, we obtain step by step a global solution with point singularities. To see that
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∂tu ∈ L
2(Ω × R+;R3) we first use Lemma 4.5.12 to interval (tk, tk+1): for each

t ∈ (tk, tk+1),

Gε(uε(t) +
1

2

∫ t

tk

∫

Ω

|∂tuε|dxdt = Gε(uε(tk)

Setting t↗ tk+1, we have

lim sup
t↗tk+1

Gε(uε(t) +
1

2

∫ tk+1

tk

∫

Ω

|∂tuε|dxdt = Gε(uε(tk).

By Lemma 4.5.16 we get

lim sup
t↗tk+1

E(u(t)) ≥ E(u(tk+1)) + ε0.

This implies that 1

2

∫

∞

0

∫

Ω
|∂tu|2dxdt ≤ E0 − Σkε0 and also shows there can only be

finitely many singular time tk. Now assume we have two solutions u1 and u2 of
(4.5.1) with initial and boundary data u0 and both with finitely many singularities

and limt↘sE(u(t)) < E(u(s)) + ε0 for all s ≥ 0. We have u1 = u2 on Ω × (0, T1),
where T1 is the maximal common smooth existence time, i.e., either u1 or u2 has

point singularities at T1. However, if u1 admits a smooth extension up to T1, so
does u2 and vice versa. Moreover, since the criterion for the existence of a smooth

extension is local, both the solutions have the same singularities x1, . . . , xk at time T1

and u1(·, T1) = u2(·, T1) on Ω\{x1, . . . , xk}. By Theorem 6 in [34], and the assumption

on the energy, the extension of u1 and u2 after T1 is again unique for a short time,
and an iteration of the previous argument leads to the claimed uniqueness.

4.6 Smooth Solution and Decay Estimates to the

L–L System with Small Initial Data in Higher

Dimensions

4.6.1 Initial Value Problem to the L–L System in Higher
Dimensions

1. Existence and uniqueness of the global smooth solution to the Cauchy problem

Consider the existence and uniqueness of a smooth solution of the Cauchy problem
to the Landau–Lifshitz system with the Gilbert term in higher dimensions:

~Zt = λ1
~Z × ∆~Z − λ2

~Z × (~Z × ∆~Z), x ∈ R
n
, t > 0, (4.6.1)

where n ≥ 2, and ~Z(x, t) = (Z1(x, t), Z2(x, t), Z3(x, t)). For simplicity, we let λ1 =

λ2 = 1. Under condition |~Z(x, t)| = 1, system (4.6.1) is equivalent to the following
system:

~Zt = ∆~Z + |∇~Z|2 ~Z + ~Z × ∆~Z, x ∈ R
n
, t > 0. (4.6.2)
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Taking the mirror mapping from surface B = {~Z : |~Z(x, t)| = 1} onto the complex
plane by

w(x, t) =
Z1(x, t) + iZ2(x, t)

1 + Z3(x, t)
, (4.6.3)

we may rewrite (4.6.2) into a nonlinear Schrödinger equation as follows:

wt − (1 + i)∆w +
2(1 + i)w∗

1 + |w|2 |∇w|2 = 0, (4.6.4)

where w∗ is the conjugate of w. Then our problem is changed to prove the existence
and uniqueness of a smooth solution of the Cauchy problem with small initial data

of nonlinear Schrödinger equation (4.6.4) with the following initial condition:

w(x, 0) = w0(x), x ∈ R
n
, n ≥ 2. (4.6.5)

If this is proved, then making inverse transformation

Z1 =
2<w(x, t)

1 + |w|2 , Z2 =
2=w(x, t)

1 + |w|2 , Z3 =
1 − |w|2
1 + |w|2 , (4.6.6)

we may get the existence and uniqueness of a global smooth solution to the Cauchy
problem

~Z(x, 0) = ~Z0(x), x ∈ R
n
, n ≥ 2 (4.6.7)

of Eq. (4.6.2), where <w and =w are the real and the image part of a complex
number w.

To do this we need to introduce some preliminary knowledge which can be found
in [121] and [133].

2. Heat conduct equation with complex coefficient

For the Cauchy problem of complex heat conduct equation

ut = a∆u, <a > 0, x ∈ R
n
, t > 0,

u|t=0 = ϕ(x), x ∈ R
n
, n ≥ 2, (4.6.8)

we also have the following expression for the solution:

u(x, t) = S(t)ϕ =
1

(
√

2a
√
πt)n

∫

Rn
exp

{

− |x− ξ|2
4at

}

ϕ(ξ)dξ, (4.6.9)

since
‖u(·, t)‖2 ≤ ‖ϕ‖2 (4.6.10)

and
‖u(·, t)‖∞ ≤ Ct

−
n
2 ‖ϕ‖L1(Rn) (4.6.11)

and the Riesz–Therin interpolation inequality

‖u(·, t)‖WN,q(Rn) ≤ Ct
−

n
2
(

n
p
−

1

2
)‖ϕ‖WN,p(Rn), (4.6.12)
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where

1 < p, q <∞,
1

p
+

1

q
= 1.

If q = ∞, we have

‖u(·, t)‖WN,∞(Rn) ≤ Ct
−

n
2 ‖ϕ‖WN,l(Rn), ∀ l > 0, (4.6.13)

‖u(·, t)‖WN,∞(Rn) ≤ C(1 + t)−
n
2 ‖ϕ‖WN+n+1,1(Rn), ∀ l > 0. (4.6.14)

3. Smoothness of vector-valued functions

Lemma 4.6.1 Suppose that F = F (w) is smooth enough and F (0) = 0, where w =
(w1, w2, . . . , wn). For any integer s ≥ 0 if

w = w(x) ∈ W
s,p(Rn), 1 ≤ p ≤ ∞,

and

‖w‖L∞(Rn) ≤M,

then F (w) ∈ W s,p(Rn) and

‖F (w)‖W s,p(Rn) ≤ C(M)‖w‖W s,p(Rn). (4.6.15)

Lemma 4.6.2 Suppose that F = F (w) is smooth enough, where w = (w1, w2, . . . ,

wn). If for any |w| ≤ ν0:

F (w) = O(|w|1+α), α ≥ 1 is integer,

and if for any integer s ≥ 0:

‖w‖L∞(Rn) ≤ ν0,

and the integer appearing in the following formula makes sense, then

‖F (w)‖W s,r(Rn) ≤ C‖w‖W s,q(Rn)‖w‖Lp(Rn)‖w‖α−1

L∞(Rn)
, (4.6.16)

where

1 ≤ p, q, r ≤ ∞,
1

p
+

1

q
=

1

r
.

Taking

r = 2, q = 2, p = ∞;

or

r = 1, p = 2, q = 2;

or

r = 1, q = 1, p = ∞;

respectively, we have
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Corollary 4.6.1 Under the condition of Lemma 4.6.2,

‖F (w)‖Hs(Rn) ≤ C‖w‖Hs(Rn)‖w‖αL∞(Rn)
, (4.6.17)

‖F (w)‖W s,1(Rn) ≤ C‖w‖W s,2(Rn)‖w‖αL2(Rn)
‖w‖α−1

L∞(Rn)
, (4.6.18)

‖F (w)‖W s,1(Rn) ≤ C‖w‖W s,1(Rn)‖w‖αL∞(Rn)
(4.6.19)

hold.

Lemma 4.6.3 Let 1 ≤ p, q, r ≤ ∞,
1

p
+ 1

q
= 1

r
, for any given integer s ≥ 0,

f ∈ W
s,p(Rn), g ∈ W

s,q(Rn).

Then

‖Ds(fg)‖Lr(Rn) ≤ C(‖f‖Lp(Rn)‖Ds
g‖Lq(Rn) + ‖Ds

f‖Lp(Rn)‖g‖Lq(Rn)). (4.6.20)

If s ≥ 1, then

‖Ds(fg) − f(Ds
g)‖Lr(Rn)

≤ C(‖Df‖Lp(Rn)‖Ds−1
g‖Lq(Rn) + ‖Ds

f‖Lp(Rn)‖Dg‖Ls(Rn)). (4.6.21)

If s ≥ 0, then

‖Ds(fg)‖Lr(Rn) ≤ C(‖f‖Lp(Rn)‖g‖W s,q(Rn) + ‖f‖W s,p(Rn)‖g‖Lp(Rn)). (4.6.22)

Let

F (v) =
2(1 + i)v∗

1 + |v|2 |∇v|2. (4.6.23)

Take space Xs,E as

Xs,E = {u(x, t) : Ds(u) ≤ E}, (4.6.24)

where

Ds(u) = sup
t≥0

(1 + t)
n
2 ‖u(·, t)‖W s−n−3,∞(Rn) + sup

t≥0

‖u(·, t)‖W s,l(Rn)

+





∫

∞

0

∑

|k|≤2

‖Dk
xu(·, t)‖2

Hs(Rn)





1

2

, (4.6.25)

where s ≥ n+ 4.

Construct a mapping T̂ defined on Xs,E, T̂ : ~v ∈ Xs,E → T̂ v = w by

{

wt − (1 + i)∆w + F (v) = 0,
w|t=0 = ϕ(x).

(4.6.26)

Lemma 4.6.4 If n ≥ 2 and E is small, then mapping T̂ maps Xs,E into itself.
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Proof. From Poisson formula (4.6.9), we have

w(x, t) = S(t)ϕ+
∫ t

0

S(t− τ)F (v(τ))dτ.

It follows from (4.6.14) that

‖w‖Ss−n−3,∞(Rn) ≤ C(1 + t)−
n
2 ‖ϕ‖W s−2,1(Rn) +

∫ t

0

(1 + t− τ)−
n
2 ‖F (v(τ))‖W s−2,1(Rn)dτ.

(i) It follows from Lemma 4.6.1 and Lemma 4.6.2 that

‖F (v)‖W s,r(Rn) ≤ C

[∥

∥

∥

∥

∥

v∗

1 + |v|2

∥

∥

∥

∥

∥

Lr

‖(∇v)2‖W s,q + ‖ v∗

1 + |v|2‖W s,q‖(∇v)2‖Lp

]

≤ C

[

‖v‖Lp‖∇v‖W s,q‖∇v‖L∞ + ‖v‖W s,q‖∇v‖L∞‖∇v‖Lp

]

≤ C

[

‖v‖Lp‖v‖W s+1,q + ‖v‖W s,q‖v‖W 1,p‖∇v‖L∞

]

‖∇v‖L∞. (4.6.27)

Taking r = 1, p = ∞, we have






‖F (v)‖W s,1(Rn) ≤ C[‖v‖L∞‖∇v‖L∞‖v‖W s+1,1 + ‖v‖W s,1‖∇v‖2

L∞],

‖F (v)‖W s,2(Rn) ≤ C‖v‖W s−1,1(Rn) · ‖v‖2

W 1,∞(Rn)
.

(4.6.28)

When s ≥ n+ 4, it follows from the definition of Xs,E that

‖v‖W 1,∞ ≤ ‖v(·, τ)‖W s−n−3,∞ ≤ E(1 + τ)−
n
2 ;

‖v‖W s−1,1(Rn) ≤ E.

Hence, if

‖ϕ‖W s,1 + ‖ϕ‖Hs+1,≤ δE, (4.6.29)

then from (4.6.26) and (4.6.28)

‖w(·, t)‖W s−n−3,∞(Rn)

≤ C‖ϕ‖W s−2,1(1 + t)−
n
2 + CE

3

∫ t

0

(1 + t− τ)−
n
2 (1 + τ)−ndτ

≤ CδE(1 + t)−
n
2 + CE

3(1 + t)−
n
2 .

That is
sup
t≥0

(1 + t)
n
2 ‖w(·, t)‖W s−n−3,∞(Rn) ≤ C1(δE + E

3). (4.6.30)

(ii) In (4.6.27), taking r = 1, p = q = 2, we have

‖F (v)‖W s,1(Rn) ≤ C‖v‖2

Hs+1(Rn)
‖v‖W s−n−3,∞(Rn).

Therefore it follows from (4.6.26) that

‖w(·, t)‖W s,1(Rn) ≤ ‖ϕ‖W s,1(Rn) +
∫ t

0

‖F (v)‖W s,1(Rn)dt

≤ ‖ϕ‖W s,1(Rn) + C

∫ t

0

‖v‖2

Hs+1(Rn)
‖v‖W 1,∞(Rn)dτ. (4.6.31)
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Noting that

‖v‖2

Hs+1(Rn)
= ‖v‖2

H1 +
∑

|k|=2

‖Dk
xv(·, τ)‖2

Hs−1(Rn)

≤ C‖v(·, τ)‖W 1,∞‖v(·, τ)‖W 1,1 +
∑

|k|=2

‖Dk
xv(·, τ)‖2

Hs−1(Rn)

≤ CE
2(1 + τ)−

n
2 +

∑

|k|=2

‖Dk
xv(·, τ)‖2

Hs−1(Rn)
,

and substituting this inequality into (4.6.31), we have

‖w(·, t)‖W s,1(Rn) ≤ δE + +CE3

∫ t

0

(1 + τ)−ndτ + CE
2 sup
t≥0

‖v‖W 1,∞(Rn).

When s ≥ n + 4, we have

sup
t≥0

‖v‖W 1,∞(Rn) ≤ C sup
t≥0

‖v‖W s,1(Rn) ≤ CE.

Therefore

‖w(·, t)‖W s,1(Rn) ≤ δE + C2E
3
. (4.6.32)

(iii) For the complex heat conduct equation

ut − a∆u = F (x, t) (4.6.33)

with initial condition
u|t=0 = ϕ(x), (4.6.34)

where <a > 0, we have the following theorem:

Theorem 4.6.1 Let ϕ(x) ∈ Hs+1(Rn), F ∈ L2(0, T ;Hs(Rn)), where s ≥ 0 is an

integer. Then, the Cauchy problem (4.6.33) and (4.6.34) admits a unique solution

u ∈ L
2(0, T ;Hs+2(Rn)), ut ∈ L

2(0, T ;Hs(Rn)),

and there holds the estimate

∫ t

0

∑

|k|=2

‖Dk
xu(·, τ)‖2

Hs(Rn)
dτ ≤ C0

(

‖ϕ‖2

Hs+1(Rn)
+
∫ t

0

‖F (·, τ)‖2

Hs(Rn)
dτ

)

,

where C0 is independent of T, and k is a multi-index : k = (k1, k2, . . . , kn), |k| =
k1 + k2 + · · ·+ kn, D

k
x = ∂k

∂x
k1

1
···∂xkn

n

.

Now we finish the proof of Lemma 4.6.4.
It follows from (4.6.25) that

∫ t

0

∑

|k|=2

‖Dk
xu(·, τ)‖2

Hs(Rn)
dτ ≤ C

(

‖ϕ‖2

Hs+1(Rn)
+
∫ t

0

‖F (v)‖2

Hs(Rn)
dτ

)

. (4.6.35)
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Let r = q = 2, p = ∞ in (4.6.27). We have

‖F (v)‖Hs(Rn) ≤ C‖v(·, t)‖Hs+2‖v(·, t)‖2

W 1,∞.

Note that

‖v(·, t)‖2

Hs+2 = ‖v‖2

H1 +
∑

|k|=2

‖Dk
xv(·, t)‖2

Hs

≤ CE
2(1 + τ)−

n
2 +

∑

|k|=2

‖Dk
xv(·, t)‖2

Hs.

Substituting this into (4.6.35), we have

(

∫ t

0

∑

|k|=2

‖Dk
xu(·, τ)‖2

Hs(Rn)
dτ

)
1

2

≤ C

[

δE +

(

∫ t

0

‖v(·, t)‖2

Hs+2‖v(·, t)‖4

W 1,∞dτ

)
1

2

]

≤ C3(δE + E
3). (4.6.36)

It follows from (4.6.30), (4.6.32) and (4.6.36) that

Ds(w) ≤ max{1, C1, C2, C3}(δE + E
3) = C(δE + E

3). (4.6.37)

Taking δ = δ0 = 1
√

2C
, when E ≤ E0 = 1

2C
, we have

Ds(w) ≤ E(Cδ0 + CE
2) ≤ E. (4.6.38)

This implies that T̂ : v = T̂ v maps Xs,E into itself. The lemma is proved.
5. Contracting mapping

In the following we want to prove that map T̂ is contracting.

Lemma 4.6.5 If E is small enough, then T̂ is contracting in the metric of Xs,E.

Proof. For any v1, v2 ∈ Xs,E, from Theorem 4.6.1, when E is small enough, we
have wi = T̂ vi ∈ Xs,E, i = 1, 2. Set v = v1 − v2, w = w1 − w2. It suffices to prove

that if E is small, then there exists a constant 0 < η < 1 such that

ρ(w1, w2) ≤ ηρ(v1, v2). (4.6.39)

(i) From the definition of T̂ we know
{

wt − (1 + i)∆w = F (v1) − F (v2),
w|t=0 = 0.

(4.6.40)

It follows from (4.6.26) that

‖w(·, t)‖W s−n−3,∞(Rn)

≤ C

∫ t

0

(1 + t− τ)−
n
2 ‖F (v1) − F (v2)‖W s−2,1(Rn)dτ. (4.6.41)
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Since

F (v1) − F (v2) = 2(1 + i)

[

v∗
1

1 + |v1|2
|∇v1|2 −

v∗
2

1 + |v2|2
|∇v2|2

]

= 2(1 + i)
v∗
1

1 + |v1|2
(|∇v1|2 − |∇v2|2)

+ 2(1 + i)|∇v2|2
[

v∗
1

1 + |v1|2
− v∗

2

1 + |v2|2
]

= 2(1 + i)
v∗
1

1 + |v1|2
(∇v1 + ∇v2)∇v

+ 2(1 + i)|∇v2|2
(1 + |v1|2)v∗ + (|v1| + |v2|)2v∗

1

(1 + |v1|2)(1 + |v2|2)
,

we have

‖F (v1) − F (v2)‖W s,r(Rn)

≤ ‖ v∗
1

1 + |v1|2
(∇v1 + ∇v2)‖Lp(Rn)‖∇v‖W s,q(Rn)

+

∥

∥

∥

∥

∥

v∗
1

1 + |v1|2
(∇v1 + ∇v2)

∥

∥

∥

∥

∥

W s,q(Rn)

‖∇v‖Lp(Rn)

∥

∥

∥

∥

∥

|∇v2|2(1 + |v2|2 + (|v1| + |v2|)v1)

(1 + |v1|2)(1 + |v2|2)

∥

∥

∥

∥

∥

Lp(Rn)

‖v‖W s,q(Rn)

+

∥

∥

∥

∥

∥

|∇v2|2(1 + |v2|2 + (|v1| + |v2|)v1)

(1 + |v1|2)(1 + |v2|2)

∥

∥

∥

∥

∥

W s,q(Rn)

‖v‖Lp(Rn), (4.6.42)

where
∥

∥

∥

∥

∥

v∗
1

1 + |v1|2
(∇v1 + ∇v2)

∥

∥

∥

∥

∥

Lp(Rn)

≤ (‖∇v1‖L∞(Rn) + ‖∇v2‖L∞(Rn))‖v1‖Lp(Rn);

∥

∥

∥

∥

∥

v∗
1

1 + |v1|2
(∇v1 + ∇v2)

∥

∥

∥

∥

∥

W s,q(Rn)

≤ C[‖∇v1‖Lp′ (‖∇v1‖W s,q′ + ‖∇v2‖W s,q′ )

+ ‖∇v1‖W s,q′ (‖∇v1‖Lp′ + ‖∇v2‖Lp′ )];

∥

∥

∥

∥

∥

|∇v2|2(1 + |v2|2 + (|v1| + |v2|)v1)

(1 + |v1|2)(1 + |v2|2)

∥

∥

∥

∥

∥

Lp(Rn)

≤ C‖|∇v2|2‖Lp(Rn) ≤ C‖∇v2‖L∞‖∇v2‖Lp;
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and
∥

∥

∥

∥

∥

|∇v2|2(1 + |v2|2 + (|v1| + |v2|)|v1|)
(1 + |v1|2)(1 + |v2|2)

∥

∥

∥

∥

∥

W s,q

≤ C‖∇v2‖Lp′‖∇v2‖W s,q′ ,

where 1

q
= 1

p′
+ 1

q′
.

Therefore, we have

‖F (v1) − F (v2)‖W s,r(Rn)

≤ C[(‖∇v1‖L∞ + ‖∇v2‖L∞)‖v1‖Lp‖v‖W s+1,q

+ {‖∇v1‖Lp′ (‖v1‖W s+1,q′ + ‖v2‖W s+1,q′ )

+ ‖v1‖W s,q′ (‖∇v1‖Lp′ + ‖∇v2‖Lp′ )}‖∇v‖Lp

+ ‖∇v2‖2

L∞‖v2‖Lp′‖v‖W s,q

+ ‖∇v2‖Lp′‖v2‖W s+1,q′‖v‖Lp]. (4.6.43)

In the above inequality, we take s as s− 2, r = 1, p = ∞, q = 1 to give

‖F (v1) − F (v2)‖W s−2,1(Rn)

≤ C[(‖∇v1‖L∞ + ‖∇v2‖L∞)‖v1‖L∞‖v‖W s−1,1

+ {‖v1‖L∞(‖v1‖W s−1,1 + ‖v2‖W s−1,1)

+ ‖v1‖W s,1(‖∇v1‖L∞ + ‖∇v2‖L∞)}‖∇v‖L∞

+ ‖v2‖2

L∞‖v1‖L∞‖v‖W s−2,1

+ ‖∇v1‖L∞‖v2‖W s−1,1‖v‖L∞]

≤ C‖v‖W s,1(‖v1‖W 1,∞ + ‖v2‖W 1,∞)‖v1‖W 1,∞

+ C‖v‖W s−n−3,∞(‖v1‖W s,1 + ‖v2‖W s,1)‖v1‖L∞

+ C‖v‖W s−n−3,∞(‖∇v1‖L∞ + ‖∇v2‖L∞)}‖v1‖W s,1

+ C‖v‖W s,1‖v2‖2

W s−n−3,∞‖v1‖W s−n−3,∞

+ C‖v‖W s−n−3,∞‖v1‖W s−n−3,∞‖v2‖W s,1.

Since for i = 1, 2

‖vi‖W 1,∞ ≤ C‖vi‖W s−n−3,∞ ≤ E(1 + τ)−
n
2 ,

‖∇vi‖L∞ ≤ ‖vi‖W 1,∞,

we have

‖F (v1) − F (v2)‖W s−2,1 ≤ CE
2(1 + τ)−nDs(v).

On the other hand, since for n > 1

∫ t

0

(1 + t− τ)−
n
2 (1 + τ)−ndτ = C(1 + t)−

n
2 ,
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we have from (4.6.41) that

‖w(·, t)‖W s−n−3,∞ ≤ CE
3(1 + t)−

n
2Ds(v).

That is

sup
t>0

(1 + t)−
n
2 ‖w(·, t)‖W s−n−3,∞ ≤ CE

3
Ds(v).

(ii) Similarly to (4.6.31) we have

‖w(·, t)‖W s,1 ≤
∫ t

0

‖F (v1) − F (v2)‖W s,1dτ. (4.6.44)

Taking r = 1, p = q = 2 in (4.6.43), we have

‖F (v1) − F (v2)‖W s,1(Rn)

≤ C‖v‖Hs+1(‖∇v1‖L∞ + ‖∇v2‖L∞)‖v1‖L2

+ C‖∇v‖L∞[‖v1‖L∞(‖v1‖Hs+1 + ‖v2‖Hs+1)

+ ‖v1‖Hs(‖∇v1‖L∞ + ‖∇v2‖L∞)]

+ C‖v‖Hs‖∇v1‖2

L∞‖v1‖L2

+ C‖v‖L2‖∇v1‖L∞‖v2‖Hs+1. (4.6.45)

However,

‖v‖2

Hs+2 ≤ C‖v(·, τ)‖W s−n−3,∞‖v(·, τ)‖W s,1 +
∑

|k|=2

‖Dk
xv(·, τ)‖2

Hs

≤ C(1 + τ)−
n
2D

2

s(v) +
∑

|k|=2

‖Dk
xv(·, τ)‖2

Hs (4.6.46)

and

‖v‖2

H1 ≤ C‖v(·, τ)‖W 1,∞‖v(·, τ)‖W 1,1

≤ C‖v(·, τ)‖W s−n−3,∞‖v‖W s,1

≤ C(1 + τ)−
n
2D

2

s(v), (4.6.47)

we have


















‖v‖Hs+2(Rn) ≤ C(1 + τ)−
n
4Ds(v) +

(

∞
∑

|k|=2

‖Dk
xv(·, τ)‖2

Hs(Rn)

)
1

2

,

‖v‖H1(Rn) ≤ C(1 + τ)−
n
4Ds(v).

(4.6.48)

Similarly,

‖v1‖Hs+2 + ‖v2‖Hs+2 ≤ CE(1 + τ)−
n
4 +

(

∑

|k|=2,i=1,2

‖Dk
xvi(·, τ)‖2

Hs

)
1

2

, (4.6.49)

∑

i=1,2

‖vi(·, τ)‖H1 ≤ CE(1 + τ)−
n
4 (4.6.50)
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and
∑

i=1,2

‖vi(·, τ)‖W 1,∞ ≤ CE(1 + τ)−
n
2 . (4.6.51)

Hence

‖F (v1) − F (v2)‖W s,1(Rn)

≤ C

[

(1 + τ)−
n
4Ds(v) +

(

∑

|k|=2

‖Dk
xv(·, τ)‖2

Hs

)
1

2

]

E
2(1 + τ)−(

n
2
+

n
4
)

+ C(1 + τ)−nDs(v)E
2

+ C

[

(1 + τ)−
n
4Ds(v) +

(

∑

|k|=2

‖Dk
xv(·, τ)‖2

Hs

)
1

2

]

E
3(1 + τ)−

5n
4

× CDs(v)[E
2(1 + τ)−n + E

3(1 + τ)−
3n
2 + E

2(1 + τ)−
3n
4 ]

+ C

(

∑

|k|=2

‖Dk
xv(·, τ)‖2

Hs

)
1

2

(E3(1 + τ)−
5n
4 + E

2(1 + τ)−
3n
4 ).

Applying this inequality to (4.6.44) and using the Hölder inequality, we have

‖w(·, t)‖W s,1 ≤ CDs(v)(E
2 + E

3) + C(E2 + E
3),

(

∫

∞

0

∑

|k|=2

‖Dk
xv(·, τ)‖2

Hsdτ

)
1

2

≤ 2CDs(v)(E
2 + E

3). (4.6.52)

(iii) It follows from (4.6.35) that
∫ t

0

∑

|k|=2

‖Dk
xv(·, τ)‖2

Hsdτ ≤ C

∫ t

0

‖F (v1) − F (v2)‖Hsdτ. (4.6.53)

Taking r = q = 2, p = ∞ in (4.6.43), we have

‖F (v1) − F (v2)‖Hs(Rn)

≤ C‖v‖Hs+1‖v1‖L∞(‖∇v1‖L∞ + ‖∇v2‖L∞)

+ C‖∇v‖L∞[‖v1‖L∞(‖v1‖Hs+1 + ‖v2‖Hs+1)

+ ‖v1‖Hs(‖∇v1‖L∞ + ‖∇v2‖L∞)]

+ C‖v‖Hs‖∇v1‖2

L∞‖v2‖L∞

+ C‖v‖L∞‖∇v1‖L∞‖v2‖Hs+1

≤ C‖v‖Hs+2‖v1‖W 1,∞(‖v1‖W 1,∞ + ‖∇v2‖W 1,∞)

+ C‖v‖W 1,∞‖v1‖Hs+2(‖v1‖W 1,∞ + ‖v2‖W 1,∞)

+ C‖v‖Hs+2‖v1‖Hs+2(‖v1‖W 1,∞ + ‖v2‖W 1,∞

≤ CE
2(1 + τ)−

n
2





(1 + τ)−
n
4Ds(v) +





∑

|k|=2

‖Dk
xv(·, τ)‖2

Hs





1

2
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+ C






E(1 + τ)−

n
4 +





∑

|k|=2

‖Dk
xv1(·, τ)‖2

Hs





1

2






E(1 + τ)−n

+ CE
3(1 + τ)−

3

2
n





(1 + τ)−
n
4Ds(v) +





∑

|k|=2

‖Dk
xv(·, τ)‖2

Hs





1

2







+ CEDs(v)(1 + τ)−n





E(1 + τ)−
n
4 +





∑

|k|=2

‖Dk
xv(·, τ)‖2

Hs





1

2





 .

Substituting this into (4.6.53) and applying the Hölder inequality, we have
∫

∞

0

∑

|k|=2

‖Dk
xv(·, τ)‖2

Hsdτ ≤ CD
2

s(E
2 + E

3)2
. (4.6.54)

In summary, we get

Ds(w) ≤ C0Ds(E
2 + E

3),

where C0 = C0(s, n) is a positive constant. Choose E1 such that

C0(E
2

1
+ E

3

1
) = η < 1. (4.6.55)

Letting
E ≤ min{E0, E1}, (4.6.56)

we get
Ds(w) ≤ ηDs(v),

where E0 is given in Lemma 4.6.4. The lemma is proved.

4.6.2 Decay of Solution to the Higher-Dimensional
L–L Equations

1. Decay of the Cauchy problem of nonlinear Schrödinger equations

From Lemmas 4.6.4 and 4.6.5, we have

Theorem 4.6.2 Consider the Cauchy problem of the following nonlinear Schrödinger

system:






wt − (1 + i)∆w + 2(1+i)w∗

1+|w|2
|∇w|2 = 0,

w(x, 0) = w0(x), x ∈ Rn, n ≥ 2.
(4.6.57)

If for s ≥ n + 4 there exists small constants δ0 and E0 such that for δ ≤ δ0, E ≤ E0

the initial data w0(x) satisfies

w0(x) ∈ W
s,1(Rn) ∩Hs+1(Rn), (4.6.58)

and

‖w0(x)‖W s,1(Rn) + ‖w0(x)‖Hs+1(Rn) ≤ δE, (4.6.59)
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then problem (4.6.57) admits a unique smooth solution w(x, t) ∈ Xs,E, that is

w(x, t) ∈ L
2(0, T ;Hs+2(Rn)) ∩ L∞(0, T ;Hs+1(Rn)),

wt(x, t) ∈ L
2(0, T ;Hs(Rn)) ∩ L∞(0, T ;Hs−2(Rn)),

and the decay estimate holds, i.e.

‖w(·, t)‖W s−n−3,∞(Rn) ≤ C(1 + t)−
n
2 , ∀ t ≥ 0,

where C is independent of t.

Now we return to the Cauchy problem (4.6.2). Note that

w0(x) =
Z0

1
(x) + iZ0

2
(x)

1 + Z0

3 (x)
.

If there exists a constant ε0 > 0 such that

ε0 ≤ 1 + Z
0

3
(x) < 2, ∀ x ∈ R

n
,

since

|w0(x)|2 =
(Z0

1
(x))2 + (Z0

2
(x))2

(1 + Z0

3 (x))2

=
1 − (Z0

3
(x))2

(1 + Z0

3 (x))2
=

1 − Z0

3
(x)

1 + Z0

3 (x)
, (4.6.60)

and

~Z0(x) ·
∂ ~Z0(x)

∂xj
= 0, j = 1, 2, . . . , n,

we have
∣

∣

∣

∣

∣

∂w0(x)

∂xj

∣

∣

∣

∣

∣

2

=
3
∑

i=1

(

∂

∂xj
Z

0

i (1 + Z
0

3
) − ∂

∂xj
Z

0

i Z
0

3

)

2

/(1 + Z
0

3
)4

=

(

∂

∂xj
(Z0

1
)2 +

∂

∂xj
(Z0

2
)2

)

/(1 + Z
0

3
)2

+
∂

∂xj
(Z0

3
)2((Z0

1
)2 + (Z0

2
)2)/(1 + Z

0

3
)4

− 2
∂

∂xj
Z

0

3

(

∂

∂xj
Z

0

1
· Z0

1
+

∂

∂xj
Z

0

2
Z

0

2

)

/(1 + Z
0

3
)4

=
3
∑

i=1

(

∂

∂xj
Z

0

i

)

2

/(1 + Z
0

3
)2
.

Then

|∇w0|2 =
|∇~Z0|2

(1 + Z0

3 )2
, |∇w0| ≤

1

ε0

|∇~Z0|. (4.6.61)
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For k > 1 it is easily verified that

|∇k
w0| ≤ Ck(ε0)

(

|∇k ~Z0| +
k−1
∑

i=1

|∇i ~Z0||∇k−i ~Z0|
)

.

This implies

‖∇k
w0‖L1(Rn) ≤ Ck(ε0)

(

‖∇k ~Z0‖L1(Rn) +
k−1
∑

i=1

‖∇i ~Z0‖L2(Rn)‖∇k−i ~Z0‖L2(Rn)

)

≤ Ck(ε0)(‖∇k ~Z0‖L1(Rn) + ‖∇~Z0‖2

Hk−1(Rn)
). (4.6.62)

It follows from (4.6.60) and (4.6.61) that

‖∇w0‖W s−1,1(Rn) ≤ C(ε0)(‖∇~Z0‖W s−1,1(Rn) + ‖∇~Z0‖2

Hs−1(Rn)
).

It is easy to verify that

‖∇w0‖Hs ≤ C(ε0, n, s)(‖∇~Z0‖Hs + ‖∇~Z0‖2

Hs).

In summary, we have for s ≥ n+ 4,

‖w0‖W s,1 + ‖w0‖Hs+1

≤
∫

Rn

[(

1 − Z0

3

1 + Z0

3

)
1

2

+
1 − Z0

3

1 + Z0

3

]

dx

+ C(ε0, n, s)(‖∇~Z0‖W s−1,1 + ‖∇~Z0‖Hs + ‖∇~Z0‖2

Hs). (4.6.63)

Hence we only need to choose small ~Z0 = (Z0

1
, Z

0

2
, Z

0

3
) such that

∫

Rn

[(

1 − Z0

3

1 + Z0

3

)
1

2

+
1 − Z0

3

1 + Z0

3

]

dx

+ C(ε0, n, s)(‖∇~Z0‖W s−1,1 + ‖∇~Z0‖Hs + ‖∇~Z0‖2

Hs) ≤ δE. (4.6.64)

2. Global smooth solution to the Cauchy problem

We have from Theorem 4.6.2 that

Theorem 4.6.3 Let ~Z0(x) = (Z0

1
(x), Z0

2
(x), Z0

3
(x)) such that

(i) |~Z0(x)| = 1, infx∈Rn Z0

3
(x) > −1, Z0

3
(x) < 1;

(ii) ∇~Z0(x) ∈ W
s−1,1(Rn) ∩Hs(Rn);

(iii)

∫

Rn

[(

1 − Z0

3

1 + Z0

3

)
1

2

+
1 − Z0

3

1 + Z0

3

]

dx

+ C(ε0, n, s)(‖∇~Z0‖W s−1,1 + ‖∇~Z0‖Hs + ‖∇~Z0‖2

Hs) ≤ d,

where d = d(n, s) is a small positive number, s ≥ n + 4, n ≥ 2.
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Then the Cauchy problem for the Landau–Lifshitz equations

~Zt = ∆~Z + |∇~Z|2 ~Z + ~Z × ∆~Z, x ∈ Rn, t > 0, (4.6.65)

~Z|t=0 = ~Z0(x), x ∈ Rn, n ≥ 2, (4.6.66)

has a unique global smooth solution ~Z(x, t) such that

(i) |~Z(x, t)| = 1, ∀ (x, t) ∈ Rn ×R+;

(ii) ∇~Z ∈ L2(0, T ;Hs(Rn)) ∩ L∞(0, T ;Hs−1(Rn));
(iii) ~Zt ∈ L2(0, T ;Hs(Rn)) ∩ L∞(0, T ;Hs−2(Rn));

(iv) ‖∇~Z(·, t)‖W s−n−4,∞(Rn) ≤ C(1 + t)−
n
2 , ∀ t ≥ 0.

Proof. It follows from (4.6.63), (4.6.64) and Theorem 4.6.2 that the Cauchy

problem (4.6.57) admits a unique solution w(x, t) ∈ Xs,E. Define ~Z(x, t) = (Z1(x, t),
Z2(x, t), Z3(x, t)) by

Z1 =
2<w

1 + |w|2 , Z1 =
2=w

1 + |w|2 , Z1 =
1 − |w|2
1 + |w|2 .

It is easy to verify that |~Z(x, t)| = 1 for all (x, t) ∈ Rn ×R+, and

∇Z1 =
2<∇w
1 + |w|2 − 4w∇w<w

(1 + |w|2)2
,

∇Z2 =
2=∇w
1 + |w|2 − 4w∇w=w

(1 + |w|2)2
,

∇Z3 =
−4w∇w

(1 + |w|2)2
.

Since

‖w(·, t)‖L∞ ≤ C‖Ds
w‖

n
s

L1‖w‖1−
n
s

L1 ≤ C‖w‖W s,1,

we have
sup
t≥0

‖w(·, t)‖L∞ ≤ C sup
t≥0

‖w(·, t)‖W s,1 ≤ CE.

Applying Lemmas 4.6.1 and 4.6.2, we have
∥

∥

∥

∥

∥

w

1 + |w|2

∥

∥

∥

∥

∥

W k,p(Rn)

≤ C‖w‖W k,p(Rn),

∥

∥

∥

∥

∥

1

1 + |w|2

∥

∥

∥

∥

∥

W k,p(Rn)

≤ C‖w‖W k,p(Rn)‖w‖∞ ≤ C‖w‖W k,p.

Hence

‖∇~Z‖W k,p(Rn) ≤ C[(‖<∇w‖W k,p + ‖=∇w‖W k,p)

∥

∥

∥

∥

∥

1

1 + |w|2

∥

∥

∥

∥

∥

∞

+ (‖<∇w‖∞ + ‖=∇w‖∞)

∥

∥

∥

∥

∥

1

1 + |w|2

∥

∥

∥

∥

∥

W k,p
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+

(∥

∥

∥

∥

∥

w

(1 + |w|2)2

∥

∥

∥

∥

∥

W k,p

+

∥

∥

∥

∥

∥

w=w
(1 + |w|2)2

∥

∥

∥

∥

∥

W k,p

+

∥

∥

∥

∥

∥

w<w
(1 + |w|2)2

∥

∥

∥

∥

∥

W k,p

)

‖∇w‖∞

+

(∥

∥

∥

∥

∥

w

(1 + |w|2)2

∥

∥

∥

∥

∥

∞

+

∥

∥

∥

∥

∥

w=w
(1 + |w|2)2

∥

∥

∥

∥

∥

∞

+

∥

∥

∥

∥

∥

w<w
(1 + |w|2)2

∥

∥

∥

∥

∥

∞

)

‖∇w‖W k,p

]

≤ C1[‖<∇w‖W k,p + ‖=∇w‖W k,p

+ (‖<∇w‖∞ + ‖=∇w‖∞) · ‖w‖W k,p]

+ C2‖w‖W k,p‖∇w‖∞ + C3‖∇w‖W k,p

≤ d1‖∇w‖W k,p + d2‖∇w‖∞‖w‖W k,p. (4.6.67)

Taking k = s− 1, p = 1 in (4.6.67), we have

sup
t≥0

‖∇~Z(·, t)‖W s−1,1(Rn) ≤ d1 sup
t≥0

‖∇w‖W s−1,1

+ d2 sup
t≥0

‖w(·, t)‖W s−n−3,∞ sup
t≥0

‖w(·, t)‖W s−1,1 <∞.

Taking k = s+ 1, p = 2 in (4.6.67), we have

‖∇~Z(·, t)‖Hs+1 ≤ d1‖∇w‖Hs+1

+d2E(1 + t)−
n
2 ‖w‖Hs+1 ≤ d‖w‖W s+2, (4.6.68)

and
∫ T

0

‖∇~Z(·, t)‖2

Hs+1dt ≤ d
2

∫ T

0

‖w(·, t)‖2

W s+2dt ≤ d
2
E

2
<∞. (4.6.69)

Finally, we take k = s− n− 4, p = ∞ in (4.6.67) to give

‖∇~Z(·, t)‖W s−n−4,∞ ≤ d1‖w(·, t)‖W s−n−3,∞

+ d2‖w(·, t)‖W s−n−3,∞‖w(·, t)‖W s−n−4,∞

≤ d1E(1 + t)−
n
2 + d2E

2(1 + t)−n

< (d1E + d2E
2)(1 + t)−

n
2 , ∀ t > 0. (4.6.70)

Direct computations show that ~Z(x, t) satisfies the equation and the initial con-

dition. The theorem is proved.

4.7 Radial Solution

The result of this section shows that the radial symmetric Landau–Lifshitz equations

always admits smooth solution outside a cylinder centered at r = 0. In other words,
the only possible blowing-up must occur at the axis r = 0 for the radial symmetric

problem.
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4.7.1 Two-Dimensional Radial Symmetric Landau–Lifshitz
Equation

This section is devoted to the radial solutions of the Cauchy problem

ut = u× urr +
1

r
u× ur, (4.7.1)

u(r, t = 0) = φ(r), (4.7.2)

where u : Ω × R
+ −→ S

2, r = |x|, x ∈ Ω = {x ∈ R
2 | |x| > R0} and u satisfies the

following boundary condition:

∂ru|r=R0
= 0, (4.7.3)

where constant R0 > 0. The following results will be established.

Theorem 4.7.1 Let initial data φ(r) ∈ S2 and φr ∈ Hm(Ω) (∀ m ≥ 1). Then for all

time T > 0, there exists a solution of problem (4.7.1)–(4.7.3) such that u ∈ S2 and

urk1 tk2 (x, t) ∈ L∞(0, T ; L2(Ω)), where 1 ≤ 2k2 +k1 ≤ m+1. Moreover, for all integer

m ≥ 3, the solution is unique.

4.7.2 A Priori Estimates

To prove Theorem 4.7.1, we will construct the local (in time t) solutions of problem
(4.7.1)–(4.7.3), and then extend it to large time t by using a priori estimates.

Proposition 4.7.1 There exists a positive constant C such that the following in-

equality holds for all u ∈ H1

0
(R0, ∞) and rαu, rαur ∈ L2(R0, ∞)

‖rβu‖Lp
r
≤ C‖rαur‖bL2

r
‖rαu‖1−b

L2
r

(4.7.4)

if and only if the following relations hold :

1

p
+ β =

1

2
+ α− b,

α− σ ≥ 0 if b > 0,

α− σ ≤ 1 if b > 0 and α− 1

2
=

1

p
+ β,

where p > 0, 0 ≤ b ≤ 1, α > − 1

2
, β > −1

p
and β = bσ + (1 − b)α.

Lemma 4.7.1 For all solutions of problem (4.7.1)–(4.7.3), we have the following

estimations for all time T > 0:

‖r1/2
ur‖L∞(0,T ; L2

r) = ‖r1/2
φr‖L2

r
, (4.7.5)

‖r1/2
ut‖L∞(0,T ;L2

r) + ‖r1/2
urr‖L∞(0,T ;L2

r) ≤ C(T, R0, ‖r1/2
φr‖L2

r
, ‖r1/2

φrr‖L2
r
), (4.7.6)

‖ur‖L∞(0,T ;L∞(R0,∞)) ≤ C

(

T, R0, ‖r1/2
φr‖L2

r
, ‖r1/2

φrr‖L2
r

)

, (4.7.7)

where ‖ · ‖L2
r

= ‖ · ‖L2(R0,∞).
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Proof. Taking the scalar product of rurr and Eq. (4.7.1), and then integrating the
result over (R0,∞) × [0, T ], we have (4.7.5).

To prove (4.7.6), we first differentiate (4.7.1) with respect to t, and get

utt = ut × urr + u× urrt +
1

r
ut × ur +

1

r
u× urt. (4.7.8)

Taking the scalar product of rut and Eq. (4.7.8), and then integrating the result over
(R0,∞), we get

∫

∞

R0

rut · uttdr = −
∫

∞

R0

rut · (ur × urt)dr. (4.7.9)

We differentiate (4.7.1) with respect to r, and get

urt = ur × urr + u× urrr +
1

r
u× urr −

1

r2
u× ur. (4.7.10)

Substituting (4.7.10) into (4.7.9), we have
∫

∞

R0

rut · uttdr =
∫

∞

R0

(r(ur · ur)ut · urr − r(ur · urr)ur · ut) dr

=
1

8

d

dt

∫

∞

R0

r(ur · ur)2
dr +

∫

∞

R0

ur · ur(u× ur) · urrdr. (4.7.11)

By using (4.7.1), one has

∫

∞

R0

rut · utdr =
∫

∞

R0

(

rurr · urr − r(ur · ur)2 +
1

r
ur · ur

)

dr. (4.7.12)

Substituting (4.7.12) into (4.7.11), we get

d

dt

∫

∞

R0

(

rurr · urr +
1

r
ur · ur −

5

4
r(ur · ur)2

)

dr = 2
∫

∞

R0

ur ·ur(u×ur)·urrdr. (4.7.13)

The right-hand side of (4.7.13) is bounded from above by

2

(

∫

∞

R0

r |urr|2 dr
)

1/2(
∫

∞

R0

1

r
|ur|6 dr

)

1/2

≤ C‖r1/2
urr‖L2‖r1/2

ur‖3

L6 ≤ C‖r1/2
urr‖2

L2‖r1/2
ur‖2

L2 , (4.7.14)

where we have used Proposition 4.7.1. The third term on the left-hand side of (4.7.13)

is bounded by

5

4
R

−1

0
‖r1/2

ur‖4

L4 ≤ C‖r1/2
urr‖L2‖r1/2

ur‖3

L2 ≤ 1

2
‖r1/2

urr‖2

L2 + C‖r1/2
ur‖6

L2, (4.7.15)

where we have used Proposition 4.7.1. Putting (4.7.13)–(4.7.15) together and using

Gronwall’s inequality, we get

‖r1/2
urr‖L∞(0,T ;L2

r) ≤ C

(

T, R0, ‖r1/2
φr‖L2

r
, ‖r1/2

φrr‖L2
r

)

. (4.7.16)

Putting (4.7.12), (4.7.15) and (4.7.16) together, we have (4.7.6).
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By using Proposition 4.7.1, we have

‖ur‖L∞(0,T ;L∞(R0,∞)) ≤ R
−1/4
0 ‖r1/4

ur‖L∞(0,T ;L∞(R0,∞))

≤ CR
−1/4
0 ‖r1/2

urr‖3/4
L2 ‖r1/2

ur‖1/4
L2 . (4.7.17)

Putting (4.7.5), (4.7.6) and (4.7.17) together, we get (4.7.7).

Lemma 4.7.2 For all solutions of problem (4.7.1)–(4.7.3), we have the following

estimations for all time T > 0:

‖r1/2
utt‖L∞(0,T ;L2

r) + ‖r1/2
urrt‖L∞(0,T ;L2

r) + ‖r1/2
ur4‖L∞(0,T ;L2

r)

≤ C

(

T, R0, ‖r1/2
φr‖L2

r
, . . . , ‖r1/2

φr4‖L2
r

)

, (4.7.18)

‖ut‖L∞(ΩT ) + ‖urt‖L∞(ΩT ) + ‖urr‖L∞(ΩT ) + ‖ur3‖L∞(ΩT ) ≤ C, (4.7.19)

where ‖ · ‖L2
r

= ‖ · ‖L2(R0,∞) and ΩT = [0, T ] × Ω.

Proof. To prove (4.7.18), we first differentiate (4.7.8) with respect to t, and get

uttt = utt × ∆u+ 2ut × ∆ut + u× ∆utt, (4.7.20)

where ∆w = wrr + wr

r
. Taking the scalar product of rutt and Eq. (4.7.20), and then

integrating the result over (R0,∞), we get

∫

∞

R0

ruttt · uttdr =
∫

∞

R0

{rurtt · (ur × utt) − 2rurtt · (ut × urt)} dr. (4.7.21)

After substituting (4.7.8) and (4.7.10) in (4.7.21), the right-hand side of (4.7.21)

becomes
∫

∞

R0

rur · ut ∆u · urttdr +
∫

∞

R0

rur · ∆u ut · urttdr

+
∫

∞

R0

r (ur · ∆ut − 2ut · (∆u)r) u · urttdr. (4.7.22)

Using integration by parts and estimates (4.7.5)–(4.7.7), the first term of (4.7.22) is

equal to

−
∫

∞

R0

r {ur · urt ∆u · utt + ur · ut (∆u)r · utt} dr

and is bounded from above by

C

(

‖r1/3
urt‖L3‖r1/6∆u‖L6 + ‖r1/6

ut‖L6‖r1/3(∆u)r‖L3

)

‖r1/2
utt‖L2; (4.7.23)

the second term of (4.7.22) is equal to

−
∫

∞

R0

r {ur · ∆u urt · utt + ur · (∆u)r ut · utt} dr,
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and is also bounded from above by (4.7.23). Using the fact u · u = 1, we have

u · urtt = −utt · ur − 2ut · urt. (4.7.24)

Substituting (4.7.24) in (4.7.22), the third term of (4.7.22) is bounded from above by

C

(

‖r1/2
utt‖L2 + ‖r1/3

urt‖L3‖r1/6
ut‖L6

) (

‖r1/2
urrt‖L2 + 1

)

+ C‖r1/6
ut‖L6‖r1/3(∆u)r‖L3‖r1/2

utt‖L2 + C‖r1/6
ut‖2

L6‖r1/3(∆u)r‖L3‖r1/3
urt‖L3 ,

(4.7.25)

where we have used the following inequality:

‖r1/2
urt‖L2 ≤ C

(

‖r1/2
urrt‖1/2

L2 + 1
)

. (4.7.26)

In fact, we have

‖r1/2
urt‖2

L2 =
∫

∞

R0

rurt · urtdr = −
∫

∞

R0

(ut · urt + rut · urrt) dr

≤ 1

2
‖r1/2

urt‖2

L2 + C‖r1/2
ut‖2

L2 + ‖r1/2
urrt‖L2‖r1/2

ut‖L2.

Using Proposition 4.7.1 and (4.7.25), one has

‖r1/3
urt‖L3 ≤ C‖r1/2

urrt‖1/3
L2 ‖r1/2

urt‖2/3
L2 ≤ C

(

‖r1/2
urrt‖2/3

L2 + 1
)

. (4.7.27)

By using (4.7.1), we get

ut · ut = ∆u · ∆u− (ur · ur)2
. (4.7.28)

Using (4.7.5)–(4.7.7), (4.7.28) and Sobolev’s imbedding theorems, we have

‖r1/6
ut‖L6 ≤ C

(

‖r1/6∆u‖L6 + 1
)

≤ C

(

‖r1/6
urr‖L6 + 1

)

. (4.7.29)

Similarly, using (4.7.10), (4.7.5)–(4.7.7) and Sobolev’s imbedding theorems, one has

(∆u)r · (∆u)r = urt · urt + (ur · ∆u)2 +
(

ur · ∆u−
2

r
ur · ur

)2

− ur · ur ∆u · ∆u,

‖r1/3(∆u)r‖L3 ≤ C

(

‖r1/3
urt‖L3 + ‖r1/3∆u‖L3 + 1

)

≤ C

(

‖r1/2
urrt‖2/3

L2 + ‖r1/6
urr‖1/2

L6 + 1
)

. (4.7.30)

Using integration by parts, (4.7.27) and estimations (4.7.5)–(4.7.7), we get

‖r1/6
urr‖6

L6 =
∫

∞

R0

r (urr · urr)3 dr

= −
∫

∞

R0

{ur · urr(urr · urr)2 + rur · urrr(urr · urr)2

+ 2rur · urrurr · urrurr · urrr}dr

≤ 1

2
‖r1/6

urr‖6

L6 + C + C‖r1/6
urr‖4

L6‖r1/3
urrr‖L3,
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‖r1/6
urr‖L6 ≤ C(‖r1/3

urrr‖1/2
L3 + 1) ≤ C

(

‖r1/3
urt‖1/2

L3 + ‖r1/3
urr‖1/2

L3 + 1
)

≤ 1

2
‖r1/6

urr‖L6 + C

(

‖r1/2
urrt‖1/3

L2 + 1
)

. (4.7.31)

Substituting estimates (4.7.22) and (4.7.23), (4.7.25)–(4.7.27) and (4.7.29)–(4.7.31)

into (4.7.21), we get

2
d

dt

∫

∞

R0

rutt · utt dr ≤ C

(

‖r1/2
utt‖2

L2 + ‖r1/2
urrt‖2

L2 + 1
)

. (4.7.32)

Using Eq. (4.7.8), one has

utt · utt = ∆ut · ∆ut + 2ur · ur ut · ∆ut + ut · ut ∆u · ∆u− 4 (ur · urt)2
, (4.7.33)

where we have used the facts ∆u · ut = 0, u · u = 1, u · ∆u = −ur · ur and u · ∆ut =

−2ur · urt. Substituting (4.7.33) into (4.7.32), the left-hand side of (4.7.32) reads

d

dt

∫

∞

R0

r

{

|utt|2 + |∆ut|2 + 2 |ur|2 ut · ∆ut + |ut|2 |∆u|2 − 4 (ur · urt)2
}

dr. (4.7.34)

Using (4.7.5)–(4.7.7) and (4.7.26), the second term of (4.7.34) is rewritten as

∫

∞

R0

r |∆ut|2 dr =
∫

∞

R0

(

r |urrt|2 +
1

r
|urt|2

)

dr ≥ ‖r1/2
urrt‖2

L2 , (4.7.35)

and the third and fifth terms of (4.7.34) is bounded from above by

1

5
‖r1/2

urrt‖2

L2 + C. (4.7.36)

The fourth term of (4.7.34) is bounded from above by

C

(

‖r1/4
urr‖4

L4 + 1
)

≤ C

(

‖r1/6
urr‖3

L6 + 1
)

≤ C

(

‖r1/2
urrt‖L2 + 1

)

≤ 1

5
‖r1/2

urrt‖2

L2 + C, (4.7.37)

where we have used (4.7.5)–(4.7.7), (4.7.28) and (4.7.31). Putting (4.7.32) and
(4.7.34)–(4.7.37) together and using Gronwall’s inequality, we get

‖r1/2
utt‖L∞(0,T ;L2

r) + ‖r1/2
urrt‖L∞(0,T ;L2

r) ≤ C. (4.7.38)

Using (4.7.10), (4.7.26) and (4.7.38), one has

‖r1/2
urt‖L∞(0,T ;L2

r) + ‖r1/2(∆u)r‖L∞(0,T ;L2
r) ≤ C. (4.7.39)
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Differentiating (4.7.10) with respect to r, we get

urrt =
1

r
urr × ur + 2ur × (∆u)r + u× (∆u)rr = I1 + u× (∆u)rr,

(∆u)rr · (∆u)rr ≤ 2urrt · urrt + 2I1 · I1
+ {2ur · (urr + ∆u)r + urr · (2urr + ∆u)}2

,

(4.7.40)

where we have used the fact

u · (∆u)rr = −2ur · (urr + ∆u)r − urr · (2urr + ∆u).

Putting together (4.7.38)–(4.7.40), we have (4.7.18). By using (4.7.18) and Proposi-
tion 4.7.1, we have

‖urt‖L∞(0,T ;L∞(R0,∞)) + ‖urrr‖L∞(0,T ;L∞(R0,∞)) ≤ C. (4.7.41)

Using (4.7.18) and Sobolev’s imbedding theorems, one has

‖ut‖L∞(0,T ;L∞(R0,∞)) + ‖urr‖L∞(0,T ;L∞(R0,∞)) ≤ C. (4.7.42)

Putting (4.7.41) and (4.7.42) together, we get (4.7.19).

Lemma 4.7.3 For all solutions of problem (4.7.1)–(4.7.3), we have the following

estimations for all time T > 0 and all integer m ≥ 2:

‖r1/2
utm‖L∞(0,T ;L2

r) + ‖r1/2
urrtm−1‖L∞(0,T ;L2

r) + ‖r1/2
ur4tm−2‖L∞(0,T ;L2

r)

≤ C

(

T, R0, ‖r1/2
φr‖L2

r
, . . . , ‖r1/2

φr2m‖L2
r

)

, (4.7.43)

‖utm−1‖L∞(ΩT ) + ‖urtm−1‖L∞(ΩT ) + ‖urrtm−2‖L∞(ΩT ) + ‖ur3tm−2‖L∞(ΩT ) ≤ C, (4.7.44)

where ‖ · ‖L2
r

= ‖ · ‖L2(R0,∞) and ΩT is defined in Lemma 4.7.2.

Proof. This lemma is proved by mathematical induction as follows. For m = 2,

estimates (4.7.43) and (4.7.43) have been proved in Lemma 4.7.2. Suppose that
(4.7.43) and (4.7.43) are valid for all 2 ≤ m ≤M .

Differentiating (4.7.1), we have

utM+2 =
M+1
∑

k=0

(

M + 1
k

)

utM+1−k × ∆utk , (4.7.45)

where ∆w = wrr + wr

r
. Taking the scalar product of rutM+1 and Eq. (4.7.45), and

then integrating the result over (R0,∞), we get
∫

∞

R0

rutM+2 · utM+1dr = (M + 1)
∫

∞

R0

rutM+1 · (utM × ∆ut) dr

+
∫

∞

R0

M
∑

k=2

(

M + 1
k

)

rutM+1 · (utM+1−k × ∆utk) dr

+
∫

∞

R0

rutM+1 · (u× ∆utM+1) dr = I1 + I2 + I3. (4.7.46)
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By the induction assumption and Sobolev’s imbedding theorems, we obtain

I1 ≤ C‖utM‖L∞(Ω)‖r1/2∆ut‖L2‖r1/2
utM+1‖L2

≤ C

(

1 + ‖r1/2∆utM‖L2

)

‖r1/2
utM+1‖L2 , (4.7.47)

I2 ≤ C

M
∑

k=2

‖utM+1−k‖L∞(Ω)‖r1/2∆utk‖L2‖r1/2
utM+1‖L2 ≤ C‖r1/2

utM+1‖L2. (4.7.48)

Integrating by parts, one has

I3 =
∫

∞

R0

r (ur × utM+1) · urtM+1 dr. (4.7.49)

Differentiating (4.7.1), we have

utM+1 =
M
∑

k=0

(

M

k

)

utM−k × ∆utk , (4.7.50)

ur × utM+1 =
M
∑

k=0

(

M

k

)

(ur · ∆utk utM−k − ur · utM−k ∆utk) . (4.7.51)

Using the fact that u · u = 1, one has

u · urtM+1 = −
M
∑

k=0

(

M + 1
k

)

utM+1−k · urtk . (4.7.52)

Substituting (4.7.51) and (4.7.52) into (4.7.49) and integrating by parts, −I3 becomes

∫

∞

R0

M−1
∑

k=0

(

M

k

)

(ur · ∆utk utM−k + rurr · ∆utk utM−k + rur · ∆utk urtM−k

− ur · utM−k ∆utk − rurr · utM−k ∆utk − rur · urtM−k ∆utk) · utM+1 dr

+
∫

∞

R0

M−2
∑

k=0

(

M

k

)

(rur · (∆u)rtk utM−k − rur · utM−k (∆u)rtk) · utM+1 dr

+
∫

∞

R0

(rur · (∆u)rtM−1 ut − rur · ut (∆u)rtM−1) · utM+1 dr

+
∫

∞

R0

M
∑

k=0

(

M + 1
k

)

rur · ∆utM utM+1−k · urtk dr. (4.7.53)

By the induction assumption, the integrations corresponding to the first integral
operator and the second integral operator of (4.7.53) is bounded from above by

C‖r1/2
utM+1‖L2; (4.7.54)

and the integration corresponding to the fourth integral operator of (4.7.53) is
bounded from above by

C‖r1/2
urrtM‖L2

(

‖r1/2
utM+1‖L2 + ‖r1/2

urtM‖L2 + 1
)

. (4.7.55)
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Differentiating (4.7.1), we have

urtM = u× (∆u)rtM−1 + ur × ∆utM−1 +
M−2
∑

k=0

(

M − 1
k

)

(utM−1−k × ∆utk)r , (4.7.56)

(u× (∆u)rtM−1) · (u× (∆u)rtM−1) = |(∆u)rtM−1 |2 − (u · (∆u)rtM−1)2
. (4.7.57)

By the fact u · u = 1, we have

u · (∆u)rtM−1 = − (2ur · urr + ur · ∆u)tM−1 −
M−2
∑

k=0

(

M − 1
k

)

utM−1−k × (∆u)rtk .

(4.7.58)
Putting (4.7.56)–(4.7.58) together and by the induction assumption, one has

‖r1/2(∆u)rtM−1‖L2 ≤ C

(

1 + ‖r1/2
urtM‖L2

)

. (4.7.59)

By the same argument as in the proof of (4.7.26), we obtain

‖r1/2
urtM‖L2 ≤ C

(

1 + ‖r1/2
urrtM‖1/2

L2

)

. (4.7.60)

Using (4.7.59) and (4.7.60), the integration corresponding to the third integral oper-
ator of (4.7.53) is bounded from above by

C‖r1/2
utM+1‖L2‖r1/2(∆u)rtM−1‖L2 ≤ C‖r1/2

utM+1‖L2

(

1 + ‖r1/2
urrtM‖1/2

L2

)

. (4.7.61)

Substituting all estimates (4.7.47)–(4.7.49), (4.7.53)–(4.7.55), (4.7.60) and (4.7.61) in
(4.7.46), we get

2
d

dt

∫

∞

R0

rutM+1 · utM+1 dr ≤ C

(

‖r1/2
utM+1‖2

L2 + ‖r1/2
urrtM‖2

L2 + 1
)

. (4.7.62)

By the fact u · u = 1, we obtain

(u× ∆utM ) · (u× ∆utM ) = ∆utM · ∆utM − (u · ∆utM )2
, (4.7.63)

u · ∆utM = −(ur · ur)tM −
M−1
∑

k=0

(

M

k

)

(utM−k · ∆utk) . (4.7.64)

Using Eqs. (4.7.50), (4.7.63) and (4.7.64), and the induction assumption, one has

‖r1/2
urrtM‖2

L2 ≤ C

(

‖r1/2
utM+1‖2

L2 + ‖r1/2
urtM‖2

L2 + 1
)

. (4.7.65)

By substituting (4.7.60) and (4.7.65) into (4.7.62), (4.7.62) can be rewritten as

d

dt

∫

∞

R0

r

(

|utM+1 |2 + |urrtM |2
)

dr ≤ C

(

‖r1/2
utM+1‖2

L2 + ‖r1/2
urrtM‖2

L2 + 1
)

. (4.7.66)

Using Gronwall’s inequality, we get

‖r1/2
utM+1‖2

L2+‖r1/2
urrtM‖2

L2 ≤ C

(

T, R0, ‖r1/2
φr‖L2

r
, . . . , ‖r1/2

φr2M+2‖L2
r

)

. (4.7.67)
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Using (4.7.59) and (4.7.60), one has

‖r1/2
urtM‖L∞(0,T ;L2

r) + ‖r1/2(∆u)rtM−1‖L∞(0,T ;L2
r) ≤ C. (4.7.68)

Differentiating (4.7.56) with respect to r, we get

urrtM = u× (∆u)rrtM−1 + 2ur × (∆u)rtM−1 + urr × ∆utM−1

+
M−2
∑

k=0

(

M − 1
k

)

(utM−1−k × ∆utk)rr , (4.7.69)

(u× (∆u)rrtM−1) · (u× (∆u)rrtM−1) = |(∆u)rrtM−1 |2 − (u · (∆u)rrtM−1)2
. (4.7.70)

By the fact u · u = 1, we have

u · (∆u)rrtM−1 = − (2ur · urrr + 2urr · urr + 2ur · (∆u)r + urr · ∆u)tM−1

−
M−2
∑

k=0

(

M − 1
k

)

utM−1−k × (∆u)rrtk . (4.7.71)

Putting (4.7.68)–(4.7.71) together and by the induction assumption, one has

‖r1/2(∆u)rrtM−1‖L2 ≤ C

(

1 + ‖r1/2
urrtM‖L2

)

≤ C. (4.7.72)

By using (4.7.67), (4.7.68), (4.7.72) and the same arguments in the proof of (4.7.41)
and (4.7.42), we have

‖utM‖L∞(ΩT ) + ‖urtM‖L∞(ΩT ) + ‖urrtM−1‖L∞(ΩT ) + ‖ur3tM−1‖L∞(ΩT ) ≤ C. (4.7.73)

Thus putting (4.7.67), (4.7.72) and (4.7.73) together and using the induction proce-

dure, one finishes the proof.

Corollary 4.7.1 For all solutions of problem (4.7.1)–(4.7.3), we have the following

estimations for all time T > 0 and all integer m ≥ 0:

‖urk1 tk2‖L∞(0,T ; L2(Ω))
≤ C

(

R0, T, ‖φr‖Hm(Ω)

)

, (4.7.74)

where 1 ≤ 2k2 + k1 ≤ m+ 1.

By using the results of Lemmas 4.7.1–4.7.3, repeating the same procedure used in
the proof of 4.7.73, and employing the method of induction, Corollary 4.7.1 can be

established. We shall not reproduce the procedure here.

4.7.3 Existence of Local Solutions

In the above section we have done the a priori estimate. To obtain the global smooth

solution, we only need to construct the local (in time t) solution u of problem (4.7.1)–
(4.7.3). This local solution u is the limit of sequence {uh} when h tends to zero,

where sequence {uh} satisfies the following ordinary differential-difference system

duj

dt
= uj ×

D+D−uj

h2
+

1

rj
uj ×

D+uj

h
, j = 1, . . . , (4.7.75)
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with initial data

uj(0) = φj = φ(rj), j = 0, 1, . . . , (4.7.76)

and boundary conditions

D+u0 = 0, (4.7.77)

where h is step size, 0 < h < 1, rj = R0 + jh, uj = u(rj, t) (j = 0, 1, . . .), and

D+ and D− denote the forward and backward difference operators, respectively. It
is well-known that there exists a local smooth solution of problem (4.7.75)–(4.7.77),

uh = {uj = u(rj, t)|j = 0, 1, . . .}. In order to verify the local existence of problem

(4.7.1)–(4.7.3), it suffices to get the uniform a priori estimates of uh with respect to h.

Let us define δuh = {D+uj

h
|j = 0, 1, . . .} = {D−uj

h
|j = 1, . . .}. Similarly, the

discrete functions δkuh (k ≥ 2) can be defined. The norms of discrete functions δkuh
(k ≥ 0) are defined as follows:

‖rβδkuh‖p =

(

∞
∑

j=0

∣

∣

∣

∣

∣

r
β
j

D
k
+
uj

hk

∣

∣

∣

∣

∣

p

h

)

1/p

=

(

∞
∑

j=l

∣

∣

∣

∣

∣

r
β
j

D
k−l
+
D
l
−
uj

hk

∣

∣

∣

∣

∣

p

h

)

1/p

,

‖rβδkuh‖∞ = sup
j=0,1,...

∣

∣

∣

∣

∣

r
β
j

Dk
+
uj

hk

∣

∣

∣

∣

∣

= sup
j≥l

∣

∣

∣

∣

∣

r
β
j

Dk−l
+
Dl

−
uj

hk

∣

∣

∣

∣

∣

,

where 1 ≤ p <∞ and β ≥ 0.

First we are going to derive the following discrete versions of Sobolev and

Gagliardo–Nirenberg type inequalities.

Lemma 4.7.4 For any discrete function vh = {v0, v1, . . .} with v0 = 0, the following

inequality holds:

‖rβvh‖p ≤ C‖rβvh‖
1

2
+

1

p

2

(

‖rβvh‖2 + ‖rβδvh‖2

)
1

2
−

1

p
, (4.7.78)

where 2 ≤ p ≤ ∞, β ≥ 0, constant C is independent of the discrete functions vh and

the step size h.

Proof. When β = 0, (4.7.78) is well known, which has been obtained in [6, 15,
16]. When β > 0, for any m ∈ {0, 1, . . .}, we have

r
2β
m vm · vm =

m−1
∑

j=0

(

r
β
j+1

vj+1 + r
β
j vj

)

D+

(

r
β
j vj

)

≤ C‖rβvh‖2{‖rβδvh‖2 + ‖rβvh‖2}.

This completes the proof of (4.7.78) for p = ∞. For 2 ≤ p <∞, it is clear that

‖rβvh‖p ≤ ‖rβvh‖
1−

2

p
∞ ‖rβvh‖

2

p

2 ≤ C‖rβvh‖
1

2
+

1

p

2

(

‖rβvh‖2 + ‖rβδvh‖2

)
1

2
−

1

p
.

The proof of this lemma is complete.
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Lemma 4.7.5 For any discrete function vh = {v0, v1, . . .} with ‖rβvh‖2 < ∞, the

following inequality holds:

‖rβvh‖p ≤ C‖rβvh‖
1

2
+

1

p

2

(

‖rβvh‖2 + ‖rβδvh‖2

)
1

2
−

1

p
, (4.7.79)

where 2 ≤ p ≤ ∞, β ≥ 0, constant C is independent of the discrete functions vh and

the step size h.

Proof. Since ‖rβvh‖2 <∞, for any m ∈ {0, 1, . . .}, we have

r
2β
m vm · vm = −

∞
∑

j=m

(

r
β
j+1

vj+1 + r
β
j vj

)

D+

(

r
β
j vj

)

≤ C‖rβvh‖2{‖rβδvh‖2 + ‖rβvh‖2}.

Thus, repeating the same procedure in the proof of Lemma 4.7.4, this lemma is
proved.

Lemma 4.7.6 Let φ(x) = φ(|x|) ∈ S2, x ∈ Ω, ∇φ(x) ∈ L2(Ω), and suppose that uh
is the solution of problem (4.7.75)–(4.7.77). Then uj(t) ∈ S2 for all t ≥ 0 and

‖r1/2
δuh‖2 ≤ C, ∀ t ≥ 0, (4.7.80)

where constant C is independent of h.

Proof. Taking the scalar product of (4.7.75) and uj, we obtain that uj · ujt = 0

(j = 1, . . .). Using that φ ∈ S2, we have uj ∈ S2 (j = 0, 1, . . .).
In addition, taking the scalar product of (4.7.75) and rj

D+D−uj

h2 , and then summing

the result over j from 1 to ∞, we have

∞
∑

j=1

rj
D+D−uj

h2
· ujth =

∞
∑

j=1

uj ×
D+uj

h
· D+D−uj

h2
h. (4.7.81)

By direct calculation, the left-hand side of (4.7.81) is equal to

−1

2

d

dt

∞
∑

j=1

rj+1

D+uj

h
· D+uj

h
h−

∞
∑

j=1

uj ×
D+D−uj

h2
· D+uj

h
h. (4.7.82)

Putting (4.7.81) and (4.7.82) together, we obtain (4.7.80).

Lemma 4.7.7 Suppose that the conditions of Lemma 4.7.7 are satisfied and ∇φ(x) ∈
H2(Ω). Then there exists a constant T0 = T0(‖∇φ‖H2) > 0 such that

sup
0≤t≤T0

(

‖r1/2
uht‖2 + ‖r1/2

δ
2
uh‖2

)

≤ C, (4.7.83)

sup
0≤t≤T0

(

‖r1/2
δuht‖2 + ‖r1/2

δ
3
uh‖2

)

≤ C, (4.7.84)

sup
0≤t≤T0

(

‖r1/2
δuh‖∞ + ‖r1/2

uht‖∞ + ‖r1/2
δ
2
uh‖∞

)

≤ C, (4.7.85)

where constants C and T0 are independent of h.
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Proof. We first differentiate (4.7.75) with respect to t

ujtt = uj×
(

D+D−ujt

h2
+
D+ujt

rjh

)

+ujt×
(

D+D−uj

h2
+
D+uj

rjh

)

, j = 1, 2, . . . . (4.7.86)

Taking the scalar product of (4.7.86) and rjujt, and then summing the result over j

from 1 to ∞, we have

∞
∑

j=1

rjujt · ujtth =
∞
∑

j=1

rjuj ×
D+D−ujt

h2
· ujth+

∞
∑

j=1

uj ×
D+ujt

h
· ujth

= −
∞
∑

j=1

rj+1

D+uj

h
× D+ujt

h
· ujth ≤ C‖δuh‖∞‖r1/2

uht‖2‖r1/2
δuht‖2.

(4.7.87)

Taking the scalar product of (4.7.86) and rj
D+D−ujt

h2 , and then summing the result

over j from 1 to ∞, we have

∞
∑

j=1

rjujtt ·
D+D−ujt

h2
h

=
∞
∑

j=1

rjujt ×
D+D−uj

h2
· D+D−ujt

h2
h+

∞
∑

j=1

ujt ×
D+uj

h
· D+D−ujt

h2
h

+
∞
∑

j=1

uj ×
D+ujt

h
· D+D−ujt

h2
h. (4.7.88)

Using (4.7.86), the left-hand side of (4.7.88) is equal to

−
∞
∑

j=1

rj+1

D+ujt

h
· D+ujtt

h
h−

∞
∑

j=1

D+ujt

h
· ujtth

= −1

2

d

dt

∞
∑

j=1

rj+1

D+ujt

h
· D+ujt

h
h−

∞
∑

j=1

ujt ×
D+D−uj

h2
· D+ujt

h
h

+
∞
∑

j=1

uj ×
D+ujt

h
· D+D−ujt

h2
h−

∞
∑

j=1

1

rj
ujt ×

D+uj

h
· D+ujt

h
h; (4.7.89)

the first term on the right-hand side of (4.7.88) is equal to

−
∞
∑

j=1

rj+1uj+1 t ×
D

2

+
D−uj

h3
· D+ujt

h
h−

∞
∑

j=1

ujt ×
D+D−uj

h2
· D+ujt

h
h; (4.7.90)

the second term on the right-hand side of (4.7.88) is equal to

−
∞
∑

j=1

ujt ×
D

2

+
uj

h2
· D+ujt

h
h. (4.7.91)
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Substituting (4.7.89)–(4.7.91) into (4.7.88), we have

1

2

d

dt

∞
∑

j=1

rj+1

D+ujt

h
· D+ujt

h
h

=
∞
∑

j=1

rj+1uj+1 t ×
D

2

+
D−uj

h3
· D+ujt

h
h+

∞
∑

j=1

ujt ×
D

2

+
uj

h2
· D+ujt

h
h

−
∞
∑

j=1

1

rj
ujt ×

D+uj

h
· D+ujt

h
h. (4.7.92)

The third term on the right-hand side of (4.7.92) is bounded from above by

C‖δuh‖∞‖r1/2
uht‖2‖r1/2

δuht‖2. (4.7.93)

Substituting (4.7.75) into (4.7.92), the second term on the right-hand side of (4.7.92)
is bounded from above by

C

(

‖δuh‖∞‖r1/2
δ
2
uh‖2 + ‖r1/2

δ
2
uh‖2

4

)

‖r1/2
δuht‖2. (4.7.94)

Using (4.7.75), one has

D+ujt

h
= uj+1 ×

D2

+
D−uj

h3
+
D+uj

h
× D+D−uj

h2

+
uj+1

rj+1

× D+D−uj

h2
− uj

rjrj+1

× D+uj

h

= uj+1 ×
D2

+
D−uj

h3
+ I

j
1 , (4.7.95)

D2

+
D−uj

h3
× D+ujt

h
=
D2

+
D−uj

h3
· D

2

+
D−uj

h3
uj+1

− uj+1 ·
D2

+
D−uj

h3

D2

+
D−uj

h3
+
D2

+
D−uj

h3
× I

j
1 . (4.7.96)

Using the fact uj ∈ S2, we get

uj+1 ·
D2

+
D−uj

h3
= −D+uj+1 +D−uj+1

2h
· D+D−uj+1

h2
− 3D+uj +D−uj

2h
· D+D−uj

h2
.

(4.7.97)

Substituting (4.7.75), (4.7.96), and (4.7.97) in (4.7.92), the first term on the right-

hand side of (4.7.92) is bounded from above by

C (‖δuh‖∞ + 1) ‖r1/2
δ
2
uh‖2

4
‖r1/2

δ
3
uh‖2

+ C

(

‖δuh‖2

∞
+ ‖δuh‖∞

)

‖r1/2
δ
2
uh‖2‖r1/2

δ
3
uh‖2

+ C‖δuh‖∞‖r1/2
uht‖2‖r1/2

δ
3
uh‖2. (4.7.98)
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Using the fact uj ∈ S
2, we get

uj ·
D+D−uj

h2
= −1

2

(

D+uj

h
· D+uj

h
+
D−uj

h
· D−uj

h

)

. (4.7.99)

Using (4.7.75) and (4.7.99), we infer that

ujt ·ujt ≥
1

2

D+D−uj

h2
·D+D−uj

h2
−C

∣

∣

∣

∣

D+uj

h

∣

∣

∣

∣

4

−C
∣

∣

∣

∣

D−uj

h

∣

∣

∣

∣

4

− C

r2

j

∣

∣

∣

∣

D+uj

h

∣

∣

∣

∣

2

. (4.7.100)

Similarly, using (4.7.95) and (4.7.97), we have

D+ujt

h
· D+ujt

h
≥ 1

2

D2

+
D−uj

h3
· D

2

+
D−uj

h3
− C

j+1
∑

k=j

(

∣

∣

∣

∣

D+uk

h

∣

∣

∣

∣

2

+
∣

∣

∣

∣

D−uk

h

∣

∣

∣

∣

2
)

∣

∣

∣

∣

D+D−uk

h2

∣

∣

∣

∣

2

− C

r2

j+1

∣

∣

∣

∣

D+D−uj

h2

∣

∣

∣

∣

2

− C

r2

jr
2

j+1

∣

∣

∣

∣

D+uj

h

∣

∣

∣

∣

2

. (4.7.101)

Using (4.7.77) and Lemma 4.7.5, we get

‖δuh‖∞ ≤ C‖δuh‖1/2
2 ‖δ2

uh‖1/2
2 ≤ C‖r1/2

δuh‖1/2
2 ‖r1/2

δ
2
uh‖1/2

2 . (4.7.102)

By direct calculation, we have

‖r1/2
δ
2
uh‖2

2
= −

∞
∑

j=1

D+

(

rj
D+D−uj

h2

)

· D+uj

h
h

≤ C

(

‖r1/2
δ
2
uh‖2 + ‖r1/2

δ
3
uh‖2

)

, (4.7.103)

‖r1/2
δ
2
uh‖4

4
= −

∞
∑

j=1

D+

(

r
2

j

D+D−uj

h2
· D+D−uj

h2

)

D+D−uj+1

h2
· D+uj

h
h

−
∞
∑

j=1

r
2

j

D+D−uj

h2
· D+D−uj

h2

D2

+
D−uj

h3
· D+uj

h
h

≤ C‖r1/2
δ
2
uh‖2

4

(

‖r1/2
δ
2
uh‖2 + ‖r1/2

δ
3
uh‖2

)

5/4
, (4.7.104)

∞
∑

j=1

rj

(

∣

∣

∣

∣

D+uj

h

∣

∣

∣

∣

2

+

∣

∣

∣

∣

D−uj

h

∣

∣

∣

∣

2
)

∣

∣

∣

∣

D+D−uj

h2

∣

∣

∣

∣

2

≤ C‖δuh‖2

∞
‖r1/2

δ
2
uh‖2

2
≤ C

(

‖r1/2
δ
2
uh‖2 + ‖r1/2

δ
3
uh‖2

)

3/2
, (4.7.105)

where we have used (4.7.77), (4.7.80), (4.7.102) and (4.7.103). Putting estimates

(4.7.87), (4.7.92)–(4.7.94), (4.7.98) and (4.7.100)–(4.7.105) together, for all t ≥ 0, we
finally obtain

‖r1/2
uht‖2

2
+ ‖r1/2

δ
2
uh‖2

2
+ ‖r1/2

δuht‖2

2
+ ‖r1/2

δ
3
uh‖2

2

≤ C + C

∫ t

0

(

‖r1/2
uht‖2 + ‖r1/2

δ
2
uh‖2 + ‖r1/2

δuht‖2 + ‖r1/2
δ
3
uh‖2

)

3

dτ.
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Thus there exists a constant T0 = T0(‖∇φ‖H2) > 0 such that

sup
0≤t≤T0

(

‖r1/2
uht‖2 + ‖r1/2

δ
2
uh‖2 + ‖r1/2

δuht‖2 + ‖r1/2
δ
3
uh‖2

)

≤ C.

Moreover, estimates (4.7.83) and (4.7.84) are proved. Employing (4.7.80), (4.7.83),

(4.7.84), and Lemma 4.7.5, (4.7.85) is proved. This completes the proof of the lemma.

Lemma 4.7.8 Suppose that the conditions of Lemma 4.7.6 are satisfied and ∇φ(x) ∈
H3(Ω). Then

sup
0≤t≤T0

(

‖r1/2
uhtt‖2 + ‖r1/2

δ
2
uht‖2 + ‖r1/2

δ
4
uh‖2

)

≤ C, (4.7.106)

sup
0≤t≤T0

(

‖r1/2
δuht‖∞ + ‖r1/2

δ
3
uh‖∞

)

≤ C, (4.7.107)

where T0 is defined in Lemma 4.7.7, and constant C is independent of h.

Proof. In what follows, let 0 ≤ t ≤ T0. We first differentiate (4.7.86) with respect

to t

ujttt = uj ×
D+D−ujtt

h2
+ 2ujt ×

D+D−ujt

h2
+ ujtt ×

D+D−uj

h2

+
uj

rj
× D+ujtt

h
+ 2

ujt

rj
× D+ujt

h
+
ujtt

rj
× D+uj

h
, j = 1, 2, . . . . (4.7.108)

Taking the scalar product of (4.7.108) and rjujtt, and then summing the result over

j from 1 to ∞, we have

∞
∑

j=1

rjujtt · ujttth = 2
∞
∑

j=1

rjujt ×
D+D−ujt

h2
· ujtth+ 2

∞
∑

j=1

ujt ×
D+ujt

h
· ujtth

−
∞
∑

j=1

rj+1

D+uj

h
× D+ujtt

h
· ujtth. (4.7.109)

Substituting (4.7.75) into (4.7.109) and using (4.7.80), (4.7.83)–(4.7.85), the first term

on the right-hand side of (4.7.109) is bounded from above by

‖uht‖∞‖r1/2
uhtt‖2‖r1/2

δ
2
uht‖2 ≤ C‖r1/2

uhtt‖2‖r1/2
δ
2
uht‖2, (4.7.110)

and the second term on the right-hand side of (4.7.109) is bounded from above by

‖uht‖∞‖r1/2
δuht‖2‖r1/2

uhtt‖2 ≤ C‖r1/2
uhtt‖2. (4.7.111)

Using (4.7.75), we have

D+ujtt

h
=
uj+1 + uj

2
× D2

+
D−ujt

h3
+
uj+1 t + ujt

2
× D2

+
D−uj

h3
+ I

j
2t; (4.7.112)
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I
j
2 =

D+uj

h
×
(

D+D−(uj+1 + uj)

2h2
+

uj

rjrj+1

+
D+uj+1

2rj+1h

)

+
uj+1 + uj

2rj+1

× D2

+
uj

h2
;

(4.7.113)

D+uj

h
× D+ujtt

h
=
D+uj

h
· D

2

+
D−ujt

h3

uj+1 + uj

2
+
D+uj

h
· D

2

+
D−uj

h3

uj+1 t + ujt

2

− D+uj

h
· uj+1 t + ujt

2

D2

+
D−uj

h3
+
D+uj

h
× I

j
2t. (4.7.114)

Substituting (4.7.113) and (4.7.114) in (4.7.109) and using (4.7.80) and (4.7.83)–
(4.7.85), the third term on the right-hand side of (4.7.109) is bounded from above

by

−
∞
∑

j=1

rj+1

D+uj

h
· D

2

+
D−ujt

h3

uj+1 + uj

2
· ujtth+ C‖r1/2

uhtt‖2

(

‖r1/2
δ
2
uht‖2 + 1

)

.

(4.7.115)

By direct calculation, the first term of (4.7.115) is equal to

∞
∑

j=1

rj+1

D+uj

h
· D

2

+
ujt

h2

uj+1 + uj

2
· D+ujtt

h
h

+
∞
∑

j=1

D+uj+1

h
· D

2

+
ujt

h2

uj+1 + uj+2

2
· uj+1 tth

+
∞
∑

j=1

rj+1

D+uj+1

h
· D

2

+
ujt

h2

D+(uj+1 + uj)

2h
· uj+1 tth

+
∞
∑

j=1

rj+1

D2

+
uj

h2
· D

2

+
ujt

h2

uj + uj+1

2
· uj+1 tth. (4.7.116)

Substituting (4.7.112) and (4.7.113) into (4.7.116) and using (4.7.80), (4.7.83)–

(4.7.85), the first term of (4.7.115) is bounded from above by

C‖r1/2
δ
2
uht‖2

(

‖r1/2
uhtt‖2 + ‖r1/2

δ
2
uht‖2 + 1

)

. (4.7.117)

Using the fact uj ∈ S
2, we get

uj ·
D+D−ujt

h2
= −

(

uj

rj
× D+uj

h

)

· D+D−uj

h2
−
(

D+uj

h
· D+ujt

h
+
D−uj

h
· D−ujt

h

)

.

(4.7.118)
Using (4.7.86) and (4.7.118), we infer that

ujtt · ujtt ≥
1

2

D+D−ujt

h2
· D+D−ujt

h2
− C

∣

∣

∣

∣

D+D−uj

h2

∣

∣

∣

∣

4

− C

∣

∣

∣

∣

D+uj

h

∣

∣

∣

∣

2 ∣
∣

∣

∣

D+ujt

h

∣

∣

∣

∣

2

−C
∣

∣

∣

∣

D−uj

h

∣

∣

∣

∣

2 ∣
∣

∣

∣

D−ujt

h

∣

∣

∣

∣

2

− C

r2

j

∣

∣

∣

∣

D−ujt

h

∣

∣

∣

∣

2

− C

r2

j

∣

∣

∣

∣

D−uj

h

∣

∣

∣

∣

4

− C

r4

j

∣

∣

∣

∣

D+uj

h

∣

∣

∣

∣

4

. (4.7.119)
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Putting (4.7.110), (4.7.111), (4.7.115), (4.7.117) and (4.7.119) together, and using
(4.7.80), (4.7.83)–(4.7.85), we finally obtain

‖r1/2
uhtt‖2

2
+ ‖r1/2

δ
2
uht‖2

2
≤ C + C

∫ t

0

(

‖r1/2
uhtt‖2

2
+ ‖r1/2

δ
2
uht‖2

2

)

dτ.

Thus by Gronwall’s inequality, one has

sup
0≤t≤T0

(

‖r1/2
uhtt‖2 + ‖r1/2

δ
2
uht‖2

)

≤ C. (4.7.120)

Using the fact uj ∈ S
2, we get

uj ·
D

2

+
D

2

−
uj

h4
= −D+uj

h
· D

2

+
D−uj

h3
− D−I

j
3

h
, (4.7.121)

I
j
3 =

D+ (uj+1 + uj)

2h
· D+D−uj+1

h2
+
D− (3uj+1 + uj)

2h
· D+D−uj

h2
. (4.7.122)

Using (4.7.95), one has

D+D−ujt

h2
= uj ×

D2

+
D2

−
uj

h4
+
D+uj

h
× D2

+
D−uj

h3
+
D−I

j
1

h
. (4.7.123)

By using (4.7.121)–(4.7.123), we have

D2

+
D2

−
uj

h4
· D

2

+
D2

−
uj

h4

≤ C

(

D+D−ujt

h2
· D+D−ujt

h2
+

∣

∣

∣

∣

D+uj

h

∣

∣

∣

∣

2
∣

∣

∣

∣

∣

D2

+
D−uj

h3

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

D−I
j
3

h

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

D−I
j
1

h

∣

∣

∣

∣

∣

2 )

. (4.7.124)

Using (4.7.80), (4.7.83)–(4.7.85), (4.7.120) and (4.7.124), we infer that

sup
0≤t≤T0

‖r1/2
δ
4
uh‖2 ≤ C. (4.7.125)

Putting (4.7.84), (4.7.120) and (4.7.125) together and using Lemma 4.7.5, this

lemma is proved.

Lemma 4.7.9 Suppose that the conditions of Lemma 4.7.6 are satisfied and ∇φ(x) ∈
H

2m−1(Ω). Then for all integer m ≥ 2

sup
0≤t≤T0

(

‖r1/2
uhtm‖2 + ‖r1/2

δ
2
uhtm−1‖2 + ‖r1/2

δ
4
uhtm−2‖2

)

≤ C, (4.7.126)

sup
0≤t≤T0

(

‖r1/2
uhtm−1‖∞ + ‖r1/2

δuhtm−1‖∞

+ ‖r1/2
δ
2
uhtm−2‖∞ + ‖r1/2

δ
3
uhtm−2‖∞

)

≤ C, (4.7.127)

where T0 is defined in Lemma 4.7.7, and constant C is independent of h.
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Proof. In what follows, let 0 ≤ t ≤ T0. This lemma is proved by mathematical
induction as follows. For m = 2, estimates (4.7.126) and (4.7.127) have been proved

in Lemma 4.7.7 and Lemma 4.7.8. Suppose that (4.7.126) and (4.7.127) are valid for
all 2 ≤ m ≤M − 1.

Differentiating (4.7.75), we have

ujtM+1 = uj ×
D+D−ujtM

h2
+
uj

rj
× D+ujtM

h

+
M−1
∑

k=0

(

M

k

)

ujtM−k ×
(

D+D−ujtk

h2
+
D+ujtk

hrj

)

, j = 1, 2, . . . . (4.7.128)

Taking the scalar product of (4.7.128) and rjujtM , and then summing the result over

j from 1 to ∞, we have

∞
∑

j=1

rjujtM+1 · ujtMh

=
∞
∑

j=1

rjuj ×
D+D−ujtM

h2
· ujtMh +

∞
∑

j=1

uj ×
D+ujtM

h
· ujtMh

+
∞
∑

j=1

rj

M−1
∑

k=1

(

M

k

)

ujtM−k ×
(

D+D−ujtk

h
+
D+ujtk

hrj

)

· ujtMh

≤ −
∞
∑

j=1

rj+1

D+uj

h
× D+ujtM

h
· ujtMh

+ C

M−1
∑

k=1

‖uhtM−k‖∞
(

‖r1/2
δ
2
uhtk‖2 + ‖r1/2

δuhtk‖2

)

‖r1/2
uhtM‖2

≤ −
∞
∑

j=1

rj+1

D+uj

h
× D+ujtM

h
· ujtMh

+ C

(

‖uhtM−1‖∞ + ‖r1/2
δuhtM−1‖2 + ‖r1/2

δ
2
uhtM−1‖2 + 1

)

‖r1/2
uhtM‖2. (4.7.129)

By direct calculation, we get

‖r1/2
δuhtM−1‖2

2
= −

∞
∑

j=1

D−

(

rj
D+ujtM−1

h

)

· ujtM−1

≤ 1

2
‖r1/2

δuhtM−1‖2

2
+ C

(

‖r1/2
δ
2
uhtM−1‖2 + 1

)

. (4.7.130)

Employing Lemma 4.7.5, one has

‖uhtM−1‖∞ ≤ C

(

‖r1/2
δuhtM−1‖2 + 1

)

1/2 ≤ C

(

‖r1/2
δ
2
uhtM−1‖2 + 1

)

1/4
, (4.7.131)
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where we have used the induction assumption in (4.7.129)–(4.7.131). Using (4.7.75),
we have

D+ujtM

h
=
uj+1 + uj

2
× D

2

+
D−ujtM−1

h3

+
M−2
∑

k=0

(

M − 1
k

)

uj+1 tM−1−k + ujtM−1−k

2
× D2

+
D−ujtk

h3
+ I

j
2tM−1 ,

(4.7.132)
D+uj

h
× D+ujtM

h
=
D+uj

h
· D

2

+
D−ujtM−1

h3

uj+1 + uj

2
+
D+uj

h
× I

j
2tM−1

+
M−2
∑

k=0

(

M − 1
k

)

D+uj

h
×
(

uj+1 tM−1−k + ujtM−1−k

2
× D2

+
D−ujtk

h3

)

.

(4.7.133)

where Ij2 is defined in (4.7.113). Substituting (4.7.132) and (4.7.132) into (4.7.129)
and using the induction assumption, the first term on the right-hand side of (4.7.129)

is bounded from above by

−
∞
∑

j=1

rj+1

D+uj

h
· D

2

+
D−ujtM−1

h3

uj+1 + uj

2
· ujtMh

+ C‖r1/2
uhtM‖2

(

‖r1/2
δ
2
uhtM−1‖2 + ‖r1/2

δuhtM−1‖2 + ‖r1/2
δ
3
uhtM−2‖2 + 1

)

.

(4.7.134)

By direct calculation, the first term of (4.7.134) is equal to

∞
∑

j=1

rj+1

D+uj

h
· D

2

+
ujtM−1

h2

uj+1 + uj

2
· D+ujtM

h
h

+
∞
∑

j=1

D+uj+1

h
· D

2

+
ujtM−1

h2

uj+1 + uj+2

2
· uj+1 tMh

+
∞
∑

j=1

rj+1

D+uj+1

h
· D

2

+
ujtM−1

h2

D+(uj+1 + uj)

2h
· uj+1 tMh

+
∞
∑

j=1

rj+1

D2

+
uj

h2
· D

2

+
ujtM−1

h2

uj + uj+1

2
· uj+1 tMh. (4.7.135)

Substituting (4.7.132) into (4.7.135) and using the induction assumption, the first

term of (4.7.134) is bounded from above by

C‖r1/2
δ
2
uht‖2

(

‖r1/2
uhtM‖2 + ‖r1/2

δ
2
uhtM−1‖2

+ ‖r1/2
δuhtM−1‖2 + ‖r1/2

δ
3
uhtM−2‖2 + 1

)

. (4.7.136)
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Using the fact uj ∈ S
2, we get

uj ·
D+D−ujtM−1

h2
= −

M−2
∑

k=0

(

M − 1
k

)

ujtM−1−k · D+D−ujtk

h2

− 1

2

(

D+uj

h
· D+uj

h
+
D−uj

h
· D−uj

h

)

tM−1

, (4.7.137)

uj+1 ·
D2

+
D−ujtM−2

h3

= −
M−3
∑

k=0

(

M − 2
k

)

uj+1 tM−2−k · D
2

+
D−ujtk

h3

−
(

D+uj+1 +D−uj+1

2h
· D+D−uj+1

h2
+

3D+uj +D−uj

2h
· D+D−uj

h2

)

tM−2

.

(4.7.138)

Using (4.7.137) and (4.7.138), the induction assumption, and the following equations,

ujtM = uj ×
D+D−ujtM−1

h2
+
uj

rj
× D+ujtM−1

h

+
M−2
∑

k=0

(

M − 1
k

)

ujtM−1−k ×
(

D+D−ujtk

h2
+
D+ujtk

hrj

)

, j = 1, 2, . . . ,

(4.7.139)

D+ujtM−1

h
= uj+1 ×

D2

+
D−ujtM−2

h3

+
M−3
∑

k=0

(

M − 2
k

)

ujtM−2−k × D2

+
D−ujtk

h3
+ I

j
1tM−2 , j = 1, 2, . . . ,

(4.7.140)

we infer that

‖r1/2
δ
2
uhtM−1‖2

2
≤ C

(

‖r1/2
uhtM‖2

2
+ ‖r1/2

δuhtM−1‖2

2
+ 1

)

≤ C

(

‖r1/2
uhtM‖2

2
+ ‖r1/2

δ
2
uhtM−1‖2 + 1

)

, (4.7.141)

‖r1/2
δ
3
uhtM−2‖2

2
≤ C

(

‖r1/2
δuhtM−1‖2

2
+ 1

)

≤ C

(

‖r1/2
δ
2
uhtM−1‖2 + 1

)

, (4.7.142)

where I
j
1 is defined in (4.7.95) and (4.7.130) has been used. Putting (4.7.129)–

(4.7.131), (4.7.134), (4.7.136), (4.7.141) and (4.7.142) together and using the induc-
tion assumption, we finally obtain

‖r1/2
uhtM‖2

2
+ ‖r1/2

δ
2
uhtM−1‖2

2
≤ C + C

∫ t

0

(

‖r1/2
uhtM‖2

2
+ ‖r1/2

δ
2
uhtM−1‖2

2

)

dτ.

Thus by Gronwall’s inequality, one has

sup
0≤t≤T0

(

‖r1/2
uhtM‖2 + ‖r1/2

δ
2
uhtM−1‖2

)

≤ C. (4.7.143)
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Putting (4.7.130), (4.7.142) and (4.7.143) together, one has

sup
0≤t≤T0

(

‖r1/2
δuhtM−1‖2 + ‖r1/2

δ
3
uhtM−2‖2

)

≤ C. (4.7.144)

Using the fact uj ∈ S2, we get

uj ·
D2

+
D2

−
ujtM−2

h4
= −

M−3
∑

k=0

(

M − 2
k

)

ujtM−2−k · D
2

+
D2

−
ujtk

h4

−
(

D+uj

h
· D

2

+
D−uj

h3

)

tM−2

− D−I
j
3tM−2

h
, (4.7.145)

where Ij3 is defined in (4.7.122). Employing (4.7.123), one has

D+D−ujtM−1

h2
= uj ×

D2

+
D2

−
ujtM−2

h4
+

M−3
∑

k=0

(

M − 2
k

)

ujtM−2−k × D2

+
D2

−
ujtk

h4

+

(

D+uj

h
× D2

+
D−uj

h3

)

tM−2

+
D−I

j
1tM−2

h
. (4.7.146)

Using (4.7.143)–(4.7.146) and the induction assumption, we infer that

sup
0≤t≤T0

‖r1/2
δ
4
uhtM−2‖2 ≤ C

(

‖r1/2
δ
2
uhtM−1‖2 + 1

)

≤ C. (4.7.147)

Putting (4.7.143), (4.7.144) and (4.7.147) together, and from the induction assump-

tion and Lemma 4.7.5, we obtain

sup
0≤t≤T0

(

‖r1/2
uhtM−1‖∞ + ‖r1/2

δuhtM−1‖∞ + ‖r1/2
δ
2
uhtM−2‖∞ + ‖r1/2

δ
3
uhtM−2‖∞

)

≤ C.

Thus by the induction procedure, this lemma is proved.

Using the results of Lemmas 4.7.5–4.7.9, one can achieve the local existence of
solution for problem (4.7.1)–(4.7.3). Thus, we propose

Proposition 4.7.2 For problem (4.7.1)–(4.7.3), suppose that the initial function

φ(x) ∈ S2 and ∇φ(x) ∈ H2m−1(Ω), m ≥ 1. Then there exists a constant T0 =
T0 (‖∇φ‖H2m−1) > 0 and a solution such that

∂
m
t u(x, t), ∆∂m−1

t u(x, t), ∆2
∂
m−2

t u(x, t) ∈ L
∞(0, T0; L

2(Ω)).

Using Lemmas 4.7.1–4.7.3 and Corollary 4.7.1, the local smooth solution u(x, t)
constructed in Proposition 4.7.2 can be extended to all time t > 0. Thus theorem

4.7.1 is proved.
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4.8 Bibliography Comments

This chapter is mainly regarding the global solution theory for the higher-dimensional
Landau–Lifshitz equation on the Riemannian manifold.

The studies on higher-dimensional Landau–Lifshitz equations began in the early
1980s by Yulin Zhou, Boling Guo and Hesheng Sun (see [150–157]). They were mainly

concerned with the global existence of weak solutions by the Galerkin method and
the difference method. At the same time, the same problem was also discussed by

Sulem and Sulem [132]. F. Alouger and A. Soyeur in 1992 [4] obtained a similar result

to that by Zhou and Guo et al. [150–156].
After Zhou, Guo and Tan obtained smooth solution for the one-dimensional prob-

lem in 1991 [158], Guo and Hong, in 1993 [77], first discussed the two-dimensional
problem. They discovered the relationships between the Landau–Lifshitz equations

and the harmonic maps and established the partial regularity theory by using the
method dealing with harmonic maps, that is, they proved that two-dimensional

Landau–Lifshitz equation admits a global almost smooth solution which is now called
the Chen–Struwe solution in the field of harmonic map heat flow.

In [87], Guo and Wang proved the above results for the generalized Landau–
Lifshitz systems which are from Rn → S2, n ≥ 2.

Later, Guo and Ding applied the penalty method to the initial boundary value
problems of saturated or unsaturated or the case with applied field Landau–Lifshitz

systems in two dimensions. The existence theory of global solution to the L–L systems
in higher dimensions can be found in [59].

In [29, 31], Chen, Guo and Ding proved that any weak solution with finite energy,

decreasing in time, must be almost smooth for the two-dimensional problem.
In 2003, Xiangao Liu [109] proved a partial regularity theorem for the station-

ary weak solution using the similar method applied to the harmonic map heat flow
by Feldman [58]. And, Roger Moser [115] obtained a similar result for the lower-

dimensional problem (n ≤ 4). In 2004, Ding and Guo [49] proved a similar result for
the Landau–Lifshitz–Maxwell equations, see the next chapter.

Recently, Melcher [113] proved that there exists a partially regular solution for the
three-dimensional Cauchy problem of Landau–Lifshitz equations. This result extends

the regularity theorem from a stationary weak solution to a weak solution. However,
Melcher’s method does not apply to higher-dimensional problems. In 2006, Changyou

Wang [143] extended Melcher’s result to three and four dimensions by the Pohozaev
method.

In 2007, Ding and Wang [52] proved that for some initial data, the finite time blow-
up for the solutions to the Dirichlet problem and the Neumann problem does occur.

These results answer the long unsolved questions: Do Landau–Lifshitz equations

really blow up at finite time?
For the other problems, such as vortices and domain walls, as well as steady state

problems, we refer to [18–24, 44–46, 116, 117, 120].
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Chapter 5

Landau–Lifshitz–Maxwell

Equations

5.1 Global Weak Solution in Three Dimensions

5.1.1 The Periodic Initial Value Problem

In this chapter, we first study the following coupled Landau–Lifshitz–Maxwell
equations:

~Zt = α1
~Z × (∆~Z + ~H) − α2

~Z × (~Z × (∆~Z + ~H)), (5.1.1)

∇× ~H =
∂ ~E

∂t
+ σ ~E, (5.1.2)

∇× ~E = −∂
~H

∂t
− β

∂ ~Z

∂t
, (5.1.3)

∇ · ~H + β∇ · ~Z = 0, ∇ · ~E = 0, (5.1.4)

where α1, α2, σ and β are constants, α2 ≥ 0, σ ≥ 0, ~H = (H1(x, t), H2(x, t), H3(x, t))

is the magnetic field, ~E(x, t) = (E1(x, t), E2(x, t), E3(x, t)) is the electric field and
~He = ∆~Z + ~H is the effective magnetic field.

We study the existence of the global generalized solutions for the three-dimensional
Landau–Lifshitz–Maxwell system (5.1.1)–(5.1.4) with the periodic initial value con-

dition:
~Z(x+ 2D~ei, t) = ~Z(x, t), ~H(x + 2D~ei, t) = ~H(x, t),

~E(x+ 2D~ei, t) = ~E(x, t), (x ∈ Ω ⊂ R
3
, t ≥ 0) (5.1.5)

~Z(x, 0) = ~Z0(x), ~H(x, 0) = ~H0(x), ~E(x, 0) = ~E0(x), (x ∈ Ω ⊂ R
3) (5.1.6)

or with the initial value condition:

~Z(x, 0) = ~Z0(x), ~H(x, 0) = ~H0(x), ~E(x, 0) = ~E0(x), x ∈ R
3
, (5.1.7)

where x + 2D~ei = (x1, . . . , xi−1, xi + 2D, xi+1, . . . , xn), (i = 1, 2, 3), D > 0, Ω ⊂ R3

represents the three-dimensional cube with width 2D along each direction, i.e. Ω =

{x = (x1, x2, x3), |xi| ≤ D, i = 1, 2, 3}, QT = {(x, t), x ∈ Ω, 0 ≤ t ≤ T}.
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5.1.2 Approximate Solutions and the A Priori Estimates for
the Periodic Initial Value Problem

We use Galerkin method to establish the a priori estimate for the approximate solu-
tions of (5.1.1)–(5.1.6).

Let wn(x) (n = 1, 2, . . .) be the unit eigenfunctions satisfying the equation ∆wn +

λnwn = 0, with periodicity wn(x − D~ei) = wn(x + D~ei) (i = 1, 2, 3), and λn (n =
1, 2, . . .) the corresponding eigenvalues different from each other. {wn(x)} consists of

the orthonormal base in L2.
Denote the approximate solution of the problem (5.1.1)–(5.1.6) by ~ZN(x, t),

~HN(x, t) and ~EN (x, t) in the following form


























~ZN(x, t) =
N
∑

s=1

~αsN(t)ws(x),

~HN(x, t) =
N
∑

s=1

~βsN(t)ws(x),

~EN (x, t) =
N
∑

s=1

~γsN(t)ws(x),

(5.1.8)

where ~αsN(t), ~βsN(t), ~γsN(t), (t ∈ R+), (s = 1, 2, . . . , N ;N = 1, 2, . . .) are the three-

dimensional vector-valued functions satisfying the following system of ordinary dif-
ferential equations of first order:

∫

Ω

~ZNtws(x)dx = α1

∫

Ω

~ZN × (∆~ZN + ~HN) · ws(x)dx

− α2

∫

Ω

~ZN × (~ZN × (∆~ZN + ~HN))ws(x)dx, (5.1.9)

∫

Ω

( ~HNt + β ~ZNt)ws(x)dx = −
∫

Ω

∇× ~EN · ws(x)dx, (5.1.10)

∫

Ω

~ENtws(x)dx + σ

∫

Ω

~EN · ws(x)dx =
∫

Ω

∇× ~HN · ws(x)dx, (5.1.11)

and the initial condition
∫

Ω

~ZN(x, 0)ws(x)dx =
∫

Ω

~Z0(x)ws(x)dx,
∫

Ω

~HN (x, 0)ws(x)dx =
∫

Ω

~H0(x)ws(x)dx,
∫

Ω

~EN (x, 0)ws(x)dx =
∫

Ω

~E0(x)ws(x)dx.

(5.1.12)

Obviously there holds
∫

Ω

~ZNtws(x)dx = α
′

sN(t),
∫

Ω

~HNtws(x)dx = β
′

sN(t),
∫

Ω

~ENtws(x)dx = γ
′

sN(t).

(5.1.13)

For the sake of simplicity, denote ‖ · ‖Lp(Ω) = ‖ · ‖p, p ≥ 2.
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Lemma 5.1.1 Assume (~Z0(x), ~H0(x), ~E0(x)) ∈ (H1(Ω), L2(Ω), L2(Ω)), α2 ≥ 0.
Then for the solution of the initial value problem (5.1.9)–(5.1.12) we have the fol-

lowing estimates:

sup
0≤t≤T

[

‖~ZN(·, t)‖2

H1(Ω)
+ ‖ ~EN(·, t)‖2

L2(Ω)
+ ‖ ~HN(·, t)‖2

L2(Ω)

]

≤ K0,

sup
0≤t≤T

‖~ZN(·, t)‖6 ≤ K0, sup
0≤t≤T

‖~ZN(·, t) ×∇~ZN(·, t)‖ 3

2

≤ K0,
(5.1.14)

where the constant K0 is independent of N, α2 and D. When α0 > 0, there is

‖~ZN × (∆~ZN + ~HN)‖L2(0,T ;L2(Ω)) ≤ K
′

0
, (5.1.15)

where the constant K ′

0
is independent of N and D.

Proof. (1) Multiplying (5.1.9) by ~αsN(t), and summing up the products for s =

1, 2, . . . , N , we get
d

dt

∫

Ω

|~ZN(x, t)|2dx = 0.

Then

‖~ZN(·, t)‖2

2
≤ ‖~ZN(·, 0)‖2

2
≤ ‖~Z0(x)‖2

2
. (5.1.16)

(2) Making the scalar product of (−λs~αsN(t)+ ~βsN (t)) with (5.1.9), and summing
up the resulting product for s = 1, 2, . . . , N , and noticing that

∆~ZN + ~HN =
N
∑

s=1

(−λs~αsN + ~βsN)ws(x),

we have
∫

Ω

~ZNt(∆~ZN + ~HN)dx = −α2

∫

Ω

~ZN × (~ZN × (∆~ZN + ~HN)) · (∆~ZN + ~HN)dx

= α2

∫

Ω

|~ZN × (∆~ZN + ~HN )|2dx,

i.e.

1

2

d

dt

∫

Ω

|∇~ZN(x, t)|2dx+ α2‖~ZN × (∆~ZN + ~HN)‖2

2
−
∫

Ω

~ZNt · ~HNdx = 0. (5.1.17)

Making the scalar product of ~βsN(t) with (5.1.10), and ~γsN(t) with (5.1.11), respec-

tively, and adding the two equalities obtained, and then summing up the resulting
products for s = 1, 2, . . . , N , we get

1

2

d

dt

∫

Ω

(| ~EN(x, t)|2 + | ~HN(x, t)|2)dx + σ‖ ~EN(·, t)‖2

2
+ β

∫

Ω

~ZNt · ~HNdx = 0. (5.1.18)

From (5.1.17) and (5.1.18) (multiply (5.1.18) by δ0) it follows that

d

dt

∫

Ω

[

1

2
|∇~ZN |2 +

δ0

2
(| ~EN |2 + | ~HN |2)

]

dx + σδ0‖ ~EN‖2

2

+ α2‖~ZN × (∆~ZN + ~HN)‖2

2
+ (βδ0 − 1)

∫

Ω

~ZNt · ~HNdx = 0. (5.1.19)
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Multiplying (5.1.10) by (βδ0 − 1)~αsN(t), and summing up the products for s =
1, 2, . . . , N , we obtain

(βδ0 − 1)
∫

Ω

~HNt · ~ZNdx+
1

2
β(βδ0 − 1)

d

dt

∫

Ω

|~ZN |2dx

+ (βδ0 − 1)
∫

Ω

∇× ~EN · ~ZNdx = 0. (5.1.20)

Adding (5.1.19) and (5.1.20) gives

1

2

d

dt

∫

Ω

[

|∇~ZN |2 + δ0(| ~EN |2 + | ~HN |2)
]

dx+
1

2
β(βδ0 − 1)

d

dt

∫

Ω

|~ZN |2dx

+ (βδ0 − 1)
d

dt

∫

Ω

~ZN · ~HNdx+ α2‖~ZN × (∆~ZN + ~HN)‖2

2

= −σδ0‖ ~EN(·, t)‖2

2
+ (1 − βδ0)

∫

Ω

∇× ~EN · ~ZNdx

= −σδ0‖ ~EN(·, t)‖2

2
+ (1 − βδ0)

∫

Ω

∇× ~ZN · ~ENdx

≤ −σδ0‖ ~EN(·, t)‖2

2
+ ε0‖ ~EN(·, t)‖2

2
+

(1 − βδ0)
2

4ε0

‖∇~ZN(·, t)‖2

2
, (ε0 > 0).

Integrating the above inequality with respect to t we get

1

2
‖∇~ZN(·, t)‖2

2
+

1

2
δ0(‖ ~EN(·, t)‖2

2
+ ‖ ~HN(·, t)‖2

2
)

+
1

2
β(βδ0 − 1)‖~ZN(·, t)‖2

2
+ (βδ0 − 1)

∫

Ω

~HN(x, t) · ~ZN(x, t)dx

+ α2

∫ t

0

‖~ZN × (∆~ZN + ~HN)‖2

2
dt

≤ 1

2
‖∇~Z0‖2

2
+

1

2
δ0(‖ ~E0‖2

2
+ ‖ ~H0‖2

2
) +

1

2
|β(βδ0 − 1)|‖~Z0‖2

2

+ |βδ0 − 1|‖ ~H0‖2‖~Z0‖2 + (ε0 − σδ0)
∫ t

0

‖ ~EN(·, t)‖2

2
dt

+
(1 − βδ0)

2

4ε0

∫ t

0

‖∇~ZN(·, t)‖2

2
dt. (5.1.21)

Denote

c0 =
1

2
‖∇~Z0‖2

2
+

1

2
δ0(‖ ~E0‖2

2
+ ‖ ~H0‖2

2
)

+
1

2
|β(βδ0 − 1)|‖~Z0‖2

2
+ |βδ0 − 1|‖ ~H0‖2‖~Z0‖2.
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Then, by (5.1.21) and (5.1.16)

1

2
‖∇~ZN(·, t)‖2

2
+

1

2
δ0(‖ ~EN (·, t)‖2

2
+ ‖ ~HN(·, t)‖2

2
) + α2

∫ t

0

‖~ZN × (∆~ZN + ~HN )‖2

2
dx

≤ c0 +
|β(βδ0 − 1)|

2
‖~ZN(·, t)‖2

2
+ |βδ0 − 1|‖ ~HN(·, t)‖2‖~ZN(·, t)‖2

+ (ε0 − σδ0)
∫ t

0

‖ ~EN(·, t)‖2

2
dt+

(1 − βδ0)
2

4ε0

∫ t

0

‖∇~ZN(·, t)‖2

2
dt

≤ c0 +
δ0

4
‖ ~HN(·, t)‖2

2
+

(

|β(βδ0 − 1)|
2

+
(βδ0 − 1)2

δ0

)

‖~Z0‖2

2

+ (ε0 − σδ0)
∫ t

0

‖ ~EN‖2

2
dt+

(1 − βδ0)
2

4ε0

∫ t

0

‖∇~ZN‖2

2
dt.

Therefore,

1

2
‖∇~ZN(·, t)‖2

2
+
δ0

4
‖ ~HN(·, t)‖2

2
+
δ0

2
‖ ~EN(·, t)‖2

2

+ α2

∫ t

0

‖~ZN × (∆~ZN + ~HN)‖2

2
dt

≤ d0 + (ε0 − σδ0)
∫ t

0

‖ ~EN‖2

2
+

(1 − βδ0)
2

4ε0

∫ t

0

‖∇~ZN‖2

2
dt, (5.1.22)

where

d0 = c0 +

(

|β(βδ0 − 1)|
2

+
(βδ0 − 1)2

δ0

)

‖~Z0‖2

2
.

When β > 0, σ ≥ 0, we let δ0 = 1

β
, ε0 = σδ0 + 1

4
δ0. Then, from (5.1.22) it follows that

1

2
‖∇~ZN(·, t)‖2

2
+

1

4β
(‖ ~EN(·, t)‖2

2
+ ‖ ~HN(·, t)‖2

2
)

+ α2

∫ t

0

‖~ZN × (∆~ZN + ~HN)‖2

2
dt ≤ d0, ∀ t ≥ 0. (5.1.23)

When σ and β are arbitrary constants, we take ε0 = δ0 = 1. By (5.1.22) there is

1

2
‖∇~ZN(·, t)‖2

2
+

1

4
‖ ~HN(·, t)‖2

2
+

1

2
‖ ~EN(·, t)‖2

2
+ α2

∫ t

0

‖~ZN × (∆~ZN + ~HN)‖2

2
dt

≤ d0 + |1 − σ|
∫ t

0

‖ ~EN(·, t)‖2

2
dt+

(1 − β)2

4

∫ t

0

‖∇~ZN(·, t)‖2

2
dt

≤ d0 + e0

∫ t

0

(‖ ~EN‖2

2
+ ‖∇~ZN‖2

2
)dt, (5.1.24)

where

e0 = max

{

|1 − σ|, (1 − β)2

4

}

.
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Applying Gronwall inequality for (5.1.24) yields

sup
t∈[0,T ]

(‖∇~ZN(·, t)‖2

2
+ ‖ ~HN(·, t)‖2

2
+ ‖ ~EN (·, t)‖2

2
) ≤ K0, (5.1.25)

where K0 is independent of N , α2, D. By Sobolev imbedding theorem and Hölder

inequality, we have

sup
0≤t≤T

‖~ZN(·, t)‖2

6
≤ K0, sup

0≤t≤T
‖~ZN(·, t) ×∇~ZN(·, t)‖ 3

2

≤ K0. (5.1.26)

When α2 > 0, using (5.1.23), (5.1.24) and (5.1.25), we get

‖~ZN × (∆~ZN + ~HN)‖L2(0,T ;L2(Ω)) ≤ K
′

0
, (5.1.27)

where K ′

0
is independent of N . The proof of the lemma is complete.

Lemma 5.1.2 Under the conditions of Lemma 5.1.1, for the solution ( ~ZN(x, t),
~HN(x, t), ~EN(x, t)) of the initial value problem (5.1.9)–(5.1.12) there are

(1) when α2 = 0,

sup
t∈[0,T ]

[

‖~ZNt‖H−2(Ω) + ‖ ~ENt‖H−2(Ω) + ‖ ~HNt‖H−2(Ω)

]

≤ K1; (5.1.28)

(2) when α2 > 0,

‖~ZNt‖
L

3

2 (QT )
+ ‖ ~ENt‖L2(0,T ;H−1(Ω)) + ‖ ~HNt‖L2(0,T ;H−1(Ω)) ≤ K2, (5.1.29)

where the constants K1 and K2 are independent of N and D.

Proof. (1) When α2 = 0, for any ϕ ∈ H2

0
, ϕ can be represented by

ϕ = ϕN + ϕ̄N ,

where

ϕN =
N
∑

s=1

βsws(x), ϕ̄N =
∞
∑

s=N+1

βsws(x).

For s ≥ N + 1,
∫

Ω

~ZNt · ws(x)dx = 0.

Then, by Lemma 5.1.1 there are
∫

Ω

~ZNtϕdx =
∫

Ω

~ZNtϕN(x)dx = α1

∫

Ω

~ZN × (∆~ZN + ~HN)ϕN (x)dx

= α1

∫

Ω

∇~ZN × ~ZN · ∇ϕNdx+ α1

∫

Ω

~ZN × ~HN · ϕNdx

≤ |α1|(‖∇~ZN‖2‖~ZN‖2 + ‖~ZN‖2‖ ~HN‖2)(‖∇ϕN‖2 + ‖ϕN‖∞)

≤ C‖ϕN‖H2(Ω) ≤ C‖ϕ‖H2(Ω),
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∫

Ω

~ENtϕdx ≤ C1(‖ ~EN‖2 + ‖ ~HN‖2)(‖∇ϕ‖2 + ‖ϕ‖2) ≤ C‖ϕ‖H2(Ω),

∫

Ω

~HNtϕdx ≤ |β|
∣

∣

∣

∣

∫

Ω

~ZNtϕdx

∣

∣

∣

∣

+
∫

Ω

|∇ϕ|| ~EN |dx

≤ |β|
∣

∣

∣

∣

∫

Ω

~ZNtϕdx

∣

∣

∣

∣

+ ‖∇ϕ‖2‖ ~EN‖2

≤ C‖ϕ‖H2(Ω) + C2‖∇ϕ‖2 ≤ C3‖ϕ‖H2.

Then there holds

‖~ZNt‖H−2(Ω) + ‖ ~ENt‖H−2(Ω) + ‖ ~HNt‖H−2(Ω) ≤ K1.

(2) For α2 > 0,

∣

∣

∣

∣

∣

∫ T

0

∫

Ω

(~ZNt · ϕ)dxdt

∣

∣

∣

∣

∣

≤ |α1|
∣

∣

∣

∣

∫∫

QT

~ZN × (∆~ZN + ~HN)ϕdxdt
∣

∣

∣

∣

+ α2

∣

∣

∣

∣

∫∫

QT

~ZN × (~ZN × (∆~ZN + ~HN))ϕdxdt
∣

∣

∣

∣

≤ |α1|‖~ZN × (∆~ZN + ~HN)‖L2(QT )‖ϕ‖L2(QT )

+ α2‖~ZN‖L6(QT )‖~ZN × (∆~ZN + ~HN)‖L2(QT )‖ϕ‖L3(QT )

≤ C4‖ϕ‖L3(QT ),
∣

∣

∣

∣

∫

Ω

(~ZNt · ϕ)dx
∣

∣

∣

∣

≤ C5‖ϕ‖H1(Ω),

∣

∣

∣

∣

∫∫

QT

~ENtϕdxdt

∣

∣

∣

∣

≤ |σ|
∫ T

0

‖ ~EN‖2‖ϕ‖2dt+
∫ T

0

‖ ~HN‖2‖∇ϕN‖2dt

≤ C6T
1

2‖ϕ‖L2(0,T ;H1(Ω)),
∣

∣

∣

∣

∫∫

QT

~HNtϕdxdt

∣

∣

∣

∣

=

∣

∣

∣

∣

−β
∫∫

QT

~ZNtϕN(x, t)dxdt−
∫∫

QT

∇× ~ENϕN(x, t)dxdt

∣

∣

∣

∣

≤ C7‖ϕN‖L2(0,T ;H1(Ω)) + C8

∫ T

0

‖ ~EN‖2‖∇ϕN‖dt

≤ C7‖ϕ‖L2(0,T ;H1(Ω)) + C8T
1

2 ‖ϕN‖L2(0,T ;H1(Ω))

≤ C9‖ϕ‖L2(0,T ;H1(Ω)).

The lemma is proved.

Lemma 5.1.3 Under the conditions of Lemma 5.1.1, for the solution ( ~ZN(x, t),
~HN(x, t), ~EN (x, t)) of the initial value problem (5.1.9)–(5.1.12) there are

(1) when α2 = 0,

‖~ZN(·, t1) − ~ZN(·, t2)‖2 + ‖ ~HN(·, t1) − ~HN(·, t2)‖2 + ‖ ~EN (·, t1) − ~EN (·, t2)‖2

≤ K3|t1 − t2|
1

3 , (5.1.30)
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where the constant K3 is independent of N, D.

(2) when α2 > 0,

‖~ZN(·, t1) − ~ZN(·, t2)‖3 ≤ K4|t1 − t2|
2

3 , (5.1.31)

‖ ~HN(·, t1)− ~HN(·, t2)‖H−1(Ω)+‖ ~EN(·, t1)− ~EN(·, t2)‖H−1(Ω) ≤ K5|t1−t2|
1

2 , (5.1.32)

where the constant K4 is independent of N and D.

Proof. (1) When α2 = 0, by the Sobolev interpolation inequality of negative order,
there is

‖~ZN(·, t1) − ~ZN(·, t2)‖2 ≤ C‖~ZN(·, t1) − ~ZN(·, t2)‖
1

3

H−2(Ω)
‖~ZN(·, t1) − ~ZN(·, t2)‖

2

3

H1(Ω)

≤ C
′

∥

∥

∥

∥

∥

∥

∫ t2

t1

∂ ~ZN

∂t
dt

∥

∥

∥

∥

∥

∥

1

3

H−2(Ω)

≤ C
′′|t2 − t1|

1

3 .

Similarly, above inequality holds for ‖ ~HN(·, t1) − ~HN(·, t2)‖2, and ‖ ~EN(·, t1) −
~EN(·, t2)‖2.

(2) When α2 > 0,

‖~ZN(·, t1) − ~ZN(·, t2)‖3 =

∥

∥

∥

∥

∥

∥

∫ t2

t1

∂ ~ZN

∂t
dt

∥

∥

∥

∥

∥

∥

3

≤ |t2 − t1|
2

3







∫∫

QT

∣

∣

∣

∣

∣

∣

∂ ~ZN

∂t

∣

∣

∣

∣

∣

∣

3

dxdt







1

3

≤ K4|t2 − t1|
2

3 ,

‖ ~HN(·, t1) − ~HN(·, t2)‖H−1(Ω) =

∥

∥

∥

∥

∥

∥

∫ t2

t1

∂ ~HN

∂t
dt

∥

∥

∥

∥

∥

∥

H−1(Ω)

≤ |t2 − t1|
1

2







∫ T

0

∥

∥

∥

∥

∥

∥

∂ ~HN

∂t

∥

∥

∥

∥

∥

∥

2

H−1(Ω)

dt







1

2

≤ K5|t2 − t1|
1

2 .

For ~EN(x, t1) − ~EN(x, t2) similar inequality holds. The lemma is proved.

By using the above integral estimates of the approximate solution, we have

Lemma 5.1.4 Under the conditions of Lemma 5.1.1, the initial value problem for the

system of the ordinary differential equation (5.1.9)–(5.1.12) has at least one contin-

uously differentiable and global solution ~αsN(t), ~βsN(t), ~γsN(t) (s = 1, 2, . . . , N, t ∈
[0, T ]).
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5.1.3 Existence of Generalized Solution

Definition 5.1.5 A triple of three-dimensional vector functions ~Z(x, t) ∈
L∞(0, T ;H1(Ω)), ~H(x, t) ∈ L∞(0, T ;L2(Ω)), ~E(x, t) ∈ L∞(0, T ;L2(Ω)) is called the

generalized solution for the periodic initial value problem (5.1.5) and (5.1.6) of the

system (5.1.1)– (5.1.4), if for any vector-valued test function ~ψ(x, t), and test function

ζ(x, t) ∈ C
1(QT ) with ~ψ(x, T ) = 0, ~ψ(x + Dei, t) = ~ψ(x − Dei, t), i = 1, 2, 3, the

following equalities hold

∫∫

QT

~Zt · ~ψdxdt− α1

∫∫

QT

~Z × (∆~Z + ~H) · ~ψdxdt

− α2

∫∫

QT

~Z × (∆~Z + ~H) · ~Z × ~ψdxdt = 0, (α2 > 0) (5.1.33)

or
∫∫

QT

~Zt · ~ψdxdt+ α1

∫∫

QT

~Z ×∇~Z · ∇~ψdxdt

−α1

∫∫

QT

(~Z × ~H) · ~ψdxdt = 0, (α2 = 0),
∫∫

QT

~E · ~ψte
σt
dxdt+

∫∫

QT

e
σt∇× ~ψ · ~H(x, t)dxdt

+
∫

Ω

~E0(x) · ~ψ(x, 0)dx = 0, (5.1.34)

∫∫

QT

( ~H(x, t) + β ~Z(x, t))~ψtdxdt−
∫∫

QT

∇× ~ψ · ~E(x, t)dxdt

+
∫

Ω

( ~H0(x) + β ~Z0(x)) · ~ψ(x, 0)dx = 0, (5.1.35)

∫∫

QT

∇ζ · ( ~H + β ~Z)dxdt = 0, (5.1.36)

∫∫

QT

∇ζ · ~Edxdt = 0, (5.1.37)

~Z(x, 0) = ~Z0(x), a.e. x ∈ Ω. (5.1.38)

Lemma 5.1.5 Let the initial value vector functions ~E0(x), ~H0(x) satisfy the condition

∫

Ω

∇ξ · ~E0dx = 0,
∫

Ω

∇ξ · ( ~H0(x) + β ~Z0(x))dx = 0, (5.1.39)

for all ξ(x) ∈ C1(Ω). Then for any ζ(x, t) ∈ C1(QT ) with ζ(x, T ) = 0, ζ0 = ζ(x, 0),

we have, from (5.1.36), (5.1.37) that

∫∫

QT

∇ζ · ~E(x, t)dxdt = 0,
∫∫

QT

∇ζ · ( ~H(x, t) + β ~Z(x, t))dxdt = 0.
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Proof. Take

~ψt(x, t) =
∫ t

0

e
−στ∇ζ(x, τ)dτ −

∫ T

0

e
−στ∇ζ(x, τ)dτ, ζ ∈ C

1(QT ).

By (5.1.34) we get

∫∫

QT

~E · ∇ζdxdt+
∫ T

0

e
−στdτ

∫

Ω

∇ζ(x, τ) · ~E0(x)dx = 0.

Since
∫

Ω

∇ζ(x, τ) · ~E0(x)dx = 0,

then
∫∫

QT

~E · ∇ζdxdt = 0.

By letting ~ψ =
∫ t
0
∇ζdt− ∫ T

0
∇ζdt, we have, from (5.1.35)

∫∫

QT

( ~H + β ~Z)∇ζdxdt−
∫ T

0

∫

Ω

( ~H0 + β ~Z0(x)) · ∇ζdxdτ = 0.

From
∫

Ω

( ~H0 + β ~Z0(x))∇ζdx = 0,

it follows that
∫∫

QT

( ~H + β ~Z) · ∇ζdxdt = 0.

Theorem 5.1.1 Assume ~Z0(x) ∈ H1(Ω), ~H0(x) ∈ L2(Ω), ~E0(x) ∈ L2(Ω), and they

are periodic functions with periodicity D, and satisfy (5.1.36). Then the periodic

initial value problem (5.1.5) and (5.1.6) for the system of Landau–Lifshitz–Maxwell

(5.1.1)–(5.1.4) has at least one generalized solution ~Z(x, t), ~H(x, t), ~E(x, t). When

α2 > 0,

~Z(x, t) ∈ L∞(0, T ;H1(Ω))
⋂

C
(0, 2

3
)(0, T ;L3(Ω)),

~E(x, t), ~H(x, t) ∈ L
∞(0, T ;L2(Ω))

⋂

C
(0, 1

2
)(0, T ;H−1(Ω)).

(5.1.40)

When α2 = 0,

~Z(x, t) ∈ L
∞(0, T ;H1(Ω))

⋂

C
(0, 1

2
)(0, T ;L2(Ω)),

~E(x, t), ~H(x, t) ∈ L∞(0, T ;L2(Ω))
⋂

C
(0, 1

3
)(0, T ;L2(Ω)).

(5.1.41)

Proof. For any vector-valued test function ~ψ(x, t) ∈ C
1(QT ), ~ψ(x, T ) = 0, we

define an approximate sequence

~ψN (x, t) =
N
∑

n=1

~βn(t)wn(x),
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where ~βn(t) =
∫

Ω
~ψ(x, t)wn(x)dx. We know that ~ψN is uniformly convergent to ~ψ(x, t)

in C1(QT ).

From the uniform estimate for the approximate solution
{

~ZN(x, t), ~HN(x, t) ,

~EN(x, t)
}

in Sec. 5.1.2, it follows that

~ZN (x, t) → ~Z(x, t) weakly in L6(QT ),

~ZN (x, t) → ~Z(x, t) strongly in L
6−η(QT ), (η > 0),

~ZN (x, t) → ~Z(x, t) strongly in L∞(0, T ;H1(Ω)),

~HN (x, t) → ~H(x, t) weakly in L∞(0, T ;L2(Ω)),

~EN (x, t) → ~E(x, t) weakly in L∞(0, T ;L2(Ω)),
~ZNt(x, t) → ~Zt(x, t) weakly in L

3

2 (QT ), (α2 > 0),

~ZNt(x, t) → ~Zt(x, t) weakly in L∞(0, T ;H−2(Ω)), (α2 = 0).

(5.1.42)

Making the scalar products of ~βs(t) with (5.1.9), and eσt~βs with (5.1.10), and summing

up the products for s = 1, 2, . . . , we get

∫∫

QT

~ZNt · ~ψNdxdt− α1

∫∫

QT

(~ZN × (∆~ZN + ~HN) · ~ψNdxdt

− α2

∫∫

QT

~ZN × (∆~ZN + ~HN) · (~ZN × ~ψN )dxdt = 0, (5.1.43)

∫∫

QT

( ~HNt + β ~ZNt) · ~ψN(x, t)dxdt = −
∫∫

QT

∇× ~EN · ~ψN (x)dxdt, (5.1.44)

∫∫

QT

d

dt
(eσt ~EN ) · ~ψN(x, t)dxdt =

∫∫

QT

e
σt∇× ~HN · ~ψN (x)dxdt. (5.1.45)

Rewriting (5.1.44), we get

∫∫

QT

( ~HN + β ~ZN(x, t))~ψNtdxdt+
∫

Ω

( ~HN(x, 0) + β ~ZN(x, 0)) · ~ψN(x, 0)dxdt

−
∫∫

QT

∇× ~ψN · ~EN(x, t)dxdt = 0. (5.1.46)

Rewriting (5.1.45), we get

∫∫

QT

~EN · (~ψNte
σt)dxdt+

∫∫

QT

e
σt∇× ~ψN · ~HN(x, t)dxdt

+
∫

Ω

~EN (·, 0) · ~ψN(·, 0)dx = 0. (5.1.47)

(1) By Lemmas 5.1.1 and 5.1.2, we get

∫∫

QT

~ZNt · ~ψNdxdt =
∫∫

QT

~ZNt · ~ψdxdt→
∫∫

QT

~Zt
~ψdxdt,
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∫∫

QT

( ~HNt + β ~ZNt)~ψNdxdt→
∫∫

QT

( ~Ht + β ~Zt) · ~ψdxdt,
∫

Ω

( ~HN(x, 0) + β ~ZN(x, 0))~ψN(x, 0)dx→
∫

Ω

( ~H0(x) + β ~Z0(x))~ψ(x, 0)dx.

(2) (i)
∫∫

QT

∇× ~ψN · ~EN(x, t)dxdt→
∫∫

QT

∇× ~ψ · ~Edxdt,

(ii)
∫∫

QT

e
σt∇× ~ψN · ~HNdxdt→

∫∫

QT

e
σt∇× ~ψ · ~Hdxdt.

In fact
∫∫

QT

∇× ~ψN · ~ENdxdt

=
∫∫

QT

∇× (~ψN − ~ψ) · ~ENdxdt+
∫∫

QT

(∇× ~ψ) · ~ENdxdt

=
∫∫

QT

∇× (~ψN − ~ψ) · ~ENdxdt+
∫∫

QT

(∇× ~ψ) · ~Edxdt

+
∫∫

QT

(∇× ~ψ)( ~EN − ~E)dxdt.

As
∣

∣

∣

∣

∫∫

QT

∇× (~ψN − ~ψ) · ~ENdxdt

∣

∣

∣

∣

≤
(
∫∫

QT

|∇(~ψN − ~ψ)|2dxdt
)

1

2 ‖ ~EN‖L2(QT ) → 0,

∣

∣

∣

∣

∫∫

QT

(∇× ~ψ) · ( ~EN − ~E)dxdt
∣

∣

∣

∣

→ 0,

(i) is proved. Similarly (ii) can be proved.
(3) There exists a subsequence {~ZN(x, t)} such that, as N → +∞
(i)

~ZN × ∂ ~ZN

∂xi
→ ~Z × ∂ ~Z

∂xi
weakly-∗ in L

∞(0, T ;L
3

2 (Ω)), (i = 1, 2, 3). (5.1.48)

(ii)



~ZN × ∂ ~ZN

∂xi





xi

→



~Z × ∂ ~Z

∂xi





xi

weakly-∗ in L
2(QT ), (i = 1, 2, 3). (5.1.49)

In fact, for any test function ~ψ(x, t) ∈ C1(QT ), there is

∫∫

QT

(~ZN × ∂ ~ZN

∂xi
− ~Z × ∂ ~Z

∂xi
) · ~ψdxdt

=
∫∫

QT



(~ZN − ~Z) × ∂ ~ZN

∂xi



 · ~ψdxdt

+
∫∫

QT




~Z ×





∂ ~ZN

∂xi
− ∂ ~Z

∂xi







 dxdt.
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Since ~ZN(x, t) is strongly convergent to ~Z(x, t) in L2(QT ) and ∂ ~ZN

∂xi
is weakly con-

vergent to ∂ ~Z
∂xi

in L2(QT ), and ~ZN and ∂ ~ZN

∂xi
are uniformly bounded in L2(QT ) with

respect to N , it is easy to prove that the right-hand side of the above equality is

convergent to zero as N → +∞.

In the following we prove (ii). By Lemma 5.1.1, when α2 > 0, ~ZN ×(∆~ZN + ~HN ) is
uniformly bounded in L2(QT ) with respect to N . Then there exists a vector function
~V (x, t) ∈ L

2(QT ) such that for any test function ~ψ(x, t) ∈ C
1(QT ), there holds

(
∫∫

QT

(~ZN × (∆~ZN + ~HN) · ~ψ)dxdt

−
∫∫

QT

(~V (x, t) + ~ZN × ~HN) · ~ψ(x, t)dxdt
)

→ 0.

On the other hand, as N → +∞,

∫∫

QT

(~ZN × (∆~ZN + ~HN)) · ~ψdxdt

= −
∫∫

QT

(~ZN ×∇~ZN · ∇~ψ + ~ZN × ~HN · ~ψ)dxdt

→ −
∫∫

QT

(~Z ×∇~Z) · ∇~ψdxdt+
∫∫

QT

(~Z × ~H) · ~ψdxdt,

where we have used (i) and the fact that

∣

∣

∣

∣

∫∫

QT

(~ZN × ~HN − ~Z × ~H) · ~ψdxdt
∣

∣

∣

∣

≤
∣

∣

∣

∣

∫∫

QT

(~ZN − ~Z) × ~HN · ~ψdxdt
∣

∣

∣

∣

+

∣

∣

∣

∣

∫∫

QT

~Z × ( ~HN − ~H) · ~ψdxdt
∣

∣

∣

∣

≤
∫ T

0

‖~ZN − ~Z‖5‖ ~HN‖2‖~ψ‖ 10

3

dt+

∣

∣

∣

∣

∫∫

QT

~Z × ( ~HN − ~H) · ~ψdxdt
∣

∣

∣

∣

→ 0, (N → +∞). (5.1.50)

Then

∫∫

QT

~V · ~ψdxdt = −
∫∫

QT

(~Z ×∇~Z) · ∇~ψdxdt,

~Z × ∆~Z = ~V ∈ L
2(QT ).

To prove the existence of the generalized solution it remains to prove

∫∫

QT

~ZN × (∆~ZN + ~HN) · (~ZN × ~ψN )dxdt

→
∫∫

QT

~Z × (∆~Z + ~H) · (~Z × ~ψ)dxdt.
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In fact
∫∫

QT

~ZN × (∆~ZN + ~HN) · (~ZN × ~ψN)dxdt

−
∫∫

QT

~Z × (∆~Z + ~H) · (~Z × ~ψ)dxdt

=
∫∫

QT

[

(~ZN × ∆~ZN) − (~Z × ∆~Z)
]

· ~Z × ~ψdxdt

+
∫∫

QT

[

(~ZN × ∆~ZN) · (~ZN × ~ψN − ~Z × ~ψ)
]

dxdt

+
∫∫

QT

(~ZN × ~HN − ~Z × ~H) · ~Z × ~ψdxdt

+
∫∫

QT

~ZN × ~HN · (~ZN × ~ψN − ~Z × ~ψ)dxdt

= I
N
1

+ I
N
2

+ I
N
3

+ I
N
4
.

By (5.1.49), IN
1

→ 0 as N → ∞. Moreover,

|IN
2
| ≤ ‖~ZN × ∆~ZN‖L2(QT )

(
∫∫

QT

|~ZN × ~ψ − ~Z × ~ψ|2dxdt
)

1

2

≤ C

∫∫

QT

|~ZN × (~ψN − ~ψ) + (~ZN − ~Z) × ~ψ|2dxdt→ 0.

IN
3

→ 0 (N → ∞), which is similar to (5.1.50).

|IN
4
| ≤ ‖ ~HN‖L2(QT )‖~ZN‖L4(QT )‖~ZN × ~ψN − ~Z × ~ψ‖L4(QT ) → 0.

Therefore, by taking N → ∞ in (5.1.43), (5.1.44) and (5.1.45), we obtain the limit
function ~Z(x, t), ~H(x, t), ~E(x, t) satisfying the integral equality (5.1.33)–(5.1.35).

Obviously (5.1.36)–(5.1.38) hold. The generalized solution of the periodic initial value
problem (5.1.1)–(5.1.6) is obtained.

5.1.4 Existence of Solution for the Initial Problem

Note that the above a priori estimates are independent of D. By using the diagonal
method and letting D → ∞, we can get

Theorem 5.1.2 Assume that the conditions of Theorem 5.1.1 hold in R
3. Then for

the initial value problem (5.1.1)–(5.1.4) there exists one generalized solution satisfying

~Z(x, t) ∈ L
∞(0, T ;H1(R3))

⋂

C
(0, 2

3
)

loc
(0, T ;L3(R3)), (α2 > 0),

~H(x, t), ~E(x, t) ∈ L
∞(0, T ;L2(R3))

⋂

C
(0, 1

3
)

loc
(0, T ;H−1(R3)),

~Z(x, t) ∈ L
∞(0, T ;H1(R3))

⋂

C
(0, 1

2
)

loc
(0, T ;H−1(R3)),

~H(x, t), ~E(x, t) ∈ L
∞(0, T ;L2(R3))

⋂

C
(0, 1

3
)

loc
(0, T ;L2(R3)).
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5.2 Global Smooth Solution in One or

Two Dimensions with Small Initial Data

5.2.1 The Problem

In the above subsection, we have obtained the global weak solution to the periodic

initial boundary value problem (5.1.1)–(5.1.6), or Cauchy problem (5.1.1)–(5.1.5) and
(5.1.7) for Landau–Lifshitz–Maxwell equations. When n ≤ 2, in this subsection, we

prove the global existence of smooth solution to the periodic problem (5.1.1)–(5.1.6),
or to the initial (5.1.1)–(5.1.5) and (5.1.7) with small initial data. For this aim we

make the a priori estimates.

5.2.2 A Priori Estimates

Lemma 5.2.1 Let |~Z0(x)| = 1. Then for the smooth solution of the periodic initial

value problem of the system (5.1.1)–(5.1.6)

|~Z(x, t)| = 1, x ∈ Ω, t ≥ 0. (5.2.1)

Proof. Making the scalar product of ~Z with (5.1.1), we get

~Z · ~Zt = 0, |~Z(x, t)|2t = 0.

Then
|~Z(x, t)| = |~Z0(x)| = 1.

Lemma 5.2.2 Assume β ≥ 0, α2 > 0, σ ≥ 0, ∇~Z0(x) ∈ L2(Ω), ~E0(x) ∈ L2(Ω),
~H0(x) ∈ L2(Ω). Then for the smooth solution of the periodic initial value problem of

the system (5.1.1)–(5.1.6)

sup
0≤t≤T

[

‖∇~Z(·, t)‖2

L2(Ω)
+ ‖ ~E(·, t)‖2

L2(Ω)
+ ‖ ~H(·, t)‖2

L2(Ω)

]

≤ K1,

∫ T

0

‖~Z × (∆~Z + ~H)‖2

L2
dt ≤ K2, (5.2.2)

where the constants K1 and K2 depend only on ‖∇~Z0(x)‖L2
, ‖ ~E0(x)‖L2

and

‖ ~H0(x)‖L2
.

Proof. First assume β > 0. Making the scalar product of ~E with (5.1.2), and

making the scalar product of − ~H with (5.1.3), and then adding these two equalities
obtained, we obtain

(∇× ~H) · ~E − (∇× ~E) · ~H =
∂ ~E

∂t
· ~E +

∂ ~H

∂t
· ~H + β

∂ ~Z

∂t
· ~H + σ| ~E|2. (5.2.3)

By using the formula

(∇× ~H) · ~E − (∇× ~E) · ~H = ∇ · ( ~H × ~E), (5.2.4)
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and integrating (5.2.3) over x ∈ Ω, we get

1

2

d

dt

(

‖ ~E‖2

L2
+ ‖ ~H‖2

L2

)

+ σ‖ ~E‖2

L2
+ β

∫

Ω

∂ ~Z

∂t
· ~Hdx = 0. (5.2.5)

Making the scalar product of (∆~Z + ~H) with (5.1.1), we get

(∆~Z + ~H) · ∂
~Z

∂t
= −α2(∆~Z + ~H) · [~Z × (~Z × (∆~Z + ~H))], (5.2.6)

where
−(∆~Z + ~H) · [~Z × (~Z × (∆~Z + ~H))] = |~Z × (∆~Z + ~H)|2. (5.2.7)

Integrating (5.2.6) over x ∈ Ω, one gets

∫

Ω

(∆~Z + ~H) · ∂
~Z

∂t
dx = α2

∫

Ω

|~Z × (∆~Z + ~H)|2dx,

and then

∫

Ω

∂ ~Z

∂t
· ~Hdx = −

∫

Ω

∆~Z · ∂
~Z

∂t
dx + α2

∫

Ω

|~Z × (∆~Z + ~H)|2dx

=
1

2

d

dt
‖∇~Z‖2

L2
+ α2

∫

Ω

|~Z × (∆~Z + ~H)|2dx. (5.2.8)

Adding (5.2.5) and (5.2.8), we obtain

1

2

d

dt
(‖ ~E‖2

L2
+ ‖ ~H‖2

L2
) + σ‖ ~E‖2

L2

+
β

2

d

dt
‖∇~Z‖2

L2
+ βα2‖~Z × (∆~Z + ~H)‖2

L2
= 0. (5.2.9)

Integrating the above equality with respect to t ∈ [0, T ], we have

E(t) ≡ 1

2
(‖ ~E(·, t)‖2

L2
+ ‖ ~H(·, t)‖2

L2
) + σ

∫ t

0

‖ ~E(·, t)‖2

L2
dt

+
β

2
‖∇~Z(·, t)‖2

L2
+ βα2

∫ t

0

‖~Z × (∆~Z + ~H)‖2

L2
dt

= E(0) =
1

2
(‖ ~E0(x)‖2

L2
+ ‖ ~H0(x)‖2

L2
) +

β

2
‖∇~Z0(x)‖2

L2
. (5.2.10)

It follows that the estimate (5.2.2) holds.

Now assume β = 0, then we get

1

2

d

dt
(‖ ~E‖2

L2
+ ‖ ~H‖2

L2
) + σ‖ ~E‖2

L2
= 0.

Therefore,
‖ ~E(·, t)‖2

L2
+ ‖ ~H(·, t)‖2

L2
≤ ‖ ~E0(x)‖2

L2
+ ‖ ~H0(x)‖2

L2
. (5.2.11)
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Note that
∫

Ω

~Z · ~Htdx = −
∫

Ω

∇× ~E · ~Zdx = −
∫

Ω

∇× ~Z · ~Edx. (5.2.12)

Adding (5.2.8) to (5.2.12) yields

d

dt

∫

Ω

~Z · ~Hdx =
1

2

d

dt
‖∇~Z‖2

L2
+ α2

∫

Ω

|~Z × (∆~Z + ~H)|2dx−
∫

Ω

(∇× ~Z, ~E)dx.

So,

‖∇~Z(·, t)‖2

L2
+ 2α2

∫ t

0

‖~Z × (∆~Z + ~H)‖2

L2
dt

≤ 2
∫

Ω

~Z(x, t) · ~H(x, t)dx− 2
∫

Ω

~Z0(x) · ~H0(x)dx

+
∫ t

0

‖∇~Z(·, t)‖2

L2
dt+

∫ t

0

‖ ~E(·, t)‖2

L2
dt

≤ 1

2
‖∇~Z(·, t)‖2

2
+ C

∫ t

0

‖ ~H‖2

2
dt+ C1

≤ C

∫ t

0

‖∇~Z‖2

2
dt+ C2.

From the Gronwall inequality (5.2.2) is proved.

Lemma 5.2.3 (Gagliardo–Nirenberg Inequality) Assume that u ∈ Lq(Ω), Dm
u ∈

Lr(Ω), Ω ⊂ Rn, 1 ≤ q, r ≤ ∞, 0 ≤ j ≤ m. Then

‖Dj
u‖Lp(Ω) ≤ C‖u‖a

W m
r (Ω)

‖u‖1−a
Lq(Ω)

, (5.2.13)

where C is a positive constant, and

1

p
=
j

n
+ a

(

1

r
− m

n

)

+ (1 − a)
1

q
,

j

m
≤ a ≤ 1.

Lemma 5.2.4 Assume that the conditions of Lemmas 5.2.1 and 5.2.2 hold, and
~Z0(x) ∈ H2(Ω), ~E0(x), ~H0(x) ∈ H1(Ω), Ω ⊂ Rn, n = 1, 2. When n = 2, β > 0,
there is a small δ > 0 such that

‖∇~Z0‖2

2
+ ‖ ~E0(x)‖2

2
+ ‖ ~H0(x)‖2

2
≤ δ, (5.2.14)

then

sup
0≤t≤T

[

‖∆~Z(·, t)‖2

2
+ ‖∇ ~H(·, t)‖2

2
+ ‖∇ ~E(·, t)‖2

2

]

+
∫ T

0

‖∇∆~Z‖2

2
dt ≤ K3 (5.2.15)

holds, where K3 depends only on ‖~Z0(x)‖H2(Ω), ‖ ~H0(x)‖H1(Ω) and ‖ ~E0(x)‖H1(Ω).

When β = 0, ~E0(x) ∈ H2(Ω), ~H0(x) ∈ H2(Ω), there are

sup
0≤t≤T

[

‖∆ ~E(·, t)‖2

2
+ ‖∆ ~H(·, t)‖2

2

]

≤ K
′

3
, (5.2.16)

where K ′

3
also depends on ‖∆ ~E0‖2 and ‖∆ ~H0‖2.
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Proof. We know that under the condition |~Z0(x)| = 1, Eq. (5.1.1) in the classic
sense is equivalent to the equation

~Zt = α2∆~Z + α2|∇~Z|2 ~Z + α1
~Z × (∆~Z + ~H) − α2

~Z × (~Z × ~H). (5.2.17)

Making the scalar product of ∆(∆~Z+ ~H) with (5.2.17), and integrating the resulting

equality with respect to x ∈ Ω, we have

1

2

∂

∂t

∫

Ω

|∆~Z|2dx+ α2‖∇∆~Z(·, t)‖2

2
+
∫

Ω

~Zt · ∆ ~Hdx

= −α1

∫

Ω

∇~Z × (∆~Z + ~H) · (∇∆~Z + ∇ ~H)dx

− α2

∫

Ω

(|∇~Z|2∇~Z + 2(∇~Z · ∇2 ~Z)~Z) · (∇∆~Z + ∇ ~H)dx

+ α2

∫

Ω

∇(~Z × (~Z × ~H)) · (∇∆~Z + ∇ ~H)dx+ α2

∫

Ω

∆~Z · ∆ ~Hdx

= −α1

∫

Ω

((∇~Z × ∆~Z) · ∇∆~Z + (∇~Z × ~H) · ∇∆~Z + (∇~Z × ~H) · ∇ ~H)dx

+ α1

∫

Ω

(∇~Z ×∇∆~Z · ~H)dx

− α2

∫

Ω

(|∇~Z|2∇~Z · ∇∆~Z + 2(∇~Z · ∇2 ~Z)~Z · ∇∆~Z

+ |∇~Z|2∇~Z · ∇ ~H + 2(∇~Z · ∆~Z)~Z · ∇ ~H)dx

+ α2

∫

Ω

∇(~Z × (~Z × ~H))(∇∆~Z + ∇ ~H)dx− α2

∫

Ω

∇∆~Z · ∇ ~Hdx

≤ (2α2 + |α1|)‖∇~Z‖∞‖∆~Z‖2‖∇∆~Z‖2 + 2|α1|‖∇~Z‖∞‖ ~H‖2‖∇∆~Z‖2

+ α1‖ ~H‖2‖∇ ~H‖2‖∇~Z‖∞ + α2‖∇~Z‖3

L6
‖∇∆~Z‖2 + α2‖∇~Z‖3

L6
‖∇ ~H‖2

+ 2α2‖∇~Z‖∞‖∆~Z‖2‖∇ ~H‖2 + 2α2‖ ~H‖2‖∇~Z‖∞‖∇∆~Z‖2

+ 2α2‖ ~H‖2‖∇~Z‖∞‖∇ ~H‖2 + α2‖∇ ~H‖2

2
+ α2‖∇ ~H‖2‖∇∆~Z‖2. (5.2.18)

By using Lemma 5.2.3 and interpolation formulas and Poincaré inequality

‖∇~Z‖6

L6
≤ C‖∇∆~Z‖n

2
‖∆~Z‖6−n

2 ,

‖∆~Z‖2

2
≤ C‖∇∆~Z‖2‖∇~Z‖2,

‖∇~Z‖∞ ≤ C‖∇∆~Z‖
n
4

2 ‖∇~Z‖1−
n
4

2 ,

(5.2.19)

where
∫

Ω

∇~Zdx = 0,
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and substituting (5.2.19) into (5.2.18), we get

1

2

∂

∂t

∫

Ω

|∆~Z|2dx+ α2‖∇∆~Z‖2

2
+
∫

Ω

~Zt · ∆ ~Hdx

≤ (2α2 + |α1|)‖∇~Z‖
3

2
−

n
4

2 ‖∇∆~Z‖
3

2
+

n
4

2 + Cα2‖∇~Z‖3−
n
2

2 ‖∇∆~Z‖1+
n
2

2

+ Cα1‖∇~Z‖1−
n
4

2 ‖∇∆~Z‖1+
n
4

2 + Cα2‖∇~Z‖3−
n
2

2 ‖∇∆~Z‖
n
2

2 ‖∇ ~H‖2

+ C|α1|‖∇ ~H‖2‖∇∆~Z‖
n
4

2 ‖∇~Z‖1−
n
4

2

+ Cα2‖∇~Z‖1−
n
4

2 ‖∇∆~Z‖1+
n
4

2 + Cα2‖∇ ~H‖2‖∇∆~Z‖
n
4

2

+ α2‖∇ ~H‖2

2
+ α2‖∇ ~H‖2‖∇∆~Z‖2

≤



















7α2

M
‖∇∆~Z‖2

2
+ C1‖∇ ~H‖2

2
+ d1, n = 1

[

(2α2 + |α1|)‖∇~Z‖2 + Cα2‖∇~Z‖2

2

]

‖∇∆~Z‖2

2

+ 5α2

M
‖∇∆~Z‖2

2
+ C2‖∇ ~H‖2

2
+ d2, n = 2,

(5.2.20)

where Ci and di (i = 1, 2) are the constants independent of t, D and M is a constant

to be chosen later.

Here the inequality (5.2.20) will be discussed for n = 1 and 2, respectively.

(1) For n = 1, letting M = 14, then (5.2.20) yields

1

2

d

dt

∫

Ω

|∆~Z|2dx+
α2

2

∫

Ω

|∇∆~Z|2dx+
∫

Ω

~Zt · ~Hdx ≤ C‖∇ ~H‖2

2
+ d. (5.2.21)

(2) For n = 2, take M = 10. If ‖∇~Z0‖2 + ‖ ~E0(x)‖2 + ‖ ~H0(x)‖2 is small enough,
then by Lemma 5.2.2 there holds

(2α2 + |α1|)‖∇~Z‖2 + Cα2‖∇~Z‖2

2
≤ α2

2
. (5.2.22)

So, (5.2.20) is still true.

Next making the products of ∆ ~E with (5.1.2) and ∆ ~H with (5.1.3), respectively,

and summing the two equalities, and then integrating the resulting equality with
respect to x ∈ Ω, we obtain (β > 0)

1

2

d

dt

∫

Ω

(|∇ ~E|2 + |∇ ~H|2)dx+
σ

β

∫

Ω

|∇ ~E|2dx−
∫

Ω

~Zt · ∆ ~Hdx = 0, (5.2.23)

where
∫

Ω

(∇× ~H · ∆ ~E −∇× ~E · ∆ ~H)dx

= −
∫

Ω

(∇×∇ ~H · ∇ ~E −∇×∇ ~E · ∇ ~H)dx = 0. (5.2.24)
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Combining (5.2.21) with (5.2.23) we have

d

dt

∫

Ω

|∆~Z|2dx+
1

β

d

dt

∫

Ω

(|∇~Z|2 + |∇ ~H|2)dx

+ α2

∫

Ω

|∇∆~Z|2dx ≤ C‖∇ ~H‖2

2
+ d. (5.2.25)

From the Gronwall inequality it follows that (5.2.15) is proved.

When β = 0, by making the products of ∆2 ~E −∆ ~E with (5.1.2) and ∆2 ~H −∆ ~H

with (5.1.3), respectively, and then integrating the resulting equalities with respect
to x ∈ Ω, we obtain

∫

Ω

~Et(∆
2 ~E − ∆ ~E)dx+ σ

∫

Ω

~E(∆2 ~E − ∆ ~E)dx =
∫

Ω

∇× ~H(∆2 ~E − ∆ ~E)dx,

∫

Ω

~Ht(∆
2 ~H − ∆ ~H)dx = −

∫

Ω

∇× ~E(∆2 ~H − ∆ ~H)dx.

It is easy to see that

1

2

d

dt

∫

Ω

(|∆ ~E|2 + |∇ ~E|2 + |∆ ~H|2 + |∇ ~H|2)dx ≤ 0,

i.e. there are

sup
t∈[0,T ]

[

‖∆ ~E(·, t)‖2

2
+ ‖∇ ~E(·, t)‖2

2
+ ‖∆ ~H(·, t)‖2

2
‖∇ ~H(·, t)‖2

2

]

≤ ‖∆ ~E0‖2

2
+ ‖∇ ~E0‖2

2
+ ‖∆ ~H0‖2

2
+ ‖∇ ~H0‖2

2
≤ K

′
. (5.2.26)

Note that

|~Zt|2 = α
2

1
|~Z × (∆~Z + ~H)|2 + α

2

2
|~Z × (~Z × (∆~Z + ~H))|2

≤ (α2

1
+ α

2

2
)|∆~Z + ~H|2 ≤ 2(α1 + α

2

2
)(|∆~Z|2 + | ~H|2),

∣

∣

∣

∣

∫

Ω

~Zt · ∆ ~Hdx

∣

∣

∣

∣

≤ (α2

1
+ α

2

2
)(‖∆~Z‖2

2
+ ‖ ~H‖2

2
) + 2‖∆ ~H‖2

2
.

From (5.2.20) it follows that

1

2

d

dt

∫

Ω

|∆~Z|2dx+
α2

2
‖∇∆~Z‖2

2
≤ C3‖∇∆~Z‖2

2
+ d3. (5.2.27)

By the Gronwall inequality and (5.2.25), we get (5.2.16).
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Lemma 5.2.5 Assume that (~Z(x, t), ~H(x, t), ~E(x, t)) is the smooth solution of the

problem (5.1.1)–(5.1.6). If the conditions of Lemma 5.2.4 hold and ( ~Z0(x), ~H0(x),
~E0(x)) ∈ (Hm(Ω), Hm−1(Ω), Hm−1(Ω)) (m ≥ 2), then for any T > 0,

sup
t∈[0,T ]

[

‖~Z(·, t)‖2

Hm(Ω)
+ ‖ ~H(·, t)‖2

Hm−1(Ω)
+ ‖ ~E(·, t)‖2

Hm−1(Ω)

]

≤ Km, (5.2.28)

where the constant Km is independent of D, Ω ⊂ R
n
, n ≤ 2.

Proof. The lemma will be proved by the induction for m. Obviously, when m = 2,
(5.2.28) is true. Now suppose that (5.2.28) hold for m = K(≥ 2), i.e.

sup
t∈[0,T ]





∑

l≤K−2

‖∇l ~Z‖2

∞
+
∑

l≤K

‖∇l ~Z‖2

2
+

∑

l≤K−1

(‖∇l ~E‖2

2
+ ‖∇l ~H‖2

2
)



 ≤ El. (5.2.29)

We shall prove (5.2.28) holds for m = K + 1.
(1) Making the scalar product of ∆K(∆~Z+ ~H) with (5.2.17), and integrating the

resulting equality with respect to x ∈ Ω, we have

(~Zt,∆
K ~H) +

1

2
(−1)K+1

d

dt

∫

Ω

|∇K+1 ~Z|2dx

= (−1)K
α2

∫

Ω

|∇K+2 ~Z|2dx

+ (−1)K
α1

∫

Ω

∇K(~Z × (∆~Z + ~H))(∇K+2 ~Z + ∇K ~H)dx

+ α2(−1)K
∫

Ω

∇K(|∇~Z|2 ~Z) · (∇K+2 ~Z + ∇K ~H)dx

− α2(−1)K
∫

Ω

∇K(~Z × (~Z × ~H)) · (∇K+2 ~Z + ∇K ~H)dx.

Then

1

2

d

dt

∫

Ω

|∇K+1 ~Z|2dx + α2‖∇K+2 ~Z‖2

2
− (−1)K

∫

Ω

~Zt · ∇K ~Hdx

≤ α2

4
‖∇K+2 ~Z‖2

2
+ C‖∇K ~H‖2

2

+ α
2

1

∫

Ω

|∇K(~Z × (∆~Z + ~H)) − ~Z ×∇K(∆~Z + ~H)|2dx

+ α2

∫

Ω

|∇K(|∇~Z|2 ~Z)|2dx + α2

∫

Ω

|∇K(~Z × (~Z × ~H))|2dx, (5.2.30)

where for the third term on the right-hand side of the inequality (5.2.30)

∇K(~Z × (∆~Z + ~H)) − ~Z ×∇K(∆~Z + ~H)

=
K−1
∑

i=0

C
i
K∇K−i ~Z × (∇i+2 ~Z + ∇i ~H)
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= K∇~Z × (∇K+1 ~Z + ∇K−1 ~H) + ∇K ~Z × (∆~Z + ~H)

+
K−2
∑

i=1

C
i
K∇K−i ~Z × (∇i+2 ~Z + ∇i ~H)

≤ K|∇~Z||∇K+1 ~Z| +K|∇~Z||∇K−1 ~H| + |∇K ~Z||∆~Z|

+ |∇K ~Z|| ~H| + C

K−2
∑

i=1

|∇K−i ~Z||∇i+2 ~Z| + C

K−2
∑

i=1

|∇K−i ~Z||∇i ~H|,

‖∇K((~Z × (∆~Z + ~H)) − ~Z ×∇K(∆~Z + ~H)‖2

2

≤ C1‖∇~Z‖2

∞
‖∇K+1 ~Z‖2

2
+ C2‖∇~Z‖2

∞
+ C3‖∇K ~Z‖2

∞

+ C3

K−2
∑

i=1

‖∇K−i ~Z‖2

∞
‖∇i+2 ~Z‖2

2
+ C4

K−2
∑

i=1

‖∇K−i ~Z‖2

∞
‖∇i ~H‖2

2

≤ C5

[

‖∇K+2 ~Z‖1+
n

K+1

2 + ‖∇K+2 ~Z‖
n

K+1

2 + ‖∇K+2 ~Z‖
n
2

2 + ‖∇K+2 ~Z‖1+
n
3

2

]

+ C6

≤ α2

M
‖∇K+2 ~Z‖2

2
+ C7, (M ≥ 3), (5.2.31)

where the Sobolev interpolation inequality in Lemma 5.2.3 have been used

‖∇l ~Z‖2

∞
≤ C‖∇K+2 ~Z‖

n
2(K+2−l)

2 ‖∇l ~Z‖1−
n

2(K+2−l)

2 , (l ≤ K),

‖∇K+1 ~Z‖2

2
≤ C‖∇K+2 ~Z‖2‖∇K ~Z‖2.

For the fourth term on the right-hand side of the inequality (5.2.30)

∇K(|∇~Z|2 ~Z) =
K
∑

i=0

C
i
K∇i ~Z∇K−i(∇~Z · ∇~Z)

=
K
∑

i=0

K−i
∑

j=0

C
i
KC

j
K−i∇i ~Z(∇K+1−i−j ~Z · ∇j+1 ~Z)

=
K
∑

j=0

C
j
K
~Z(∇K+1−j ~Z,∇j+1 ~Z)

+
K
∑

i=1

K−i
∑

j=0

C
i
KC

j
K−i∇i ~Z(∇K+1−i−j · ∇j+1 ~Z)

= 2~Z(∇K+1 ~Z · ∇~Z) +
K−1
∑

j=1

C
j
K(∇K+1−j ~Z · ∇j+1 ~Z)~Z

+
K
∑

i=1

K−i
∑

j=0

C
i
KC

j
K−i∇i ~Z(∇K+1−i−j ~Z · ∇j+1 ~Z).
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Then

‖∇K(|∇~Z|2 ~Z)‖2

2
≤ 2‖∇~Z‖2

∞
‖∇K+1 ~Z‖2

∞
+ C

K−1
∑

j=1

‖∇K+1−j ~Z‖2

∞
‖∇j+1 ~Z‖2

2

+ C

K
∑

i=1

K−i
∑

j=0

‖∇i ~Z‖2

∞
‖∇j+1 ~Z‖2

∞
‖∇K+1−i−j ~Z‖2

2

≤ C1‖∇K+2 ~Z‖1+
n

K+1

2 + C2(‖∇K ~Z‖2

∞
+ ‖∇K−1 ~Z‖2

∞
)

+ C3

K
∑

i=1

K−i
∑

j=0

‖∇K+2 ~Z‖
n

K+2−i
+

n
K+1−j

2 . (5.2.32)

Notice that

(i) when K ≥ 2, and n ≤ 2, there is 1 + n
K+1

< 2;
(ii) when 1 ≤ i ≤ K and 0 ≤ j ≤ K − i, there is

1

K + 2 − i
+

1

K + 1 − j
<

1

2
+

1

i+ 1
< 2;

(iii) ‖∇K ~Z‖2

∞
≤ C‖∇K ~Z‖2−

n
2

2 ‖∇K+2 ~Z‖
n
2

2 ≤ C‖∇K+1 ~Z‖
n
2

2 ;

(iv) ‖∇K−1 ~Z‖2

∞
≤ C‖∇K+2 ~Z‖

n
3

2 .

From (5.2.32) we obtain

‖∇K(|∇~Z|2 ~Z)‖2

2
≤ α2

M
‖∇K+2 ~Z‖2

2
+ C. (5.2.33)

By the same way we can prove for the last term on the right-hand side of the inequality

(5.2.30)

‖∇K(~Z × (~Z × ~H))‖2

2
≤ α2

M
‖∇K+2 ~Z‖2

2
+ C‖∇K ~H‖2

2
+ C

′
. (5.2.34)

Combining (5.2.30), (5.2.31), (5.2.33), and (5.2.34), and taking M ≥ 3, we get

1

2

d

dt

∫

Ω

|∇K+1 ~Z|2dx− (−1)K
∫

Ω

~Zt · ∆K ~Hdx ≤ C‖∇K ~H‖2

2
+ C

′′
. (5.2.35)

(2) Making the scalar products of ∆K ~E with (5.1.2) and ∆K ~H with (5.1.3), re-
spectively, and integrating the resulting equalities with respect to x ∈ Ω, we have

1

2
(−1)K d

dt

∫

Ω

|∇K ~E|2dx+ (−1)K
σ‖∇K ~E‖2

2
=
∫

Ω

∇× ~H · ∆K ~Edx,

1

2
(−1)K d

dt

∫

Ω

|∇K ~H|2dx+ β

∫

Ω

~Zt · ∆K ~Hdx = −
∫

Ω

∇× ~E · ∆K ~Hdx.

Summing up the two equalities above gives

1

2

d

dt

∫

Ω

(|∇K ~Z|2 + |∇K ~H|2)dx+ σ‖∇K ~E‖2

2
+ (−1)K

β

∫

Ω

~Zt · ∆K ~Hdx

=
∫

Ω

(∇×∇K ~H) · ∇K ~E −∇× (∇K ~E) · ∇K ~H)dx

=
∫

Ω

∇ · (∇K ~H ×∇K ~E)dx = 0. (5.2.36)
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From (5.2.35) and (5.2.36) it follows that

1

2

d

dt

[

∫

Ω

|∇K+1 ~Z|2dx+
1

β

∫

Ω

(|∇K ~Z|2 + |∇K ~H|2)dx
]

≤ C‖∇K ~H‖2

2
+ C

′
.

Then (5.2.28) is true for m = K + 1. The proof of the lemma is complete.

5.2.3 Existence of Global Smooth Solution

By using the following result about the local existence of the smooth solution for

(5.1.1)–(5.1.6) and the a priori estimates of the smooth solution, we can obtain the
global existence of the smooth solution for the problem (5.1.1)–(5.1.6) from the exten-

sion principle.
By the Galerkin method, we can prove

Theorem 5.2.1 (Local existence of the smooth solution) Assume the constants α2 >

0, β ≥ 0, σ ≥ 0, (~Z0(x), ~H0(x), ~E0(x)) ∈ (Hk(Ω), Hk−1(Ω), Hk−1(Ω)) k ≥ 3 +
[

n
3

]

,

n ≤ 2, ∇ · ( ~H0 + β ~Z0) = 0, ∇ · ~E0 = 0. Then the periodic initial value problem

(5.1.1)–(5.1.6) has a local smooth solution

~Z(x, t) ∈ ∩[ k
2
]

s=0W
s
∞

(0, T0;H
k−2s(Ω)),

~H(x, t), ~E(x, t) ∈ ∩k−1

s=0
W

s
∞

(0, T0;H
k−1−s(Ω)).

Remark. From the relations

∇ · ~H0 + β∇ · ~Z0 = 0, ∇ · ~E0 = 0,

we can deduce that

∇ · ~H + β∇ · ~Z = 0, ∇ · ~E = 0.

In fact, by applying the divergence operator ∇· for (5.1.2) and (5.1.3), we get

∂

∂t
∇ · ~E + σ∇ · ~E = 0,

∂

∂t
∇ · ( ~H + β ~Z) = 0,

and so the assertions above hold.
From the Theorem 5.2.1 and a priori estimates in Sec. 5.2.2 it follows that

Theorem 5.2.2 Assume that the constants α2 > 0, β ≥ 0, σ ≥ 0, the initial value

functions (~Z0(x), ~H0(x), ~E0(x)) ∈ (Hk(Ω), Hk−1(Ω), Hk−1(Ω)), k ≥ 3 +
[

n
2

]

, Ω ⊂ Rn

(n ≤ 2) is a bounded domain, and |~Z0(x)| = 1, ∇ · ~E0 = 0, ∇ · ( ~H0 + β ~Z0) = 0.
Moreover, when n = 2, there is

‖∇~Z0‖2 + ‖ ~E0‖2 + ‖ ~H0‖2 ≤ δ,
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where δ is a suitable small constant. Then the periodic problem (5.1.1)–(5.1.6) has

one global smooth solution such that | ~Z(z, t)| = 1, x ∈ Ω, t ∈ R+, and

~Z(x, t) ∈ ∩[ k
2
]

s=0W
s
∞

(0, T ;Hk−2s(Ω)),

~H(x, t) ∈ ∩k−1

s=0
W

s
∞

(0, T ;Hk−1−s(Ω)),

~E(x, t) ∈ ∩k−1

s=0
W

s
∞

(0, T ;Hk−1−s(Ω)).

Noticing that all the constants K of the estimates are independent of the periodic

D, and letting D → ∞, we can obtain the solution of the Cauchy problem.

Theorem 5.2.3 Under the conditions of Theorem 5.2.2, the Cauchy problem

(5.1.1)–(5.1.5) and (5.1.7) has one global smooth solution ~Z(x, t), ~H(x, t), ~E(x, t)

such that

|~Z(x, t)| = 1, ∀ (x, t) ∈ R
n ×R

+
, (n ≤ 2),

∇~Z(x, t) ∈ ∩[ k
2
]

s=0W
s
∞

(0, T ;Hk−1−2s(Ω)),

~H(x, t) ∈ ∩k−1

s=0
W

s
∞

(0, T ;Hk−1−s(Ω)),

~E(x, t) ∈ ∩k−1

s=0
W

s
∞

(0, T ;Hk−1−s(Ω)),

where Ω = R2.

Theorem 5.2.4 Assume that the conditions of Theorem 5.2.2 are satisfied. Then the

global smooth solution for the periodic initial value problem (the Cauchy problem) for

Landau–Lifshitz–Maxwell system is unique.

Proof. Let (~Zi,
~Hi,

~Ei) (i = 1, 2) be the smooth solutions for the problem
(5.1.1)–(5.2.6), or (5.1.1)–(5.1.5) and (5.1.7). Denote

~Z(x, t) = ~Z1(x, t) − ~Z2(x, t),

~H(x, t) = ~H1(x, t) − ~H2(x, t),

~E(x, t) = ~E1(x, t) − ~E2(x, t).

(5.2.37)

Then ~Z(x, t), ~H(x, t) and ~E(x, t) satisfy the following system:

~Zt = α1
~Z × ∆~Z2 + α1

~Z1 × ∆~Z + α1
~Z × ~H2 + α1

~Z1 × ~H + α2∆~Z

+ α2|∇~Z2|2 ~Z + α2(∇~Z · ∇(~Z1 + ~Z2))~Z1 + α2
~H

− α2(~Z2 · ~H2)~Z − α2(~Z2 · ~H + ~H1 · ~Z)~Z1, (5.2.38)

~Et + σ ~E = ∇× ~H, (5.2.39)

~Ht + β ~Zt = −∇× ~E, (5.2.40)

~Z(x, 0) = ~H(x, 0) = ~E(x, 0) = 0. (5.2.41)
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(1) Making the scalar product of ~Z with (5.2.38) and integrating the equality
obtained with respect to x ∈ Ω, we get

1

2

d

dt

∫

Ω

|~Z|2dx+ α2‖∇~Z‖2

2

≤ C(|α1| + α2)(‖∇~Z‖2

2
+ ‖~Z‖2

2
+ ‖ ~H‖2

2
). (5.2.42)

(2) Making the scalar product of ∆~Z with (5.2.38) and integrating the equality

obtained with respect to x ∈ Ω, we get

1

2

d

dt

∫

Ω

|∇~Z|2dx + α2‖∆~Z‖2

2

= −α1

∫

Ω

~Z × ∆~Z2 · ∆~Zdx− α1

∫

Ω

~Z × ~H2 · ∆~Zdx

− α1

∫

Ω

~Z1 × ~H · ∆~Zdx− α2

∫

Ω

|∇~Z2|2 ~Z · ∆~Zdx

− α2

∫

Ω

(∇~Z · (∇(~Z1 + ~Z2))~Z1 · ∆~Zdx+ α2

∫

Ω

~H · ∆~Zdx

+ α2

∫

Ω

(~Z2 · ~H2)~Z · ∆~Zdx+ α2

∫

Ω

(~Z2 · ~H + ~H1 · ~Z)~Z1 · ∆~Zdx. (5.2.43)

Now, we estimate each term on the right-hand side of (5.2.43).
∣

∣

∣

∣

−α1

∫

Ω

~Z × ∆~Z2 · ∆~Zdx

∣

∣

∣

∣

=
∣

∣

∣

∣

α1

∫

Ω

~Z ×∇∆~Z2 · ∇~Zdx

∣

∣

∣

∣

≤ |α1|‖∇∆~Z‖∞‖~Z‖2‖∇~Z‖2 ≤ C|α1|(‖~Z‖2

2
+ ‖∇~Z‖2

2
),

∣

∣

∣

∣

−α1

∫

Ω

~Z × ~H2 · ∆~Zdx

∣

∣

∣

∣

=
∣

∣

∣

∣

α1

∫

Ω

~Z ×∇ ~H2 · ∇~Zdx

∣

∣

∣

∣

≤ |α1|‖∇ ~H2‖∞‖~Z‖2‖∇~Z‖2 ≤ C|α1|(‖~Z‖2

2
+ ‖∇~Z‖2

2
),

∣

∣

∣

∣

−α2

∫

Ω

|∇~Z2|2 ~Z · ∆~Zdx

∣

∣

∣

∣

≤ α2‖∇~Z2‖2

∞
‖~Z‖2‖∆~Z‖2

≤ α2

K
‖∇~Z‖2

2
+ C(K)‖~Z‖2

2
, (K ≥ 6),

∣

∣

∣

∣

−α2

∫

Ω

∇~Z · (∇(~Z1 + ~Z2))~Z1 · ∆~Zdx

∣

∣

∣

∣

≤ α2‖∇(~Z1 + ~Z2)‖∞‖∇~Z‖2‖∆~Z‖2

≤ α2

K
‖∆~Z‖2

2
+ C(K)α2‖∇~Z‖2

2
,

∣

∣

∣

∣

α2

∫

Ω

~H · ∆~Zdx

∣

∣

∣

∣

≤ α2‖ ~H‖2‖∆~Z‖2

≤ α2

K
‖∆~Z‖2

2
+ C(K)α2‖ ~H‖2

2
,

∣

∣

∣

∣

α2

∫

Ω

(~Z2 · ~H2)~Z · ∆~Zdx

∣

∣

∣

∣

≤ α2‖ ~H2‖∞‖~Z‖2‖∆~Z‖2

≤ α2

K
‖∆~Z‖2

2
+ C(K)α2‖~Z‖2

2
,
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∣

∣

∣

∣

α2

∫

Ω

(~Z2 · ~H + ~H1 · ~Z) · ∆~Zdx

∣

∣

∣

∣

≤ α2(‖ ~H‖2‖∆~Z‖2 + ‖ ~H1‖∞‖~Z‖2‖∆~Z‖2)

≤ α2

K
‖∆~Z‖2

2
+ C(K)α2(‖ ~H‖2

2
+ ‖~Z‖2

2
).

Then (5.2.43) can be rewritten as

1

2

d

dt

∫

Ω

|∇~Z|dx+ α2‖∆~Z‖2

2
+ α1

∫

Ω

~Z1 × ~H · ∆~Zdx

≤ 5

K
‖∆~Z‖2

2
+ C(K)α2(‖∇~Z‖2

2
+ ‖~Z‖2

2
+ ‖ ~H‖2

2
)

+ C|α1|(‖~Z‖2

2
+ ‖∇~Z‖2

2
). (5.2.44)

(3) Making the scalar products of ~E with (5.2.39) and ~H with (5.2.40), respec-

tively, and integrating the equalities obtained with respect to x ∈ Ω, and then sum-
ming up the two equations, we get

1

2β

d

dt

∫

Ω

(| ~E|2 + | ~H|2)dx+
σ

β
‖ ~E‖2

2
= −

∫

Ω

~Zt · ~Hdx. (5.2.45)

From (5.2.42), (5.2.44) and (5.2.45) it follows that

1

2

d

dt

∫

Ω

[

| ~E|2 + | ~H|2 +
1

β
(| ~E|2 + | ~H|2)

]

dx+ α2‖∆~Z‖2

2

≤ −
∫

Ω

(~Zt · ~H + α1
~Z × ~H · ∆~Z)dx+

5

K
α2‖∆~Z‖2

2

+ C|α1|(‖∇~Z‖2

2
+ ‖~Z‖2

2
+ ‖ ~H‖2

2
)

+ C(K)α2(‖∇~Z‖2

2
+ ‖~Z‖2

2
+ ‖ ~H‖2

2
). (5.2.46)

(4) Making the scalar product of ~H with (5.2.38), and integrating the equality

obtained with respect to x ∈ Ω, we get

∣

∣

∣

∣

∫

Ω

(~Zt · ~H + α1
~Z1 × ~H · ∆~Z)dx

∣

∣

∣

∣

≤ |α1|
∣

∣

∣

∣

∫

Ω

(~Z × ∆~Z2 + ~Z × ~H2) · ~Hdx
∣

∣

∣

∣

+ α2

∣

∣

∣

∣

∫

Ω

∆~Z · ~Hdx
∣

∣

∣

∣

+ α2

∣

∣

∣

∣

∫

Ω

|∇~Z2|2 ~Z · ~Hdx
∣

∣

∣

∣

+ α2

∣

∣

∣

∣

∫

Ω

(∇~Z · ∇(~Z1 + ~Z2)~Z1 · ~Hdx
∣

∣

∣

∣

+ α2‖ ~H‖2

2
+ α2

∣

∣

∣

∣

∫

Ω

(~Z2 · ~H2)~Z · ~Hdx
∣

∣

∣

∣

+ α2

∣

∣

∣

∣

∫

Ω

(~Z2 · ~H)(~Z1 · ~H)dx

∣

∣

∣

∣

+ α2

∣

∣

∣

∣

∫

Ω

( ~H1 · ~Z)~Z1 · ~Hdx
∣

∣

∣

∣

≤ α2

K
‖∆~Z‖2

2
+ (C(K)α2 + C|α1|)(‖∇~Z‖2

2
+ ‖~Z‖2

2
+ ‖ ~H‖2

2
). (5.2.47)
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Substituting (5.2.47) into (5.2.46), and taking K ≥ 6, we get

d

dt

∫

Ω

[

|∇~Z|2 + |~Z|2 +
1

β
(| ~E|2 + | ~H|2)

]

dx

≤ C(α2 + |α1|)(‖∇~Z‖2

2
+ ‖~Z‖2

2
+ ‖ ~H‖2

2
).

From the Gronwall inequality it follows that ~Z(x, t) = ~H(x, t) = ~E(x, t) ≡ 0,
∀ (x, t) ∈ Ω × (0, T ).

When β = 0, by (5.2.45) we obtain

d

dt
(‖ ~E‖2

2
+ ‖ ~H‖2

2
) + σ‖ ~E‖2

2
= 0.

Then ~E(x, t) ≡ ~H(x, t) ≡ 0. From (5.2.42) and (5.2.44) it follows that ~Z(x, t) ≡ 0.
The proof of the theorem is complete. 2

5.3 Global Smooth Solution to One-Dimensional

L–L–M with Large Data

In Sec. 5.1, we have obtained the global weak solutions to three-dimensional Landau–
Lifshitz–Maxwell equations and, in Sec. 5.2, we proved the existence and uniqueness

of global smooth solution to this system with small initial data. Now we are going
to derive the existence and uniqueness of global smooth solution to this system with

large initial data in one dimension. Especially, we deal with the equations without
Gilbert damping, that is, α2 = 0 in (5.1.1). So it states as follows:

~Zt = α1
~Z × (∆~Z + ~H), (5.3.1)

∇× ~H =
∂ ~E

∂t
+ σ ~E, (5.3.2)

∇× ~E = −∂
~H

∂t
− β

∂ ~Z

∂t
, (5.3.3)

∇ · ~H + β∇ · ~Z = 0, ∇ · ~E = 0, (5.3.4)

with the periodic initial value condition:

~Z(x + 2D, t) = ~Z(x, t), ~H(x + 2D, t) = ~H(x, t),

~E(x+ 2D, t) = ~E(x, t), (x ∈ R, t ≥ 0) (5.3.5)

~Z(x, 0) = ~Z0(x), ~H(x, 0) = ~H0(x), ~E(x, 0) = ~E0(x), (x ∈ R), (5.3.6)

where D > 0; or with the initial value condition:

~Z(x, 0) = ~Z0(x), ~H(x, 0) = ~H0(x), ~E(x, 0) = ~E0(x), x ∈ R. (5.3.7)
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5.3.1 Viscosity Vanishing Method

In one space dimension we shall prove the existence of the global smooth solution of

the periodic problem (5.3.1)–(5.3.6) or the initial problem (5.3.1)–(5.3.4) and (5.3.7)
by the viscosity vanishing method. It means that we approximate (5.3.1) by an

equation with viscosity term of small parameter, i.e. the following periodic initial
value problem is considered:

~Zt = α1
~Z × (∆~Z + ~H) − ε~Z × (~Z × (∆~Z + ~H)), (5.3.8)

∇× ~H =
∂ ~E

∂t
+ σ ~E, (5.3.9)

∇× ~E = −∂
~H

∂t
− β

∂ ~Z

∂t
, (5.3.10)

∇ · ~H + β∇ · ~Z = 0, ∇ · ~E = 0, (5.3.11)

~Z(x + 2D, t) = ~Z(x, t), ~H(x + 2D, t) = ~H(x, t),

~E(x+ 2D, t) = ~E(x, t), (x ∈ R, t ≥ 0) (5.3.12)

~Z(x, 0) = ~Z0(x), ~H(x, 0) = ~H0(x), ~E(x, 0) = ~E0(x), (x ∈ R) (5.3.13)

and the a priori estimate independent of ε is proved, then the solution of the problem

(5.3.1)–(5.3.6) is obtained as ε→ 0.

Lemma 5.3.1 Let |~Z0(x)| = 1. Then for the smooth solution of the periodic initial

value problem (5.3.8)–(5.3.13) there holds

|~Z(x, t)| = 1, x ∈ Ω ≡ [0, 2D], t ≥ 0. (5.3.14)

Proof. Making the scalar product of ~Z with (5.3.8), we get

∂

∂t
|~Z(x, t)|2 = 0.

Then the conclusion of the lemma is proved.

Lemma 5.3.2 Assume β ≥ 0, σ ≥ 0, ∇~Z0(x) ∈ L2(Ω), ~E0(x) ∈ L2(Ω),
~H0(x) ∈ L2(Ω). Then for the smooth solution of the periodic initial value problem

(5.3.8)–(5.3.13)

sup
0≤t≤T

[

‖∇~Z(·, t)‖2

2
+ ‖ ~E(·, t)‖2

2
+ ‖ ~H(·, t)‖2

2

]

≤ K1,

ε

∫ T

0

‖~Z × (∆~Z + ~H)‖2

2
dt ≤ K2,

(5.3.15)

where the constants K1 and K2 depend only on ‖∇~Z0(x)‖2, ‖ ~E0(x)‖2 and ‖ ~H0(x)‖2,

but not on ε and D.
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Proof. First assume β > 0. Making the scalar product of ~E with (5.3.9), and
making the scalar product of − ~H with (5.3.10), and then adding these two equalities

obtained, we have

(∇× ~H) · ~E − (∇× ~E) · ~H =
∂ ~E

∂t
· ~E + σ| ~E|2 +

∂ ~H

∂t
· ~H + β

∂ ~Z

∂t
· ~H. (5.3.16)

By using the formula

(∇× ~H) · ~E − (∇× ~E) · ~H = ∇ · ( ~H × ~E), (5.3.17)

and integrating (5.3.16) over x ∈ Ω, we get

1

2

d

dt

(

‖ ~E‖2

2
+ ‖ ~H‖2

2

)

+ σ‖ ~E‖2

2
+ β

∫

Ω

∂ ~Z

∂t
· ~Hdx = 0. (5.3.18)

Making the scalar product of (∆~Z + ~H) with (5.3.8), we get

(∆~Z + ~H) · ∂
~Z

∂t
= −ε(∆~Z + ~H) · [~Z × (~Z × (∆~Z + ~H))], (5.3.19)

where

−(∆~Z + ~H) · [~Z × (~Z × (∆~Z + ~H))] = |~Z × (∆~Z + ~H)|2. (5.3.20)

From integrating (5.3.19) over x ∈ Ω it follows that

∫

Ω

(∆~Z + ~H) · ∂
~Z

∂t
dx = ε

∫

Ω

|~Z × (∆~Z + ~H)|2dx,

and then
∫

Ω

∂ ~Z

∂t
· ~Hdx = −

∫

Ω

∆~Z · ∂
~Z

∂t
dx + ε

∫

Ω

|~Z × (∆~Z + ~H)|2dx

=
1

2

d

dt
‖∇~Z‖2

2
+ ε

∫

Ω

|~Z × (∆~Z + ~H)|2dx. (5.3.21)

By adding (5.3.18) and (5.3.21) we obtain

1

2

d

dt
(‖ ~E‖2

2
+ ‖ ~H‖2

2
) + σ‖ ~E‖2

2

+
β

2

d

dt
‖∇~Z‖2

2
+ βε‖~Z × (∆~Z + ~H)‖2

2
= 0. (5.3.22)

Integrating the above equality with respect to t ∈ [0, T ], we have

E(t) ≡ 1

2
(‖ ~E(·, t)‖2

2
+ ‖ ~H(·, t)‖2

2
) + σ‖ ~E(·, t)‖2

2

+
β

2
‖∇~Z(·, t)‖2

2
+ βε

∫ t

0

‖~Z × (∆~Z + ~H)‖2

2
dt

= E(0) =
1

2
(‖ ~E0(x)‖2

2
+ ‖ ~H0(x)‖2

2
)

+ σ‖ ~E0(x)‖2

2
+
β

2
‖∇~Z0(x)‖2

2
. (5.3.23)
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It follows that the estimate (5.3.15) holds. Now assume β = 0. Then Eq. (5.3.10)
becomes

∇× ~E = −∂
~H

∂t
.

Combining the equality above with the equation (5.3.9), we get

1

2

d

dt
(‖ ~E‖2

2
+ ‖ ~H‖2

2
) + σ‖ ~E‖2

2
= 0.

Therefore,

‖ ~E(·, t)‖2

2
+ ‖ ~H(·, t)‖2

2
≤ ‖ ~E0(x)‖2

2
+ ‖ ~H0(x)‖2

2
. (5.3.24)

Note that
∫

Ω

~Z · ~Htdx = −
∫

Ω

∇× ~E · ~Zdx = −
∫

Ω

∇× ~Z · ~Edx. (5.3.25)

Adding (5.3.21) and (5.3.25) yields

d

dt

∫

Ω

~Z · ~Hdx =
1

2

d

dt
‖∇~Z‖2

2
+ ε‖~Z × (∆~Z + ~H)‖2

2
−
∫

Ω

(∇× ~Z) · ~Edx.

So,

‖∇~Z(·, t)‖2

2
+ 2ε

∫ t

0

‖~Z × (∆~Z + ~H)‖2

2
dt

≤ 2
∫

Ω

~Z(x, t) · ~H(x, t)dx− 2
∫

Ω

~Z0(x) · ~H0(x)dx

+
∫ t

0

‖∇~Z(·, t)‖2

2
dt +

∫ t

0

‖ ~E(·, t)‖2

2
dt

≤ 1

2
‖∇~Z(·, t)‖2

2
+ C

∫ t

0

‖∇~Z(·, t)‖2

2
dt+ C1

≤ C

∫ t

0

‖∇~Z(·, t)‖2

2
dt + C2.

From the Gronwall inequality (5.3.15) is proved.

Lemma 5.3.3 Assume that the conditions of Lemmas 5.3.1 and 5.3.2 hold, and
~Z0(x) ∈ H

2(Ω), ~E0(x), ~H0(x) ∈ H
1(Ω). Then there holds

sup
0≤t≤T

[

‖∆~Z(·, t)‖2

2
+ ‖∇ ~H(·, t)‖2

2
+ ‖∇ ~E(·, t)‖2

2

]

≤ K3, (5.3.26)

sup
0≤t≤T

[

‖~Zt(·, t)‖2

2
+ ‖ ~Ht(·, t)‖2

2
+ ‖ ~Et(·, t)‖2

2

]

≤ K4, (5.3.27)

where K3 and K4 depend only on ‖~Z0(x)‖H2(Ω), ‖ ~H0(x)‖H1(Ω) and ‖ ~E0(x)‖H1(Ω), but

not on ε and D.
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Proof. The proof of this lemma is longer than others. In the following the con-
stants Ci, dj, C, d are the constants independent of ε and D. First, by the argument

used in [20], we can prove that under the condition |~Z0(x)| = 1, Eq. (5.3.8) in the
classic sense is equivalent to the equation

~Zt = α1
~Z × (∆~Z + ~H) + ε∆~Z + ε|∇~Z|2 ~Z − ε(~Z · ~H)~Z + ε ~H. (5.3.28)

Differentiating (5.3.28) with respect to t we get

~Ztt = α1
~Zt × (∆ + ~H) + α1

~Z × (∆~Zt + ~Ht) + ε∆~Zt + ε|∇~Z|2t ~Z
+ ε|∇~Z|2 ~Zt − ε(~Z · ~H)t

~Z − ε(~Z · ~H)~Zt + ε ~Ht. (5.3.29)

(I) Making the scalar product of ~Zt with the above equality, and integrating the

resulting equality with respect to x ∈ Ω, we have

1

2

d

dt

∫

Ω

|~Zt|2dx+ ε‖∇~Zt‖2

2

= α1

∫

Ω

~Z × ∆~Zt · ~Ztdx + α1

∫

Ω

~Z × ~Ht · ~Ztdx+ ε

∫

Ω

~Ht · ~Ztdx

+ ε

∫

Ω

|∇~Z|2|~Zt|2dx− ε

∫

Ω

(~Z · ~H)|~Zt|2dx. (5.3.30)

By using the Sobolev inequality in Lemma 5.3.3, we estimate each term at the right-

hand side of (5.3.30) except the first term.
(i)

∣

∣

∣

∣

α1

∫

Ω

~Z × ~Ht · ~Ztdx

∣

∣

∣

∣

=

∣

∣

∣

∣

−α1

∫

Ω

~Z × (∇× ~E) · ~Ztdx

∣

∣

∣

∣

≤ C

(

‖∇ ~E‖2

2
+ ‖~Zt‖2

2

)

,

(ii)
∣

∣

∣

∣

ε

∫

Ω

~Ht · ~Ztdx

∣

∣

∣

∣

=

∣

∣

∣

∣

−εβ
∫

Ω

|~Zt|2dx− ε

∫

Ω

∇× ~E · ~Ztdx

∣

∣

∣

∣

≤ C

(

‖∇ ~E‖2

2
+ ‖~Zt‖2

2

)

,

(iii)

ε

∫

Ω

|∇~Z|2|~Zt|2dx ≤ ε‖∇~Z‖2

2
‖~Zt‖2

∞
≤ Cε‖∇~Zt‖2‖~Zt‖2

≤ ε

K
‖∇~Zt‖2

2
+ C‖~Zt‖2

2
, K is a constant to be chosen later,

(iv)
∣

∣

∣

∣

−ε
∫

Ω

(~Z · ~H)|~Zt|2dx
∣

∣

∣

∣

≤ ε‖ ~H‖2‖~Zt‖2

4
≤ Cε‖ ~H‖2‖~Zt‖

3

2

2 ‖∇~Zt‖
1

2

2

≤ ε

K
‖∇~Zt‖2

2
+ C‖~Zt‖2

2
. (5.3.31)
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(II) To estimate the first term on the right-hand side of (5.3.30), we apply the
operator ∆ to (5.3.28) and obtain

∆~Zt = α1(~Z × ∆2 ~Z + 2∇~Z ×∇∆~Z + ∆~Z × ~H + 2∇~Z ×∇ ~H + ~Z × ∆ ~H)

+ ε

(

∆2 ~Z + |∇~Z|2∆~Z + 2|∆~Z|2 ~Z

+ 2(∇~Z · ∇∆~Z)~Z + 4(∇~Z · ∆~Z)∇~Z + ∆ ~H

− (~Z · ~H)∆~Z − 2(∇~Z · ~H)∇~Z − 2(~Z · ∇ ~H)∇~Z

)

. (5.3.32)

Making the cross product of ~Z with the equality above, and making the scalar
products of ~Zt with the resulting equality, and then using ~Z · ~Zt = 0, ∇~Z · ~Z = 0, and
~Z · ∆~Z = −|∇~Z|2, we obtain

α1
~Z × ∆~Zt · ~Zt = α

2

1
(−∆2 ~Z · ~Zt + 2(~Z · ∇3 ~Z)(∇~Z · ~Zt)

+ ~Z × (∆~Z + ~H) · ~Zt − ∆ ~H · ~Zt + 2(~Z · ∇ ~H)(∇~Z · ~Zt)

+ α1ε

[

~Z × ∆2 ~Z · ~Zt + |∇~Z|2 ~Z × ∆~Z · ~Zt

+ 4(∇~Z · ∇2 ~Z)~Z×∆~Z · ~Zt + ~Z×∆ ~H · ~Zt − (~Z · ~H)~Z×∆~Z · ~Zt

− 2(∇~Z · ~H)~Z ×∇~Z · ~Zt − 2(~Z · ∇ ~H)~Z ×∇~Z · ~Zt

]

. (5.3.33)

We estimate each term on the right-hand side of (5.3.32) except the fourth term,
−∆ ~H · ~Zt.

(1)

−α2

1

∫

Ω

∆2 ~Z · ~Ztdx = −α
2

1

2

d

dt

∫

Ω

|∆~Z|2dx.

(2) Since ~Z · ∇3 ~Z = −3

2
∇(|∇~Z|2), we have

2α2

1

∫

Ω

(~Z · ∇3 ~Z)(∇~Z · ~Zt)dx

= −3α2

1

∫

Ω

∇(|∇~Z|2)(∇~Z · ~Zt)dx

= 3α2

1

∫

Ω

|∇~Z|2(∇~Z · ∇~Zt)dx+ 3α2

1

∫

Ω

|∇~Z|2∆~Z · ~Ztdx

=
3

4
α

2

1

(

∫

Ω

|∇~Z|4dx
)

t

+ 3α2

1

∫

Ω

|∇~Z|2∆~Z · [ε|∇~Z|2 ~Z

+ ε∆~Z + α1
~Z × ~H − ε~Z × (~Z × ~H)]dx

≤ 3

4
α

2

1

(
∫

Ω

|∇~Z|4dx
)

t
− 3α2

1
ε

∫

Ω

|∇~Z|6dx

+ 3Cα2

1
ε‖∇~Z‖2+

1

2

2 ‖∇∆~Z‖1+
1

2

2 + C‖∇~Z‖2‖ ~H‖2‖∆~Z‖2

2

≤ 3

4
α

2

1

(
∫

Ω

|∇~Z|4dx
)

t
− 3α2

1
ε

∫

Ω

|∇~Z|6dx

+
ε

K
‖∇∆~Z‖2

2
+ C3‖∆~Z‖2

2
+ d.
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(3)

α
2

1

∫

Ω

~Z × (∆~Z + ~H) · ~Ztdx

= α
2

1

∫

Ω

(~Z · ~H)(∆~Z · ~Zt)dx+ α
2

1

∫

Ω

|∇~Z|2 ~Zt · ~Hdx

= α
2

1

∫

Ω

(~Z · ~H)∆~Z · (α1
~Z × ~H + ε∆~Z + ε|∇~Z|2 ~Z − ε~Z × (~Z × ~H))dx

+ α
2

1

∫

Ω

|∇~Z|2 ~Zt · ~Hdx

≤ α
3

1
‖∆~Z‖2‖ ~H‖2

4
+ εα

2

1
‖ ~H‖2(‖∆~Z‖2

4
+ ‖∇~Z‖4

8
)

+ α
2

1
ε‖∆~Z‖2‖ ~H‖2

4
+ α

2

1
‖ ~H‖2‖~Zt‖2‖∇~Z‖2

∞

≤ C‖∆~Z‖2‖∇ ~H‖
1

2

2 + Cε(‖∇∆~Z‖
10

8

2 + ‖∇∆~Z‖
3

4

2 ) + C‖~Zt‖2‖∆~Z‖2

≤ ε

K
‖∇∆~Z‖2

2
+ C1‖∆~Z‖2

2
+ C2‖~Zt‖2

2
+ C3‖∇ ~H‖2

2
+ d1

≤ ε

K
‖∇∆~Z‖2

2
+ C4‖∆~Z‖2

2
+ C3‖∇ ~H‖2

2
+ d2.

(4)

2α2

1

∫

Ω

(~Z · ∇ ~H)(∆~Z · ~Zt)dx

= 2α2

1

∫

Ω

(∇ · (~Z · ~H) −∇~Z · ~H)(∆~Z · ~Zt)dx

= −2α2

1

∫

Ω

(~Z · ~H)∇~Z · ∆~Ztdx− 2α2

1

∫

Ω

(~Z · ~H)∆~Z · ~Ztdx

− 2α2

1

∫

Ω

(∇~Z · ~H)∇~Z · ~Ztdx

=
(

−α2

1

∫

Ω

(~Z · ~H)|∇~Z|2dx
)

t
+ α

2

1

∫

Ω

(~Zt · ~H + ~Z · ~Ht)|∇~Z|2dx

− 2α2

1

∫

Ω

[

(~Z · ~H)∆~Z · ~Zt + (∇~Z · ~H)(∇~Z · ~Zt)
]

dx.

From (3) and
~Z · ~Ht = −β ~Z · ~Zt − ~Z · ∇ × ~E = −~Z · ∇ × ~E,

it follows that

2α2

1

∫

Ω

(~Z · ∇ ~H)(∆~Z · ~Zt)dx

≤
(

−α2

1

∫

Ω

(~Z · ~H)|∇~Z|2dx
)

t
+ α

2

1
(‖∇~Z‖2

∞
‖ ~H‖2‖~Zt‖2 + ‖∇~Z‖2‖∇~Z‖2

4
)

+
ε

K
‖∇∆~Z‖2

2
+ C3‖∇~Z‖2

2
+ C4‖∇ ~H‖2

2
+ d2

≤
(

−α2

1

∫

Ω

(~Z · ~H)|∇~Z|2dx
)

t

+
ε

K
‖∇∆~Z‖2

2
+ C(‖∆~Z‖2

2
+ ‖∇ ~H‖2

2
+ ‖∇ ~E‖2

2
) + d,

where the constants C and d are independent of ε and D.
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(5)

α1ε

∫

Ω

~Z × ∆2 ~Z · ~Ztdx

= α1ε

∫

Ω

∇3 ~Z · ~Z ×∇~Ztdx+ α1ε

∫

Ω

∇3 ~Z · ∇~Z × ~Ztdx.

Note that

∇~Zt = ε∇∆~Z + ε|∇~Z|2∇~Z + 2ε(∇~Z · ∆~Z)~Z + α1∇~Z × ∆~Z

+ α1
~Z ×∇∆~Z + α1∇(~Z × ~H) − ε∇(~Z × (~Z × ~H)). (5.3.34)

Then

α1ε

∫

Ω

~Z × ∆2 ~Z · ~Ztdx

= α1ε

∫

Ω

∇3 ~Z × ~Z ·
[

ε∇3 ~Z + ε|∇~Z|2∇~Z − ε∇(~Z × (~Z × ~H))

+ α1∇(~Z × ~H) + α1
~Z ×∇3 ~Z + α1∇~Z × ∆~Z

]

dx+ α1ε

∫

Ω

∇3 ~Z · ∇~Z × ~Ztdx

≤ −α2

1
ε‖∇3 ~Z × ~Z‖2

2
+ C1ε‖∇∆~Z‖2(‖∇~Z‖3

6
+ ‖∇~Z‖∞ + ‖∇ ~H‖2)

+ C1ε‖∇∆~Z‖2‖∇~Z‖∞(‖∆~Z‖2 + ‖~Zt‖2)

≤ −α2

1
ε‖∇3 ~Z × ~Z‖2

2
+ C2ε(‖∇∆~Z‖1+

1

2

2 + ‖∇∆~Z‖
5

4

2

+ ‖∇∆~Z‖
7

4

2 + ‖∇∆~Z‖2‖∇ ~H‖2)

≤ −α2

1
ε‖∇3 ~Z × ~Z‖2

2
+

ε

K
‖∇∆~Z‖2

2
+ C‖∇ ~H‖2

2
+ d.

(6)

∣

∣

∣

∣

α1ε

∫

Ω

|∇~Z|2 ~Z × ∆~Z · ~Ztdx

∣

∣

∣

∣

≤ |α1|ε‖∇~Z‖2

∞
‖∆~Z‖2‖~Zt‖2

≤ C1ε‖∇~Z‖2

∞
‖∆~Z‖2

2
+ C1ε‖∇~Z‖2

∞
‖∆~Z‖2‖ ~H‖2

≤ C2ε(‖∇∆~Z‖
3

2

2 + ‖∇∆~Z‖2)

≤ ε

K
‖∇∆~Z‖2

2
+ d.

(7) By (6) we have

∣

∣

∣

∣

4α1ε

∫

Ω

(∇~Z · ∇2 ~Z)~Z × ∆~Z · ~Ztdx

∣

∣

∣

∣

≤ 4|α1|ε‖∇~Z‖2

∞
‖∆~Z‖2‖~Zt‖2

≤ ε

K
‖∇∆~Z‖2

2
+ d.
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(8)

∣

∣

∣

∣

α1ε

∫

Ω

~Z × ∆ ~H · ~Ztdx

∣

∣

∣

∣

=

∣

∣

∣

∣

α1ε

∫

Ω

∇ ~H · (∇~Z × ~Zt + ~Z ×∇~Zt)dx

∣

∣

∣

∣

≤ |α1|ε(‖∇ ~H‖2‖~Zt‖2‖∇~Z‖∞ + ‖∇ ~H‖2‖∇~Zt‖2)

≤ C1ε

[

‖∇ ~H‖2‖∆~Z‖2‖∇~Z‖∞ + ‖∇ ~H‖2(‖∇~Z‖∞ + ‖∇~Zt‖2)
]

≤ C2ε‖∇ ~H‖2(‖∇∆~Z‖
3

4

2 + ‖∇∆~Z‖
1

4

2 + ‖∇~Zt‖2)

≤ ε

K
‖∇∆~Z‖2

2
+

ε

K
‖∇~Zt‖2

2
+ C‖∇ ~H‖2

2
+ d.

(9)

∣

∣

∣

∣

−α1ε

∫

Ω

(~Z · ~H)~Z × ∆~Z · ~Ztdx

∣

∣

∣

∣

≤ |α1|ε‖ ~H‖∞‖∆~Z‖2‖~Zt‖2

≤ C1ε‖∇ ~H‖
1

2

2 (‖∆~Z‖2

2
+ ‖∆~Z‖2)

≤ C2ε‖∇ ~H‖
1

2

2 (‖∇∆~Z‖2 + ‖∇∆~Z‖
1

2

2 )

≤ ε

K
‖∇∆~Z‖2

2
+ C‖∇ ~H‖2

2
+ d.

(10)

∣

∣

∣

∣

−2α1ε

∫

Ω

(∇~Z · ~H)~Z ×∇~Z · ~Ztdx

∣

∣

∣

∣

≤ 2|α1|ε‖∇~Z‖2

∞
‖ ~H‖2‖~Zt‖2

≤ C1ε‖∆~Z‖2‖~Zt‖2

≤ C2ε(‖∆~Z‖2

2
+ ‖∆~Z‖2) ≤ C‖∆~Z‖2

2
+ d.

(11)

∣

∣

∣

∣

−2α1ε

∫

Ω

(~Z · ∇ ~H)~Z ×∇~Z · ~Ztdx

∣

∣

∣

∣

≤ 2|α1|ε‖∇~Z‖∞‖∇ ~H‖2‖~Zt‖2

≤ C1ε‖∇ ~H‖2‖∆~Z‖
1

2

2 (‖∆~Z‖2 + ‖ ~H‖2)

≤ C2ε‖∇ ~H‖2‖∆~Z‖
1

2

2 + C3ε‖∇ ~H‖2‖∇∆~Z‖
3

4

2

≤ ε

K
‖∇∆~Z‖2

2
+ C(‖∇ ~H‖2

2
+ ‖∆~Z‖2

2
) + d.
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Combining the results of (1)–(11) and using (5.3.31) we have

α1

∫

Ω

~Z × ∆~Zt · ~Ztdx

≤ −α2

1

∫

Ω

~Zt · ∆ ~Hdx− α2

1

2

(
∫

Ω

|∆~Z|2dx
)

t

+
(

3

4
α

2

1

∫

Ω

|∇~Z|4dx− α
2

1

∫

Ω

(~Z · ~H)|∇~Z|2dx
)

t

− 3α2

1
ε‖∇~Z‖6

6
− α

2

1
ε‖∇3 ~Z × ~Z‖2

2

+
9ε

K
‖∇∆~Z‖2

2
+

ε

K
‖∇~Zt‖2

2

+ C(‖∆~Z‖2

2
+ ‖∇ ~H‖2

2
+ ‖∇ ~E‖2

2
) + d. (5.3.35)

Substituting (5.3.35) into (5.3.30) we get

1

2

(
∫

Ω

(|~Zt|2 + α
2

1
|∆~Z|2)dx

)

t
+
(
∫

Ω

(2α2

1
(~Z · ~H)|∇~Z|2 − 3

2
α

2

1
|∇~Z|4)dx

)

t

+ ε‖∇~Zt‖2

2
+ α

2

1

∫

Ω

~Zt · ~Hdx+ α
2

1
ε

∫

Ω

(3|∇~Z|6 + |∇3 ~Z × ~Z|2)dx

≤ 9ε

K
‖∇∆~Z‖2

2
+

3ε

K
‖∇~Zt‖2

2
+ C0(‖∆~Z‖2

2
+ ‖∇ ~H‖2

2
+ ‖∇ ~E‖2

2
) + d0. (5.3.36)

Moreover, from (5.3.28)

~Z ×∇~Zt = ε~Z ×∇∆~Z + ε|∇~Z|2 ~Z ×∇~Z + α1
~Z × (∇~Z × ∆~Z) − α1∇∆~Z

+ α1(~Z · ∇3 ~Z)~Z + α1
~Z ×∇(~Z × ~H) − ε~Z ×∇(~Z × (~Z × ~H)).

Then, by ~Z · ∇3 ~Z = −3∇~Z · ∆~Z and the equality above, we have

|α1||∇∆~Z| ≤ |∇~Zt| + ε|∇∆~Z| + ε|∇~Z|3 + 4|α1||∇~Z||∆~Z|
+ (|α1| + ε)(|∇~Z|| ~H| + |∇ ~H|).

Take ε < |α1|

2
. The above inequality yields

|α1||∇∆~Z| ≤ C(|∇~Zt| + |∇~Z||∆~Z| + |∇~Z|| ~H| + |∇ ~H|).

Therefore,

|α1|‖∇∆~Z‖2 ≤ C‖∇~Zt‖2 + C‖∇~Z‖∞(‖∆~Z‖2 + ‖ ~H‖2) + C‖∇ ~H‖2

≤ C‖∇~Zt‖2 + C1(‖∇∆~Z‖
3

4

2 + ‖∇∆~Z‖
1

4

2 ) + C‖∇ ~H‖2

≤ |α1|
2

‖∇∆~Z‖2 + C(‖∇~Zt‖2 + ‖∇ ~H‖2) + d,

and it follows that

‖∇∆~Z‖2 ≤ C0(‖∇~Zt‖2 + ‖∇ ~H‖2) + d0. (5.3.37)
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Substituting (5.3.37) into (5.3.36) and choosing K ≥ 9C2

0
+ 3, we obtain

d

dt

∫

Ω

(|~Zt(·, t)|2 + α
2

1
|∆~Z(·, t)|2)dx

+
d

dt

∫

Ω

[

2α2

1
(~Z · ~H)|∇~Z|2 − 3

2
α

2

1
|∇~Z|4

]

dx + 2α2

1

∫

Ω

~Zt · ~Hdx

≤ C(‖∆~Z‖2

2
+ ‖∇ ~H‖2

2
+ ‖∇ ~E‖2

2
) + d. (5.3.38)

(III) In the case of β > 0, we make the scalar products of ∆ ~E with (5.3.9) and

∆ ~H with (5.3.10), respectively, and then get

1

2β

d

dt

∫

Ω

(|∇ ~E|2 + |∇ ~H|2)dx+
σ

β
‖∇ ~E‖2

2
=
∫

Ω

~Zt · ~Hdx. (5.3.39)

In the case of β = 0, from (5.3.9) and (5.3.10) it follows that

‖ ~H(·, t)‖2

H1(Ω)
+ ‖ ~E(·, t)‖2

H1(Ω)
≤ ‖ ~H0(x)‖2

H1(Ω)
+ ‖ ~E0(x)‖2

H1(Ω)
. (5.3.40)

(1) Substituting (5.3.39) into (5.3.38) we get

d

dt

∫

Ω

[

|~Zt|2 + α
2

1
|∆~Z|2 +

α2

1

β
(|∇ ~E|2 + |∇ ~H|2)

]

dx

+
d

dt

∫

Ω

[

2α2

1
(~Z · ~H)|∇~Z|2 − 3

2
α

2

1
|∇~Z|4

]

dx

≤ C(‖∆~Z‖2

2
+ ‖∇ ~H‖2

2
+ ‖∇ ~E‖2

2
) + d. (5.3.41)

Denote

A(t) = ‖~Zt(·, t)‖2

2
+ ‖∆~Z(·, t)‖2

2
+
α2

1

β
(‖∇ ~E(·, t)‖2

2
+ ‖∇ ~H(·, t)‖2

2
)

= α
2

1
‖~Z × (∆~Z + ~H)‖2

2
+ ε

2‖~Z × (~Z × (∆~Z + ~H))‖2

2

+ ‖∆~Z‖2

2
+
α2

1

β
(‖∇ ~E‖2

2
+ ‖∇ ~H‖2

2
),

B(t) =
∫

Ω

[

2α2

1
(~Z · ~H)|∇~Z|2 − 3

2
α

2

1
|∇~Z|4

]

dx.

Integrating (5.3.41) over (0, t) (0 < t ≤ T ), we get

A(t) +B(t) ≤ A(0) +B(0) + C

∫ t

0

(‖∆~Z(·, t)‖2

2
+ ‖∇ ~H(·, t)‖2

2
+ ‖∇ ~E(·, t)‖2

2
)dt

and

A(t) ≤ A(0) +B(0) + |B(t)| +
∫ t

0

(‖∆~Z‖2

2
+ ‖∇ ~H‖2

2
+ ‖∇ ~E‖2

2
)dt. (5.3.42)
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Note that

|B(t)| ≤ 2α2

1

∫

Ω

| ~H||∇~Z|2dx+
3

2
α

2

1

∫

Ω

|∇~Z|4dx

≤ C1‖ ~H‖∞ + C2‖∇~Z‖4

4

≤ |α1|2
2

‖∆~Z‖2

2
+
α2

1

2β
‖∇ ~H‖2

2
+ d1. (5.3.43)

Substituting (5.3.43) into (5.3.42) we obtain

α2

1

2

[

‖∆~Z(·, t)‖2

2
+

1

β
(‖∇ ~H(·, t)‖2

2
+ ‖∇ ~E(·, t)‖2

2

]

≤ A0 + B0 + d1 + dT +
∫ t

0

(‖∆~Z‖2

2
+ ‖∇ ~H‖2

2
+ ‖∇ ~E‖2

2
)dt.

Applying the Gronwall inequality for the above inequality gives

sup
0≤t≤T

(

‖∆~Z(·, t)‖2

2
+ ‖∇ ~H(·, t)‖2

2
+ ‖∇ ~E(·, t)‖2

2

)

≤ C, (5.3.44)

where the constant C is independent of D and ε.

(2) When β = 0, it follows that

d

dt

∫

Ω

(|~Zt|2 + α
2

1
|∆~Z|2)dx+

d

dt
B(t) ≤ C‖∆~Z(·, t)‖2

2
+ d.

Similar argument as (1) gives

sup
t∈[0,T ]

‖∆~Z(·, t)‖2

2
≤ C,

where the constant C is independent of D and ε. By (5.3.39) and the above inequality

we conclude that (5.3.26) and (5.3.27) are true still for β = 0. The proof of the lemma
is complete.

By using the induction and the analogous derivation as that of Lemma 5.3.3, after

complicated calculation we can get the following result.

Lemma 5.3.4 Assume that (~Z(x, t), ~H(x, t), ~E(x, t)) is the smooth solution of the

periodic value problem (5.3.8)–(5.3.13), and |α1| > 0, σ ≥ 0, β ≥ 0. If (~Z0(x), ~H0(x),
~E0(x)) ∈ (Hk(Ω), Hk−1(Ω), Hk−1(Ω)) (k ≥ 2), then there are estimates

sup

t∈[0,T ]







[
k
2
]

∑

s=0

‖Ds
t D

k−2s
x

~Z(·, t)‖2 +

k−1
∑

s=0

(

‖Ds
t D

k−1−s
x

~H(·, t)‖2 + ‖Ds
t D

k−1−s
x

~E(·, t)‖2

)






≤ C,

(5.3.45)

where the constant C is independent of D and ε, and k and s are nonnegative integers.



280 Landau–Lifshitz Equations

5.3.2 Global Existence of Smooth Solution

From the a priori estimates independent of ε for the smooth solution of the periodic

value problem (5.3.8)–(5.3.13), we prove the global existence of the smooth solution.

Theorem 5.3.1 [42] Assume the constants ε > 0, β ≥ 0, σ ≥ 0, the periodic value

functions (~Z0(x), ~H0(x), ~E0(x)) ∈ (Hk(Ω), Hk−1(Ω), Hk−1(Ω)) k ≥ 3 +
[

n
3

]

, Ω ⊂ Rn

(n ≤ 2) is bounded domain, and |~Z0(x)| = 1, ∇·( ~H0+β ~Z0) = 0, ∇· ~E0 = 0. Moreover,

when n = 2, there is

‖∇~Z0‖2 + ‖ ~E0‖2 + ‖ ~H0‖2 ≤ δ,

where δ is a suitable small constant. Then the periodic initial value problem

(5.3.8)–(5.3.13) of the Landau–Lifshitz–Maxwell system has a unique global smooth

solution such that |~Z(z, t)| = 1, x ∈ Ω, t ∈ R+, and

~Z(x, t) ∈ ∩[ k
2
]

s=0W
s
∞

(0, T ;Hk−2s(Ω)),

~H(x, t) ∈ ∩k−1

s=0
W

s
∞

(0, T ;Hk−1−s(Ω)),

~E(x, t) ∈ ∩k−1

s=0
W

s
∞

(0, T ;Hk−1−s(Ω)).

By the standard principle of compactness and letting ε→ 0, we obtain

Theorem 5.3.2 Under the conditions of Theorem 5.3.1, the one-dimensional

periodic initial value problem (5.3.1)–(5.3.6) of the strong degenerate Landau–Lifshitz–

Maxwell system admits a unique global smooth solution.

Remark. The following assumptions are imposed :

∇ · ~H0 + β∇ · ~Z0 = 0, ∇ · ~E0 = 0,

to assure that

∇ · ~H + β∇ · ~Z = 0, ∇ · ~E = 0.

Since all the a priori estimates are independent of the periodicityD, we letD → ∞
and then obtain the following result.

Theorem 5.3.3 Under the conditions of Theorem 5.3.1, the one-dimensional ini-

tial value problem (5.3.1)–(5.3.4) and (5.3.7) for strong degenerate Landau–Lifshitz–

Maxwell system has a unique global smooth solution ( ~Z(x, t), ~H(x, t), ~E(x, t))
satisfying

|~Z(x, t)| = 1, ∀ (x, t) ∈ R
n × R

+
,

∇~Z(x, t) ∈ ∩[ k
2
]

s=0W
s
∞

(0, T ;Hk−1−2s(R)),

~H(x, t) ∈ ∩k−1

s=0
W

s
∞

(0, T ;Hk−1−s(R)),

~E(x, t) ∈ ∩k−1

s=0
W

s
∞

(0, T ;Hk−1−s(R)).
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5.4 Global Weak Solution to L–L–M System on

Riemannian Manifold

5.4.1 L–L–M System on Riemannian Manifold

Assume that (M, g) is an n-dimensional compact Riemannian manifold without

boundary with metric g. In local coordinates x = (x1, . . . , xn), the Laplace–Beltrami
operator and |∇u(x)| read as

∆M =
1√
g

∂

∂xβ

(

g
αβ√

g
∂

∂xα

)

= g
αβ ∂2

∂xα∂xβ
− Γk

αβ

∂

∂xk
,

|∇u(x)|2 =
∑

αβ

∑

j

g
αβ ∂u

j

∂xα

∂u
j

∂xβ
,

where (gαβ) is the inverse of (gαβ). The L–L–M system on Riemannian manifold M

reads as

~Zt = α1
~Z × (∆M

~Z + ~H) − α2
~Z × (~Z × (∆M

~Z + ~H)), (5.4.1)

∇jF
j
l = 0, l = 0,

∇jF
j
l = σF0l, l 6= 0, (5.4.2)

∇l(Fjk + βZjk) + ∇j(Fkl + βZkl) + ∇k(Flj + βZlj) = 0, ljk 6= 0,

∇l(Fjk + βZjk) + ∇j(Fkl + βZkl) + ∇k(Flj + βZlj)

= −β∂Zlj

∂t
, one of l, j, k = 0, (5.4.3)

where

F
j
l = g

jk
Fkl,

~Z = (Z1, Z2, Z3) = (Z23, Z31, Z12).

Fkl is second order asymmetric covariant tensor energy:

(Fkl) =











0 F01 F02 F03

F10 0 F12 F13

F20 F21 0 F23

F30 F31 F32 0











=











0 E1 E2 E3

−E1 0 H3 −H2

−E2 −H3 0 H1

−E3 H2 −H1 0











, (5.4.4)

where ~E = (E1, E2, E3), ~H = (H1, H2, H3), (gjk) is the metric of the manifold

M(x0
, x

1
, . . . , x

n). In fact we have

(gjk) =

(

1 0
0 −gjk

)

, (5.4.5)
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where (gjk) is the metric of the manifold M(x1
, . . . , x

n), Dj is the covariant derivative.
Since

∇j ḡ
ij = 0, (5.4.6)

(5.4.2) is equivalent to

g
ik∇jFkl =

{

0, l = 0,
−σF0l, l 6= 0.

(5.4.7)

In particular, taking g
00 = 1, g11 = g

22 = g
33 = −1 and x

0 = −t, we may get the
L–L–M system on Euclid space Rn.

Now we calculate the electromagnetic field energy Tij of (5.4.1)–(5.4.3). It follows

from the definition that

Tij =
1

4
gilFklF

kl − gklF
l
iFlj, (5.4.8)

where

F
kl = g

ki
g

ls
Fis. (5.4.9)

From

∇lg0k = 0, det(gjk) 6= 0,

we have

∇jg
ij = 0,

∇jT
ij =

1

4
∇j(g

ij
FklF

kl) −∇j(F
il
F

j
l )

=
1

4
g

ij∇Fkl · F kl +
1

4
g

ij
Fkl∇jF

kl − (∇jF
il)F j

l − Fjl∇jF
j
l

=
1

2
g

ij
F

kl∇jFkl − g
ij(∇jFkl)F

jl − σF
il
F0l;

g
ik(∇jFkl)F

jl =
1

2
g

ik∇jFkl(F
jl − F

lj)

= −1

2
g

ik
F

lj(∇jFkl −∇lFkj),

1

2
g

ij
F

kl∇jFkl =
1

2
g

ik
F

lj∇kFlj,

therefore it follows from (5.5.8) that

∇jT
ij =

1

2
g

ik
F

lj∇jFkl − g
ik∇jFklF

jl + σF
il
F0l

=
1

2
g

ik
Flj(∇kFlj + ∇jFkl + ∇lFjk) + σF

il
F0l,
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∇jT
0j = −β

2
g

00
F

lj ∂Zlj

∂t
− σF

0l
F0l, (5.4.10)

F
lj ∂Zlj

∂t
= H

∂Z

∂t
.

Let n be the unit vector on M × {t}. When i > 0, ni = 0. Integrating (5.4.10)
over M × [0, t], we have

∫

M×{t}
T

00 −
∫

M×{0}

T
00 = −σ

∫

M×[0,t]
F

0l
F0l +

β

2

∫ t

0

∫

M
g

00 ~H
∂ ~Z

∂t
dMdt. (5.4.11)

It follows from (5.4.1) that

(∆~Z + ~H) · ~Zt = −α2(∆M
~Z + ~H)[~Z × (~Z × (∆M

~Z + ~H))]

= α2|~Z × (∆~Z + ~H)|2,

and hence

∫

M

~H · ~ZtdM = −
∫

M
∆M

~Z · ~ZtdM

+ α2

∫

M
|~Z × (∆~Z + ~H)|2dM −

∫

M
∆M

~Z · ~ZtdM

= −
∫

M

1√
g

∂

∂xβ

(

g
αβ√

g
∂ ~Z

∂xα

)

· ∂
~Z

∂t

√
gdM

=
∫

M
g

αβ√
g
∂ ~Z

∂xα
· ∂2 ~Z

∂xβ∂t
dM

=
1

2

(

∫

M
|∇~Z|2dM

)

t

,

T
00 =

1

4
g

00
FklF

kl − F0lF
0l

=
1

4
g

00
∑

i>0,j>0

FijF
ij +

1

2
g

00
F0lF

0l

=
1

2
g

00(| ~H|2 + | ~E|2),

where

| ~H|2 =
1

2

∑

i,j>0

FijF
ij
,

| ~E|2 = −g00
g

lj
F0lF0j ≥ 0.
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It follows from (5.4.11) that

1

2

∫

M×{t}
g

00(| ~E|2 + | ~H|2)dM + σ

∫

M×[0,t]
F

0l
F0ldMdt

=
1

2

∫

M×{t}
|∇~Z|2dM +

∫

M×[0,t]
α2|~Z × (∆~Z + ~H)|2dM

+
1

2

∫

M×{0}

g
00(| ~E|2 + | ~H|2)dM +

1

2

∫

M×{0}

|∇~Z|2dM. (5.4.12)

In order to prove the existence of weak solution to the initial value problem of
L–L–M equations, we derive the L–L–M equations on Riemannian manifold by much

more simple method and get its energy conservation law.

Now we give the definitions of gradient operator and spin operator on Riemannian

manifold.

For a scalar field, its covariant derivative is defined by

∇jϕ =
∂ϕ

∂xj

which is the first order covariant energy.

gij∇jϕ

or

∇j
ϕ

is the second order inverse variant energy. The gradient is defined by

gradϕ = g
ij∇jϕ~ei, (5.4.13)

where ~ei is the covariant local coordinate.

Suppose that there is a vector ~A = ai~e
i = ai~ei. Its covariant derivatives ∇iaj

form a covariant tensor

∇iaj −∇jai, (5.4.14)

which is the second order antisymmetry covariant energy. In three-dimensional space,

there are only three independent elements of the second order antisymmetric tensor.
We may construct a vector whose inverse variant elements are

ξ
i =

1

2
ε
ijk(Djak −Dkaj) = ε

ijk
Djak, (5.4.15)

where

ε
ijk = e

i · (ej × e
k). (5.4.16)
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Vector ~ξ is the rotation of vector ~A,






















ξ1 = 1
√

g

(

∂a3

∂x2 − ∂a2

∂x3

)

,

ξ2 = 1
√

g

(

∂a1

∂x3 − ∂a3

∂x1

)

,

ξ3 = 1
√

g

(

∂a2

∂x1 − ∂a1

∂x2

)

,

(5.4.17)

rot ~A = ξ
i
~e

i
. (5.4.18)

Therefore, we may write L–L–M equations on manifold as






















∂E1

∂t
− 1

√
g

(

∂H3

∂x2 − ∂H2

∂x3

)

+ σE1 = 0,

∂E2

∂t
− 1

√
g

(

∂H1

∂x3 − ∂H3

∂x1

)

+ σE2 = 0,

H3

∂t
− 1

√
g

(

∂H2

∂x1 − ∂H1

∂x2

)

+ σE3 = 0,

(5.4.19)

~Zt = α1
~Z × (∆M

~Z + ~H) − α2
~Z × (~Z × (∆~Z + ~H)), (5.4.20)























∂H1

∂t
+ β

∂Z1

∂t
+ 1

√
g

(

∂E3

∂x2 − ∂E2

∂x3

)

= 0,

∂H2

∂t
+ β

∂Z2

∂t
+ 1

√
g

(

∂E1

∂x3 − ∂E3

∂x1

)

= 0,

∂H3

∂t
+ β

∂Z3

∂t
+ 1

√
g

(

∂E2

∂x1 − ∂E1

∂x2

)

= 0.

(5.4.21)

As for the divergence equation we have

∇ · ( ~H + β ~Z) = 0, ∇ · ~E = 0, (5.4.22)

where
~Z = (Z1

, Z
2
, Z

3), ~H = (H1
, H

2
, H

3), ~E = (E1
, E

2
, E

3).

We first give the definition of the divergence. The divergence of a vector means the
invariant quantity after contraction for the index of covariant derivative of its inverse

variant components:
div ~A = ∇ia

i
,

where ~A = ai~ei. From

∇ia
i =

∂ai

∂xi
+ Γk

ija
k
, Γk

ij =
∂ ln

√
g

∂xk
,

one has

∇ia
i =

∂ai

∂xi
+
∂ ln

√
g

∂xi
a

i

=
1√
g

(

√
g
∂a

i

∂xi
+
∂
√
g

∂xi
a

i

)

=
1
√
g

∂
√
gai

∂xi
.
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Therefore, the divergence of a vector is

div ~A =
1
√
g

∂(
√
gai)

∂xi
. (5.4.23)

On Riemannian manifold M , Eq. (5.4.22) read as

1√
g

∂(
√
gH i)

∂xi
+

β√
g

∂(
√
gZi)

∂xi
= 0, (5.4.24)

1√
g

∂(
√
gEi)

∂xi
= 0. (5.4.25)

Now we prove the existence of Eqs. (5.4.19)–(5.4.21), (5.4.24) and (5.4.25) with
the initial conditions

E
i|t=0 = E

i
0
, H

i|t=0 = H
i
0
, Z

i|t=0 = Z
i
0
, (5.4.26)

where i = 1, 2, 3 and

div ~E0 = div( ~H0 + β ~Z0) = 0. (5.4.27)

We will use Galerkin method. Let {λj} be the eigenvalues of the operator −∆M ,

that is

−∆Mϕj = λjϕj, j = 1, 2, . . . , (5.4.28)

and the eigenfunctions {ϕj} form the normal orthogonal basis of H1(M ;R3). Suppose
that the approximate solutions of problem (5.4.19)–(5.4.21), (5.4.28) and the initial

conditions (5.4.26) and (5.4.27) are



















































Em =
m
∑

j=1

αjm(t)ϕj(x),

Hm =
m
∑

j=1

βjm(t)ϕj(x),

Zm =
m
∑

j=1

γjm(t)ϕj(x),

(5.4.29)

where

Em = (E1

m, E
2

m, E
3

m),

Hm = (H1

m, H
2

m, H
3

m),

Zm = (Z1

m, Z
2

m, Z
3

m),
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and αm(t), βm(t), γm(t) are three-dimensional vectors in t ∈ R
+ which solve the

following ordinary differential systems:

(Zmt − α1Zm × (∆MZm +Hm)

+ α2Zm × (Zm × (∆MZm +Hm)), ϕj) = 0, (5.4.30)

(

∂E1

m

∂t
− 1√

g

(

∂H3

m

∂x2
− ∂H2

m

∂x3

)

+ σE
1

m, ϕj

)

= 0, (5.4.31)

(

∂E2

m

∂t
− 1√

g

(

∂H1

m

∂x3
− ∂H3

m

∂x1

)

+ σE
2

m, ϕj

)

= 0, (5.4.32)

(

H
3

m

∂t
− 1√

g

(

∂H
2

m

∂x1
− ∂H

1

m

∂x2

)

+ σE
3

m, ϕj

)

= 0, (5.4.33)

(

∂H1

m

∂t
+ β

∂Z1

m

∂t
+

1√
g

(

∂E3

m

∂x2
− ∂E2

m

∂x3

)

, ϕj

)

= 0, (5.4.34)

(

∂H2

m

∂t
+ β

∂Z2

m

∂t
+

1√
g

(

∂E1

m

∂x3
− ∂E3

m

∂x1

)

, ϕj

)

= 0, (5.4.35)

(

∂H3

m

∂t
+ β

∂Z3

m

∂t
+

1√
g

(

∂E2

m

∂x1
− ∂E1

m

∂x2

)

, ϕj

)

= 0, (5.4.36)

with initial conditions






































∫

M
Zm(x, 0)ϕj(x)dM =

∫

M
Z0(x)ϕj(x)dM,

∫

M
Hm(x, 0)ϕj(x)dM =

∫

M
H0(x)ϕj(x)dM,

∫

M
Em(x, 0)ϕj(x)dM =

∫

M
E0(x)ϕj(x)dM,

(5.4.37)

j = 1, 2, 3, . . . .

From the following a priori estimates, we know that this problem admits a global
solution on [0, T ].

In the following we give the a priori estimate for the approximate solutions.

Multiplying (5.4.30)–(5.4.36) by γm, α1

m, α2

m, α3

m, β1

m, β2

m and β3

m, respectively, and
summing from j = 1 to m, we have

(Zmt − α1Zm × (∆MZm +Hm)

+α2Zm × (Zm × (∆MZm +Hm)), Zm) = 0, (5.4.38)

(

∂E1

m

∂t
− 1

√
g

(

∂H3

m

∂x2
− ∂H2

m

∂x3

)

+ σE
1

m, E
1

m

)

= 0, (5.4.39)
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(

∂E2

m

∂t
− 1√

g

(

∂H1

m

∂x3
− ∂H3

m

∂x1

)

+ σE
2

m, E
2

m

)

= 0, (5.4.40)

(

H3

m

∂t
− 1√

g

(

∂H2

m

∂x1
− ∂H1

m

∂x2

)

+ σE
3

m, E
3

m

)

= 0, (5.4.41)

(

∂H1

m

∂t
+ β

∂Z1

m

∂t
+

1
√
g

(

∂E3

m

∂x2
− ∂E2

m

∂x3

)

, H
1

m

)

= 0, (5.4.42)

(

∂H2

m

∂t
+ β

∂Z2

m

∂t
+

1√
g

(

∂E1

m

∂x3
− ∂E3

m

∂x1

)

, H
2

m

)

= 0, (5.4.43)

(

∂H3

m

∂t
+ β

∂Z3

m

∂t
+

1√
g

(

∂E2

m

∂x1
− ∂E1

m

∂x2

)

, H
3

m

)

= 0. (5.4.44)

Adding (5.4.39)–(5.4.44), we have

1

2

∂

∂t
(‖Em‖2

2
+ ‖Hm‖2

2
)

+ σ‖Em‖2

2
+ β

∫

M

∂Zm

∂t
·HmdM = 0. (5.4.45)

It follows from (5.4.38) that d
dt
‖Zm‖2

2
= 0, then

‖Zm(·, t)‖2 = ‖Zm(·, 0)‖2 = ‖Z0‖2. (5.4.46)

On the other hand, we have from (5.4.30) that

(Zmt − α1Zm × (∆MZm +Hm)

+ α2Zm × (Zm × (∆MZm +Hm)),∆mZm +Hm) = 0,

that is
∫

M
Zmt(∆MZm +Hm)dM

− α2

∫

M
|Zm × (∆MZm +Hm)|2dM = 0. (5.4.47)

Since

−
∫

M
Zmt∆ZmdM = −

∫

M
Zmt

∂

∂xβ

(

g
αβ√

g
∂Zm

∂xα

)

dM

=
∫

M
g

αβ√
g
∂Zmt

∂xβ

∂Zm

∂xα
dM

=
∫

M
g

αβ ∂Zmt

∂xβ

∂Zm

∂xα
dM

=
1

2

(

∫

M
|∇Zm|2dM

)

t

,
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we have from (5.4.47) that

1

2

d

dt
‖∇Zm‖2

2
+ α2‖Zm × (∆MZm +Hm)‖2

2
=
∫

M
Zmt ·HmdM. (5.4.48)

From (5.4.45) and (5.4.48) and the method in Sec. 5.1, we have

Lemma 5.4.1 Let α2 ≥ 0 and (Z0(x), E0(x), H0(x)) ∈ (H1(M), L2(M), L2(M)).

Then for the approximate solutions of problem (5.4.30)–(5.4.37) there holds

(i) sup
0≤t≤T

(‖Zm(·, t)‖2

H1 + ‖Em(·, t)‖2

2
+ ‖Hm(·, t)‖2

2
) ≤ C1, (5.4.49)

where C1 is independent of α2 and m.

When α2 > 0, there holds

(ii) ‖Zm × (∆MZm +Hm)‖L2(0,T ;L2(M)) ≤ C2,

where C2 is independent of m.

5.4.2 Existence of Generalized Solution

It follows from Lemma 5.4.1 that we may choose a subsequence such that

Zm(x, t) → Z(x, t) in L∞(0, T ;H1(M)) weakly-∗, as m→ ∞;

Em(x, t) → E(x, t) in L
∞(0, T ;L2(M)) weakly-∗, as m→ ∞;

Hm(x, t) → H(x, t) in L∞(0, T ;L2(M)) weakly-∗, as m→ ∞.

If α2 > 0, Zm × (∆Zm +Hm) weakly converge in L2(0, T ;L2(M)).

Definition 5.4.2 Three-dimensional vectors Z(x, t) ∈ L∞(0, T ;H1(M)), E(x, t) ∈
L∞(0, T ; L2(M)), H(x, t) ∈ L∞(0, T ;L2(M)) are called global weak solutions to prob-

lem (5.4.19)–(5.4.21), and (5.4.24) and (5.4.25) if for any test function v(x, t) ∈
C1(QT ) with v(x, T ) = 0 there holds

∫ T

0

∫

M
ZvtdMdt+ α1

∫ T

0

∫

M
∇Z × Z · ∇vdMdt

+ α1

∫ T

0

∫

M
Z ×H · vdMdt+ α2

∫ T

0

∫

M
(Z ×H) × Z · ∇vdMdt

+ α2

∫ T

0

∫

M
∇Z × (Z ×∇Z) · vdMdt

+ α2

∫ T

0

∫

M
(∇Z × Z) × Z · ∇vdMdt+

∫

M
Z0v0dM = 0, (5.4.50)

∫ T

0

∫

M
EvtdMdt+

∫ T

0

∫

M
∇× v ·HdMdt

− σ

∫ T

0

∫

M
E · vdMdt +

∫

M
E0v0dM = 0, (5.4.51)
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∫ T

0

∫

M
(H + βZ)vtdMdt−

∫ T

0

∫

M
∇× v · EtdMdt

+
∫ T

0

∫

M
(H0 + βZ0)dM = 0, (5.4.52)

and
∫ T

0

∫

M
∇ξ · EdMdt = 0, (5.4.53)

∫ T

0

∫

M
∇η · (H + βZ)dMdt = 0, (5.4.54)

for any test function ξ, η ∈ L2(0, T ;C∞

0
(M)).

Theorem 5.4.1 Let α2 ≥ 0 and the initial data (Z0, E0, H0) ∈ (H1(M), L2(M),

L
2(M)), such that

∇ · E0, ∇ · (H0 + βZ0) = 0 (5.4.55)

in the sense of distribution. Then problem (5.4.19)–(5.4.21), and (5.4.24) and (5.4.25)

admits at least one global weak solution (Z(x, t), H(x, t), E(x, t)).

Proof. Similar to Sec. 5.1 we may verify that (Z,H,E) satisfy integral equalities
(5.4.50)–(5.4.52). So we only need to prove that conditions (5.4.53) and (5.4.54) hold.

(i) For any ξ ∈ L
2(0, T ;C∞

0
(M)), take test function v(x, t) as follows:

v(x, t) =
∫ t

0

∇ξ(x, τ)dτ −
∫ T

0

∇ξ(x, τ)dτ.

It is easy to verify that v(x, t) ∈ C1(QT ), v(x, T ) = 0, and

vt(x, t) = ∇ξ(x, t), v(x, 0) = −
∫ T

0

∇ξ(x, τ)dτ.

Substituting them into (5.4.52) we have
∫ T

0

∫

M
(H + βZ)∇ξdMdt =

∫ T

0

∫

M
(H0 + βZ0)∇ξdMdt = 0. (5.4.56)

(ii) For any ξ ∈ L2(0, T ;C∞

0
(M)), denote ξ1 = ξe−σt. Take test function v(x, t) as

follows

v(x, t) =

(

∫ t

0

∇ξ1(x, τ)dτ −
∫ T

0

∇ξ1(x, τ)dτ
)

e
σt
.

It is easy to verify that v(x, t) ∈ C
1(QT ), v(x, T ) = 0, and

vt − σv = ∇ξ1(x, t)eσt = ∇ξ(x, t), v(x, 0) = −
∫ T

0

∇ξ1(x, τ)dτ.

Substituting them into (5.4.51) we have
∫ T

0

∫

M
E · ∇ξdMdt =

∫ T

0

∫

M
E0 · ∇ξ1dMdt = 0. (5.4.57)

conditions (5.4.53) and (5.4.54) follow from (5.4.56) and (5.4.57). The theorem is

proved.
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5.5 Partial Regularity for Stationary Solutions to

L–L–M Equations

In this section, we discuss the equations as follows:

1

2
ut −

1

2
(u× ut) = ∆u+ u|∇u|2 +H − 〈H, u〉u, in B

3 × R+, (5.5.1)

whereH(u) is the nonlocal term that satisfies the following quasi-steady state Maxwell

equations

curl H = 0, in D′(R3), (5.5.2)

div(H + u) = 0, in D′(R3). (5.5.3)

We impose to the equations (5.5.1)–(5.5.3) the initial condition

u(x, 0) = u0(x) (5.5.4)

and boundary condition

∂u

∂ν

∣

∣

∣

∣

∣

∂B3

= 0 (5.5.5)

in (5.5.4), |u0(x)| ≡ 1, in (5.5.5), ν is the unit outer normal to the boundary of

B3, u is the zero extension of u from B3 to R3, u = (u1, u2, u3) is the spin vector,

“×” denotes the vector cross product in R
3. We should notice that this extension

guarantees u ∈ L∞(R3 ×R+) ∩ L∞(0,∞;W−1,∞(R3)).

5.5.1 Quasi-Static Maxwell Equations

Lemma 5.5.1 Let u ∈ H1(B3, S2). Let H = ∇Φ ∈ L2(R3, R3) be the solution of

curl H = 0, div(H + ũ) = 0 (5.5.6)

in D′(R3) where ũ is equal to u in B3 (|u| = 1 a.e. in B3) and zero outside B3. Then

H ∈ ∩1≤p<∞L
p(R3) (5.5.7)

and for all p ∈ (1,∞) there exists a constant Kp > 0 such that

‖H‖Lp(R3) ≤ Kp‖u‖Lp(B3). (5.5.8)

Proof. This is because that |ũ| = |u| = 1 a.e in B3 and ũ = 0 outside of B3,

then ũ ∈ L∞(R3) and div u ∈ W−1,∞. Consider Φ ∈ H1(R3) such that H = ∇Φ and
∆Φ = −div u in R3. We have that Φ ∈ ∩1≤p<∞W

1,p and ∀ 1 < p <∞,

‖∇Φ‖Lp(R3) = ‖H‖Lp(R3) ≤ Kp‖u‖Lp(B3). (5.5.9)

The lemma is proved.
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Remark 5.5.1 For n = 3, taking p = 3∗ = 6, we get from (5.5.9)

‖∇Φ‖L6(R3) = ‖H‖L6(R3) ≤ K‖u‖L6(B3) ≤ C‖u‖H1 = C‖∇u‖L2. (5.5.10)

Therefore, Φ ∈ W 1,6(R3) with embedding W 1,6(R3) ⊂ C0, 1
2 (R3) (note that n = 3 < 6)

‖Φ‖L∞ ≤ C‖∇u‖L2 (5.5.11)

and

‖Φ‖Lp ≤ C‖∇u‖L2, ∀ 1 ≤ p <∞. (5.5.12)

Remark 5.5.2 We have

−
∫

R3

u · ∇Φ =
∫

R3

Φ div u = −
∫

R3

Φ∆Φ =
∫

R3

|∇Φ|2 =
∫

R3

|H|2. (5.5.13)

Remark 5.5.3 Next we recall some results concerning the singular integral trans-
forms, Riesz transform.

Let G(r) = C
r

be the Laplace kernel in R3, u be as above. Then the solution of
the Poisson equation with parameter t

∆Φ(x, t) = −div u, in D′(R3)

can be expressed by

Φ(x, t) = −
∫

B3

G(|x− y|)div u(y, t)dy +
∫

∂B3

G(|x− y|)〈u(y, t),n(y)〉dσ(y).

On the other hand, since div u ∈ L∞(0, T ;L2(B3)), from the Lp theory of Riesz

transforms we have

∂2Φ

∂xi∂xj
= −RiRj(−div u), i, j = 1, 2, 3,

where Ri are the Riesz transforms

Ri(−div u) =
Γ((3 + 1)/2)

π(3+2)/2

∫

R2

(xi − yi)(−div u(y, t))

|x− y|(3+1)
dy

and ϕ ∈ W 2,2(R3) with

‖Φ‖W 2,2(R3)(t) ≤ C‖div u‖L2(R3)(t).

This result can also be deduced from Coifman–Fefferman [36] for general singular
integral operators. We should also note that (5.5.9)–(5.5.12) hold for H = ∇Φ and Φ.

Remark 5.5.4 If

Lε(x, t) =
∫

y∈B3\B(x,ε)

x− y

|x− y|G
′(|x− y|)div u(y, t)dy (5.5.14)
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and L(x, t) = limε→0 Lε(x, t) = −H + v, then we have from the theory of Riesz
transform that H(x, t) ∈ L∞(0,∞;Lp(B3)), |v(x, t)| ≤ K

∫

∂B3

dσ(y)

|x−y|2
≤ K ln(1−|x|) ∈

L∞(0,∞;Lp(B3)) for any p > 1 and

‖L(x, t)‖L2 ≤ C‖∇u‖L2. (5.5.15)

Remark 5.5.5 (Definition of weak solution) A function u ∈ L∞(0, T ;H1(B3)) with

ut ∈ L2(0, T ;L2(B3)) is said a weak solution if (5.5.1)–(5.5.3) hold in the sense of
distribution.

5.5.2 Definition of Stationary Solution

Definition 5.5.1 A weak solution u of (5.5.1) is said a stationary solution if for any

ξ(x, t) ∈ C1

0
(B3×R+, R

3), θ(x, t) ∈ C1

0
(B3×R+, R) with ξ(x, t), θ(x, t), ∇(x,t)ξ, ∇(x,t)θ

bounded on B3 ×R+ and ξ, θ ≡ 0 for t = 0 and t ≥ t∗ > 0 such that x+ τξ|∂B3 = Id,

t+ τθ|∂B3 = Id, there holds

∫

+∞

0

∫

B3

(

1

2
ut −

1

2
u× ut

)(

∂uτ

∂τ

)

τ=0

+ ∂
+

τ

∫

+∞

0

∫

B3

e(uτ ) + |H(uτ)|2dxdt ≤ 0,

(5.5.16)

where uτ (x, t) = u(x+ τξ(x, t), t + τθ(x, t)), e(u) = 1

2
|∇u(x, t)|2.

We want to make the definition applicable in the following. To this aim we first
compute the right derivative in the definition. For simplicity, we simply compute the

derivative at τ = 0 and without loss of generality, we simply assume that u is smooth.
It follows from (5.5.2) and (5.5.3) that Hτ = H(uτ) satisfies

curlHτ = 0, in D′(R3), (5.5.17)

div(Hτ + u
τ ) = 0, in D′(R3). (5.5.18)

Let the potential ατ (x, t) be such that Hτ = ∇ατ , then (5.5.17) and (5.5.18) become

∆ατ = −div uτ
, in D′(R3). (5.5.19)

Therefore,

ατ = −
∫

B3

G(|x− y|)div uτ
dy +

∫

∂B3

G(|x− y|)〈uτ
, ~n(y)〉dσ(y), (5.5.20)

where G is the fundamental solution in three dimensions. Denote (xτ , tτ ) = (x +

τξ(x, t), t + τθ(x, t)), Aτ = 1

2

∫

+∞

0

∫

B3 |∇uτ(x, t)|2dxdt, Bτ = − ∫ +∞

0

∫

B3 |Hτ |2dxdt. It
is simple to compute

div uτ (x, t) = div u(xτ , tτ ) + τu
i
xj

(xτ , tτ )ξ
j
xi

+ τu
i
t(xτ , tτ )θxi

. (5.5.21)

We have

dAτ

dτ

∣

∣

∣

∣

∣

τ=0

=
∫

+∞

0

∫

B3

(ui
xj
u

i
xk
ξ

k
xj

+ u
i
tu

i
xj
θxj

) − 1

2

∫

+∞

0

∫

B3

|∇u|2(div ξ + θt). (5.5.22)
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On the other hand

Bτ =
∫

+∞

0

∫

B3

|Hτ |2dxdt

= −
∫

+∞

0

∫

B3

Hτ · uτdxdt

= −
∫

+∞

0

∫

B3

∇ατ · uτdxdt

=
∫

+∞

0

∫

B3

(div uτ ) · ατdxdt−
∫

+∞

0

∫

∂B3

(uτ · ~n)ατdσ. (5.5.23)

It follows from (5.5.20), (5.5.21) and (5.5.23) that

dBτ

dτ
=
dB1

dτ
+
dB2

dτ
+
dB3

dτ
+
dB4

dτ
, (5.5.24)

where

−B1 =
∫

+∞

0

dt

∫

B3

∫

B3

[div u(xτ , tτ ) + τu
i
xj

(xτ , tτ )ξ
j
xi

+ τu
i
t(xτ , tτ )θxi

]

×
[

div u(yτ , tτ ) + τu
i
yj

(yτ , tτ )ξ
j
yi

+ τu
i
t(yτ , tτ )θyi

]

G(|x− y|). (5.5.25)

Hence we have

−dB1

dτ

∣

∣

∣

∣

τ=0

=

∫

+∞

0

dt

∫

B3

∫

B3

[ui
xixk

ξk
+ ui

xitθ + ui
xj

ξj
xi

+ ui
tθxi ][div u(y, t)]G(|x − y|)dxdy

+

∫

+∞

0

dt

∫

B3

∫

B3

[ui
yiyk

ξk
+ ui

yitθ + ui
yj

ξj
yi

+ ui
tθyi ][div u(x, t)]G(|x − y|).

(5.5.26)

It follows from Carbou’s result [21] that

∫

B3

∫

B3

[ui
xixk

ξ
k + u

i
xj
ξ

j
xi

][div u(y, t)]G(|x− y|)dxdy

+
∫

B3

∫

B3

[ui
yiyk

ξ
k + u

i
yj
ξ

j
yi

][div u(x, t)]G(|x− y|)dxdy

= −2
∫

B3

∫

B3

[div u div ξ − u
i
xj
ξ

j
xi

][div u(y, t)]G(|x− y|)dxdy

+
∫

B3

∫

B3

G
′(|x− y|)

〈

x− y

|x− y| , ξ(x, t) − ξ(y, t)

〉

div u(x, t)div u(y, t). (5.5.27)

Therefore,

−dB1

dτ

∣

∣

∣

∣

∣

τ=0

= −2
∫

+∞

0

dt

∫

B3

∫

B3

[div u div ξ − u
i
xj
ξ

j
xi

][div u(y, t)]G(|x− y|)dxdy

+
∫

+∞

0

dt

∫

B3

∫

B3

G
′(|x− y|)
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×
〈

x− y

|x− y| , ξ(x, t) − ξ(y, t)

〉

div u(x, t)div u(y, t)dxdy

+
∫

+∞

0

dt

∫

B3

∫

B3

(ui
xit
θ + u

i
tθxi

)div u(y, t)G(|x− y|)dxdy

+
∫

+∞

0

dt

∫

B3

∫

B3

(ui
yit
θ + u

i
tθyi

)div u(x, t)G(|x− y|)dxdy. (5.5.28)

The last two terms can be estimated as follows:
∫

B3

(ui
xit
θ + u

i
tθxi

)div u(y, t)G(|x− y|)dxdy

= −
∫

B3

u
i
t(x, t)θ(x, t)div u(y, t)

xi − yi

|x− y|G
′(|x− y|)dxdy, (5.5.29)

∫

B3

(ui
yit
θ + u

i
tθyi

)div u(x, t)G(|x− y|)dxdy

= −
∫

B3

u
i
t(y, t)θ(y, t)divu(x, t)

xi − yi

|x− y|G
′(|x− y|)dxdy. (5.5.30)

So, we have from (5.5.28)–(5.5.30) that

dB1

dτ

∣

∣

∣

∣

∣

τ=0

= 2
∫

+∞

0

dt

∫

B3

∫

B3

[div u div ξ − u
i
xj
ξ

j
xi

][div u(y, t)]G(|x− y|)dxdy

−
∫

+∞

0

dt

∫

B3

∫

B3

G
′(|x− y|)

×
〈

x− y

|x− y| , ξ(x, t) − ξ(y, t)

〉

div u(x, t)div u(y, t)dxdy

+ 2
∫

+∞

0

dt

∫

B3

u
i
t(x, t)θ(x, t)div u(y, t)

x
i − y

i

|x− y|G
′(|x− y|)dxdy. (5.5.31)

Moreover, since B2 and B3 in (5.5.24) are

B2 =
∫

+∞

0

dt

∫

x∈B3

∫

y∈∂B3

[div u(xτ , tτ )

+ τu
i
xj
ξ

j
xi

+ τu
i
tθxi

](u(y, t), ~n(y))G(|x− y|)dxdσ(y), (5.5.32)

B3 =
∫

+∞

0

dt

∫

x∈∂B3

∫

y∈B3

[div u(yτ , tτ )

+ τu
i
yj
ξ

j
yi

+ τu
i
tθyi

](u(x, t), ~n(x))G(|x− y|)dydσ(x), (5.5.33)

we have

dB2

dτ

∣

∣

∣

∣

∣

τ=0

=
∫

+∞

0

dt

∫

x∈B3

∫

y∈∂B3

[ui
xixk

ξ
k

+ u
i
xit
θ + u

i
xj
ξ

j
xi

+ u
i
tθxi

](u(y, t), ~n(y))G(|x− y|)dxdσ(y), (5.5.34)

dB3

dτ

∣

∣

∣

∣

∣

τ=0

=
∫

+∞

0

dt

∫

x∈∂B3

∫

y∈B3

[ui
yiyk

ξ
k

+ u
i
yit
θ + u

i
yj
ξ

j
yi

+ u
i
tθyi

](u(x, t), ~n(x))G(|x− y|)dydσ(x), (5.5.35)
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and similar to the above we have

dB2

dτ

∣

∣

∣

∣

∣

τ=0

+
dB3

dτ

∣

∣

∣

∣

∣

τ=0

= 2
∫

+∞

0

dt

∫

x∈B3

∫

y∈∂B3

[−div u(x, t)div ξ(x, t)

+ u
i
xj
ξ

j
xi

+ u
i
xit+ u

i
tθxi

](u(y, t), ~n(y))G(|x− y|)dxdσ(y). (5.5.36)

We note that the term B4 is determined only by the boundary data which is

independent of τ , then dB4

dτ
|τ=0

= 0. We finally get

dBτ

dτ

∣

∣

∣

∣

∣

τ=0

= −2
∫

+∞

0

dt

∫

B3

div u(x, t)div ξ(x, t)Φ(x, t)dxdt

+ 2
∫

+∞

0

dt

∫

B3

Φ(x, t)ui
xj

(x, t)ξj
xi

(x, t)

+
∫

+∞

0

dt

∫

B3

∫

B3

×
〈

x− y

|x− y| , ξ(x, t) − ξ(y, t)

〉

G
′(|x− y|)div u(x, t)div u(y, t)dxdy

− 2
∫

+∞

0

dt

∫

B3

∫

B3

×
〈

x− y

|x− y| , ut(x, t)

〉

θ(x, t)div u(y, t)G′(|x− y|)dxdy, (5.5.37)

where

Φ(x, t) = −
∫

B3

G(|x− y|)div u(y, t)dy +
∫

B3

G(|x− y|)〈u(y, t),n(y)〉dσ(y)

which satisfies (5.5.12).

Combining (5.5.22) and (5.5.37), we may now simplify the definition of stationary

weak solution for our problem (5.5.1)–(5.5.5) as follows.

Remark 5.5.6 A stationary solution u of (5.5.1) satisfies for any ξ(x, t) ∈ C1

0
(B3 ×

R+, R
3) and θ(x, t) ∈ C1

0
(B3 ×R+, R) as above, the following inequality

∫

+∞

0

∫

B3

(

1

2
ut −

1

2
u× ut

)

(∇u · ξ + utθ) +
∫

+∞

0

dt

∫

B3

(ui
xj
u

i
xk
ξ

k
xj

+ u
i
tu

i
xj
θxj

)dx

− 1

2

∫

+∞

0

dt

∫

B3

|∇u|2(div ξ + θt)dx

− 2
∫

+∞

0

dt

∫

B3

div u(x, t)div ξ(x, t)Φ(x, t)dxdt

+ 2
∫

+∞

0

dt

∫

B3

Φ(x, t)ui
xj

(x, t)ξj
xi

(x, t)
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+
∫

+∞

0

dt

∫

B3

∫

B3

〈

x− y

|x− y| , ξ(x, t) − ξ(y, t)

〉

G
′(|x− y|)div u(x, t)div u(y, t)dxdy

− 2
∫

+∞

0

dt

∫

B3

∫

B3

〈

x− y

|x− y| , ut(x, t)

〉

θ(x, t)div u(y, t)G′(|x− y|)dxdy ≤ 0.

(5.5.38)

In what follows we want to derive some more applicable inequalities and equalities
from (5.5.38) to be used in the future.

Now let Mε = B
3 × B

3 \ {|x− y| < ε} for ε > 0 be small enough. Since ξ(·, t) is
smooth, ξ(x,t)−ξ(y,t)

|x−y|
in (5.5.37) is uniformly bounded.

∫

+∞

0

dt

∫

B3

∫

B3

〈

x− y

|x− y| , ξ(x, t) − ξ(y, t)

〉

G
′(|x− y|)div u(x, t)div u(y, t)dxdy

= lim
ε→0

∫

+∞

0

dt

∫

Mε

〈

x− y

|x− y| , ξ(x, t) − ξ(y, t)

〉

G
′(|x− y|)div u(x, t)div u(y, t)dxdy

= lim
ε→0

2
∫

+∞

0

dt

∫

Mε

ξ(x, t)
x− y

|x− y|G
′(|x− y|)div u(x, t)div u(y, t)dxdy

= lim
ε→0

2
∫

+∞

0

dt

∫

x∈B3

ξ(x, t)div u(x, t)
∫

y∈B3
\B(x,ε)

x− y

|x− y|G
′(|x− y|)div u(y, t).

(5.5.39)

Let

Lε(x, t) = 2
∫

y∈B3
\B(x,ε)

x− y

|x− y|G
′(|x− y|)div u(y, t)dy.

We have

lim
ε→0

Lε(x, t) = L(x, t) = −H(x, t) + v(x, t) (5.5.40)

with H(x, t) ∈ L∞(0,∞;Lp(B3)), |v(x, t)| ≤ K
∫

∂B3

dσ(y)

|x−y|2
≤ K ln(1−|x|) ∈ L∞(0,∞;

L
p(B3)) for any p > 1 and there holds

‖L(x, t)‖L2 ≤ C‖∇u‖L2.

Then (5.5.39) can be rewritten as

∫

+∞

0

dt

∫

B3

∫

B3

〈

x− y

|x− y| , ξ(x, t) − ξ(y, t)

〉

G
′(|x− y|)div u(x, t)div u(y, t)dxdy

=
∫

∞

0

∫

B3

ξ(x, t) · L(x, t)div u(x, t)dxdt. (5.5.41)

Similarly we deduce that

−
∫

+∞

0

dt

∫

B3

∫

B3

〈

x− y

|x− y| , ut(x, t)

〉

θ(x, t)div u(y, t)G′(|x− y|)dxdy

= −
∫

∞

0

∫

B3

ut · L(x, t)θ(x, t)dxdt. (5.5.42)
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Finally, inequality (5.5.38) can be rewritten as

Assumption (S)

∫

+∞

0

∫

B3

(

1

2
ut −

1

2
u× ut

)

(∇u · ξ + utθ)

+
∫

+∞

0

dt

∫

B3

(ui
xj
u

i
xk
ξ

k
xj

+ u
i
tu

i
xj
θxj

)dx

− 1

2

∫

+∞

0

dt

∫

B3

|∇u|2(div ξ + θt)dx

− 2
∫

+∞

0

dt

∫

B3

div u(x, t)div ξ(x, t)Φ(x, t)dxdt

+ 2
∫

+∞

0

dt

∫

B3

Φ(x, t)ui
xj

(x, t)ξj
xi

(x, t)

+
∫

∞

0

∫

B3

L(x, t)[ξdiv u(x, t) − utθ]dxdt ≤ 0. (5.5.43)

Formula (5.5.43), Assumption (S), is just the starting point of all the following
discussions.

From Assumption (S), one can easily derive the following lemma as in [58] which

will be used to get the generalized monotonicity inequality in the following section.

Lemma 5.5.2 Let u be a stationary weak solution of (5.5.1)–(5.5.5) and ξ, θ as

before. Then we have

∫

B3
×{t}

(ut − u× ut)∇u · ξ − |∇u|2 div ξ + 2uxj
uxk

ξ
k
xj

− 2 div u(x, t)div ξ(x, t)Φ(x, t) + 2Φ(x, t)ui
xj
ξ

j
xi

+ 2 div u(x, t)(ξ · L(x, t))dxdt = 0

(5.5.44)

and

(

∫

B3
×{t2}

−
∫

B3
×{t1}

)

|∇u|2θdx

≤
∫ t2

t1

∫

B3

|∇u|2θt − |ut|2θ − 2(∇u · ut)∇θ + 2(ut · L(x, t))θdxdt. (5.5.45)

5.5.3 Estimates for Local Energy

In this section, we use inequalities (5.5.44) and (5.5.45) to derive the generalized

monotonicity inequality which will be used to deduce the energy decay in the next
section.

Denote Bρ = Bρ(0), Pρ(z) = Bρ(x)×(t−ρ2, t+ρ2) for z = (x, t). In the following,

we always denote by u the stationary solution of (5.5.1)–(5.5.5).
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Lemma 5.5.3 For any Bs(x0) ⊂ Br/2(0) we have for the stationary solution u that

1

s

∫

Bs(x0)

|∇u|2 ≤ 1

r

∫

Br

|∇u|2 +Kr

∫

Br

|ut|2. (5.5.46)

Proof. Taking ξ(x) = φ(|x|)x in inequality (5.5.44) where for any fixed 0 < r,

r + h < 1, h > 0

φ(s) =











1, if s ≤ r

1 + r−s
h
, if r ≤ s ≤ r + h

0, if r + h ≤ s < 1

and noting that

ξ
k
xj

(x) = δjkφ(|x|) + φ
′(|x|)xjxk

|x| , div ξ = 3φ(|x|) + φ
′(|x|)|x| (5.5.47)

where φ′(s) = 0 if s ≤ r, φ′(s) = − 1

h
if r < s < r + h and φ′(s) = 0 if r + h < s < 1,

we obtain from (5.5.44) that

∫

Br+h

(ut − u× ut)(∇u · x)φ(|x|) − |∇u|2(3φ(|x|) + φ
′(|x|)|x|)

+ 2uxj
uxk

(

δjkφ(|x|) + φ
′(|x|)xjxk

|x|

)

− 2Φ(x, t)div u(x, t)(3φ(|x|) + φ
′(|x|)|x|)

+ 2Φ(x, t)uj
xk

(

δjkφ(|x|) + φ
′(|x|)xjxk

|x|

)

+ 2 div u(x, t)φ(|x|)(x · L(x, t))dx = 0. (5.5.48)

Sending h→ 0 we may estimate every term in (5.5.48) as follows.

lim
h→0

∫

Br+h

(ut − u× ut)(∇u · x)φ(|x|) =
∫

Br

(ut − u× ut)(∇u · x), (5.5.49)

− lim
h→0

∫

Br+h

|∇u|2(3φ(|x|) + φ
′(|x|)|x|) = −3

∫

Br

|∇u|2 + r

∫

∂Br

|∇u|2dσ, (5.5.50)

lim
h→0

∫

Br+h

2uxj
uxk

(

δjkφ(|x|) + φ
′(|x|)xjxk

|x|

)

= 2
∫

Br

|∇u|2 − 2

r

∫

∂Br

|x · ∇u|2dσ, (5.5.51)

− lim
h→0

∫

Br+h

2Φ(x, t)div u(x, t)(3φ(|x|) + φ
′(|x|)|x|)

= −6
∫

Br

Φ(x, t)div u(x, t) + 2r
∫

∂Br

Φ div u(x, t)dσ, (5.5.52)
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− lim
h→0

∫

Br+h

2Φ(x, t)uj
xk

(

δjkφ(|x|) + φ
′(|x|)xjxk

|x|

)

= −2
∫

Br

Φ(x, t)div u(x, t) − 2

r

∫

∂Br

Φ(x · ∇u) · xdσ, (5.5.53)

lim
h→0

∫

Br+h

2 div u(x, t)φ(|x|)(x · L(x, t))

= 2
∫

Br

(x · L(x, t))div u(x, t). (5.5.54)

Substituting (5.5.49)–(5.5.54) into (5.5.48), we get

∫

Br

(ut − u× ut)(∇u · x) −
∫

Br

|∇u|2 + r

∫

∂Br

|∇u|2dσ

− 2

r

∫

∂Br

|x · ∇u|2dσ − 8
∫

Br

Φ(x, t)div u(x, t) + 2r
∫

∂Br

Φ div u(x, t)dσ

− 2

r

∫

∂Br

Φ(x · ∇u) · xdσ + 2
∫

Br

(x · L(x, t))div u(x, t) = 0. (5.5.55)

On the other hand, since

d

dr

{

1

r

∫

Br

[

|∇u|2 − (ut − u× ut)(∇u · x)

+ 8Φ(x, t)div u(x, t) − 2(x · L(x, t))div u(x, t)
]

}

= − 1

r2

∫

Br

[

|∇u|2 − (ut − u× ut)(∇u · x)

+ 8Φ(x, t)div u(x, t) − 2(x · L(x, t))div u(x, t)
]

+
1

r

∫

∂Br

[

|∇u|2 − (ut − u× ut)(∇u · x)

+ 8Φ(x, t)div u− 2(x · L(x, t))div u
]

(5.5.56)

we get from (5.5.55) and (5.5.56) that

d

dr

{

1

r

∫

Br

[

|∇u|2 − (ut − u× ut)(∇u · x)

+ 8Φ(x, t)div u(x, t) − 2(x · L(x, t))div u(x, t)
]

}

=
1

r

∫

∂Br

[−(ut − u× ut)(∇u · x)

+ 8Φ(x, t)div u(x, t) − 2(x · L(x, t))div u(x, t)]

+
∫

∂B3

[

2

r3
|x · ∇u|2 − 2

r
Φ div u(x, t) +

2

r3
Φ(x · ∇u) · x

]
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= 2
∫

∂B3

[

|x · ∇u|2
|x|3 − (x · ∇u)(ut − u× ut)

2|x|

+
3Φ div u

|x| − (x · L)div u

|x| +
Φ(x · ∇u) · x

|x|3
]

. (5.5.57)

Denote

ψ(ρ, t) =
1

ρ

∫

Bρ

[

|∇u|2 − (ut − u× ut)(∇u · x) + 8Φ(x, t)div u− 2(x · L)div u
]

.

(5.5.58)

Then by integrating (5.5.57) from s to ρ (s < ρ), we obtain

ψ(ρ, t) − ψ(s, t) = 2
∫

Bρ\Bs

[

|x · ∇u|2
|x|3 − (x · ∇u)(ut − u× ut)

2|x|

+
3Φ div u

|x| − (x · L)div u

|x| +
Φ(x · ∇u) · x

|x|3
]

(5.5.59)

or

ψ(s, t) = ψ(ρ, t) − 2
∫

Bρ\Bs

[

|x · ∇u|2
|x|3 − (x · ∇u)(ut − u× ut)

2|x|

+
3Φ div u

|x| − (x · L)div u

|x| +
Φ(x · ∇u) · x

|x|3
]

, (5.5.60)

that is

1

s

∫

Bs

|∇u|2 =
1

s

∫

Bs

[(ut − u× ut)(∇u · x)

− 8Φ(x, t)div u(x, t) + 2(x · L(x, t))div u(x, t)]

+ ψ(ρ, t) − 2
∫

Bρ\Bs

[

|x · ∇u|2
|x|3 − (x · ∇u)(ut − u× ut)

2|x|

+
3Φ div u

|x| − (x · L)div u

|x| +
Φ(x · ∇u) · x

|x|3
]

. (5.5.61)

By hole-filling method and note that |x| ≤ s if x ∈ Bs, we have

1

s

∫

Bs

|∇u|2 ≤ ψ(ρ, t) + 2
∫

Bρ

[

|(x · ∇u)(ut − u× ut)|
2|x| +

4|Φ div u|
|x|

+
|(x · L)div u|

|x| +
|Φ||x · ∇u|

|x|2
]

. (5.5.62)

Now we can estimate all the terms on the right-hand side of (5.5.62) and get the

generalized monotonicity inequality. It follows from (5.5.62) and Hölder inequality
that

1

s

∫

Bs

|∇u|2 ≤ 1

ρ

∫

Bρ

|∇u|2 +Kρ

∫

Bρ

[|ut|2 + |Φ|2 + |Φ|8 + |L|2]. (5.5.63)
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In this inequality, we should note that Φ(x, t) ∈ L
∞(0, T ;W 1,p(Ω)), L(x, t) ∈

L∞(0, T ;Lp(Ω)) for any p > 1. Then it follows from Lemma 5.5.1, (5.5.12) and

(5.5.15) that

1

s

∫

Bs

|∇u|2 ≤ K
1

ρ

∫

Bρ

|∇u|2 +Kρ

∫

Bρ

|ut|2 (5.5.64)

with K independent of t.
It is not difficult to get, for any Bs(x0) ⊂ Br/2(0)

1

s

∫

Bs(x0)

|∇u|2 ≤ 1

r

∫

Br

|∇u|2 +Kr

∫

Br

|ut|2. (5.5.65)

Lemma 5.5.3 is proved.
In the following we want to prove

Lemma 5.5.4 (Generalized monotonicity inequality) There exists a constant C > 0

such that for any θ ∈ (0, 1/16] there is ε0 > 0, if u ∈ H1(Pr(z0), S
2) is a stationary

solution, we have

r
−3

∫

Pr/8(0)

|∇u|2dz ≤ δε
2 + C1r

−5

∫

Pr(0)

|u− (u)Pr(0)|2dz

under the condition

r
−3

∫

Pr(0)

|∇u|2dz ≤ ε
2 ≤ ε

2

0
.

Proof. It follows from (5.5.45) that
(

∫

B3
×{t2}

−
∫

B3
×{t1}

)

|∇u|2θdx

≤
∫ t2

t1

∫

B3

|∇u|2θt − |ut|2θ − 2(∇u · ut)∇θ + 2(ut · L(x, t))θdxdt. (5.5.66)

Therefore, we have
(

∫

B3
×{t2}

−
∫

B3
×{t1}

)

|∇u|2θdx ≤ C

∫ t2

t1

∫

B3

|∇u|2(θt + |∇θ|2) + |L(x, t)|2θ.

Hence, if taking θ(x, t) such that |∇θ|2, |θt| ≤ C
r2 , θ(x, t1) = 0 and θ ≡ 1

for x ∈ Br/2, t ∈ ((− r
2
)2, ( r

2
)2), we obtain from Lemma 5.5.1 for almost every

t = t2 ∈ (−( r
2
)2, ( r

2
)2)

1

r

∫

Br/2(0)×{t}
|∇u|2 ≤ K1

(

1

r3

∫

Pr(0)

|∇u|2dxdt
)

. (5.5.67)

Claim. There exists a constant C > 0 such that for any given 0 < λ < 1, there

exists a set Λ ⊂ (−r2
/2, r2

/2) with |Λ| ≤ λ satisfying

1

r

∫

B r
2

(0)×{t}
|ut|2dx ≤ Cε2

λ
(5.5.68)

for almost every t 6∈ Λ where 1

r3

∫

Pr
|∇u|2dz ≤ ε2 ≤ ε2

0
.
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Proof. Taking smooth test function θ(x, t) such that θ ≡ 1 in Pr/2(0) but θ ≡ 0
outside Pr(0), t1 = −r2, t2 = r2, and noticing that L(x, t) ∈ L∞(0,∞;Lp(B3)) for

any p ≥ 1, we get from Lemma 5.5.1 that

∫

Pr/2(0)

|ut|2dz ≤ C0

∫

Pr(0)

|∇u|2(θt + |∇θ|2) + θ|L(x, t)|2dz

≤ C0r

(

1

r3

∫

Pr(0)

|∇u|2
)

≤ C0rε
2
. (5.5.69)

If the Claim is false, then for any C > 0, there exists 0 < λ < 1 such that for
some set Λ ⊂ (−r2/2, r2/2) with |Λ| > λ there holds: if t ∈ Λ, then

1

r

∫

Pr/2(0)

|ut|2dz ≥
1

r

∫

Λ

∫

Br/2(0)

|ut|2dz ≥ Cε
2
.

This contradicts (5.5.69) by taking C > C0. The Claim follows.

We can even prove by (5.5.65) (Lemma 5.5.3) that if t 6∈ Λ then

sup
Bs(x0)⊂Br/4(x0)

(

1

s

∫

Bs(x0)×{t}
|∇u|2dx

)

≤ Cε2

λ
. (5.5.70)

In the sequence, we mean t 6∈ Λ.

In order to prove the lemma, we take ξ ∈ C∞

0
(Br/4(0)) such that 0 ≤ ξ ≤ 1, ξ ≡ 1

in Br/8(0), |∇ξ| ≤ 16

r
, to compute

∫

Br(0)×{t}
ξ(x)|∇u|2dx =

∫

Br(0)×{t}
ξ(x)∇u · ∇(u− (u)Pr(0))dx

= −
∫

Br(0)×{t}
(u− (u)Pr(0))∇ξ · ∇u

−
∫

Br(0)×{t}
ξ(x)(u− (u)Pr(0))∆u.

Using the equation, we have

∫

Br(0)×{t}
ξ(x)|∇u|2dx = −

∫

Br(0)×{t}
(u− (u)Pr(0))∇ξ · ∇u

−
∫

Br(0)×{t}
ξ(x)(u− (u)Pr(0))

(

1

2
ut −

1

2
u× ut

)

+
∫

Br(0)×{t}
ξ(x)(u− (u)Pr(0))u|∇u|2

−
∫

Br(0)×{t}
ξ(x)(u− (u)Pr(0))uH(u). (5.5.71)

In the following we estimate every term on the right-hand side of (5.5.71).
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Estimate of the first term:

∫

Br(0)×{t}
(u− (u)Pr(0))∇ξ · ∇u ≤ 16

r
‖∇u‖L2(Br)‖u− (u)Pr(0)‖L2(Br)

≤ 16√
r

(

1

r

∫

Br(0)

|∇u|2dx
)

1/2

‖u− (u)Pr(0)‖L2(Br)

≤ C0ε
1√
r
‖u− (u)Pr(0)‖L2(Br) (by (5.5.67))

≤ Cε
2
δλr

2
+
C

δλ

1

r2
‖u− (u)Pr(0)‖2

L2(Br)
. (5.5.72)

Estimate of the second term: Since t 6∈ Λ, we get

∫

Br(0)×{t}
ξ(x)(u− (u)Pr(0))

(

1

2
ut −

1

2
u× ut

)

≤ C‖ut‖L2(Br)‖u− (u)Pr(0)‖L2(Br)

≤ C
√
r

(

1

r

∫

Br(0)

|ut|2dx
)

1/2

‖u− (u)Pr(0)‖L2(Br)

≤ Cε
√
r√

λ
‖u− (u)Pr(0)‖L2(Br) (by (5.5.68))

≤ Cε
2
δr

2
+
C

δλ
‖u− (u)Pr(0)‖2

L2(Br)
. (5.5.73)

Estimate of the third term: To estimate this term, we use Hélein method to
decompose it.

Since |u| = 1 a.e. we have

u
i|∇u|2 =

3
∑

j=1

∇uj(ui∇uj − u
j∇ui)

and then

∫

Br(0)×{t}
ξ(x)(u− (u)Pr(0))u|∇u|2

=
3
∑

i=1

3
∑

j=1

∫

Br(0)×{t}
(ui − (ui)Pr(0))∇uj(ξ(x)(ui∇uj − u

j∇ui)).

On the other hand,

div(ui∇uj − u
j∇ui) = u

i∆uj − u
j∆ui = u

i
w

j − u
j
w

i
,
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where w = 1

2
ut + 1

2
u× ut, we obtain

‖div(ξ(x)(ui∇uj − u
j∇ui))‖L2(Br)

≤ ‖∇ξ(x) · (ui∇uj − u
j∇ui)‖L2(Br) + ‖ξ(x)(ui

w
j − u

j
w

i)‖L2(Br)

≤ 32

r
‖∇u‖L2(Br/4(0)) + 2‖ut‖L2(Br/4(0))

≤ Cε√
λr

(by (5.5.67) and (5.5.68)). (5.5.74)

To continue the proof, we recall a lemma by Feldman [58].

Lemma 5.5.5 ([58]) Let f, h ∈ H1(Rn) and g ∈ L2(Rn, Rn) with div g ∈ L2(Rn)

in the distribution sense, and

sup
x0∈Rn, r>0

(

r
2−n

∫

Br(x0)

|∇h|2dx
)

= A
2
<∞.

Then
∣

∣

∣

∣

∫

Rn
fg · ∇h

∣

∣

∣

∣

≤ CA(‖∇f‖L2‖g‖L2 + ‖f‖L2‖div g‖L2)

for some universal constant C.

Now we apply Lemma 5.5.5 to f = ui − (ui)Pr(0), h = uj and g = ξ(x)(ui∇uj −
u

j∇ui) by extending them properly to the whole space R3. By (5.5.67) and (5.5.74)
∫

Br(0)×{t}
ξ(x)(u− (u)Pr(0))u|∇u|2

=
∫

Br(0)×{t}
(ui − (ui)Pr(0))∇uj(ξ(x)(ui∇uj − u

j∇ui))

≤ Cε√
λ

[‖∇f‖L2‖g‖L2 + ‖f‖L2‖div g‖L2]

≤ Cε√
λ

[

Cε
2
r +

Cε√
λr

‖u− (u)Pr(0)‖L2

]

≤ Cε
3
r

λ
+
Cε

2

λr2
‖u− (u)Pr(0)‖2

L2. (5.5.75)

Finally, we estimate the last term on the right-hand side of (5.5.71) as fol-
lows. Since H(u) = ∇Φ and ∆Φ = −div u, div u ∈ L∞(0,∞;H−1), we know

‖H(u)‖2

L2(Br)
≤ C0‖∇u‖2

L2(Br)
≤ Crε2. Hence we derive

∫

Br(0)×{t}
ξ(x)(u− (u)Pr(0))uH(u)

≤ C
√
rε‖u− (u)Pr(0)‖L2(Br(x0))

≤ Cε
2
δλr

2
+
C

δλ
‖u− (u)Pr(0)‖2

L2(Br(x0))
. (5.5.76)
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Combining (5.5.71)–(5.5.76), we have obtained for t 6∈ Λ (|Λ| < λ)

∫

Br/8(0)×{t}
|∇u|2dx ≤

(

Cε

λ
+
δ

2

)

ε
2
r +

C

δλr2
‖u− (u)Pr(0)‖2

L2(Br(0))
. (5.5.77)

Integrating over (−r2
/2, r2

/2) and using (5.5.67), we get

∫ r2/2

−r2/2

∫

Br/8(0)×{t}
|∇u|2dx ≤

(

Cε

λ
+ Cλ+

δ

2

)

ε
2
r
3 +

C

δλr2
‖u− (u)Pr(0)‖2

L2(Pr(0))
.

(5.5.78)

Hence, choosing C, λ and ε0 properly we obtain

r
−3

∫

Pr/8(0)

|∇u|2dz ≤ δε
2 + C1r

−5

∫

Pr(0)

|u− (u)Pr(0)|2dz (5.5.79)

under the condition

r
−3

∫

Pr(0)

|∇u|2dz ≤ ε
2 ≤ ε

2

0
.

Lemma 5.5.4 is proved.

5.5.4 Energy Decay and Partial Regularity

In this section we derive the energy decay which will be used to prove the regularity.

Lemma 5.5.6 There exists a constant C > 0 such that for any θ ∈ (0, 1

2
], there

is a number ε0 > 0 such that for any stationary solution u ∈ H1(Pr(z0);S
2) of

(5.5.1)–(5.5.5) satisfying

r
−3

∫

Pr(z0)

|∇u|2dz ≤ ε
2 ≤ ε

2

0
,

we have

(θr)−5

∫

Pθr(z0)

|u− (u)Pθr(z0)|2dz ≤ Cθ
2
ε
2
. (5.5.80)

Proof. Since the integrals are invariant under the transformation (x, t) → (rx +

x0, r
2t+ t0), we may assume Pr(z0) = P1(0).

We argue by contradiction: If the conclusion is untrue, then for any C > 0 we may

find θ ∈ (0, 1/2] and stationary weak solution uk ∈ H1(P1(0);S2) of the considered

problem such that
∫

P1(0)

|∇uk|2dz = ε
2

k → 0, k → ∞, (5.5.81)

but
∫

Pθ(0)

|uk − (uk)Pθ(0)|2 > Cθ
3+4

ε
2

k. (5.5.82)
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It follows from these assumptions and the lemmas in the above sections that the
sequence {vk} = { 1

εk
(uk − (uk)Pθ(0))} is bounded in H1(P1/2(0)) which allows us to

assume that there is a map v ∈ H1(P1/2(0);R3) such that

vk → v, weakly in H
1(P1/2(0);R3); vk → v, strongly in L

2(P1/2(0);R3)

with
∫

Pθ(0)

vdz = 0;
∫

P1/2(0)

|∇v|2dz ≤ 1.

It is obvious that we can assume that uk → p strongly in L2(P1/2(0)) for some constant
map p ∈ S2. Note that uk solves the following equation:

1

2
ukt −

1

2
(uk × ukt) = ∆uk + uk|∇uk|2 +H(uk) −H(uk)uk, in B

3 ×R+, (5.5.83)

where

curlH(uk) = 0, in D′(R3), (5.5.84)

div(H(uk) + uk) = 0, in D′(R3). (5.5.85)

Let H(uk) = ∇Φk. Then ∆Φk = −div uk. Note that uk = εkvk + (uk)Pθ(0).
Then for any φ ∈ C∞

0
(P1/2(0), R3) we have by multiplying (5.5.83) by φ

∫

P1/2(0)

(

1

2
ukt −

1

2
(uk × ukt)

)

φ

=
∫

P1/2(0)

(∆uk + uk|∇uk|2 +H(uk) −H(uk)uk)φ

=
∫

P1/2(0)

(−∇uk · ∇φ+ uk|∇uk|2φ+ φ∇Φk − ukφ∇Φk). (5.5.86)

Note that uk = εkvk + (uk)Pθ(0). We have from (5.5.86) that

ε

∫

P1/2(0)

(

1

2
vkt −

1

2
(uk × vkt)

)

φ

=
∫

P1/2(0)

(−εk∇vk · ∇φ+ uk|∇uk|2φ+ φ∇Φk − ukφ∇Φk) (5.5.87)

with ∆Φk = −εk div vk. Divide both sides of (5.5.87) by εk and send k → ∞ to give

∫

P1/2(0)

(

1

2
vt −

1

2
(p× vt)

)

φ

=
∫

P1/2(0)

(−∇v · ∇φ+ φ∇Φ∞ − pφ∇Φ∞) (5.5.88)

since limk→∞

1

εk

∫

P1/2(0)
|∇uk|2ukφ = 0 from (5.5.81), where ∆Φ∞ = −div v. Since

v ∈ H1(P1/2(0)) we know div v ∈ L2(P1/2(0)), then Φ∞ ∈ W
2,2
2 . Denote H∞ = ∇Φ∞.
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It follows from (5.5.88) that v satisfies

1

2
vt −

1

2
(p× vt) = ∆v +H∞ − pH∞. (5.5.89)

By standard estimates and the boot-strapping method, we know that v is smooth
and there holds

∫

Pθ(0)

|v|2dz ≤
∫

Pθ(0)

|v − vPθ(0)|2dz ≤ C0θ
3+4 (5.5.90)

by Poincaré inequality. Inequality (5.5.90) contradicts (5.5.82) from the strong L2-
convergence of vk to v if one chooses C > C0.

Combining these lemmas we get by iteration method

Proposition 5.5.1 There is a constant C > 0 such that for any θ ∈ (0, 1/16], there

exists a number ε0 > 0 such that if u ∈ H1(Pr(z0), S
2) is a stationary solution of

(5.5.1)–(5.5.5) satisfying the small energy condition

r
−3

∫

Pr(z0)

|∇u|2dz ≤ ε
2 ≤ ε

2

0
, (5.5.91)

then

(θr)−3

∫

Pθr(z0)

|∇u|2dz ≤ Cθ
2
ε
2
. (5.5.92)

Proof. Given 0 < θ < 1/16, taking k such that 1

8k+2 ≤ θ ≤ 1

8k+1 . Denote
Φ(r) = r−3

∫

Pr(z0)
|∇u|2dz, Ψ(r) = r−5

∫

Pr(z0)
|u − (u)Pr(z0)|2. It follows from (5.5.91)

and Lemma 5.5.4 that for any δ > 0

Φ

(

r

8

)

≤ δε
2 + C1Ψ(r). (5.5.93)

Similarly we have

Φ

(

r

82

)

≤ δΦ

(

r

8

)

+ C1Ψ

(

r

8

)

≤ δ(δε2 + C1Ψ(r)) + C1Ψ

(

r

8

)

. (5.5.94)

Iterating, applying Lemma 5.5.6 and choosing δ properly, we get

Φ

(

r

8k+1

)

≤ δ
k+1

ε
2 + C1

k
∑

j=1

δ
jΨ

(

r

8j

)

+ Ψ

(

r

8k

)

≤ Cδ
k+1

ε
2 + C

(

1

8k

)

2

ε
2 ≤ Cθ

2
ε
2
,

(5.5.95)

where we have used Lemma 5.5.6 again which shows Ψ( r
8j ) ≤ C( 1

8j )
2ε2. Then we

have

Φ(θr) = (θr)−3

∫

Pθr

|∇u|2dz ≤ θ
−3

(

r

8k+1

)

−3

(8k+1)−3

∫

P r
8k+1

|∇u|2dz

≤ (8k+1
θ)−3

(

r

8k+1

)

−3
∫

P r
8k+1

|∇u|2dz ≤ 83Φ

(

r

8k+1

)

≤ Cθ
2
ε
2 (by (5.5.95)).
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Remark 5.5.1 By virtue of (5.5.70), Proposition 5.5.1 also holds if replacing Pθr(z0)
by Ps(z1) for any z1 ∈ P15r/16(z0) and s ∈ (0, r/16).

Theorem 5.5.1 There exist constants ε0 > 0 and Ckl > 0 such that any station-

ary solution u ∈ H1(Pr(z0)) of (5.5.1)–(5.5.4) satisfying the small energy condition

(5.5.89) is smooth in Pr/2(z0) and

‖∂l
t∇k

u‖L∞(Pr/2(z0)) ≤ Cklr
−k−2l

ε, k, l = 0, 1, 2, . . . . (5.5.96)

Proof. For any given Pr(z0) ⊂ B3 × (0, T ), Proposition 5.5.1 shows that for any

λ ∈ (0, 1), if ε0 is small enough, we have
∫

Ps(z1)

(|∇u|2 + s
2|ut|2)dz ≤ C1s

n+2λ (5.5.97)

for any z1 ∈ P15r/16(z0) and s ∈ (0, r/16) with C1 only depending on λ. In fact, let

θr = s, then θ = s
r
. Substituting this θ into (5.5.92), we have

s
−3

∫

Ps(z1)

|∇u|2dz ≤
(

s

r

)

2

ε
2

0
. (5.5.98)

On the other hand, we may control
∫

Ps(z1)
s2|ut|2dz as in Feldman [58]. (5.5.97) is

proved.
By standard method we deduce that u is smooth in P15r/16(z0) by Morrey’s Lemma

which was done by Feldman [58]. The estimates (5.5.96) can be obtained by a scaling
argument.

By the standard method as in Giaquinta’s book [64], it is easy to conclude.

Theorem 5.5.2 Let u ∈ H1(Ω×(0, T );S2) be a stationary solution of (5.5.1)–(5.5.4).

There is an open set Q ⊂ Ω × (0, T ) such that u is smooth in Q and

H3(Ω × (0, T ) \Q) = 0 (5.5.99)

where

Ω × (0, T ) \Q = {z = (x, t)| lim inf
r→0

r
−3

∫

Pr(z)

|∇u|2dz ≥ ε0}. (5.5.100)

5.6 Weak Solutions to Landau–Lifshitz–Maxwell

Equations with Polarization

5.6.1 The Problem and Physics Background

In this section, we study the three-dimensional Landau–Lifshitz–Maxwell equations

coupling with polarization as follows

~Zt = α1
~Z ×

(

4~Z + ~H

)

− α2
~Z ×

(

~Z ×
(

4~Z + ~H

))

, (5.6.1)
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∇× ~H =
∂( ~E + ~P )

∂t
+ σ ~E, (5.6.2)

∇× ~E = −∂
~H

∂t
− β

∂ ~Z

∂t
, (5.6.3)

∂2 ~P

∂t2
+ λ

2 curl2 ~P + µ
∂ ~P

∂t
= ν

(

~E − 2~PΦ′(|~P |2)
)

, (5.6.4)

where ~P (x, t) = (P1(x, t), P2(x, t), P3(x, t)) denotes the electric polarization, ̂E(~P ) =
2~PΦ′(|~P |2) the equilibrium electric field, curl2 ~P = curl(curl ~P ) = ∇ × (∇ × ~P ),

α2 ≥ 0 is the Gilbert damping coefficient, λ > 0 denotes the speed of light for the
internal fields, σ ≥ 0 denotes the constant conductivity, constant β can be viewed as

the magnetic permeability of free space. The physical meanings of parameters µ, ν
can be found in [69].

We assume that Φ : R+ → R is a C2 convex function such that

|Φ′(r)| ≤ C0, rΦ′′(r) ≤ C1 (5.6.5)

for all r ≥ 0. We also assume that function Φ(r2) has unique minimum at some point
r2

0
. These assumptions guarantee that rΦ′(r2) ≤ C2 for all r ≥ 0, where C2 = C0+2C1.

Therefore, we have
∣

∣

∣

~XΦ′(| ~X|2) − ~Y Φ′(|~Y |2)
∣

∣

∣ ≤ C2

∣

∣

∣

~X − ~Y

∣

∣

∣ for all ~X, ~Y ∈ R
3
. (5.6.6)

Much more about the equilibrium relation of Φ may be found in Landau and Lifshitz

[104], pp. 84–91.
System (5.6.1)-(5.6.4) models the dynamics of magnetization, magnetic field, elec-

tric field. and electric polarization for the ferromagnetic–ferroelectric materials, which

includes a new equation for polarization ~P . As we know that, some ferromagnetic
substances, such as ferrites, are not only ferromagnetic materials, but also ferroelectric

ones (such as LiFePO4 ), we call them the ferromagnetic–ferroelectrics [148].
If an electric field is applied to a medium (such as a dielectric one) made up of a

large number of atoms or molecules, the charges bound in each molecule will respond
to the applied field and will execute perturbed motions: the molecular charge density

will be distorted. The multipole moments of each molecule will be different from
what they were in the absence of the field. In simple substances, when there is no

applied field the multipole moments are all zero, at least when they averaged over
many molecules. The dominant molecular multipole with the applied fields is the

dipole. There is thus produced in the medium an electric polarization ~P (the dipole
moment per unit volume). A dielectric in which ~P differs from zero is said to be

polarized. The vector ~P determines not only the volume charge density but also the
density of the charge on the surface of the polarized dielectric [93]. One can learn

more about polarization in [17, 43, 62, 104].
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The coupling of this classical Landau–Lifshitz–Maxwell system with ~P and
Eq. (5.6.4) for ~P can be derived from the full Maxwell system as follows:

∂ ~B

∂t
= −curl ~E and

∂ ~D

∂t
+ σ ~E = curl ~H, (5.6.7)

where ~E and ~H are the electric and magnetic fields, σ ≥ 0 is the conductivity, ~D and
~B the electric and magnetic displacements defined by

~D = ε0
~E + ~P , ~B = µ0( ~H + ~Z),

where ε0 is the permittivity of free space, µ0 is the magnetic permeability of free
space, ~Z is the magnetization, and ~P is the electric polarization. Substituting these

definitions into (5.6.7), one may couple ~Z, ~E, ~H and ~P by systems like (5.6.1)–(5.6.3).

For the derivation of (5.6.4), we refer to [69].
For the system (5.6.1)–(5.6.4), we impose the following periodic initial conditions

(~Z(x, 0), ~H(x, 0), ~E(x, 0), ~P (x, 0), ~Pt(x, 0))

= (~Z0(x), ~H0(x), ~E0(x), ~P0(x), ~P1(x)), (5.6.8)

where we call a function f(x) is 2D-periodic if f(x + 2Dei) = f(x), (i = 1, 2, 3),

where (e1, e2, e3) forms the unit orthogonal basis of R3, D > 0 is a constant. And,
we always assume that Z0(x), H0(x), E0(x), P0(x) and P1(x) are 2D-periodic. We

denote by Ω ⊂ R3 the three-dimensional cube with width 2D along each direction,
i.e. Ω = {x = (x1, x2, x3)| |xi| < D; (i = 1, 2, 3)} and QT = {(x, t)| x ∈ Ω, 0 < t ≤ T}.

Definition 5.6.1 A 2D-periodic vector (~Z(x, t), ~E(x, t), ~H(x, t), ~P (x, t)) ∈ (L∞(0, T ;

H1(Ω)), L∞(0, T ;L2(Ω)), L∞(0, T ;L2(Ω)), W 1,∞(0, T ;L2(Ω))
⋂

L∞(0, T ;H1(Ω)) is

called a weak solution to problem (5.6.1)–(5.6.4) and (5.6.8), if for any 2D-periodic

vector-valued test function ~Ψ(x, t) ∈ C1(QT ) such that ~Ψ(x, T ) = 0, the following

equalities hold
∫∫

QT

~Z · ~Ψt + α1

∫∫

QT

(~Z ×∇~Z) · ∇~Ψ − α1

∫∫

QT

(~Z × ~H) · ~Ψ

+ α2

∫∫

QT

(

~Z ×∇~Z

)

· ∇
(

~Z × ~Ψ
)

− α2

∫∫

QT

(

~Z × ~H

)

· ∇
(

~Z × ~Ψ
)

+
∫

Ω

~Z0 · ~Ψ(x, 0) = 0, (5.6.9)

∫∫

QT

(

~E + ~P

)

· ~Ψte
σt + σ

∫∫

QT

e
σt ~P · ~Ψ

+
∫∫

QT

e
σt∇× ~Ψ · ~H +

∫

Ω

(

~E0 + ~P0

)

· Ψ(x, 0) = 0, (5.6.10)

∫∫

QT

(

~H + β ~Z

)

· ~Ψt −
∫∫

QT

(

∇× ~Ψ
)

· ~E +
∫

Ω

(

~H0 + β ~Z0

)

· ~Ψ(x, 0) = 0, (5.6.11)

∫∫

QT

~Pt · ~Ψt − λ
2

∫∫

QT

curl ~P · curl ~Ψ − µ

∫∫

QT

~Pt · ~Ψ + ν

∫∫

QT

~E · ~Ψ

− 2ν
∫∫

QT

Φ′(|~P |2)~P · ~Ψ +
∫

Ω

~P1 · ~Ψ(x, 0) = 0. (5.6.12)
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5.6.2 Viscosity Approximation

Since Eq. (5.6.1) is strongly coupled, it is not easy to obtain weak solutions by use

of the theory of semigroups as Habib Ammari in [6]. We are going to use Galerkin

method here.
However, it is easy to see that Eq. (5.6.4) lacks the compactness which we need to

get the estimate of H1-norm for ~P . In fact, from this equation, we will only be able to
obtain the L∞(0, T ;L2(Ω)) estimates for curl ~P , but do not have the L∞(0, T ;L2(Ω))

estimates for div ~P . To overcome this difficulty, we firstly apply the viscosity vanishing
argument to get the weak solution for the viscosity problem and then, we will set

the viscosity constant to zero. But the lack of compactness reappears in the limit
procedure. Therefore, we secondly consider more regular (than energy ones) class

weak solution and then obtain the additional a priori estimates for the div-component
of Maxwell fields (cf. Lemma 5.6.9). Finally we obtain the desired weak solution to

the original problem.
Replacing (5.6.4) by the following viscosity approximation

∂2 ~P

∂t2
+ λ

2 curl 2 ~P + µ
∂ ~P

∂t
− ε4~P = ν( ~E − 2~PΦ′(|~P |2)), (5.6.13)

we get a viscosity system (5.6.1)–(5.6.3) and (5.6.13) with the 2D-periodic initial

conditions (5.6.8).

5.6.3 Solutions to the Viscosity Problem

Definition 5.6.2 The space HP (curl ,Ω) is defined by

HP (curl ,Ω) = {~V ∈ L
2(Ω); ~V is 2D-periodic and curl ~V ∈ L

2(Ω)},

and is provided with the norm

‖~V ‖HP (curl ,Ω) = {‖~V ‖2

L2(Ω)
+ ‖curl ~V ‖2

L2(Ω)
}1/2

.

The space HP (div,Ω) is defined by

HP (div,Ω) = {~V ∈ L
2(Ω); ~V is 2D-periodic and div ~V ∈ L

2(Ω)},

and is provided with the norm

‖~V ‖HP (div,Ω) = {‖~V ‖2

L2(Ω)
+ ‖div ~V ‖2

L2(Ω)
}1/2

.

Finally, we set

XP (Ω) = HP (curl ,Ω) ∩HP (div,Ω)

with the norm

‖~V ‖XP (Ω) = {‖~V ‖2

L2(Ω)
+ ‖curl ~V ‖2

L2(Ω)
+ ‖div ~V ‖2

L2(Ω)
}1/2

.
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Lemma 5.6.1 Assume X ⊂ E ⊂ Y are Banach spaces and X ↪→↪→ E. Then the

following imbedding are compact , if 1 ≤ q ≤ ∞, or 1 < r ≤ ∞

(i) L
q(0, T ;X)

⋂

{

ϕ :
∂ϕ

∂t
∈ L

1(0, T ;Y )

}

↪→↪→ L
q(0, T ;E), (5.6.14)

(ii) L
∞(0, T ;X)

⋂

{

ϕ :
∂ϕ

∂t
∈ L

r(0, T ;Y )

}

↪→↪→ C([0, T ];E). (5.6.15)

Let ωn(x), (n = 1, 2, 3, . . .) be the unit eigenfunctions satisfying the equation
−4ωn = λnωn, with periodicity ωn(x−Dei) = ωn(x +Dei) and λn, (n = 1, 2, 3, . . .)

the corresponding eigenvalues different from each other. Denote the approximate
solutions of the problem (5.6.1)–(5.6.3), (5.6.13) and (5.6.8) by ~Zε

N(x, t), ~Hε
N(x, t),

~Eε
N(x, t), ~P ε

N(x, t) in the following form:

~Z
ε
N(x, t) =

N
∑

s=1

~α
ε
sN(t)ωs(x), ~H

ε
N (x, t) =

N
∑

s=1

~β
ε
sN(t)ωs(x),

~E
ε
N(x, t) =

N
∑

s=1

~γ
ε
sN(t)ωs(x), ~P

ε
N(x, t) =

N
∑

s=1

~δ
ε
sN(t)ωs(x),

where ~αε
sN(t), ~βε

sN(t), ~γε
sN(t), ~δε

sN(t), (t ∈ R+), (s = 1, 2, . . . , N ;N = 1, 2, . . .) are
three-dimensional vector-valued functions satisfying the following system of ordinary

differential equations:
∫

Ω

~Z
ε
Ntωs = α1

∫

Ω

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)

ωs

− α2

∫

Ω

~Z
ε
N ×

(

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

))

ωs, (5.6.16)

∫

Ω

(

~H
ε
Nt + β ~Z

ε
Nt

)

ωs = −
∫

Ω

(

∇× ~E
ε
N

)

ωs(x), (5.6.17)

∫

Ω

(

~E
ε
Nt + ~P

ε
Nt

)

ωs(x) + σ

∫

Ω

(

~E
ε
N + ~P

ε
N

)

ωs(x)

=
∫

Ω

(

∇× ~H
ε
N

)

ωs(x) + σ

∫

Ω

~P
ε
Nωs(x), (5.6.18)

∫

Ω

~P
ε
Nttωs + λ

2

∫

Ω

curl 2 ~P
ε
Nωs(x) + µ

∫

Ω

~P
ε
Ntωs(x) − ε

∫

Ω

4~P
ε
Nωs(x)

= ν

∫

Ω

~E
ε
Nωs(x) − 2ν

∫

Ω

~P
ε
NΦ′(|~P ε

N |2)ωs(x) (5.6.19)

with initial conditions
∫

Ω

~Z
ε
N(x, 0)ωs(x) =

∫

Ω

~Z0(x)ωs(x), (5.6.20)
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∫

Ω

~H
ε
N(x, 0)ωs(x) =

∫

Ω

~H0(x)ωs(x), (5.6.21)

∫

Ω

~E
ε
N(x, 0)ωs(x) =

∫

Ω

~E0(x)ωs(x), (5.6.22)

∫

Ω

~P
ε
N(x, 0)ωs(x)dx =

∫

Ω

~P0(x)ωs(x)dx, (5.6.23)

∫

Ω

~P
ε
Nt(x, 0)ωs(x)dx =

∫

Ω

~P1(x)ωs(x)dx. (5.6.24)

It follows from the standard theory on nonlinear ordinary differential equations

that the problem (5.6.16)–(5.6.24) admits unique local solution. The following a priori

estimates enable us to take the limit N → ∞ in (5.6.16)–(5.6.24) to obtain the global

solution to the viscosity problem.
For the sake of simplicity, we denote ‖ · ‖Lp(Ω) = ‖ · ‖p, p ≥ 2.

Lemma 5.6.2 Assume (~Z0(x), ~H0(x), ~E0(x), ~P0(x), ~P1(x)) ∈ (H1(Ω), L2(Ω), L2(Ω),

H1(Ω), L2(Ω)). Then for the solution of the initial value problem (5.6.16)–(5.6.24),
we have the following estimates :

sup
0≤t≤T

[‖~Zε
N(·, t)‖2

H1(Ω)
+ ‖ ~Eε

N(·, t)‖2

2
+ ‖ ~Hε

N(·, t)‖2

2
+ ‖~P ε

N(·, t)‖2

2

+ ‖curl ~P ε
N(·, t)‖2

2
+ ε‖∇~P

ε
N (·, t)‖2

2
+ ‖~P ε

Nt(·, t)‖2

2
] ≤ C3, (5.6.25)

sup
0≤t≤T

‖~Zε
N(·, t)‖2

6
≤ C4, sup

0≤t≤T
‖~Zε

N(·, t) ×∇~Z
ε
N(·, t)‖

L
3

2 (Ω)
≤ C5, (5.6.26)

where the constants C3, C4 and C5 are independent of N, α2 and D. When α2 > 0,
there is

‖~Zε
N × (4~Z

ε
N + ~H

ε
N)‖L2(0,T ;L2(Ω)) ≤ C6, (5.6.27)

where the constant C6 is independent of N and D.

Proof. 1. Multiplying (5.6.16) by ~αε
sN(t), summing up the products for s =

1, 2, . . . , N , we get

d

dt

∫

Ω

|~Zε
N(·, t)|2dx = 0.

Then we have

‖~Zε
N(·, t)‖2

2
= ‖~Zε

N(·, 0)‖2

2
≤ ‖~Z0(x)‖2

2
, ∀ t ≥ 0. (5.6.28)

2. Making the scalar product of
(

−λs~α
ε
sN(t) + ~β

ε
sN(t)

)

with (5.6.16), summing up
the resulting product for s = 1, 2, . . . , N and then integrating by parts, we have

1

2

d

dt

∫

Ω

∣

∣

∣∇~Z
ε
N(·, t)

∣

∣

∣

2

dx + α2

∥

∥

∥

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)∥

∥

∥

2

2
−
∫

Ω

~Z
ε
Nt · ~Hε

Ndx = 0. (5.6.29)
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Multiplying (5.6.17) by ~β
ε
sN(t) and (5.6.18) by ~γε

sN(t), summing up, and integrat-
ing by parts, we obtain

1

2

d

dt

∫

Ω

(

∣

∣

∣

~H
ε
N(·, t)

∣

∣

∣

2

+
∣

∣

∣

~E
ε
N(·, t)

∣

∣

∣

2
)

+ σ

∫

Ω

∣

∣

∣

~E
ε
N

∣

∣

∣

2

+
∫

Ω

~P
ε
Nt · ~Eε

N + β

∫

Ω

~Z
ε
Nt · ~Hε

N = 0. (5.6.30)

Multiplying (5.6.19) by (~γε
sN(t) + ~δε

sN(t)), summing up, and integrating by parts,

we get

1

2

d

dt

∫

Ω

∣

∣

∣

~E
ε
N(·, t) + ~P

ε
N(·, t)

∣

∣

∣

2

dx+ σ

∫

Ω

∣

∣

∣

~E
ε
N + ~P

ε
N

∣

∣

∣

2

dx

= σ

∫

Ω

~P
ε
N ·

(

~E
ε
N + ~P

ε
N

)

dx+
∫

Ω

(

∇× ~H
ε
N

)

·
(

~E
ε
N + ~P

ε
N

)

dx. (5.6.31)

Putting these equalities together, we have

1

2

d

dt

∫

Ω

[

∣

∣

∣

~E
ε
N(·, t) + ~P

ε
N(·, t)

∣

∣

∣

2

+ 2
∣

∣

∣

~H
ε
N(·, t)

∣

∣

∣+
∣

∣

∣

~E
ε
N(·, t)

∣

∣

∣

]

dx

+ σ

∫

Ω

∣

∣

∣

~E
ε
N + ~P

ε
N

∣

∣

∣

2

dx+ σ

∫

Ω

∣

∣

∣

~E
ε
N

∣

∣

∣

2

dx

+ 2β
∫

Ω

~Z
ε
Nt · ~Hε

Ndx+
∫

Ω

~P
ε
Nt · ~Eε

Ndx

= σ

∫

Ω

~P
ε
N ·

(

~E
ε
N + ~P

ε
N

)

dx+
∫

Ω

(

∇× ~H
ε
N

)

· ~P ε
Ndx. (5.6.32)

Multiplying (5.6.19) by ~δε
sN

′(t), summing up the product for s = 1, 2, . . . , N and

integrating by parts, one has, by noticing that ~P ε
N is periodic,

1

2

d

dt

∫

Ω

∣

∣

∣

~P
ε
Nt(·, t)

∣

∣

∣

2

dx+
λ2

2

d

dt

∫

Ω

∣

∣

∣∇× ~P
ε
N(·, t)

∣

∣

∣

2

dx

+
ε

2

d

dt

∫

Ω

∣

∣

∣∇~P
ε
N(·, t)

∣

∣

∣

2

dx+ µ

∫

Ω

∣

∣

∣

~P
ε
Nt

∣

∣

∣

2

dx

= ν

∫

Ω

~E
ε
N · ~P ε

Ntdx− 2ν
∫

Ω

Φ′(|~P ε
N |2)~P ε

N · ~P ε
Ntdx. (5.6.33)

From (5.6.29) and (5.6.32) (multiplying (5.6.32) by δ0, chosen later), it follows
that

1

2

d

dt

∫

Ω

[

∣

∣

∣∇~Z
ε
N(·, t)

∣

∣

∣

2

+ δ0

∣

∣

∣

~E
ε
N(·, t) + ~P

ε
N(·, t)

∣

∣

∣

2

+ 2δ0
∣

∣

∣

~H
ε
N(·, t)

∣

∣

∣+ δ0

∣

∣

∣

~E
ε
N(·, t)

∣

∣

∣

]

+ δ0σ

∫

Ω

∣

∣

∣

~E
ε
N

∣

∣

∣

2

+ α2

∥

∥

∥

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)∥

∥

∥

2

2
+ (2βδ0 − 1)

∫

Ω

~Z
ε
Nt · ~Hε

Ndx

+ δ0σ

∫

Ω

∣

∣

∣

~E
ε
N + ~P

ε
N

∣

∣

∣

2

+ δ0

∫

Ω

~P
ε
Nt · ~Eε

Ndx

= δ0σ

∫

Ω

~P
ε
N ·

(

~E
ε
N + ~P

ε
N

)

+ δ0

∫

Ω

(

∇× ~H
ε
N

)

· ~P ε
N . (5.6.34)
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In order to deal with the term
∫

Ω
~Z

ε
Nt · ~Hε

Ndx, we multiply (5.6.17) by (2βδ0−1)~αε
sN

and sum up the product for s = 1, 2, . . . , N to obtain

(2βδ0 − 1)
∫

Ω

~H
ε
Nt · ~Zε

N + (2βδ0 − 1)
∫

Ω

(

∇× ~E
ε
N

)

· ~Zε
N = 0. (5.6.35)

Adding (5.6.34) and (5.6.35), one gets

1

2

d

dt

∫

Ω

[

∣

∣

∣∇~Z
ε
N(·, t)

∣

∣

∣

2

+ δ0

∣

∣

∣

~E
ε
N(·, t) + ~P

ε
N(·, t)

∣

∣

∣

2

+ 2δ0
∣

∣

∣

~H
ε
N(·, t)

∣

∣

∣+ δ0

∣

∣

∣

~E
ε
N(·, t)

∣

∣

∣

]

dx

+ α2

∥

∥

∥

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)∥

∥

∥

2

2
+ (2βδ0 − 1)

d

dt

∫

Ω

~Z
ε
N · ~Hε

Ndx

= −δ0σ
∫

Ω

∣

∣

∣

~E
ε
N + ~P

ε
N

∣

∣

∣

2

dx− δ0σ

∫

Ω

∣

∣

∣

~E
ε
N

∣

∣

∣

2

dx− δ0

∫

Ω

~P
ε
Nt · ~Eε

Ndx

+ δ0σ

∫

Ω

~P
ε
N ·

(

~E
ε
N + ~P

ε
N

)

dx− (2βδ0 − 1)
∫

Ω

(

∇× ~E
ε
N

)

· ~Zε
Ndx

+ δ0

∫

Ω

(

∇× ~H
ε
N

)

· ~P ε
Ndx. (5.6.36)

Putting (5.6.33) and (5.6.36) together, we have

1

2

d

dt

∫

Ω

[ ∣

∣

∣∇~Z
ε
N(·, t)

∣

∣

∣

2

+ δ0

∣

∣

∣

~E
ε
N (·, t) + ~P

ε
N (·, t)

∣

∣

∣

2

+ 2δ0
∣

∣

∣

~H
ε
N(·, t)

∣

∣

∣

+ δ0

∣

∣

∣

~E
ε
N(·, t)

∣

∣

∣+
∣

∣

∣

~P
ε
Nt(·, t)

∣

∣

∣

2

+ λ
2

∣

∣

∣∇× ~P
ε
N(·, t)

∣

∣

∣

2

+ ε

∣

∣

∣∇~P
ε
N(·, t)

∣

∣

∣

2
]

+ (2βδ0 − 1)
d

dt

∫

Ω

~Z
ε
N · ~Hε

N + α2

∥

∥

∥

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)∥

∥

∥

2

2

≤
(

µ+ 2 +
(δ0 − ν)2

4

)

∥

∥

∥

~P
ε
Nt

∥

∥

∥

2

2
+

(

8ν2
C

2

0
+
σ2δ2

0

4
+ δ0σ

)

∥

∥

∥

~P
ε
N

∥

∥

∥

2

2

+ |3 − σδ0|
∥

∥

∥

~E
ε
N

∥

∥

∥

2

2
+ δ0σ

∥

∥

∥

~E
ε
N + ~P

ε
N

∥

∥

∥

2

2
+
∥

∥

∥

~H
ε
N

∥

∥

∥

2

2

+
(1 − 2βδ0)

2

4

∥

∥

∥∇~Z
ε
N

∥

∥

∥

2

2
+
δ2

0

4

∥

∥

∥curl ~P ε
N

∥

∥

∥

2

2
,

where C0 is given by (5.6.5).

Integrating the above inequality with respect to t, we obtain

1

2

∥

∥

∥∇~Z
ε
N(·, t)

∥

∥

∥

2

2
+
δ0

2

∥

∥

∥

~E
ε
N (·, t) + ~P

ε
N(·, t)

∥

∥

∥

2

2
+ δ0

∥

∥

∥

~H
ε
N(·, t)

∥

∥

∥

2

2
+
δ0

2

∥

∥

∥

~E
ε
N(·, t)

∥

∥

∥

2

2

+
1

2

∥

∥

∥

~P
ε
Nt(·, t)

∥

∥

∥

2

2
+
λ2

2

∥

∥

∥curl ~P ε
N(·, t)

∥

∥

∥

2

2
+
ε

2

∥

∥

∥∇~P
ε
N(·, t)

∥

∥

∥

2

2

+ (2βδ0 − 1)
∫

Ω

~Z
ε
N · ~Hε

Ndx + α2

∫ t

0

∥

∥

∥

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)
∥

∥

∥

2

2
dt

≤ 1

2

∥

∥

∥∇~Z0

∥

∥

∥

2

2
+
δ0

2

∥

∥

∥

~E0 + ~P0

∥

∥

∥

2

2
+ δ0

∥

∥

∥

~H0

∥

∥

∥

2

2
+
δ0

2

∥

∥

∥

~E0

∥

∥

∥

2

2

+
1

2

∥

∥

∥

~P1

∥

∥

∥

2

2
+ |2βδ0 − 1|

∥

∥

∥

~H0

∥

∥

∥

2

∥

∥

∥

~Z0

∥

∥

∥

2
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+
λ2

2

∥

∥

∥curl ~P0

∥

∥

∥

2

2
+
ε

2

∥

∥

∥∇~P0

∥

∥

∥

2

2
+

(

µ+ 2 +
(δ0 − ν)2

4

)

∫ t

0

∥

∥

∥

~P
ε
Nt

∥

∥

∥

2

2
dt

+

(

8ν2
C

2

0
+
σ2δ2

0

4
+ δ0σ

)

∫ t

0

∥

∥

∥

~P
ε
N

∥

∥

∥

2

2
dt

+ |3 − σδ0|
∫ t

0

∥

∥

∥

~E
ε
N

∥

∥

∥

2

2
dt+ δ0σ

∫ t

0

∥

∥

∥

~E
ε
N + ~P

ε
N

∥

∥

∥

2

2
dt

+
∫ t

0

∥

∥

∥

~H
ε
N

∥

∥

∥

2

2
dt+

(1 − 2βδ0)
2

4

∫ t

0

∥

∥

∥∇~Z
ε
N

∥

∥

∥

2

2
dt+

δ2

0

4

∫ t

0

∥

∥

∥curl ~P ε
N

∥

∥

∥

2

2
dt.

Therefore we have
∥

∥

∥∇~Z
ε
N(·, t)

∥

∥

∥

2

2
+ δ0

∥

∥

∥

~E
ε
N(·, t) + ~P

ε
N(·, t)

∥

∥

∥

2

2
+ 2δ0

∥

∥

∥

~H
ε
N(·, t)

∥

∥

∥

2

2

+ δ0

∥

∥

∥

~E
ε
N (·, t)

∥

∥

∥

2

2
+
∥

∥

∥

~P
ε
Nt(·, t)

∥

∥

∥

2

2
+ λ

2

∥

∥

∥curl ~P ε
N(·, t)

∥

∥

∥

2

2

+ ε

∥

∥

∥∇~P
ε
N(·, t)

∥

∥

∥

2

2
+ 2α2

∫ t

0

∥

∥

∥

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)∥

∥

∥

2

2
dt

≤ C7 + 2

(

µ+ 2 +
(δ0 − ν)2

4

)

∫ t

0

∥

∥

∥

~P
ε
Nt

∥

∥

∥

2

2
dt

+

(

16ν2
C

2

0
+
σ2δ2

0

2
+ 8|δ0σ|

)

∫ t

0

∥

∥

∥

~P
ε
N

∥

∥

∥

2

2
dt

+ (|6 − 2σδ0| + 4|δ0σ|)
∫ t

0

∥

∥

∥

~E
ε
N

∥

∥

∥

2

2
dt+ 2

∫ t

0

∥

∥

∥

~H
ε
N

∥

∥

∥

2

2
dt

+
(1 − 2βδ0)

2

2

∫ t

0

∥

∥

∥∇~Z
ε
N

∥

∥

∥

2

2
dt+

δ2

0

2

∫ t

0

∥

∥

∥curl ~P ε
N

∥

∥

∥

2

2
dt, (5.6.37)

where

C7 =
∥

∥

∥∇~Z0

∥

∥

∥

2

2
+ δ0

∥

∥

∥

~E0 + ~P0

∥

∥

∥

2

2
+ 2δ0

∥

∥

∥

~H0

∥

∥

∥

2

2
+ δ0

∥

∥

∥

~E0

∥

∥

∥

2

2
+
∥

∥

∥

~P1

∥

∥

∥

2

2

+ 2|2βδ0 − 1|
∥

∥

∥

~H0

∥

∥

∥

2

∥

∥

∥

~Z0

∥

∥

∥

2
+ λ

2

∥

∥

∥curl ~P0

∥

∥

∥

2

2

+ ε

∥

∥

∥∇~P0

∥

∥

∥

2

2
dx+

(1 − 2βδ0)
2

δ0

∥

∥

∥

~Z0

∥

∥

∥

2

2
.

On the other hand, we have
∥

∥

∥

~P
ε
N(·, t)

∥

∥

∥

2

2
− 2

∥

∥

∥

~E
ε
N (·, t)

∥

∥

∥

2

2
≤ 2

∥

∥

∥

~P
ε
N(·, t) + ~E

ε
N(·, t)

∥

∥

∥

2

2

≤ 3
∥

∥

∥

~P
ε
N(·, t) + ~E

ε
N(·, t)

∥

∥

∥

2

2
. (5.6.38)

Taking δ0 = 3, we get from (5.6.37) and (5.6.38) that
∥

∥

∥∇~Z
ε
N(·, t)

∥

∥

∥

2

2
+
∥

∥

∥

~P
ε
N(·, t)

∥

∥

∥

2

2
+ 6

∥

∥

∥

~H
ε
N (·, t)

∥

∥

∥

2

2
+
∥

∥

∥

~E
ε
N(·, t)

∥

∥

∥

2

2
+ ε

∥

∥

∥∇~P
ε
N(·, t)

∥

∥

∥

2

2

+
∥

∥

∥

~P
ε
Nt(·, t)

∥

∥

∥

2

2
+ λ

2

∥

∥

∥curl ~P ε
N(·, t)

∥

∥

∥

2

2
+ 2α2

∫ t

0

∥

∥

∥

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)∥

∥

∥

2

2
dt

≤ C8

∫ t

0

[

∥

∥

∥∇~Z
ε
N

∥

∥

∥

2

2
+
∥

∥

∥

~P
ε
N

∥

∥

∥

2

2
+
∥

∥

∥

~E
ε
N

∥

∥

∥

2

2
+
∥

∥

∥

~H
ε
N

∥

∥

∥

2

2
+
∥

∥

∥

~P
ε
Nt

∥

∥

∥

2

2
+
∥

∥

∥curl ~P ε
N

∥

∥

∥

2

2

]

dt+ C7,

(5.6.39)
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where

C8 = max

{

(1 − 6β)
2

2
,

(

16ν2C2

0 +
9σ2

2
+ 24σ

)

, (|6 − 6σ| + 12σ), 2[µ + 2 + (3 − ν)
2
],

9

2

}

.

For λ2 > 0 (in fact, λ > 0 denotes the speed of light for the internal field), (5.6.39)

combined with Gronwall’s inequality yields (5.6.25).

Step 3. By Sobolev imbedding theorem and Hölder inequality, we have (5.6.26).

Combining (5.6.36) and (5.6.25), we obtain (5.6.27) if α2 > 0. Lemma 5.6.2 is proved.

Lemma 5.6.3 Under the condition of Lemma 5.6.2, for the solution ( ~Zε
N ,

~Hε
N ,

~Eε
N ,
~P ε

N) of the problem (5.6.16)–(5.6.24), there exist C9 > 0 and C10 > 0, both inde-

pendent of N, D and ε, such that

(i) when α2 = 0,

sup
0≤t≤T

[

∥

∥

∥

~Z
ε
Nt

∥

∥

∥

H−2(Ω)
+
∥

∥

∥

~H
ε
Nt

∥

∥

∥

H−2(Ω)
+
∥

∥

∥

~E
ε
Nt

∥

∥

∥

H−2(Ω)
+
∥

∥

∥

~P
ε
Ntt

∥

∥

∥

H−2(Ω)

]

≤ C9. (5.6.40)

(ii) when α2 > 0,

∥

∥

∥

~Z
ε
Nt

∥

∥

∥

L
3

2 (QT )
+
∥

∥

∥

~H
ε
Nt

∥

∥

∥

L2(0,T ;H−1(Ω))
+
∥

∥

∥

~E
ε
Nt

∥

∥

∥

L2(0,T ;H−1(Ω))

+
∥

∥

∥

~P
ε
Ntt

∥

∥

∥

L2(0,T ;H−2(Ω))
≤ C10. (5.6.41)

Remark 5.6.1 This lemma shows that if α2 > 0, then we may get better estimate
like the above lemma.

Proof.

(i) When α2 = 0, for any periodic function ϕ ∈ H2

0
(Ω), ϕ can be represented by

ϕ = ϕN + ϕN , ϕN =
N
∑

s=1

ηsωs(x), ϕN =
∞
∑

s=N+1

ηsωs(x). (5.6.42)

For s ≥ N + 1, we have
∫

Ω

~Z
ε
Ntωs(x)dx = 0

Then, by Lemma 5.6.2, there holds

∣

∣

∣

∣

∫

Ω

~Z
ε
Ntϕ(x)dx

∣

∣

∣

∣

=
∫

Ω

~Z
ε
NtϕN(x)dx = α1

∫

Ω

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)

ϕN(x)dx

≤ |α1|
(

‖∇~Z
ε
N‖2‖~Zε

N‖6 + ‖~Zε
N‖2‖ ~Hε

N‖2

)

(‖∇ϕN‖3 + ‖ϕN‖∞)

≤ C11‖ϕ‖H2(Ω),

where we have used Gagliardo–Nirenberg inequalities

‖ϕN‖∞ ≤ C‖ϕN‖
1

4

2 ‖4ϕN‖
3

4

2 , ‖∇ϕN‖3 ≤ C‖∇ϕN‖
1

2

2 ‖4ϕN‖
1

2

2 .
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In the similar manner, we have
∣

∣

∣

∣

∫

Ω

~H
ε
Ntϕ(x)dx

∣

∣

∣

∣

≤ C12‖ϕ‖H2(Ω),

∣

∣

∣

∣

∫

Ω

~E
ε
Ntϕ(x)dx

∣

∣

∣

∣

≤ C13‖ϕ‖H2(Ω),

∣

∣

∣

∣

∫

Ω

~P
ε
Nttϕdx

∣

∣

∣

∣

≤ C14‖ϕ‖H2(Ω),

where C11, C12, C13 and C14 are independent of N , D and ε. (5.6.40) follows.

(ii) Now we assume α2 > 0. For any periodic function ϕ ∈ L3(QT ), we have
∣

∣

∣

∣

∫∫

QT

~Z
ε
Nϕdxdt

∣

∣

∣

∣

≤ |α1|
∣

∣

∣

∣

∫∫

QT

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)

ϕdxdt

∣

∣

∣

∣

+ α2

∣

∣

∣

∣

∫∫

QT

~Z
ε
N ×

(

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

))

ϕdxdt

∣

∣

∣

∣

≤ |α1|
∥

∥

∥

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)
∥

∥

∥

L2(QT )
‖ϕ‖L2(QT )

+ α2‖~Zε
N‖L6(QT )

∥

∥

∥

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)∥

∥

∥

L2(QT )
‖ϕ‖L3(QT )

≤ C15‖ϕ‖L3(QT ).

Similarly, for any periodic function ϕ ∈ L2(0, T ;H1

0
(Ω)), using (5.6.42) and

Lemma 5.6.2, we get
∣

∣

∣

∣

∫

Ω

~Z
ε
Ntϕdx

∣

∣

∣

∣

≤ C16‖ϕ‖H1(Ω)

∣

∣

∣

∣

∫∫

QT

~H
ε
Ntϕdxdt

∣

∣

∣

∣

=
∣

∣

∣

∣

−
∫∫

QT

(

∇× ~E
ε
N

)

ϕdxdt− β

∫∫

QT

~Z
ε
NtϕNdxdt

∣

∣

∣

∣

≤ C17‖ϕ‖L2(0,T ;H1(Ω)),
∣

∣

∣

∣

∫∫

QT

~E
ε
Ntϕdxdt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫∫

QT

(

∇× ~H
ε
N

)

ϕdxdt−
∫∫

QT

~PNtϕtdxdt− σ

∫∫

QT

~E
ε
NϕNdxdt

∣

∣

∣

∣

≤ C18‖ϕ‖L2(0,T ;H1(Ω)).

For any periodic function ϕ ∈ L2(0, T ;H2(Ω)), using (5.6.42) again, we obtain
∣

∣

∣

∣

∣

∫∫

QT

~P
ε
Nttϕdxdt

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

ν

∫∫

QT

~E
ε
NϕNdxdt+ ε

∫∫

QT

4~P
ε
NϕNdxdt

− 2ν
∫∫

QT

Φ′(|~P ε
N |2)~P ε

NϕNdxdt

− µ

∫∫

QT

~P
ε
NtϕNdxdt− λ

2

∫∫

QT

curl 2 ~P
ε
NϕNdxdt

∣

∣

∣

∣

∣

≤ C19‖ϕN‖L2(0,T ;H1(Ω)) + ε

∫ T

0

‖~P ε
N‖2‖4ϕN‖2dt

+ λ
2

∫ T

0

‖curl ~P ε
N‖2‖∇ϕN‖2dt

≤ C20‖ϕ‖L2(0,T ;H2(Ω)),

where C15–C20 are independent of N , D and ε. The proof of Lemma 5.6.3 is complete.
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Lemma 5.6.4 Under the condition of Lemma 2.1, for the solution ( ~Zε
N ,

~H
ε
N ,

~E
ε
N ,
~P

ε
N)

of the problem (5.6.16)–(5.6.24), there exist constants C21 > 0, C22 > 0, C23 > 0,

C24 > 0 and C25 > 0, independent of N, D, and ε, such that

(i) When α2 = 0,

‖~Zε
N(·, t1) − ~Zε

N(·, t2)‖2 ≤ C21|t1 − t2|
1

2 , (5.6.43)

~Hε
N ,

~Eε
N ,
~P ε

N ,
~P ε

Nt ∈ C([0, T ];H−1(Ω)). (5.6.44)

(ii) When α2 > 0,

‖~Zε
N(·, t1) − ~Z

ε
N(·, t2)‖3 ≤ C22|t1 − t2|

2

3 , (5.6.45)

‖ ~Hε
N(·, t1) − ~H

ε
N(·, t2)‖H−1(Ω) + ‖ ~Eε

N(·, t1) − ~E
ε
N (·, t2)‖H−1(Ω) ≤ C23|t1 − t2|

1

2 ,

(5.6.46)

‖~P ε
Nt(·, t1) − ~P

ε
Nt(·, t2)‖H−2(Ω) ≤ C24|t1 − t2|

1

2 , (5.6.47)

‖~P ε
N(·, t1) − ~P

ε
N(·, t2)‖2 ≤ C25|t1 − t2|

1

2 . (5.6.48)

Proof. (i) When α2 = 0, by the Sobolev interpolation of negative order, there
holds

‖~Zε
N(·, t1) − ~Z

ε
N(·, t2)‖2 ≤ C26‖~Zε

N(·, t1) − ~Z
ε
N(·, t2)‖

1

3

H−2‖~Zε
N(·, t1) − ~Z

ε
N(·, t2)‖

2

3

H1

≤ C27

∥

∥

∥

∥

∥

∥

∫ t2

t1

∂ ~Z
ε
N

∂t
dt

∥

∥

∥

∥

∥

∥

1

3

H−2

≤ C22|t1 − t2|
1

3 .

On the other hand, it follows from Lemma 5.6.1 and

L
2(Ω) ↪→↪→ H

−1(Ω) ↪→ H
−2(Ω);

~H
ε
N ∈ L

∞(0, T ;L2(Ω))
⋂

{

Ψ :
∂Ψ

∂t
∈ L

∞(0, T ;H−2(Ω))

}

that
~H

ε
N ∈ C([0, T ];H−1(Ω)).

Similarly, we also have

~E
ε
N ,
~P

ε
N ,
~P

ε
Nt ∈ C([0, T ];H−1(Ω)).
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(ii) When α2 > 0, we have

∥

∥

∥

~Z
ε
N(·, t1) − ~Z

ε
N(·, t2)

∥

∥

∥

3
=

∥

∥

∥

∥

∥

∥

∫ t2

t1

∂ ~Zε
N

∂t
dt

∥

∥

∥

∥

∥

∥

3

≤ |t1 − t2|
2

3





∫∫

QT

∣

∣

∣

∣

∣

∣

∂ ~Zε
N

∂t

∣

∣

∣

∣

∣

∣

dxdt





1

3

≤ C22|t1 − t2|
2

3 ,

∥

∥

∥

~H
ε
N(·, t1) − ~H

ε
N(·, t2)

∥

∥

∥

H−1(Ω)
=

∥

∥

∥

∥

∥

∥

∫ t2

t1

∂ ~Hε
N

∂t
dt

∥

∥

∥

∥

∥

∥

H−1

≤ |t1 − t2|
1

2







∫ T

0

∥

∥

∥

∥

∥

∥

∂ ~Hε
N

∂t

∥

∥

∥

∥

∥

∥

2

H−1(Ω)

dt







1

2

≤ C23|t1 − t2|
1

2 .

For | ~Eε
N(·, t1) − ~Eε

N(·, t2)|, a similar inequality holds.

At the same time, we have

∥

∥

∥

~P
ε
Nt(·, t1) − ~P

ε
Nt(·, t2)

∥

∥

∥

H−2(Ω)
=

∥

∥

∥

∥

∥

∥

∫ t2

t1

∂2 ~P ε
N

∂t2
dt

∥

∥

∥

∥

∥

∥

H−2(Ω)

≤ |t1 − t2|
1

2







∫ T

0

∥

∥

∥

∥

∥

∥

∂2 ~P ε
N

∂t2

∥

∥

∥

∥

∥

∥

2

H−2(Ω)

dt







1

2

≤ C24|t1 − t2|
1

2 ,

∥

∥

∥

~P
ε
N(·, t1) − ~P

ε
N(·, t2)

∥

∥

∥

2
=

∥

∥

∥

∥

∥

∥

∫ t2

t1

∂ ~P
ε
N

∂t
dt

∥

∥

∥

∥

∥

∥

2

≤ |t1 − t2|
1

2







∫ T

0

∥

∥

∥

∥

∥

∥

∂ ~P ε
N

∂t

∥

∥

∥

∥

∥

∥

2

2

dt







1

2

≤ C25|t1 − t2|
1

2 .

Lemma 5.6.4 follows.
In fact, it follows from (5.6.25)–(5.6.26) that the solution of ODE (5.6.16)–(5.6.24)

does not blow up at any finite time. Hence, from ODE theory, Lemmas 5.6.2–5.6.4,
we have the following lemma:

Lemma 5.6.5 Under the conditions of Lemma 5.6.2, the initial value problem for

the system of the ordinary differential equation (5.6.16)–(5.6.24) admits at least one

continuously differentiable global solution

~α
ε
sN(t), ~β

ε
sN(t), ~γ

ε
sN(t), ~δ

ε
sN(t), (s = 1, 2, . . . , N ; t ∈ [0, T ]).
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5.6.4 Existence of Weak Solution for the Viscosity Problem

First of all, similar to Definition 5.6.1, we may define the weak solution for the vis-
cosity problem (5.6.1)–(5.6.3), and (5.6.13) and (5.6.8). In the proof of the following

theorem, we must use the following lemma which is well known to all.

Lemma 5.6.6 If un → u strongly in L2(QT ) and vn → v weakly in L2(QT ), then

unvn → uv weakly in L1(QT ) and in the sense of distribution.

Theorem 5.6.1 Assume the 2D-periodic initial data ( ~Z0(x), ~H0(x), ~E0(x), ~P0(x),
~P1(x)) ∈ (H1(Ω), L2(Ω), L2(Ω), H1(Ω), L2(Ω)). Then the periodic initial value prob-

lem (5.6.1)–(5.6.3), (5.6.13), (5.6.8) admits at least one global weak solution ~Zε(x, t),
~Hε(x, t), ~Eε(x, t), ~P ε(x, t) such that

(i) When α2 = 0, there hold

~Z
ε(x, t) ∈ L

∞(0, T ;H1(Ω))
⋂

C
(0, 1

3
)(0, T ;L2(Ω)); (5.6.49)

~H
ε(x, t) ∈ L

∞(0, T ;L2(Ω))
⋂

C(0, T ;H−1(Ω)); (5.6.50)

~E
ε(x, t) ∈ L

∞(0, T ;L2(Ω))
⋂

C(0, T ;H−1(Ω)); (5.6.51)

~P
ε(x, t) ∈ L

∞(0, T ;H1(Ω))
⋂

C(0, T ;H−1(Ω)); (5.6.52)

~P
ε
t (x, t) ∈ L

∞(0, T ;L2(Ω))
⋂

C(0, T ;H−1(Ω)). (5.6.53)

(ii) When α2 > 0, we have

~Z
ε(x, t) ∈ L

∞(0, T ;H1(Ω))
⋂

C
(0, 2

3
)(0, T ;L3(Ω)); (5.6.54)

~H
ε(x, t) ∈ L

∞(0, T ;L2(Ω))
⋂

C
(0, 1

2
)(0, T ;H−1(Ω)); (5.6.55)

~E
ε(x, t) ∈ L

∞(0, T ;L2(Ω))
⋂

C
(0, 1

2
)(0, T ;H−1(Ω)); (5.6.56)

~P
ε(x, t) ∈ L

∞(0, T ;H1(Ω))
⋂

C
(0, 1

2
)(0, T ;L2(Ω)); (5.6.57)

~P
ε
t (x, t) ∈ L

∞(0, T ;L2(Ω))
⋂

C
(0, 1

2
)(0, T ;H−2(Ω)). (5.6.58)

Proof. The uniform estimates for the approximate solution ~Z
ε
N(x, t), ~Hε

N(x, t),
~Eε

N(x, t), ~P ε
N(x, t) in the above section yield that there is a subsequence of ~Zε

N(x, t),
~H

ε
N(x, t), ~Eε

N(x, t), ~P ε
N(x, t), still denoted by ~Z

ε
N(x, t), ~Hε

N(x, t), ~Eε
N (x, t), ~P ε

N(x, t), and
~Zε(x, t), ~Hε(x, t), ~Eε(x, t), ~P ε(x, t), such that

~Z
ε
N(x, t) → ~Z

ε(x, t), weakly-∗ in L6(QT ); (5.6.59)

~Z
ε
N(x, t) → ~Z

ε(x, t), strongly in L6−%(QT ), (% > 0); (5.6.60)

~Z
ε
N(x, t) → ~Z

ε(x, t), weakly-∗ in L∞(0, T ;H1(Ω)); (5.6.61)

~H
ε
N(x, t) → ~H

ε(x, t), weakly-∗ in L∞(0, T ;L2(Ω)); (5.6.62)

~E
ε
N (x, t) → ~E

ε(x, t), weakly-∗ in L
∞(0, T ;L2(Ω)); (5.6.63)
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~P
ε
N(x, t) → ~P

ε(x, t), weakly-∗ in L∞(0, T ;H1(Ω)); (5.6.64)

~P
ε
Nt(x, t) → ~P

ε
t (x, t), weakly-∗ in L∞(0, T ;L2(Ω)); (5.6.65)

curl ~P ε
N(x, t) → curl ~P ε(x, t), weakly-∗ in L∞(0, T ;L2(Ω)); (5.6.66)

~Z
ε
Nt(x, t) → ~Z

ε
t (x, t), weakly-∗ in L

3

2 (QT ), (α2 > 0); (5.6.67)

~Z
ε
Nt(x, t) → ~Z

ε
t (x, t), weakly-∗ in L∞(0, T ;H−2(Ω)), (α2 = 0). (5.6.68)

From Lemma 5.6.1(ii), we get that

L
∞(0, T ;H1(Ω))

⋂

{ϕ :
∂ϕ

∂t
∈ L

∞(0, T ;L2(Ω))}

↪→↪→ C([0, T ];L2(Ω)) ⊂ L
2(0, T ;L2(Ω)).

Since ~P ε
N is bounded uniformly in L∞(0, T ;H1(Ω)) and ∂t

~P ε
N is bounded uniformly

in L∞(0, T ;L2(Ω)), we deduce that there exists a subsequence of { ~P ε
N}, still denoted

by {~P ε
N}, such that as N → ∞

~P
ε
N(x, t) → ~P

ε(x, t), strongly in L∞(0, T ;L2(Ω)). (5.6.69)

For any vector-valued periodic test function ~Ψ(x, t) ∈ C1(QT ), ~Ψ(x, T ) = 0, we
define an approximate sequence

~ΨN(x, t) =
N
∑

s=1

~ηs(t)ωs(x),

where ~ηs(t) =
∫

Ω
~Ψ(x, t)ωs(x)dx, then

~ΨN(x, t) → ~Ψ(x, t) in C1(QT ) and in Lp(QT ), ∀ p > 1. (5.6.70)

Making the scalar product of ~ηs(t) with (5.6.16), (5.6.17) and eσt~ηs(t) with (5.6.18),

~ηs(t) with (5.6.19), and summing up the products for s = 1, 2, . . . , N , we get from
integration by parts

∫∫

QT

~Z
ε
N · ~ΨNt −

∫

Ω

~Z
ε
N(x, 0) · ~Ψ(x, 0)dx+ α1

∫∫

QT

(~Zε
N ×∇~Z

ε
N) · ∇~ΨN

− α1

∫∫

QT

(~Zε
N × ~H

ε
N ) · ~ΨN + α2

∫∫

QT

(

~Z
ε
N ×∇~Z

ε
N

)

· ∇
(

~Z
ε
N × ~ΨN

)

− α2

∫∫

QT

(

~Z
ε
N × ~H

ε
N

)

·
(

~Z
ε
N × ~ΨN

)

= 0, (5.6.71)

∫∫

QT

(

~H
ε
N + β ~Z

ε
N

)

· ~ΨNtdxdt−
∫∫

QT

(

∇× ~ΨN

)

· ~Eε
Ndxdt

+
∫

Ω

(

~H
ε
N (x, 0) + β ~Z

ε
N(x, 0)

)

· ~ΨN (x, 0)dx = 0, (5.6.72)
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∫∫

QT

( ~Eε
N + ~P

ε
N) · (eσt~ΨNt)dxdt +

∫∫

QT

e
σt∇× ΨN · ~Hε

Ndxdt

+ σ

∫∫

QT

e
σt ~P

ε
N · ~ΨNdxdt+

∫

Ω

( ~Eε
N (·, 0) + ~P

ε
N(·, 0)) · ~ΨN(·, 0)dx = 0, (5.6.73)

∫∫

QT

~P
ε
Nt · ~ΨNt − λ

2

∫∫

QT

curl ~P ε
N · curl ~ΨN − µ

∫∫

QT

~P
ε
Nt · ~ΨN

+ ν

∫∫

QT

~E
ε
N · ~ΨN − ε

∫∫

QT

∇~P
ε
N · ∇~ΨN

− 2ν
∫∫

QT

Φ′(|~P ε
N |2)~P ε

N · ~ΨN +
∫

Ω

~P
ε
Nt(·, 0) · ~ΨN(·, 0) = 0. (5.6.74)

Now we are in the position to prove that ( ~Zε(x, t), ~Hε(x, t), ~Eε(x, t), ~P ε(x, t)) is a

weak solution of (5.6.1)–(5.6.3), (5.6.13) and (5.6.8). To this aim, one should set N
to ∞ in (5.6.71)–(5.6.74). From (5.6.59)–(5.6.70) and Lemma 5.6.6, it suffices to deal

with the nonlinear terms in (5.6.71)–(5.6.74).

First of all, we are able to prove

∫∫

QT

Φ′(|~P ε
N |2)~P ε

N · ~ΨNdxdt→
∫∫

QT

Φ′(|~P ε|2)~P ε · ~Ψdxdt. (5.6.75)

In fact, using the Lipschitz condition (5.6.6), we get

∣

∣

∣

∣

∫∫

QT

Φ′(|~P ε
N |2)~P ε

N · ~ΨN −
∫∫

QT

Φ′(|~P ε|2)~P ε · ~Ψ
∣

∣

∣

∣

≤
∣

∣

∣

∣

∫∫

QT

[

Φ′(|~P ε
N |2)~P ε

N − Φ′(|~P ε|2)~P ε
]

· ~ΨN +
∫∫

QT

Φ′(|~P ε|2)~P ε ·
(

~ΨN − ~Ψ
)

∣

∣

∣

∣

≤ C∗

∫∫

QT

|~P ε
N − ~P

ε||~ΨN | + C‖~P ε‖L∞(0,T ;L2(Ω))

∫ T

0

‖~ΨN − ~Ψ‖L2(Ω)

≤ C∗‖~ΨN‖L2(0,T ;L2)‖~P ε
N − ~P

ε‖L2(0,T ;L2) + C‖~P ε‖L∞(0,T ;L2)

∫ T

0

‖~ΨN − ~Ψ‖2

→ 0 (as N → +∞),

where we have used (5.6.69).

Secondly, we claim that there exist subsequences of ~Zε
N , still denoted by ~Zε

N , such

that, as N → +∞, for i = 1, 2, 3,

(1) ~Z
ε
N × ∂ ~Zε

N

∂xi
→ ~Z

ε × ∂ ~Zε

∂xi
weakly-∗ in L∞(0, T ;L

3

2 (Ω)), (5.6.76)

(2)

(

~Z
ε
N × ∂ ~Zε

N

∂xi

)

xi

→
(

~Z
ε × ∂ ~Zε

∂xi

)

xi

weakly in L2(QT ), (α2 > 0). (5.6.77)
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In fact, for any periodic test function ~Ψ(x, t) ∈ C
1(QT ), we obtain

∫∫

QT




~Z

ε
N × ∂ ~Zε

N

∂xi

− ~Z
ε × ∂ ~Zε

∂xi



 · ~Ψdxdt

=
∫∫

QT



(~Zε
N − ~Z

ε) × ∂ ~Z
ε
N

∂xi



 · ~Ψdxdt

+
∫∫

QT




~Z

ε ×




∂ ~Zε
N

∂xi
− ∂ ~Zε

∂xi







 · ~Ψdxdt

≤ ‖~Ψ‖L∞(QT )‖∂
~Zε

N

∂xi

‖L2(QT )‖~Zε
N − ~Z

ε‖L2(QT )

+
∫∫

QT



~Z
ε ×





∂ ~Zε
N

∂xi
− ∂ ~Zε

∂xi







 · ~Ψdxdt→ 0, (as N → +∞).

Therefore, (5.6.76) is proved.

Now we turn to prove (5.6.77). By Lemma 5.6.2, when α2 > 0, (~Zε
N×(4~Zε

N + ~Hε
N))

is bounded in L
2(QT ) uniformly with respect to N . Then there exist a subse-

quence of (~Zε
N × (4~Zε

N + ~Hε
N)), still denoted by (~Zε

N × (4~Zε
N + ~Hε

N)), and a vector
~U

ε(x, t) ∈ L
2(QT ), such that for any test function ~Ψ(x, t) ∈ C

1(QT ), there holds that
as N → +∞

∫∫

QT

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)

· ~Ψ →
∫∫

QT

~U
ε · ~Ψ.

On the other hand, as N → +∞,
∫∫

QT

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)

· ~Ψ

= −
∫∫

QT

(

~Z
ε
N ×∇~Z

ε
N

)

· ∇~Ψ +
∫∫

QT

(

~Z
ε
N × ~H

ε
N

)

· ~Ψ

→ −
∫∫

QT

(

~Z
ε ×∇~Z

ε
)

· ∇~Ψ +
∫∫

QT

(

~Z
ε × ~H

ε
)

· ~Ψ,

where we have used (5.6.76) and the fact that, as N → ∞
∣

∣

∣

∣

∫∫

QT

(

~Z
ε
N × ~H

ε
N − ~Z

ε × ~H
ε
)

· ~Ψ
∣

∣

∣

∣

≤
∣

∣

∣

∣

∫∫

QT

(

~Z
ε
N − ~Z

ε
)

× ~H
ε
N · ~Ψ

∣

∣

∣

∣

+

∣

∣

∣

∣

∫∫

QT

~Z
ε ×

(

~H
ε
N − ~H

ε
)

· ~Ψ
∣

∣

∣

∣

≤
∫ T

0

‖~Zε
N − ~Z

ε‖5‖ ~Hε
N‖2‖~Ψ‖ 10

3

dt+

∣

∣

∣

∣

∫∫

QT

~Z
ε × ( ~Hε

N − ~H
ε) · ~Ψ

∣

∣

∣

∣

→ 0. (5.6.78)

Then we have
∫∫

QT

~U
ε · ~Ψ −

∫∫

QT

(

~Z
ε × ~H

ε
)

· ~Ψ = −
∫∫

QT

(

~Z
ε ×∇~Z

ε
)

· ∇~Ψ.
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Therefore, one gets in the sense of distribution

~Z
ε ×4~Z

ε = (~U ε − (~Zε × ~H
ε)) ∈ L

2(QT ).

So (5.6.77) is proved.
It remains to prove that

∫∫

QT

(

~Z
ε
N ×∇~Z

ε
N

)

· ∇
(

~Z
ε
N × ~ΨN

)

−
∫∫

QT

(

~Z
ε
N × ~H

ε
N

)

·
(

~Z
ε
N × ~ΨN

)

→
∫∫

QT

(

~Z
ε ×∇~Z

ε
)

· ∇
(

~Z
ε × ~Ψ

)

−
∫∫

QT

(

~Z
ε × ~H

ε
)

·
(

~Z
ε × ~Ψ

)

.

In fact, we have
∫∫

QT

(

~Z
ε
N ×∇~Z

ε
N

)

· ∇
(

~Z
ε
N × ~ΨN

)

−
∫∫

QT

(

~Z
ε
N × ~H

ε
N

)

·
(

~Z
ε
N × ~ΨN

)

−
∫∫

QT

(

~Z
ε ×∇~Z

ε
)

· ∇
(

~Z
ε × ~Ψ

)

+
∫∫

QT

(

~Z
ε × ~H

ε
)

·
(

~Z
ε × ~Ψ

)

=
∫∫

QT

~Z
ε
N ×

(

4~Z
ε
N + ~H

ε
N

)

·
(

~Z
ε
N × ~ΨN

)

−
∫∫

QT

~Z
ε ×

(

4~Z
ε + ~H

ε
)

·
(

~Z
ε × ~Ψ

)

=
∫∫

QT

[(

~Z
ε
N ×4~Z

ε
N

)

−
(

~Z
ε ×4~Z

ε
)]

·
(

~Z
ε
N × ~Ψ

)

+
∫∫

QT

(

~Z
ε
N ×4~Z

ε
N

)

·
[(

~Z
ε
N × ~ΨN

)

−
(

~Z
ε × ~Ψ

)]

+
∫∫

QT

[(

~Z
ε
N × ~H

ε
N

)

−
(

~Z
ε × ~H

ε
)]

·
(

~Z
ε
N × ~Ψ

)

+
∫∫

QT

(

~Z
ε
N × ~H

ε
N

)

·
[(

~Z
ε
N × ~ΨN

)

−
(

~Z
ε × ~Ψ

)]

.
= I

ε
N + J

ε
N +K

ε
N + L

ε
N .

From (5.6.77), we get I ε
N → 0 as N → +∞. At the same time, as N → +∞, we

have

|J ε
N | ≤ ‖~Zε

N ×4~Z
ε
N‖L2(QT )

(
∫∫

QT

|~Zε
N × ~ΨN − ~Z

ε × ~Ψ|2
)

1

2

≤ C

(
∫∫

QT

|~Zε
N × (~ΨN − ~Ψ) +

(

~Z
ε
N − ~Z

)

× ~Ψ|2
)

1

2 → 0.

Similarly, one gets that Kε
N → 0, as N → +∞ and

|Lε
N | ≤ ‖ ~Hε

N‖L2(QT )‖~Zε
N‖L4(QT )‖~Zε

N × ~ΨN − ~Z
ε × ~Ψ‖L4(QT ) → 0.

Finally, from the above arguments, one may take N → +∞ in (5.6.71)–(5.6.74)
to obtain that (~Zε(x, t), ~Hε(x, t), ~Eε(x, t), ~P ε(x, t)) is a global weak solution of the

viscosity problem (5.6.1)–(5.6.3), (5.6.13) and (5.6.8). This completes the proof.



Landau–Lifshitz–Maxwell Equations 327

Note that the above a priori estimates are independent of D. By using the
diagonal method and letting D → +∞, we can obtain the global existence of weak

solution to the Cauchy problem of system (5.6.1)–(5.6.3) and (5.6.13). For simplicity,
we do not state the theorem here.

5.6.5 A Priori Estimates Uniform in ε

In Sec. 5, we have obtained a global weak solution for viscosity problem (5.6.1)–

(5.6.3), (5.6.13) and (5.6.8) for fixed ε > 0. In this section we will derive the a priori

estimates uniform in ε for solutions to viscosity problem. These uniform estimates

enable us to pass to the limit ε → 0 and then get the global weak solution to the
problem (5.6.1)–(5.6.4) and (5.6.8).

We need the following lemmas

Lemma 5.6.7 Assume Ω = {x = (x1, x2, x3); |xi| < D, i = 1, 2, 3}, ~Q ∈ Xp(Ω).
Then ~Q ∈ H1(Ω) and there holds

‖ ~Q‖2

H1(Ω)
= ‖ ~Q‖2

Xp(Ω)
.

Proof. It follows from the relation

∆ ~Q = ∇(∇ · ~Q) −∇× (∇× ~Q)

that
∫

Ω

~Q∆ ~Q =
∫

Ω

~Q∇(∇ · ~Q) −
∫

Ω

~Q∇× (∇× ~Q).

The periodicity of ~Q implies
∫

Ω

|∇ ~Q|2 =
∫

Ω

|∇ · ~Q|2 +
∫

Ω

|∇ × ~Q|2,

and therefore we obtain the conclusion of the lemma.

From the above estimates and convergence, one easily gets the following.

Lemma 5.6.8 Assume (~Z0(x), ~H0(x), ~E0(x), ~P0(x), ~P1(x)) ∈ (H1(Ω), L2(Ω), L2(Ω),

H1(Ω), L2(Ω)). Then for the solution of the initial value problem (5.6.1)–(5.6.3),
(5.6.13) and (5.6.8), there hold following estimates :

sup
0≤t≤T

[‖~Zε(·, t)‖2

H1(Ω)
+ ‖ ~Eε(·, t)‖2

2
+ ‖ ~Hε(·, t)‖2

2

+ ‖~P ε(·, t)‖2

2
+ ‖curl ~P ε(·, t)‖2

2
+ ‖~P ε

t (·, t)‖2

2
] ≤M1, (5.6.79)

sup
0≤t≤T

‖~Zε(·, t)‖2

6
≤M1, sup

0≤t≤T
‖~Zε(·, t) ×∇~Z

ε(·, t)‖
L

3

2 (Ω)
≤M1, (5.6.80)

where the constant M1 is independent of α2, D, and ε. When α2 > 0, there is

‖~Zε × (4~Z
ε + ~H

ε)‖L2(0,T ;L2(Ω)) ≤M2, (5.6.81)

where the constant M2 is independent of ε and D.
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In the following we will prove that ∇ ~P
ε is uniformly bounded in L∞(0, T ;L2(Ω)).

We shall consider the compatibility conditions associated with the viscosity problem

given by the following set of equations that hold in the sense of distributions

∂(eε + pε)

∂t
+ σe

ε = 0, (5.6.82)

∂(hε + β∇ · ~Zε)

∂t
= 0, (5.6.83)

∂2pε

∂t2
+ µ

∂pε

∂t
− ε4pε − νe

ε + 2νΦ′(|~P ε|2)pε = −4νΦ(2)(|~P ε|2)P ε
i P

ε
j

∂P ε
j

∂xi

, (5.6.84)

where

h
ε = div ~H

ε
, e

ε = div ~Eε
, p

ε = div ~P ε

and P
ε
i is the i-th component of ~P ε and the relation:

div(~P εΦ′(|~P ε|2)) = Φ′(|~P ε|2)pε + 2Φ(2)(|~P ε|2)P ε
i P

ε
j

∂P ε
j

∂xi
.

In order to obtain the L2(Ω) estimate of ∇~P ε(·, t), we shall assume that

div ~H0, div ~E0, div ~P0, div ~P1 ∈ L
2(Ω). (5.6.85)

We have the following lemma.

Lemma 5.6.9 Under the conditions of Lemma 5.6.8 and assuming that the hypothe-

ses (5.6.85) hold, then for the solutions of the viscosity problem, we have

sup
0≤t≤T

‖∇~P
ε(·, t)‖L2(Ω) ≤M3, (5.6.86)

where M3 is independent of D and ε.

Proof. For simplicity we present the proof for the case that ∇(div ~P0) ∈ L
2(Ω),

since the general case of div ~P0 ∈ L2(Ω) can be handled by the modifying technique

or the proper approximation of the div ~P0.
Multiplying (5.6.82) by 3eε and 2(eε + pε), we have

3

2

d

dt

∫

Ω

|eε|2dx+ 3
∫

Ω

e
ε∂p

ε

∂t
dx+ 3σ

∫

Ω

|eε|2dx = 0, (5.6.87)

d

dt

∫

Ω

|eε + p
ε|2dx+ 2σ

∫

Ω

|eε + p
ε|2dx− 2σ

∫

Ω

(eε + p
ε)pε

dx = 0. (5.6.88)

Multiplying (5.6.84) by ∂pε

∂t
, one gets

1

2

d

dt

∫

Ω

∣

∣

∣

∣

∣

∂pε

∂t

∣

∣

∣

∣

∣

2

dx+ µ

∫

Ω

∣

∣

∣

∣

∣

∂pε

∂t

∣

∣

∣

∣

∣

2

dx +
ε

2

d

dt

∫

Ω

|∇pε|2dx− ν

∫

Ω

e
ε∂p

ε

∂t
dx

+ 2ν
∫

Ω

Φ′(|~P ε|2)pε∂p
ε

∂t
dx+ 4ν

∫

Ω

Φ(2)(|~P ε|2)P ε
i P

ε
j

∂P ε
j

∂xi

∂pε

∂t
dx = 0. (5.6.89)
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Combining (5.6.87)–(5.6.89), we obtain

1

2

d

dt

∫

Ω



2|eε + p
ε|2 + 3|eε|2 +

∣

∣

∣

∣

∣

∂pε

∂t

∣

∣

∣

∣

∣

2

+ ε|∇pε|2


+ 2σ
∫

Ω

|eε + p
ε|2 + µ

∫

Ω

∣

∣

∣

∣

∣

∂pε

∂t

∣

∣

∣

∣

∣

2

= −3σ
∫

Ω

|eε|2dx+ 2σ
∫

Ω

(pε + e
ε)pε

dx+ (ν − 3)
∫

Ω

e
ε∂p

ε

∂t
dx

− 2ν
∫

Ω

Φ′(|~P ε|2)pε∂p
ε

∂t
dx− 4ν

∫

Ω

Φ(2)(|~P ε|2)P ε
i P

ε
j

∂P ε
j

∂xi

∂p
ε

∂t
dx

≤M3

∫

Ω



|eε|2 + |pε|2 +

∣

∣

∣

∣

∣

∂pε

∂t

∣

∣

∣

∣

∣

2


 dx+M4 +M5

∫

Ω

|∇~P
ε|2dx.

Therefore, we get that

1

2

d

dt

∫

Ω



2|eε + p
ε|2 + 3|eε|2 +

∣

∣

∣

∣

∣

∂pε

∂t

∣

∣

∣

∣

∣

2

+ ε|∇pε|2


 dx

≤M3

∫

Ω



|eε|2 + |pε|2 +

∣

∣

∣

∣

∣

∂pε

∂t

∣

∣

∣

∣

∣

2


 dx+M4 +M5

∫

Ω

|∇~P
ε|2dx.

Integrating with respect to t, we have

2‖(eε + p
ε)(·, t)‖2

2
+ 3‖eε(·, t)‖2

2
+

∣

∣

∣

∣

∣

∂pε

∂t
(·, t)‖2

2
+ ε‖∇pε(·, t)‖2

2

≤M6 + 2M5

∫ t

0

∫

Ω

|∇~P
ε|2 + 2M3

∫ t

0

∫

Ω



|eε|2 + |pε|2 +

∣

∣

∣

∣

∣

∂pε

∂t

∣

∣

∣

∣

∣

2


 ,

where M6 = 2‖div ~E0 + div ~P0‖2

2
+ 3‖div ~E0‖2

2
+ ‖div ~P1‖2

2
+ ε‖∇(div ~P0)‖2

2
+ 2M4 is a

constant from hypotheses (5.6.85).

On the other hand,we get

‖pε(·, t)‖2

2
= ‖pε(·, t) + e

ε(·, t) − e
ε(·, t)‖2

2

≤ 2‖pε(·, t) + e
ε(·, t)‖2

2
+ 2‖eε(·, t)‖2

2
.

We obtain that

‖pε(·, t)‖2

2
+ ‖eε(·, t)‖2

2
+

∣

∣

∣

∣

∣

∂pε

∂t
(·, t)‖2

2
+ ε‖∇pε(·, t)‖2

2

≤M6 + 2M5

∫ t

0

∫

Ω

|∇~P
ε|2 + 2M3

∫ t

0

∫

Ω



|eε|2 + |pε|2 +

∣

∣

∣

∣

∣

∂p
ε

∂t

∣

∣

∣

∣

∣

2


 .
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By Gronwall inequality we get

‖pε(·, t)‖2

2
+ ‖eε(·, t)‖2

2
+

∣

∣

∣

∣

∣

∂p
ε

∂t
(·, t)‖2

2

≤
(

M6 +M5

∫ t

0

∫

Ω

|∇~P
ε|2
)

(1 +M3te
M3t)

≤M7 +M8

∫ t

0

∫

Ω

|∇~P
ε|2.

Therefore, we obtain that

‖pε(·, t)‖2

2
≤M7 +M8

∫ t

0

∫

Ω

|∇~P
ε|2. (5.6.90)

Using Lemma 5.6.7 for ~P ε(x, t), we get

‖∇~P
ε(·, t)‖2

2
≤ M9(‖curl ~P ε(·, t)‖2

2
+ ‖div ~P ε(·, t)‖2

2
+ ‖~P ε(·, t)‖2

2
)

≤M10 +M11

∫ t

0

∫

Ω

|∇~P
ε|2.

By Gronwall’s inequality one gets

‖∇~P
ε(·, t)‖2

2
≤M12,

where M12 is independent of ε. Lemma 5.6.9 is proved.

Remark 5.6.2 Lemma 5.6.8 and Lemma 5.6.9 show that { ~P ε} is bounded in
L∞(0, T ;H1(Ω)).

5.6.6 Global Existence of Weak Solutions

By a priori estimates uniform in ε obtained in Sec. 5.6.4 for the viscosity problem

and passing to the limit ε → 0 in Eqs. (5.6.1)–(5.6.3) and (5.6.13), we can get the
global weak solution of problem (5.6.1)–(5.6.4) and (5.6.8).

Theorem 5.6.2 Assume the periodic functions ( ~Z0(x), ~H0(x), ~E0(x), ~P0(x), ~P1(x)) ∈
(H1(Ω), L2(Ω), L2(Ω), H1(Ω), L2(Ω)) and satisfying (5.6.85). Then the periodic initial

value problem (5.6.1)–(5.6.4) and (5.6.8) admits at least one global 2D-periodic weak

solution ~Z(x, t), ~H(x, t), ~E(x, t), ~P (x, t) such that

(i) When α2 = 0,

~Z(x, t) ∈ L∞(0, T ;H1(Ω))
⋂

C
(0, 1

3
)(0, T ;L2(Ω));

~H(x, t) ∈ L
∞(0, T ;L2(Ω))

⋂

C(0, T ;H−1(Ω));

~E(x, t) ∈ L∞(0, T ;L2(Ω))
⋂

C(0, T ;H−1(Ω));

~P (x, t) ∈ L∞(0, T ;H1(Ω))
⋂

C(0, T ;H−1(Ω));

~Pt(x, t) ∈ L∞(0, T ;L2(Ω))
⋂

C(0, T ;H−1(Ω)).

(5.6.91)
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(ii) When α2 > 0,

~Z(x, t) ∈ L
∞(0, T ;H1(Ω))

⋂

C
(0, 2

3
)(0, T ;L3(Ω));

~H(x, t) ∈ L∞(0, T ;L2(Ω))
⋂

C(0, 1
2
)(0, T ;H−1(Ω));

~E(x, t) ∈ L∞(0, T ;L2(Ω))
⋂

C
(0, 1

2
)(0, T ;H−1(Ω));

~P (x, t) ∈ L∞(0, T ;H1(Ω))
⋂

C
(0, 1

2
)(0, T ;L2(Ω));

~Pt(x, t) ∈ L∞(0, T ;L2(Ω))
⋂

C
(0, 1

2
)(0, T ;H−2(Ω)).

(5.6.92)
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Chapter 6

Long Time Behavior of Solutions
to the System of Ferromagnetic
Spin Chain

6.1 Existence and Stability of Steady State

Solutions

6.1.1 One-Dimensional Landau–Lifshitz Equations

Consider the existence and stability of a steady state solution to the one-dimensional

Landau–Lifshitz equations

∂ �Z

∂t
= �Z × ∆�Z − λ�Z × (�Z × ∆�Z). (6.1.1)

The steady state solution solves

�Z × ∆�Z = λ�Z × (�Z × ∆�Z), (6.1.2)

where ∆�Z = �Zxx.
Taking the inner product (6.1.2) by �Z × ∆�Z, we have

|�Z × ∆�Z|2 = 0. (6.1.3)

Thus, it follows that �Z = (Z1, Z2, Z3) is a steady state solution of (6.1.1) if and only

if �Z is a solution of �Z × ∆�Z = 0 and ∆�Z is parallel to �Z. It is clear that ∆�Z is
parallel to �Z if and only if there exists a real function l(r) such that

∆�Z = l(r)�Z. (6.1.4)

Multiplying the two sides of (6.1.4) by �Z and noting |�Z| = 1, we get

�Z · ∆�Z = l(r). (6.1.5)

333
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Since |�Z| = 1, i.e. �Z · �Z = 1, it follows that �Z · ∇�Z = 0. Thus (6.1.5) reads

�Z · ∆�Z = −|∇�Z|2 = l(r). (6.1.6)

It is clear that l(r) ≤ 0. Substituting l(r) = −|∇�Z|2 into (6.1.4), we have

∆�Z = −|∇�Z|2 �Z. (6.1.7)

Multiplying (6.1.7) by ∇�Z, one gets

1

2

∂

∂r
|∇�Z|2 = −|∇�Z|21

2

∂

∂r
|�Z|2 = 0.

This implies that l(r) = −|∇�Z|2 = −l2 < 0 independent of r. Thus (6.1.4) implies

∆�Z = −l2 �Z. (6.1.8)

Solving (6.1.8), we know that the steady state solutions can be expressed by

�Z(r) = C1 exp(ilr) + C2 exp(−ilr), (6.1.9)

where Cj (j = 1, 2) are two three-dimensional complex vectors. Because �Z is a

three-dimensional real vector function, �Z can be rewritten as

�Z = �R1 cos(lr) + �R2 sin(lr).

Since |�Z| = 1, we have that |�R1| = |�R2| = 1 and �R1 ⊥ �R2.

Theorem 6.1.1 �Z = (Z1, Z2, Z3) is the steady state solution of (6.1.1) if and only if

�Zl(r) = �R1 cos(lr) + �R2 sin(lr), ∀ l ∈ R, (6.1.10)

where |�R1| = |�R2| = 1 and �R1 ⊥ �R2.

Remark 6.1.1 By Theorem 6.1.1, we know that the inhomogeneous steady-state

solutions of (6.1.1) are independent of λ, i.e., steady state solutions of (6.1.1) with
the damping term are absolutely the same as those of (6.1.1) without the damping

term.

6.1.2 Stability of the Steady State Solutions

Now we study the linear stability of the steady state solutions of Landau–Lifshitz
equation (6.1.1). We know that Eq. (6.1.1) is equivalent to the following equation in

the classical sense:

∂ �Z

∂t
= �Z × ∆�Z + λ∆�Z + λ|∇�Z|2 �Z. (6.1.11)
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Linearize (6.1.11) about �Zl = �R1 cos(lr) + �R2 sin(lr). Let �Z = �Zl + V, where
V is initially, at least, a small perturbation (i.e., V(r, 0) is arbitrarily small). Then

substituting �Z into (6.1.11), and retaining only linear terms in V, we have

∂V

∂t
= �Zl × ∆V + V × ∆�Zl + λ∆V + λ|∇�Zl|2V + 2λ(∇�Zl · ∇V)�Zl, (6.1.12)

with the condition V(r + 2π
l
) = V(r). Let V = d exp(ilmr + Ω(t)) (|d| � 1) in

(6.1.12). Then we have

d

dt
ΩV = (1 −m2)l2 �Zl × V + λ(1 −m2)l2V + 2ilmλ(∇�Zl · V)�Zl. (6.1.13)

In the following, we calculate the last term on right-hand side of (6.1.13). By the

facts |�Z| = 1 and �Z = �Zl + V, we have

2(�Zl · V) = −|V|2. (6.1.14)

On the other hand, ∇�Zl = −l �Zl(r − π
2l

). Then one has

∇�Zl(r) ·V(r) = −l �Zl

(
r − π

2l

)
V
(
r − π

2l

)
exp

(
im

π

2

)
. (6.1.15)

By (6.1.14) and (6.1.15), we have

∇�Zl(r) · V(r) = − l

2

∣∣∣∣V
(
r − 2π

l

)∣∣∣∣
2

exp
(
im

π

2

)
.

Thus

2ilmλ(∇�Zl ·V)�Zl = −il2mλ|V|2 exp
(
im

π

2

)
�Zl. (6.1.16)

Substituting (6.1.16) into (6.1.13) and then multiplying it by V and noting (6.1.14),

we have

d

dt
Ω|V|2 = λ(1 −m2)l2|V|2 +

1

2
iλl2m|V|4 exp

(
im

π

2

)
. (6.1.17)

Set Ω(t) = Ωr(t) + iΩi(t) and note |V| = |d| exp(Ωr(t)). (6.1.17) implies


d
dt

Ωr = λ(1 −m2)l2 − 1
2
λl2m sin(mπ

2
)|d|2 exp(Ωr(t)),

d
dt

Ωi = 1
2
λl2m cos(mπ

2
)|d|2 exp(Ωr(t)).

(6.1.18)

By the first equation of (6.1.18), we have


d
dt

Ωr = am, m ≡ 0 mod(2),

d
dt

Ωr = am + bm exp(Ωr(t)), m ≡ 1 mod(2),
(6.1.19)

where am = λ(1 − m2)l2 and bm = −1
2
λl2m(−1)[m/2]|d|2. Here [m/2] denotes the

maximum integer which is less than or equal to m/2.
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In the following, we solve Eq. (6.1.19). First if m = 0, then am = λl2 > 0; thus
�Zl is linearly unstable.

Second, if m ≡ 0 mod(2) and m �= 0, then am = λ(1 − m2)l2 < 0 and eΩr(t) =
eamt+Ωr(0); it is clear that limt→∞ eΩr(t) = 0. Thus the steady state solution �Zl is linear

stable.
Third, if m ≡ 1 mod(2), by the second equation of (6.1.19), we have that

dΩr(t)

am + bme2Ωr(t)
= dt;

integrating the identity given above implies

[
t

am
− 1

2am
ln
(
am + bme

2Ωr(t)
)]t

0

= t;

solving the above identity yields

eΩr(t) =
{

1

bm

[
(am + bme

2Ωr(0))e2(1−am)t − am

]}1/2

. (6.1.20)

By (6.1.20), it follows that limt→∞ eΩr(t) = ∞; thus the steady state solution �Zl is

linearly unstable.

Theorem 6.1.2 The inhomogeneous steady state solutions �Zl(r), (l �= 0), is hyper-

bolic. Moreover, we have

W u
loc(�Zl) = span{d exp(ilmr + Ω(t)); m ≡ 1 mod(2) and m = 0};

W s
loc(

�Zl) = span{d exp(ilmr + Ω(t)); m ≡ 0 mod(2) but m �= 0}.

6.2 Asymptotic Behavior of L–L Equations

6.2.1 Estimates for Energy

First, we introduce an energy function

E(�Z(t)) =
1

2

∫
Ω
|∇�Z(r, t)|2dr,

where Ω = [0, 2π]. In the following we give the properties of the energy function.

Proposition 6.2.1 If �Z(r, t) is a solution of (6.1.1), then

(i) dE(�Z(t))
dt

= −λ ∫Ω |�Z × ∆�Z|2dr ≤ 0;

(ii) dE(�Z(t))
dt

= 0 if and only if �Z is the steady state �Zl(r);

(iii) E(�Zl(r)) = πl2;
(iv) the energy function E(�Z(t)) arrives minimum at �Z = R (R is a constant

vector with |R| = 1).
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Proof. (i) Multiplying (6.1.1) by ∆�Z and integrating it over Ω, we get

−1

2

d

dt

∫
Ω
|∇�Z|2dr = −λ

∫
Ω

∆�Z · [�Z × (�Z × ∆�Z)]dr.

Since ∆�Z · [�Z × (�Z × ∆�Z)] = (∆�Z × �Z) · (�Z × ∆�Z) = −|�Z × ∆�Z|2, (i) holds.

(ii) If �Z = �Zl(r) and (i), then |�Z × ∆�Z| = 0, and dE(�Z(t))
dt

= 0. On the other

hand, if dE(�Z(t))
dt

= 0, we can get �Z(r, t1) = �Zl(t1)(r) and then by the periodicity of the
solution, it follows that l(t1) is an integer. Thus the item is proved.

(iii) It is clear that E(�Zl(r)) = l2π. Thus (iv) is also proved.

Lemma 6.2.1 If �Z(r, t) is a solution of (6.1.1), then

‖∇�Z(·, t)‖ ≤ ‖∇�Z(·, 0)‖.

Lemma 6.2.2 If �Z(r) is a 2π-periodic function, then

‖∇�Z‖2 ≤ 2π2‖∆�Z‖2.

Proof. Note the following identity:

|∇�Z(x)|2 + |∇�Z(y)|2 − 2∇�Z(x) · ∇�Z(y) =

∣∣∣∣
∫ y

x
∆�Z(r)dr

∣∣∣∣2 ≤ 2π
∫
Ω
|∆�Z(r)|2dr.

Integrating twice over Ω, we get

4π‖∇�Z‖2 − 2
(∫

Ω
∇�Z(x)dx

)2

≤ (2π)3‖∆�Z‖2.

By the periodicity of �Z(r), it follows that
∫
Ω ∇�Z(x)dx = 0; thus the lemma holds.

Lemma 6.2.3 If u(r, t) ∈ C0(R+;H1
per(Ω)) and

lim
t→∞

∫
Ω
|∇u(r, t)|2dr = 0,

then ∀ r ∈ Ω
lim
t→∞ u(r, t) = V,

where V is a constant.

Proof. For any x, y ∈ Ω, it is clear that

u(x, t) = u(y, t) +
∫ x

y
∇u(r, t)dr.

Taking the absolute value above, we have

|u(x, t)| ≤ |u(y, t)|+
∫
Ω
|∇u(r, t)|dr ≤ |u(y, t)|+

√
2π
∫
Ω
|∇u(r, t)|2dr.
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By the hypothesis of the lemma,

lim
t→∞ |u(x, t)| ≤ lim

t→∞ |u(y, t)|. (6.2.1)

Similar to the proof as above, we have

lim
t→∞ |u(y, t)| ≤ lim

t→∞ |u(x, t)|. (6.2.2)

Thus by (6.2.1) and (6.2.2) and the continuity of u(r, ·) about t, the proof of the

lemma is complete.

Theorem 6.2.1 Assume that the initial data �Z(r, 0) satisfies

‖∇�Z(·, 0)‖ ≤ 1 − δ

K1K
2
2

√
2π
. (6.2.3)

Then there exists a constant vector R such that

lim
t→∞

�Z(r, t) = R, (6.2.4)

where δ ∈ (0, 1), |R| = 1 and K1, K2 are the constants in the Sobolev inequalities,
respectively.

Proof. By (i) of Proposition 6.2.1, we have

1

2

d

dt
‖∇�Z‖2 = −λ‖�Z × ∆�Z‖2 = −λ

∫
Ω
|∆�Z|2dr + λ

∫
Ω
(�Z · ∆�Z)2dr. (6.2.5)

It is clear that �Z · ∆�Z = −|∇�Z|2; thus

λ
∫
Ω
(�Z · ∇�Z)2dr = λ

∫
Ω
|∇�Z|4dr.

By Sobolev’s inequality and |�Z| = 1, we have

‖∇�Z‖4
L4 ≤ K1‖∆�Z‖‖∇�Z‖3 ≤ K1K

2
2‖�Z‖‖∇�Z‖‖∆�Z‖2 = K1K

2
2

√
2π‖∇�Z‖‖∆�Z‖2.

(6.2.6)

Substituting (6.2.6) into (6.2.5), we have

1

2

d

dt
‖∇�Z‖2 + λ(1 −K1K

2
2

√
2π‖∇�Z‖)‖∆�Z‖2 ≤ 0. (6.2.7)

By the hypothesis of this theorem and Lemma 6.2.2, it follows that

d

dt
‖∇�Z‖2 + 2λδ‖∆�Z‖2 ≤ 0. (6.2.8)

By Lemma 6.2.2, it yields

d

dt
‖∇�Z‖2 +

λδ

π2
‖∇�Z‖2 ≤ 0. (6.2.9)
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Then by Gronwall’s inequality, it yields

‖∇�Z(t)‖2 ≤ ‖∇�Z(0)‖2 exp(−λδt/π2); (6.2.10)

thus limt→∞ ‖∇�Z(t)‖2 = 0, i.e., limt→∞
∫
Ω |∇Zj|2dr = 0 (j = 1, 2, 3). By Lemma

6.2.3, it yields

lim
t→∞

�Z(r, t) = R.

This completes the proof of the theorem.

Theorem 6.2.2 Under the hypothesis of Theorem 6.2.1, then

R =
1

2π

∫
Ω

�Z(r, 0)dr +
1

2π
r, (6.2.11)

where R = limt→∞ �Z(r, t) and r = λ
∫∞
0

∫
Ω |∇�Z|2 �Zdrdτ satisfies

|r| ≤ (1 − δ)2

4πK2
1K

4
2δ

; (6.2.12)

here δ ∈ (0, 1) is defined in Theorem 6.2.1.

Proof. Integrating (6.1.1) over Ω, we have

d

dt

∫
Ω

�Z(r, t)dr =
∫
Ω
(�Z × ∆�Z)dr + λ

∫
Ω

∆�Zdr + λ
∫
Ω
|∇�Z|2 �Zdr.

Since �Z × ∆�Z = ∇(�Z ×∇�Z),

∫
Ω
(�Z × ∆�Z)dr = 0, λ

∫
Ω

∆�Zdr = 0;

then
d

dt

∫
Ω

�Z(r, t)dr = λ
∫
Ω
|∇�Z|2 �Zdr.

It follows that

∫
Ω

�Z(r, t)dr =
∫
Ω

�Z(r, 0)dr + λ
∫ t

0

∫
Ω
|∇�Z|2 �Zdrdτ (6.2.13)

and

|r| ≤ λ lim
t→∞

∫ t

0

∫
Ω
|∇�Z|2drdτ ≤ λ‖∇�Z(0)‖2 lim

t→∞

∫ t

0
exp(−2λδτ)dτ =

1

2δ
‖∇�Z(0)‖2.

From the hypothesis of the theorem, we observe that |r| satisfies the condition. This

completes the proof of the theorem.
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6.2.2 Bifurcation and Chaos

1. Magnetization equations, chaos and bifurcation

Recently, Gibson and Jeffries [69] completed a series of experiments on ferro-
magnetic resonance in which the signal power exceeds the second order Sullo unstable

threshold. When the signal power increases there appear limit cycles, double periodic

bifurcations, chaos, and periodic windows. In earlier time, Nahwmuha et al. [121]
considered the chaos formed from two inhomogeneous spin modes, taking the parallel

pump into account. For the transverse pump, if the signal power increases, there are
also spin wave double bifurcations and chaos with periodicity 3 and 5 as observed in

the GJ experiment.

The magnetization equation is

d�m

dt
= −γ �m× �H − α�m× (�m× �H) (6.2.14)

in which the Gilbert damping term has been considered. Field �H consists of three

parts: applied field, diplar field, and exchange field. Writing Eq. (6.2.14) in the back
coefficient form and retaining the long terms, we have




dBk

dτ
= iB2

0B
∗
−k + iΓ|B0|2Bk − ηBk,

dB0

dτ
= iB2

kB
∗
0 − iΩs − ηB0,

(6.2.15)

where B0, Bk are the oscillations of the spin wave, η is the damping constant, dτ =

0.5Ωmdt, and Γ is a constant proportional to Ωm. Ωm is the magnetization, and Ωs

is the strength of the driving field. Suppose Bk = B−k, η = 0.005, and Γ = 0.5.

Equations (6.2.15) and its conjugate equations form 4 ordinary equations whose fixed
points are

{ |B0| = Ωs/η,

|Bk| = 0.
(6.2.16)



|B0| = η

1
2/(1 − Γ2)

1
4 ,

|Bk| = [−η(1 − Γ2)
1
2 + {Ω2

s

η
(1 − Γ2)

1
2 − η2Γ2} 1

2 ]
1
2 .

(6.2.17)

When Ωs < η1(η/Ωm)
1
2 (Sullo threshold), (6.2.17) is stable; when Ωs > η1(η/Ωm)

1
2

(Sullo threshold), (6.2.11) is unstable, but (6.2.17) is stable. When |Bk| � |B0|, the
condition of stability for fixed point (6.2.17) is

(λ+ η)3 − (λ+ η)[(1 − Γ2)|B0|4 + 4Γ|Bk|2|B0|2
− 8|Bk|2|B0|2 − 4Γ2η|Bk|2|B0|2] = 0, (6.2.18)

where λ is the Lyapunov index. When |Bk|2 ≤ 0.1|B0|2, λ must be negative. If

|Bk| ∼ |B0|, the computation is very complicated.
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Figure 6.2.1. (a) Projection of the first limit cycle on the plan Re Be − Im Be, ws =
1.518 × 10−3, f = 1.087 × 10−3wm; (b) twisting and expansion when ws = 0.0022, f =
1.470 × 10−3wm; (c) double period , ws = 0.0045, f = 0.018 × 10−3wm; (d) period 4, ws =
0.0055, f = 0.018 × 10−3wm; (e) chaos, ws = 0.005.
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Figure 6.2.2. Period 3 to period 6 (a) window of period 3, ws = 0.00625, f = 0.085 ×
10−3wm; (b) bifurcation of period 6, ws = 0.0065, f = 0.442 × 10−3wm; (c) window of
period 5, ws = 0.0090, f = 0.636 × 10−3wm. Ignore the choas between window of period 5
and window of period 6.



Long Time Behavior 343

Figure 6.2.3. Limit cycle (2) (a) projection of limit cycle on plan n0 − nh, ws = 0.00155,
f = 1.068 × 10−3wm; (b) twisting and expansion when ws = 0.0022, f = 1.240 × 10−3wm;
(c) double period ws = 0.0260.
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2. Number of magnetic waves
It follows from (6.2.14) that

d

dt
(|B0|2 + |Bk|2) = −αΩsImB0 − 2η(|B0|2 + |Bk|2). (6.2.19)

|Bk|2 and |B0|2 can be explained as the number of magnetic wave without damping
and driving. The number of magnetic wave is conservative which can be taken as

the Hamiltonian system. If (6.2.17) hold, the right-hand side of (6.2.19) becomes
zero; If the parcels of the magnetic wave increase (or decrease) such that driving

increases (or decrease), the steady state becomes unstable. From this point of view
and the fact ReB0 ∼ 0, we see that when Ωs > 4η|ImB0| the fixed point (6.2.17)

becomes unstable. Thus we have Ωs,critical = 6.1518 × 10−3. At this time, the fixed

point is the bifurcation indicated by Jeffries. The frequency of the limit cycle is, from
numerical computation, f = 6.1087 × 10−3Ωm. In the GJ experiment, 4πΩs = 300G.

Hence, f = 5543×106Hz. Figures 6.2.1–6.2.3 give out the limit cycle, double periodic
bifurcation, and periodicities 3, 4, 5, and 6 with different values of f and Ωs.

6.3 Approximate Inertial Manifold for

One-Dimensional L–L Equations

6.3.1 One-Dimensional Landau–Lifshitz Equations

Consider the following one-dimensional Landau–Lifshitz equations:

∂u

∂t
= −αu× (u× uxx) + βu× uxx, Ω × R+ (6.3.1)

with the initial data and periodic boundary conditions as follows:

u(x, 0) = u0(x), |u(x0)| = 1,

x ∈ Ω = (−D,D), 0 < D <∞, (6.3.2)

u(x−D, t) = u(x+D, t), x ∈ R, t ∈ R+. (6.3.3)

Here u = (u1, u2, u3) : R×R+ → R3 is the spin vector, α, β are constants, and α > 0
denotes the Gilbert damping constant.

As we know, for u(x0) ∈ H2(Ω), |u(x0)| = 1, problem (6.3.1)–(6.3.3) admits a
unique solution u(t) such that

u(x, t) ∈ L∞(R+;H2(Ω)).

Lemma 6.3.1 Suppose |u(x0)| = 1, x ∈ R. Then for the solution u(t) to problem
(6.3.1)–(6.3.3);

|u(x, t)|2 = 1, (x, t) ∈ R× R+, (6.3.4)

‖ux(t)‖2 ≤ ‖ux(0)‖2, t ∈ R+ (6.3.5)

hold.
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Proof. Multiplying (6.3.1) by u, we have

∂

∂t
|u(x, t)|2 = 0, (x, t) ∈ R× R+.

From this, (6.3.4) follows.

Taking the inner product of (6.3.1) with uxx, we arrive at

−1

2

d

dt
‖ux‖2 = −α

∫
Ω
(u× (u× uxx)) · uxxdx

= −α
∫
Ω
(uxx × u) · (u× uxx)dx

= α
∫
Ω
|u× uxx|2dx.

Hence
d

dt
‖ux‖2 ≤ 0.

And (6.3.5) follows. Thus the proof is complete.
We now introduce subset Hρ of H = L2(Ω)

Hρ = {u ∈ H : |u(x)| = 1, ‖ux‖ ≤ ρ}.
From Lemma 6.3.1 we assert that Hρ is an invariant subset of H . Hereafter, we
assume that u0 ∈ Hρ.

Lemma 6.3.2 Suppose that the assumptions of Lemma 6.3.1 hold. Then u(x, t) is a

classical solution to problem (6.3.1)–(6.3.3) if and only if u(x, t) is a solution to the
following problem:

∂u

∂t
= αuxx + βu× uxx + α|ux|2u, (6.3.6)

u(x, 0) = u0(x), |u0(x)| = 1, x ∈ Ω, (6.3.7)

u(x−D, t) = u(x+D, t), x ∈ R, t ∈ R+. (6.3.8)

Lemma 6.3.3 Suppose that u0 ∈ H2 ∩ Hρ. Then for solution u(t) to problem
(6.3.6)–(6.3.8), the following estimate holds :

‖uxx(t)‖ ≤ C1,
∫ t+1

t
‖uxxx(t)‖2dt ≤ C1, t ≥ t1. (6.3.9)

Here constant C1 depends on (α, β, ρ,Ω), and t1 depends on (α, β, ρ,Ω) and R,
‖u0‖H2 ≤ R.

Proof. Since |u(x, t)| = 1, we assert that if |ux| �= 0, then u, ux, and u × ux form
the orthogonal base of R3. Let uxx = α1u+ α2ux + α3u× ux. It is easy to see that

α1 = −|ux|2, α2 =
ux · uxx

|ux|2 , α3 =
(u× ux) · uxx

|ux|2 .
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Differentiating (6.3.6) with respect to x twice, and taking inner product with uxx, we
have

1

2

d

dt
‖uxx‖2 =

∫
Ω
uxx · (αuxx + βu× uxx + α|ux|2u)xxdx

= −α‖uxxx‖2 − β
∫
Ω
(ux × uxx) · uxxxdx

− α
∫
Ω
uxxx · (|ux|2ux + 2u(ux · uxx))dx. (6.3.10)

Differentiate (6.3.4) with respect to x to get

u · uxxx = −3

2
(|ux|2)x. (6.3.11)

Using this we can handle the right-hand side of (6.3.10) as follows:∫
Ω
uxxx · (|ux|2ux)dx = −

∫
Ω
|ux|2|uxx|2dx− 2

∫
Ω
|ux · uxx|2dx, (6.3.12)∫

Ω
uxxx · (u(ux · uxx))dx =

∫
Ω
(uxxx · u)(ux · uxx)dx

= −3
∫
Ω
|ux · uxx|2dx, (6.3.13)

∫
Ω
(ux × uxx) · uxxxdx =

∫
Ω

[
ux ×

(
− |ux|2u+

(u× ux) · uxx

|ux|2 (u× ux)

)]
· uxxxdx

=
∫
Ω
|ux|2(u× ux) · uxxxdx

+
∫
Ω

(u× ux) · uxx

|ux|2 (ux × (u× ux)) · uxxxdx

=
∫
Ω
|ux|2(u× ux) · uxxxdx

− 3

2

∫
Ω
(|ux|2)x(u× ux) · uxxdx

=
∫
Ω
|ux|2(u× ux) · uxxxdx

+
3

2

∫
Ω
|ux|2(u× ux)x · uxxdx

+
3

2

∫
Ω
|ux|2(u× ux) · uxxxdx

=
5

2

∫
Ω
|ux|2(u× ux) · uxxxdx. (6.3.14)

It follows from (6.3.10) and (6.3.12)–(6.3.14) that

1

2

d

dt
‖uxx‖2 + α‖uxxx‖2 = α

∫
Ω
|ux|2|uxx|2dx+ 8α

∫
Ω
|ux · uxx|2dx

− 5

2
β
∫
Ω
|ux|2(u× ux) × uxxxdx. (6.3.15)
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Moreover,

1

4

d

dt

∫
Ω
|ux|4dx =

∫
Ω
|ux|2ux · (αuxx + βu× uxx + α|ux|2u)xdx

=
∫
Ω
|ux|2ux · (αuxxx + βux × uxx + βu× uxxx

+ α|ux|2uxdx+ 2αu(ux · uxx))dx

= −α
∫
Ω
|ux|2|uxx|2dx− 2α

∫
Ω
|ux · uxx|2dx

+ α
∫
Ω
|ux|6dx− β

∫
Ω
|ux|2(u× ux) · uxxxdx

and

−β
∫
Ω
|ux|2(u× ux) · uxxxdx =

1

4

d

dt

∫
Ω
|ux|4dx+ α

∫
Ω
|ux|2|uxx|2dx

+ 2α
∫
Ω
|ux · uxx|2 − α

∫
Ω
|ux|6dx. (6.3.16)

Inserting (6.3.16) into (6.3.15), one has

d

dt
‖uxx‖2 − 5

4

d

dt

∫
Ω
|ux|4dx+ 2α‖uxxx‖2 + 5α

∫
Ω
|ux|6dx

= 7α
∫
Ω
|ux|2|uxx|2dx+ 26α

∫
Ω
|ux · uxx|2dx. (6.3.17)

Since

7α
∫
Ω
|ux|2|uxx|2dx+ 26α

∫
Ω
|ux · uxx|2dx

≤ 33α
∫
Ω
|ux|2|uxx|2dx

≤ 5α
∫
Ω
|ux|6dx+ C

∫
Ω
|uxx|3dx

≤ 5α
∫
Ω
|ux|6dx+ C‖uxxx‖ 7

4‖ux‖ 5
4

≤ 5α
∫
Ω
|ux|6dx+

α

2
‖uxxx‖2 + C.

We can rewrite (6.3.17) as follows:

d

dt
‖uxx‖2 − 5

4

d

dt

∫
Ω
|ux|4dx+

3

2
α‖uxxx‖2 ≤ C. (6.3.18)

By the Poincaré inequality, we have

α

2
‖uxxx‖ ≥ K‖uxx‖2,

since
∫
Ω uxxdx = 0. We infer from (6.3.18) that

d

dt

(
‖uxx‖2 − 5

4

∫
Ω
|ux|4dx

)
+K

(
‖uxx‖2 − 5

4

∫
Ω
|ux|4dx

)
+ α‖uxx‖2 ≤ C. (6.3.19)
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Whence,

d

dt

(
‖uxx‖2 − 5

4

∫
Ω
|ux|4dx

)
+K

(
‖uxx‖2 − 5

4

∫
Ω
|ux|4dx

)
≤ C.

Using the Gronwall inequality,

‖uxx(t)‖2 − 5

4

∫
Ω
|ux(t)|4dx

≤
(
‖uxx(0)‖2 − 5

4

∫
Ω
|ux(0)|4dx

)
e−Kt +

C

K

≤ ‖uxx(0)‖2e−Kt + C

≤ R2e−Kt + C, t ≥ 0

≤ 2C, t ≥ t∗, (6.3.20)

where t∗ = 1
K

ln R2

C
. By the interpolation technique, one has

‖ux‖4 ≤ C‖ux‖ 3
4‖uxx‖ 1

4 .

Hence,

5

4
‖ux‖4

4 ≤ C‖ux‖3‖uxx‖
≤ C‖uxx‖
≤ 1

2
‖uxx‖2 + C. (6.3.21)

From (6.3.20) and (6.3.21), it follows that

‖uxx(t)‖ ≤ C, t ≥ t∗. (6.3.22)

Using (6.3.22), and integrating (6.3.19) with respect to t over (t, t+ 1), we arrive at

∫ t+1

t
‖uxx‖2dt ≤ C, ∀ t ≥ t∗.

Thus the proof of the lemma is complete.

Lemma 6.3.4 Assume that u0 ∈ Hk+1 ∩Hρ, k ≥ 1. Then

‖Dk+1
x u(t)‖2 ≤ Ck, t ≥ tk,

∫ t+1

t
‖Dk+2

x u(t)‖2dt ≤ Ck, t ≥ tk,

where constant Ck depends only on the initial data and k, and tk depends only on the

initial data, k and R; ‖u0‖H2 ≤ R.
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Proof. We apply the induction argument to prove this lemma.

(i) For k = 1, invoking Lemma 6.3.3, we assert that the results of Lemma 6.3.4
are valid.

(ii) Assume Lemma 6.3.4 is valid for k− 1. We intend to prove that Lemma 6.3.4

is valid for k ≥ 2. Differentiating (6.3.6) with respect to x and (k + 1) times, taking
the inner product with Dk+1

x u, we have

1

2

d

dt
‖Dk+1

x u‖2 + α‖Dk+2
x u‖2

= β
k+1∑
i=0

Ci
k+1

∫
Ω
(Dk+1−i

x u×Di
xuxx) ·Dk+1

x udx

+ α
k+1∑
i=0

Ci
k+1

∫
Ω
(Di

x|ux|2(Dk+1−i
x u ·Dk+1

x u)dx. (6.3.23)

From a simple calculation, one gets

β
k+1∑
i=0

Ci
k+1

∫
Ω
(Dk+1−i

x u×Di
xuxx) ·Dk+1

x udx

= −βCk
k+1

∫
Ω
(Dk

xu× uxx) ·Dk+2
x udx

+ β
k−1∑
i=2

Ci
k+1

∫
Ω
(Dk+1−i

x u×Di
xuxx) ·Dk+1

x udx

+ βCk
k+1

∫
Ω
(ux ×Dk+2

x u) ·Dk+2
x udx

− β
∫
Ω
(ux ×Dk+2

x u) ·Dk+1
x udx

≤ C‖Dk
xu‖∞

∫
Ω
|uxx||Dk+2

x u|dx

+ C
k−1∑
i=2

‖Dk+1−i
x u‖∞

∫
Ω
|Di+2

x u||Dk+1
x u|dx

+ C‖ux‖∞
∫
Ω
|Dk+2

x u||Dk+1
x u|dx

≤ C‖Dk
xu‖∞‖uxx‖‖Dk+2

x u‖

+ C
k−1∑
i=2

‖Dk+1−i
x u‖∞‖Di+2

x u‖‖Dk+1
x u‖

+ C‖ux‖∞‖Dk+2
x u‖‖Dk+1

x u‖
≤ C‖Dk+1

x u‖‖uxx‖‖Dk+2
x u‖

+ C
k−1∑
i=2

‖Dk+2−i
x u‖‖Di+2

x u‖‖Dk+1
x u‖

+ C‖uxx‖‖Dk+2
x u‖‖Dk+1

x u‖
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≤ C‖Dk+1
x u‖‖Dk+2

x u‖ + C
k−1∑
i=2

‖Di+2
x u‖‖Dk+2

x u‖

≤ C‖Dk+1
x u‖‖Dk+2

x u‖ + C‖Dk+1
x u‖2

≤ α

4
‖Dk+2

x u‖2 + C‖Dk+1
x u‖2. (6.3.24)

By the Leibniz formula, we have

Dk
x|ux|2 =

k∑
j=0

Cj
kD

k−j
x ux ·Dj

xux

=
k−1∑
j=1

Cj
kD

k−j+1
x u ·Dj+1

x ux + 2Dk+1
x u ·Dxu, (6.3.25)

Dk+1
x |ux|2 =

k+1∑
j=0

Cj
k+1D

k+1−j
x ux ·Dj

xux

=
k−1∑
j=2

Cj
k+1D

k−j+2
x u ·Dj+1

x u

+ 2Dk+2
x ·Dxu+ 2C1

k+1D
k+1
x u ·D2

xu. (6.3.26)

Then

α
k+1∑
i=0

Ci
k+1

∫
Ω
Di

x|ux|2(Dk+1−i
x u ·Dk+1

x u)dx

= α
∫
Ω
|ux|2(Dk+1

x u ·Dk+1
x u)dx

+ 2αC1
k+1

∫
Ω
(ux · uxx)(D

k
xu ·Dk+1

x u)dx

+ α
k−1∑
i=2

Ci
k+1

∫
Ω
Di

x|ux|2(Dk+1−i
x u ·Dk+1

x u)dx

+ αCk
k+1

∫
Ω
Dk

x|ux|2(Dxu ·Dk+1
x u)dx

+ α
∫
Ω
Dk+1

x |ux|2(u ·Dk+1
x u)dx

≤ C‖ux‖2
∞‖Dk+1

x u‖2

+ C‖ux‖∞‖Dk
xu‖∞‖uxx‖‖Dk+1

x u‖

+ C
k−1∑
i=2

‖Di
x|ux|2‖‖Dk+1−i

x u‖∞‖Dk+1
x u‖

+ C‖ux‖2
∞‖Dk+1

x u‖2

+ C
k−1∑
j=1

‖ux‖∞‖Dj+1
x u‖∞‖Dk−j+1

x u‖‖Dk+1
x u‖
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+ C
k−1∑
j=2

‖Dj+1
x u‖∞‖Dk−j+2

x u‖‖Dk+1
x u‖

+ C‖Dxu‖∞‖Dk+2
x u‖‖Dk+1

x u‖
+ C‖Dk+1

x u‖‖D2
xu‖‖Dk+1

x u‖
≤ C‖D2

xu‖2‖Dk+1
x u‖2

+ C
k−1∑
i=2

i∑
j=0

Cj‖Di−j+1
x u‖∞‖Dj+1

x u‖‖Dj+2−i
x u‖‖Dk+1

x u‖

+ C
k−1∑
j=1

‖uxx‖‖Dj+2
x u‖‖Dk−j+1

x u‖‖Dk+1
x u‖

+ C
k−1∑
j=2

‖Dj+1
x u‖‖Dk−j+2

x u‖‖Dk+1
x u‖

+ C‖uxx‖‖Dk+3
x u‖‖Dk+1

x u‖
≤ ‖Dk+1

x u‖2 + C‖Dk+1
x u‖2‖Dk

xu‖2 + C‖Dk+1
x u‖‖Dk+2

x u‖
≤ α

4
‖Dk+2

x u‖2 + C‖Dk+1
x u‖2. (6.3.27)

It follows from (6.3.23), (6.3.24) and (6.3.27) that

d

dt
‖Dk+1

x u‖2 + α‖Dk+2
x u‖2 ≤ C‖Dk+1

x u‖2. (6.3.28)

This implies

d

dt
‖Dk+1

x u‖2 ≤ C‖Dk+1
x u‖2, t ≥ t∗, (6.3.29)

where t∗ depends on the initial data and k. On the other hand, it follows from the
induction assumption that∫ t+1

t
‖Dk+1

x u‖2dt ≤ C, t ≥ t∗. (6.3.30)

From (6.3.29) and (6.3.30) and the Gronwall inequality, we have

‖Dk+1
x u‖2 ≤ C, t ≥ t∗ + 1. (6.3.31)

For t ∈ (t, t+ 1), integrating (6.3.28), we have∫ t+1

t
‖Dk+2

x u‖2dt ≤ C, t ≥ t∗ + 1. (6.3.32)

The conclusion of this lemma follows from (6.3.31) and (6.3.32).

Lemma 6.3.5 Let u0 ∈ Hk+2 ∩Hρ, k ≥ 0. There exists a constant Ck depending on
the initial data and k such that

‖Dk
xut‖ ≤ Ck, t ≥ tk,

where tk depends on the initial data, k, and R with ‖u0‖H2 ≤ R.
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Proof. This lemma can be obtained by differentiating (6.3.6) k times with respect
to x and applying Lemma 6.3.4.

In order to study the approximate inertial manifold of the Landau–Lifshitz equa-
tions, rewrite (6.3.6)–(6.3.8) as the operators on H :

du

dt
+ αAu+B(u, u) +R(u) = 0, (6.3.33)

where A = −∂xx is an unbounded self-conjugate operator defined on

D(A) = {u : u ∈ H2, u satisfies (6.3.8)}.
B(u, 0) = −βu × νxx is a bilinear form; R(u) = −α|ux|2u is a nonlinear operator:
D(A) → H . It is known that H has an orthogonal base consisting of the eigenfunc-

tions of operator A: {Ωj}∞j=1,

AΩj = λjΩj , 0 = α1 < λ2 < · · · < λj → ∞, j → ∞.

For a given m, let P = Pm : H → Span{Ω1,Ω2, . . . ,Ωm} be a project operator.
Q = Qm = P − Pm. Acting (6.3.33) by Pm and Qm, we have



dp

dt
+ αAp+ PmB(p + q, p+ q) + PmR(p+ q) = 0,

dq

dt
+ αAq +QmB(p+ q, p+ q) +QmR(p+ q) = 0,

(6.3.34)

where p = Pmu, q = Qmu.

It follows from Lemmas 6.3.1, 6.3.4 and 6.3.5 that

‖u‖, ‖A 3
2u‖ ≤ C, t ≥ t∗, (6.3.35)

‖Aku‖, ‖Ak+1u‖, ‖Ak+ 3
2u‖,

∥∥∥∥∥Ak ∂u

∂t

∥∥∥∥∥ ≤ Ck, t ≤ tk, (6.3.36)

where tk, Ck are as before. Note

‖A 1

2u‖ = ‖∂u
∂x
‖, u ∈ H1,

‖Pmu‖ ≤ ‖u‖, ‖Qmu‖ ≤ ‖u‖, u ∈ H,

‖A2u‖ ≥ λα
m+1‖u‖, α > 0, u ∈ QmD(A2).

(6.3.37)

It follows from (6.3.36) that

‖q‖, ‖Aq‖,
∥∥∥∥∥A 3

2 q

∥∥∥∥∥,
∥∥∥∥∥ ddtq

∥∥∥∥∥ ≤ Ckλ
−k
m+1, t ≥ tk. (6.3.38)

Define a map Φ : PmH → QmH such that for any p ∈ PmH , Φ(p) = Ψ is given by

αAΨ +QmB(p, p) +QmR(p) = 0. (6.3.39)

Let
∑

= graph(Φ). It can be verified that
∑

is the approximate inertial manifold

of (6.3.6)–(6.3.8). Then
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Theorem 6.3.1 Let u0 ∈ Hk+2∩Hρ. Then for any integer k, there exists a constant
Ck depending on the initial data and k such that any solution u(t) of (6.3.6)–(6.3.8)

is within a H2-distance no large than Ckλ
k−1
m+1 from

∑
when t > tk, where tk depends

on the initial data, k and R with ‖u0‖H2 ≤ R.

Proof. Subtracting (6.3.34) from (6.3.39), we have

αAΨ − αAq =
dq

dt
+QmB(p+ q, p+ q) −QmB(p, q)

+QmR(p+ q) −QmR(p)

=
dq

dt
+QmB(q, p+ q) +QmB(p, q)

+QmR(p+ q) −QmR(p). (6.3.40)

Since

‖B(q, p+ q) +B(p, q)‖ ≤ β‖q × Au‖ + β‖p× Aq‖
≤ β‖q‖‖Au‖∞ + β‖p‖‖Aq‖∞
≤ β‖q‖‖A 3

2u‖ + β‖p‖‖A 3
2 q‖

≤ Ckλ
−k
m+1. (6.3.41)

And

‖R(p+ q) −R(p)‖ = α‖|ux|2u− |px|2p‖
≤ α‖(|ux|2 − |px|2)u‖

+ α‖(|px|2(u− p)‖
≤ α‖(|ux| + |px|)(|ux| − |px|)u‖

+ α‖px‖2
∞‖q‖

≤ 2α‖Au‖‖Aq‖‖u‖+ α‖Au‖‖q‖
≤ Ckλ

−k
m+1. (6.3.42)

It follows from (6.3.40)–(6.3.42) that

‖AΨ − Aq‖ ≤ Ckλ
−k
m+1, t ≥ tk.

Therefore we get

distH2

(
u(t),

∑)
≤ ‖u(t) − (p(t) + Φ(p(t)))‖H2

≤ ‖Φ(p(t)) − q(t)‖H2

≤ ‖AΨ −Aq‖
≤ Ckλ

−k
m+1, t ≥ tk.
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6.4 Attractor of Landau–Lifshitz Equations on

Riemannian Manifold

6.4.1 Landau–Lifshitz Equations on Riemannian Manifold

Assume that (M, γ), (N, g) be two compact Riemannian manifolds. M has no

boundary, and N is S2. Consider the following Landau–Lifshitz equations for
u = (u1, u2, u3) : M → S2,

∂tu = −α1u× (u× ∆Mu) + α2u× ∆Mu, α1 > 0, (6.4.1)

with initial condition

u(x, 0) = u0(x), (6.4.2)

where |u0(x)| = 1, x = (x1, x2, . . . , xn) ∈M , ∆M is the Laplace–Beltrami operator

∆M =
1√
γ

∂

∂xβ
γαβ

√
γ ∂

∂xα
= γαβ ∂2

∂xα∂xβ
− Γk

αβ

∂

∂xk
.

In the classical sense, Eq. (6.4.1) is equivalent to

∂tu = α1
1√
γ

∂

∂xβ

(
γαβ

√
γ ∂u

∂xα

)
+ α2|∇u|2u

+ α2u×
(

1√
γ

∂

∂xβ

(
γαβ

√
γ ∂u

∂xα

))
. (6.4.3)

6.4.2 The A Priori Estimates

Our aim is to prove the existence of a global attractor of problem (6.4.1) and (6.4.2)

and give the Hausdorff and fractal dimensions. To this aim we first give the a priori
estimates.

Let ∇ be the Riemannian connection corresponding to metric γ (or covariant
derivative):

|∇u(x)|2 =
∑
α,β

∑
i

γαβ ∂u
i

∂xα

∂ui

∂xβ
. (6.4.4)

For real function ϕ ∈ Ck(M) (k ≥ 0 is integer), we define

|∇kϕ|2 = ∇α1∇α2 · · ·∇αk∇α1∇α2 · · ·∇αk
ϕ.

In particular, |∇1ϕ| = |∇ϕ|, |∇1ϕ|2 = |∇ϕ|2 = ∇νϕ∇νϕ, ∇kϕ is kth order covariant

derivative of ϕ.
Consider the vector space Lp

k = {ϕ : ϕ ∈ C∞, |∇lϕ| ∈ Lp(M), 0 ≤ l ≤ k}; l,
k are integers and p ≥ 1. Sobolev space W k

p (M) is the closure of Lp
k in the norm

‖ϕ‖W p
k

=
∑k

i=0 ‖∇iϕ‖Lp. In particular, W k
2 (M) = Hk(M), ‖ · ‖2 = ‖ · ‖.
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Lemma 6.4.1 Let |u0(x)|2 = 1. Then for the smooth solution of (6.4.1) and (6.4.2)
there holds

|u(x, t)|2 = 1, ∀ (x, t) ∈M × (0,∞). (6.4.5)

Proof. Multiplying (6.4.1) by u we have

u · ∂tu = 0, ∀ (x, t) ∈M × (0,∞);

the conclusion follows from (6.4.2) and (6.4.5).

Lemma 6.4.2 Let |u0(x)|2 = 1 and ‖∇u0‖ < ∞. Then for the smooth solution of

(6.4.1) and (6.4.2),

‖∇u(·, t)‖2 ≤ ‖∇u0‖2,

2α1

∫ t
0 ‖u× ∆Mu‖2dt ≤ ‖∇u0‖2, ∀ 0 ≤ t <∞ (6.4.6)

hold.

Proof. Multiplying (6.4.1) by ∆Mu we have

∆Mu · ut = −α1∆Mu · (u× (u× ∆Mu))

= −α1(u× ∆Mu) · (∆Mu× u)

= α1|u× ∆Mu|2.
On the other hand,

∫
M

∆Mu · utdM = −1

2

d

dt
‖∇u(·, t)‖2.

Therefore
d

dt
‖∇u(·, t)‖2 ≤ 0.

The lemma follows from this and the assumptions on the initial data u0.

Lemma 6.4.3 (Sobolev interpolation inequality on Riemannian manifold) Let M be

a compact Riemannian manifold with smooth boundary, q, r be real numbers, 1 ≤ q,
r ≤ ∞, j, m be integers, 0 ≤ j < m. Then there exists a constant C depending only

on n, m, j, q, r and α, M such that for any f ∈Wm
r (M) ∩ Lq(M), there holds

‖∇jf‖p ≤ C‖f‖α
W m

r
‖f‖1−α

Lq
, (6.4.7)

where

1

p
=
j

n
+ α

(
1

r
− m

n

)
+ (1 − α)

1

q
,

for any α : j
m

≤ α ≤ 1 and nonnegative integer p.
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Proof. It follows from the Aubin theorem ([8, Theorem 6.3.70]) that

‖∇jF‖p ≤ C‖∇mF‖α
r ‖f‖1−α

q , (6.4.8)

where

F = f − f, f =
1

vol(M)

∫
M
fdM,

1

p
=
j

n
+ α

(
1

r
− m

n

)
+ (1 − α)

1

q
.

(i) i > 0. It follows from (6.4.8) that

‖∇jF‖p ≤ C‖∇mF‖α
r (‖f‖q + ‖f‖q)

1−α

≤ C1‖∇mF‖α
r ‖f‖1−α

q

≤ C1‖F‖α
W m

r (M)‖f‖1−α
q .

(ii) i = 0, it follows from Hölder inequality that∫
M
|f |pdx =

∫
M
|f |α|f |βdx

≤
( ∫

M
|f |αldx

) 1
l
( ∫

M
|f |βl′dx

) 1
l′
,

where

α + β = p, lα = r, l′β = q,
1

l
+

1

l′
= 1.

Then
1

l
=

(
q − p

q − r

)
r

p
,

1

p′
= 1 − 1

l
.

(6.4.7) follows from (i) and (ii).

Remark. Replacing space Lp
k(M), T. Aubin in [8] introduced space V p

k which is the
closure of space Sp

k in the norm

‖ϕ‖V p
k

(M) =
∑

0≤l≤ k
2

‖∆l
Mϕ‖p +

∑
0≤l≤ k−1

2

‖∇∆l
Mϕ‖p,

where Sp
k is a vector space of elements ϕ : ϕ ∈ C∞(M), ∆l

Mϕ ∈ Lp(M), 0 ≤ l ≤ k
2
,

and ∇∆l
Mϕ ∈ Lp(M), 0 ≤ l ≤ k−1

2
.

Lemma 6.4.4 Let the conditions of Lemma 6.4.2 hold, and let

‖∇u0‖ ≤ λ, n = 2, (6.4.9)

where constant λ is small enough. Then for the smooth solutions of problem (6.4.1)
and (6.4.2),

‖∆Mu(·, t)‖ ≤ E1

t
, ∀ x ∈M, t > 0, 1 ≤ n ≤ 2, (6.4.10)

holds, where constant E1 depends only on ‖∇u0‖H1(M) and 0 < t ≤ T .
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Proof. Using operator ∆M on (6.4.7) and taking the inner product with t∆Mu,
we have(

t∆Mu,∆Mut − α1∆
2
Mu − α1∆M(|∇u|2u) − α2∆M(u × ∆Mu)

)
= 0, (6.4.11)

where

t(∆Mu,∆Mut) =
1

2

d

dt
(t‖∆Mu‖2) − 1

2
‖∆Mu‖2,

(∆Mu, α1∆
2
Mu) = α1

∫
∆Mu.

1√
γ

∂

∂xβ

(
γαβ√γ ∂∆Mu

∂xα

)√
γdx

= −α1

∫
γαβ√γ ∂∆Mu

∂xα

∂∆Mu

∂xβ
dx = −α1‖∇∆Mu‖2,

∣∣∣∣
∫

∆Mu.∆M (u × ∆Mu)
√
γdx

∣∣∣∣
=

∣∣∣∣∣
∫

∆Mu.
∂

∂xβ

(
γαβ√γ ∂

∂xα
(u × ∆Mu)

)
dx

∣∣∣∣∣
=

∣∣∣∣∣
∫
γαβ ∂∆Mu

∂xβ

∂(u × ∆Mu)

∂xα

√
γdx

∣∣∣∣∣
=

∣∣∣∣∣
∫
γαβ ∂∆Mu

∂xβ

[
∂u

∂xα
× ∆Mu + u× ∂∆Mu

∂xα

]√
γdx

∣∣∣∣∣
≤ C1‖∇∆Mu‖‖∇u‖∞‖∆Mu‖. (6.4.12)

In (6.4.12), we have used the fact

∫
γαβ ∂∆Mu

∂xβ
.

(
u × ∂∆Mu

∂xα

)√
γdx = 0. (6.4.13)

Lemma 6.4.3 implies that

‖∇u‖∞ ≤ C2

∥∥∥∇3u
∥∥∥ 1

2‖∇u‖ 1
2 + C3 (n = 2),

‖∆Mu‖ ≤ C4

∥∥∥∇3u
∥∥∥ 1

2‖∇u‖ 1
2 + C5, (6.4.14)

where constants C3 and C5 depend on ‖∇u0‖.
Substituting (6.4.14) into (6.4.12), we get

∣∣∣∣
∫

M
∆Mu.∆M (u × ∆Mu)dM

∣∣∣∣ ≤ 2C1C2C4C6‖∇u‖
∥∥∥∇3u

∥∥∥2 + C ′
6. (6.4.15)

Here

‖∇∆Mu‖ ≤ C6

∥∥∥∇3u
∥∥∥

and constant C ′
6 depends on ‖∇u0‖.
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Now we are going to estimate term (∆M(|∇u|u),∆Mu) in (6.4.11).

∣∣∣(∆Mu,∆M (|∇u|2u))
∣∣∣

=

∣∣∣∣∣
∫

M
∆Mu.

∂

∂xβ
γαβ√γ ∂|∇u|2u

∂xα
dx

∣∣∣∣∣
=

∣∣∣∣∣
∫

M
γαβ√γ ∂

∂xα
|∇u|2u. ∂

∂xβ
∆Mudx

∣∣∣∣∣
=

∣∣∣∣∣
∫

M
γαβ√γ

((
∂

∂xα
|∇u|2

)
u + |∇u|2 ∂u

∂xα

)
∂

∂xβ
∆Mudx

∣∣∣∣∣
=

∣∣∣∣∣
∫
γαβ

[
2γlδ(x)

∂2u

∂xα∂xl

∂u

∂xδ
u

+ γlδ(x)′
∂u

∂xl

∂u

∂xδ
u + |∇u|2 ∂u

∂xα

]
∂∆Mu

∂xβ
dM

∣∣∣∣∣
≤ C7

[
‖∇u‖∞‖u‖∞

∥∥∥∇2u
∥∥∥‖∇∆Mu‖ + ‖∇u‖2‖u‖∞‖∇∆Mu‖

+ ‖∇u‖2
∞‖∇u‖‖∇∆Mu‖

]
≤ C7

[
2C2C4‖∇u‖ + (2C2

2 + 1)‖∇u‖2
] ∥∥∥∇3u

∥∥∥+ C8, (6.4.16)

where constants C7 and C8 depend on ‖∇u0‖ and supx∈M(|γαβ(x)|, |(γαβ(x))′|).
Hence from (6.4.11), (6.4.15) and (6.4.16), we have

1

2

d

dt
t‖∆Mu‖2 − 1

2
‖∆Mu‖2 + α1t‖∇∆Mu‖2

≤ 2t [|α2|C1C2C4C6 + α1C7C2C4

+ α1(C
2
2 + 1)C7‖∇u‖

]
‖∇u‖

∥∥∥∇3u
∥∥∥ + C9. (6.4.17)

Now we estimate the lower bound for ‖∇∆Mu‖2.

By the Ricci formula

∆(∇kf) = ∇k(∆f) +
k−1∑
i=0

Ski(∇k−if), (6.4.18)

where Ski is a linear functional depending on the covariant derivative ∇iR of the
curvature tensor, we get

‖∇∆Mu‖2 = ‖∆M (∇u) − S10(∇u)‖
≥ ‖∆M (∇u)‖ − S10‖∇u‖. (6.4.19)
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Since

‖∆M (∇u)‖2 =
∫

M

∑
j

(∑
i

ujii

)(∑
k

ujkk

)
dM

=
∑
j

∫
M

(∑
i

ujii

)(∑
k

ujkk

)
dM

= −∑
j

∫
M

(∑
i

uji

)(∑
k

ujkki

)
dM

= −∑
j

∫
M

(∑
i

uji

)∑
k

(ujkik + ujlR
l
kki + ulkR

l
jki)dM

= −∑
j

∫
M

(∑
i

uji

)∑
k

(ujikk + ulR
l
jkik

+ ulkR
l
jki + ujlR

l
kki + ulkR

i
jki)dM

≥
∫

M

∣∣∣∇3u
∣∣∣2dM − C11

∫
M
|∇u|2dM. (6.4.20)

Hence from (6.4.17), (6.4.19) and (6.4.20), we have

d

dt
t‖∆Mu‖2 − ‖∆Mu‖2 + 2t[α1 − (2α2C1C2C4C6 + 2α1C7C2C4

+ 2α1(C
2
2 + 1)C7‖∇u‖ + C12‖∇u‖)]‖∇u‖

∥∥∥∇3u
∥∥∥2 ≤ C13. (6.4.21)

Choose ‖∇u0‖ suitably small such that

α1 − (2|α2|C1C2C4C6 + 2α1C7C2C4 + 2α1(C
2
2 + 1)C7‖∇u0‖

+ C12‖∇u0‖)‖∇u0‖ > α

2
> 0.

From (6.4.21), we get

t‖∆Mu‖2 −
∫ t

0
‖∆Mu‖2dt+

1

2
α
∫ t

0
t
∥∥∥∆3

Mu
∥∥∥2dt ≤ C13t. (6.4.22)

In order to estimate term
∫ t
0 ‖∆Mu‖2dt on the left-hand side of inequality (6.4.22),

we need the following lemma.

Lemma 6.4.5 Under the conditions of Lemma 6.4.2, we have

∫ t

0

∥∥∥∥∥∂u∂t
∥∥∥∥∥
2

dt ≤ (α2
1 + α2

2)

α1
‖∇u0‖2, ∀ t ∈ R+, (6.4.23)

∫ t

0
‖∆Mu‖2dt ≤ C14, 0 ≤ t ≤ T, (6.4.24)

where constant C14 depends on ‖∇u0‖ and T .
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Proof. Multiplying (6.4.3) by ∂tu and integrating with respect to x, t ∈M× [0, t),
we have ∫ t

0

∫
M
|∂tu|2dMdt+

α1

2

∫ t

0

d

dt
‖∇u‖2dt

− α2

∫ t

0

∫
M
∂tu.(u × ∆Mu)dMdt = 0. (6.4.25)

By the cross product of Eq. (6.4.3) with u, we get

u × ∂tu = α1(u × (∆Mu) + α2(u × (u × ∆Mu))

= α1(u × ∆Mu) − α2∆Mu − α2|∇u|2u.

Because

−∆Mu − |∇u|2u = − 1

α1
∂tu +

α2

α1
(u × ∆Mu).

This gives

u× ∂tu +
α2

α1
∂tu =

(
α1 +

α2
2

α1

)
(u × ∆Mu).

Multiplying the above equation with ∂tu, we have

∂tu.(u × ∆Mu) = α2(α
2
1 + α2

2)
−1|∂tu|2.

Then we have

α2

∫ t

0

∫
M
∂tu.(u × ∆Mu)dMdt =

α2
2

α2
1 + α2

2

∫ t

0

∫
M
|∂tu|2dMdt.

From (6.4.25), it follows that

α2
1

α2
1 + α2

2

∫ t

0

∫
M
|∂tu|2dMdt +

α1

2
(‖∇u(., t)‖2 − ‖∇u0‖2) = 0,

i.e.,

∫ t

0

∫
M
|∂tu|2dMdt ≤ α2

1 + α2
2

2α1
‖∇u0‖2, ∀ t ∈ R+. (6.4.26)

From (6.4.3), we have

∫ t

0
‖∆Mu‖2dt ≤ C15

(∫ t

0
‖ut‖2dt+

∫ t

0
‖u× ∆Mu‖2dt+

∫ t

0

∫
M
|∇u|4dMdt

)
. (6.4.27)

By Sobolev’s inequality (6.4.7), it follows that

∫
M
|∇u|4dM ≤ C16

∥∥∥∇2u
∥∥∥2‖∇u‖2 + C17, 0 ≤ t ≤ T, (6.4.28)

where constant C17 depends on ‖∇u0‖ and 0 ≤ t ≤ T .
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The definition of Laplace–Beltrami operator implies

C18

∥∥∥∇2u
∥∥∥2 + C19‖∇u‖2 ≥ ‖∆Mu‖2 ≥ C18

∥∥∥∇2u
∥∥∥2 − C19‖∇u‖2, (6.4.29)

where constants C18 and C19 depend on supx∈M

∣∣∣γαβ(x)
∣∣∣ and supx∈M

∣∣∣Γk
αβ

∣∣∣, respec-

tively. Therefore, from (6.4.27), we get

C18

∫ t

0

∥∥∥∇2u
∥∥∥2dt− C15C16

∫ t

0

∥∥∥∇2u
∥∥∥2dt.‖∇u0‖2

≤ C15


∫ t

0

∥∥∥∥∥∂u∂t
∥∥∥∥∥
2

dt+
∫ t

0
‖u× ∆Mu‖2dt+ C17


+ C19‖∇u0‖2t. (6.4.30)

Choose ‖∇u0‖ suitably small such that

C18 − C15C16‖∇u0‖2 ≥ C18

2
. (6.4.31)

From (6.4.27)–(6.4.30), we have∫ t

0
‖∆Mu‖2dt ≤ C14, 0 ≤ t ≤ T. (6.4.32)

The lemma is proved.

From (6.4.22) and (6.4.32), we get

‖∆Mu‖2 ≤ E1

t
, ∀x = (x1, x2, . . . , xn), n ≤ 2, t > 0,

where constant E1 depends only on ‖∇u0‖ and T .
Now we prove that inequality (6.4.10) holds in the case n = 1 without the restric-

tion ‖∇u0‖ ≤ λ. In fact, from Lemma 6.4.3, we have

‖∇u‖∞ ≤ C2

∥∥∥∇3u
∥∥∥ 1

4‖∇u‖ 3
4 + C3,

‖∆Mu‖ ≤ C4

∥∥∥∇3u
∥∥∥ 1

2‖∇u‖ 1
2 + C5 (n = 1),∫

M
|∇u|4dM ≤ C16

∥∥∥∇2u
∥∥∥‖∇u‖3 + C17.

The conclusion of inequality (6.4.10) can be easily obtained.

Using the estimates in [77], we have

Theorem 6.4.1 Let M be a compact manifold without boundary, and suppose that

the following conditions are satisfied :

(1) u0(x) ∈ Hm(M), m ≥ 2, |u0(x)|2 = 1,

x = (x1, . . . , xn) ∈M, 1 ≤ n ≤ 2,

(2) In the case of n = 2,

‖∇u0(x)‖ ≤ λ,

where constant λ is suitably small. Then there exists a unique global smooth solution

u(x, t) : M × [0,∞) → S2 of the initial value problem (6.4.1) and (6.4.2)

u(x, t) ∈ L∞(0,∞;Hm(M)).
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6.4.3 The Global Attractor

Theorem 6.4.2 Let M be an m-dimensional compact Riemannian manifold without

boundary (n ≤ 2). If conditions

(i) α1 > 0, |Z0(x)| = 1, Z0(x) ∈ H1(M), x = (x1, . . . , xn) ∈M, n ≤ 2;
(ii) ‖∇Z0(x)‖ ≤ λ, x ∈M, n = 2, where constant λ is suitably small, are satisfied,

then the initial value problem (6.4.1) and (6.4.2) of the Landau–Lifshitz equation has
an attractor A which is compact in H1(M), where

A = ω(B1) =
⋂

s≥0

⋂
t≥s

S(t)B1. (6.4.33)

Here

B1 = {Z ∈ H1(M), |Z| = 1, ‖Z‖H1(M) ≤ ρ1} (6.4.34)

is a bounded absorbing set for S(t) in H1(M), and ρ1 is a positive constant.

Proof. From Theorem 6.4.1, there exists a unique global smooth solution

u(x, t) ∈ L∞(0,∞;Hm(M))

of the initial value problem (6.4.1) and (6.4.2), which means that problem (6.4.1) and

(6.4.2) generates a semigroup S(t) : Z(x, t) = S(t)Z0.
From Lemma 6.4.1 and Lemma 6.4.2, we know

B1 = {Z ∈ H1(M), |Z| = 1, ‖Z‖H1(M) ≤ ‖∇Z0(x)‖ + VolM = ρ1}
is a bounded absorbing set for S(t) in H1(M). From Lemma 6.4.4, we have

‖Z(., t)‖H2(M) ≤
E1

t
, t > 0,

where constant E1 depends only on ‖∇Z0(x)‖H1(M). This implies that semigroup

operator S(t) is a completely continuous operator in H1(M) for t > 0. From Theo-

rem 6.2, the semigroup operator S(t) has a compact attractor

A =
⋂

s≥0

⋂
t≥s

S(t)B1 = ω(B1).

6.4.4 The Estimates of the Upper Bounds of Hausdorff and
Fractal Dimensions for the Attractors

In the following, we give the estimates of the upper bounds of the Hausdorff and
fractal dimensions for the attractors of the mentioned problems in the above section.

We consider the linear variation corresponding to problem (6.4.1) and (6.4.2)

v(t) + L(u(t))v = 0, (6.4.35)

v(0) = v0(x), (6.4.36)
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where

L(u(t))v = −α1∆Mv − α1|∇u|2v − 2α1∇uu∇v

− α2A
′(u)∆Muv − α2A(u)∆Mv. (6.4.37)

Since solution u of problem (6.4.1) and (6.4.2) is suitably smooth, we can

prove that the linear problem (6.4.35) and (6.4.36) has a global solution v(x, t) ∈
L∞(0,∞;H2(M)) as long as the initial data v0(x) is mildly smooth.

In fact, for Eq. (6.4.35), the principle part is given by

m∑
α,β=1

Dα(aαβ(x, t,u)Dβu) =
m∑

α,β=1

Dα
√
γ(γαβDβu + u× γαβDβu).

The corresponding coefficients aij
α,β are given by

aij
α,β =

√
γγαβgij.

Here

g = (gij) =


 α1 −α2u

3 α2u
2

α2u
3 α1 −α2u

1

−α2u
2 α2u

1 α1


 ,

u = (u1, u2, u3).

Therefore, the Landau–Lifshitz equation (6.4.1) is strongly parabolic by the fol-
lowing relation:

3∑
i,j=1

m∑
α,β=1

aij
α,β(x, t, η)ξαξβζiζj = α1|ζ |

m∑
α,β=1

γαβ√γξαξβ > 0

for all (x, t, η) ∈ M × [0, T ] × R3, for all ξ = (ξ1, . . . , ξm) ∈ Rm\{0}, and for all

ζ = (ζ1, ζ2, ζ3) ∈ R3\{0}.
Let Gt be a solution operator of (6.4.1) and (6.4.2) such that v(t) = Gtv0.

It can be verified that the semigroup operator Stu0 is differentiated in L2(M),
namely the Frechet derivative Stu0 exists, and Gtv0 = S ′

tu0. In fact, we set

W (t) = St(u0 + v0) − St(u0) −Gt(u0)v0

= w1(t) − u(t) − v(t).

Thus we have

∂tW (t) = L1(u1(t)) − L1(u(t)) + L(u(t))v(t)

= L1(u(t) + v(t) + w(t)) − L1(u(t)) + L(u(t))v(t), (6.4.38)

w(0) = 0,

where ut = L1(u) is the operator form of Eq. (6.4.3).
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Therefore, (6.4.38) can be rewritten in the form

∂tw(t) + L(u(t))w(t) = Λ0(u,v,w), (6.4.39)

where

Λ0(u,v,w) = L1(u(t) + v(t) + w(t)) − L1(u(t)) + L(u(t))(v + w). (6.4.40)

By applying the theorem of linear parabolic partial differential equations, we have
the following L2 estimates:

‖w(t)‖2 ≤ C‖v0‖2. (6.4.41)

This implies that the semigroup operator S(t) is differentiated in L2(M).

Denote by V1(t), V2(t), . . . , VJ(t) the solution of linear equation (6.4.36) corre-

sponding, respectively, to the initial data V1(0) = ξ1, . . . , VJ(0) = ξJ ; here ξ =
(ξ1, ξ2, . . . , ξJ) ∈ L2(M), and by the simple computation [15], we can deduce that

d

dt
‖V1(t) ∧ V2(t) ∧ · · · ∧ VJ(t)‖2 + 2 Tr(L(u(t)) ·QJ(t))

· ‖V1(t) ∧ V2(t) ∧ · · · ∧ VJ(t)‖2 = 0, (6.4.42)

where L(u(t)) = L(S(t)u0) is a linear map: v → L(u(t))v, “∧” denotes the exterior

product, “Tr,” the trace of operator, and QJ(t) is the orthogonal projection of space
L2(M) to the spanning subspace generated by V1(t), V2(t), . . . , VJ(t). Therefore, from

(6.4.42), we can obtain the change of volume ∧J
j=0ξ of the J-dimensional cube by

WJ(t) = sup
u0∈A

sup
ξj∈L2(M),|ξj |≤1

‖V1(t) ∧ V2(t) ∧ · · · ∧ VJ(t)‖2
∧jL2

≤ sup
u0∈A

exp
(∫ t

0
inf(Tr(L(S(τ)u0))(QJ(τ))dτ

)
. (6.4.43)

Lemma 6.4.6 Let (M, g) be a Riemannian manifold of dimension n. For every p
with

max
{
1,

n

2m

}
< p ≤ 1 +

n

2m
,

there exist two positive constants K(M) and χ(M), such that for every finite family

{ϕ1, . . . , ϕm} in Hm(M), which is (sub-orthonormal) orthonormal in L2(M), we have

(∫
M
ρ

p
p−1dM

) 2m(p−1)
n ≤ k(M)

N∑
j=1

∫
M
|∇mϕj |2dM

+ χ(M)
∫

M
ρdM. (6.4.44)

Here ρ =
∑N

j=1 |ϕj(x)|2, and constants k(M) and χ(M) depend on m, n, p and (M, g).
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Lemma 6.4.7 Let M be a compact Riemannian manifold without (or with) boundary,
and {λj} is the spectrum of M with respect to Laplace–Beltrami operator. Then the

following inequalities hold

λk ≥ δ

e

(
k

Vol(M)

) 2
n

,

where n = dimM and δ is the Sobolev constant of M, that is, for any u ∈ C∞(M)

∫
M
|∇u|2dM ≥ δ

(∫
M
|u| 2n

n−2

)n−2
n

.

Theorem 6.4.3 Under the conditions of Theorem 6.4.6, the Hausdorff and fractal
dimensions of the global attractor A of the problem (6.4.1) and (6.4.2) are finite, and

dH(A) ≤ J0, dF (A) ≤ 2J0, (6.4.45)

where J0 is the smallest integer, such that

J0 ≥ C0α1

−4m
(4−m)(2+m) , (1 ≤ m ≤ 2), (6.4.46)

where C0 is a constant that depends on M and on the norms ‖u‖∞, ‖∇u‖∞ and

‖∇2u‖2.

Proof. Suppose that {ϕ1(x), . . . , ϕJ(x)} is an orthogonal basis of the subspace
QJL2, we have

Trace(L(u(t)) ·QJ) =
∞∑

j=1

(L(u(t)) ·QJ(τ)ϕj , ϕj)

=
J∑

j=1

(L(u(t))ϕj(τ), ϕj(τ)

=
J∑

j=1

{−α1(∆Mϕj, ϕj) − α1(|∇u|2ϕj, ϕj)

− 2α1(∇u · u · ∇ϕj , ϕj) − α2(A
′(u)∇uϕj , ϕj)

− α2(A(u) · ∆Mϕj , ϕj)}

≥ α1

J∑
j=1

λj − α1

∥∥∥|∇u|2
∥∥∥
2
‖ρ(x)‖2

− 2α1‖∇(∇u · u)‖2‖ρ(x)‖2 − α2‖A′(u)‖∞‖∇u‖2‖ρ(x)‖2

≥ α1

J∑
j=1

λj − 2α1‖∇u‖∞‖∇u‖2‖ρ(x)‖2

− 2α1‖u‖∞
∥∥∥∇2u

∥∥∥
2
‖ρ(x)‖2 − α2‖A′(u)‖∞‖∇u‖2‖ρ(x)‖2
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≥ α1

J∑
j=1

λj − (2α1‖∇u‖∞‖∇u‖2 + 2α1‖u‖∞
∥∥∥∇2u

∥∥∥
2

+ α2‖A′(u)‖∞‖∇u‖2)‖ρ(x)‖2

≥ α1

J∑
j=1

λj −H


k(M)

J∑
j=1

λj + χ(M)




m
4

≥ α1


 J∑

j=1

λj




m
4

·



 J∑

j=1

λj




1−m
4

− C1

α1

H


− C2H

≥ α1


 J∑

j=1

λj




m
4

− C2H > 0,

where

H = 2α1‖∇u‖∞‖∇u‖∞‖∇u‖2 + 2α1‖u‖∞
∥∥∥∇2u

∥∥∥
2
+ α2‖A′(u)‖∞‖∇u‖2).

As

J ≥ Max

{(
C3

(
2

m

)) m
2+m

·
[
C1

α1
H + 1

] 4m
(4−m)(2+m)

,

(
C3

(
2

m

)) m
2+m

[
C2

α1
H

]2+ 4
m
}
.

Here we have used the following inequality [49]:

J∑
j=1

j
2
m ≥ C3

(
2

m

)
J

2
m

+1,

and C1, C2 are constants which depend on the manifold M .
Now we consider the initial-boundary value problem for the following Landau–

Lifshitz equation

Zt = −α1(Z× (Z × ∆MZ)) + Z × JZ, (6.4.47)

Z|t=0 = Z0(x), x ∈M, (6.4.48)

∂Z

∂ν

∣∣∣∣
∂M

= 0, (6.4.49)

where J = diag(J1, J2, 0), α1 > 0, and ν is the outer unit normal vector to ∂M .

Theorem 6.4.4 Assume that A is the global attractor of problem (6.4.47)–(6.4.49),
and J1J2 < 0.

Then we have

dimA ≥ Cα1
−n

2 , (6.4.50)

where dimA is the Hausdorff or fractal dimension of A and C is a positive constant.
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Proof. It is easy to find out that Z = (0, 0, 1) is a fixed point of semigroup S(t)
generated by the problem (6.4.47)–(6.4.49), i.e., Z(0, 0, 1) satisfies the equation

−A1(Z) = −α1(Z × (Z × ∆MZ)) + Z × JZ = 0. (6.4.51)

The linear variation equation −A′
1(Z) for Eq. (6.4.51) is as follows:

−A′
1(Z)v = α1∆Mv + Z × Jv = 0. (6.4.52)

Let ζ denote the eigenvalues associated with the matrix B(Z)v = Z × Jv = ζv,

where

B(Z) =


 0 −J2 0
J1 0 0
0 0 0


 .

Therefore,

ζ2 + J1J2 = 0,

ζ1 =
√
−J1J2 > 0, ζ2 = −

√
−J1J2.

Let λk, k ∈ N denote the eigenvalues associated with Neumann problem

−∆Mψk = λkψk,
∂ψk

∂ν

∣∣∣∣
∂M

= 0, (6.4.53)

0 < α1 ≤ λ2 ≤ · · · , λk → ∞, k → ∞.

Let µk, k ∈ N denote the sequence of eigenvalues of linearized operator

−A′(Z)wk = α1∆Mwk +B(Z)wk = µkwk. (6.4.54)

Here wk(x) = ψk(x)pk, pk ∈ C3, that is,

(α1λk +B(Z))pk = µkpk. (6.4.55)

If µk is roots of equation

det(α1λk +B(Z) − µkI) = 0, Reµk > 0, (6.4.56)

then there exists the nonzero solution pk. Under the assumptions of the theorem,

when α1 = 0, there exists at least one root ζ1 =
√−J1J2 > 0. Thus we have a root

µk of Eq. (6.4.56), Reµk > 0, as α1λk < δ, where δ is a suitable small constant. From

the asymptotic behavior of eigenvalues λk ∼ Ck
2
n , we get the inequality

1 ≤ k ≤ C1δ
n
2α

−n
2

1 = C2α
−n

2
1 .

Therefore, we have

dimA ≥ Cα
−n

2
1 .
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6.5 The Attractors for Landau–Lifshitz–Maxwell

Equations

6.5.1 Periodic Initial Value Problem to L–L–M Systems

Consider the following periodic initial value problem for L–L–M system

�Zt = α1
�Z × (∆�Z + �H) − α2

�Z × (�Z × (∆�Z + �H)), (6.5.1)

∇× �H = ∂ �E
∂t

+ σ �E, (6.5.2)

∇× �E = −∂ �H
∂t

− β ∂ �Z
∂t
, (6.5.3)

∇ · �H + β∇ · �Z = 0, ∇ · �E = 0, (6.5.4)

�Z(x+ 2D�ei, t) = �Z(x, t), �H(x+ 2D�ei, t) = �H(x, t),

�E(x+ 2D�ei, t) = �E(x, t), (x ∈ Ω, t ≥ 0, i = 1, 2, . . . , n), (6.5.5)

�Z(x, 0) = �Z0(x), �H(x, 0) = �H0(x), �E(x, 0) = �E0(x), (x ∈ Ω), (6.5.6)

where α2 > 0, x+2D�ei = (x1, . . . , xi−1, xi+2D, xi+1, . . . , xn), (i = 1, 2, . . . , n), D > 0,

Ω ⊂ Rn is n-dimensional cube with width 2D.

Our purpose of this section is to study the existence of the attractor.

6.5.2 A Priori Estimates

For the sake of simplicity denote ‖ · ‖Lp = ‖ · ‖p, p ≥ 2.

Lemma 6.5.1 Assume |�Z0(x)| = 1. Then for the smooth solution of the periodic
initial value problem (6.5.1)–(6.5.6), there are

|�Z(x, t)| = 1, x ∈ Ω, t ≥ 0. (6.5.7)

Proof. Making the scalar product of �Z with (6.5.1), we get

∂

∂t
|�Z(x, t)|2 = 0.

Then the conclusion of the lemma is proved.

Lemma 6.5.2 Assume α2 > 0, β > 0, σ ≥ 0, ∇�Z0(x) ∈ L2(Ω), �E0(x) ∈ L2(Ω),
�H0(x) ∈ L2(Ω). Then for the smooth solution of the periodic initial value problem
(6.5.1)–(6.5.6)

sup
0≤t<∞

[
‖∇�Z(·, t)‖2

2 + ‖ �E(·, t)‖2
2 + ‖ �H(·, t)‖2

2

]
≤ K1, (6.5.8)

∫ ∞

0
‖�Z × (∆�Z + �H)‖2

2dt ≤ K2, (6.5.9)

where the constants K1 and K2 depend only on ‖∇�Z0(x)‖2, ‖ �E0(x)‖2, and ‖ �H0(x)‖2.
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Proof. Making the scalar product of �E with (6.5.2), and making the scalar product
of − �H with (6.5.3), and then adding these two equalities obtained, we have

(∇× �H) · �E − (∇× �E) · �H =
∂ �E

∂t
· �E + σ| �E|2 +

∂ �H

∂t
· �H + β

∂ �Z

∂t
· �H. (6.5.10)

By using the formula

(∇× �H) · �E − (∇× �E) · �H = ∇ · ( �H × �E), (6.5.11)

and integrating (6.5.10) over x ∈ Ω, we get

1

2

d

dt

(
‖ �E‖2

2 + ‖ �H‖2
2

)
+ σ‖ �E‖2

2 + β
∫
Ω

∂ �Z

∂t
· �Hdx = 0. (6.5.12)

Making the scalar product of (∆�Z + �H) with (6.5.1), we get

(∆�Z + �H) · ∂
�Z

∂t
= −ε(∆�Z + �H) · [�Z × (�Z × (∆�Z + �H))], (6.5.13)

where

−(∆�Z + �H) · [�Z × (�Z × (∆�Z + �H))] = |�Z × (∆�Z + �H)|2. (6.5.14)

From integrating (6.5.13) over x ∈ Ω, it follows that

∫
Ω
(∆�Z + �H) · ∂

�Z

∂t
dx = ε

∫
Ω
|�Z × (∆�Z + �H)|2dx,

and then ∫
Ω

∂ �Z

∂t
· �Hdx = −

∫
Ω

∆�Z · ∂
�Z

∂t
dx+ ε

∫
Ω
|�Z × (∆�Z + �H)|2dx

=
1

2

d

dt
‖∇�Z‖2

2 + ε
∫
Ω
|�Z × (∆�Z + �H)|2dx. (6.5.15)

By adding (6.5.12) and (6.5.15) we obtain

1

2

d

dt
(‖ �E‖2

2 + ‖ �H‖2
2) + σ‖ �E‖2

2

+
β

2

d

dt
‖∇�Z‖2

2 + βε‖�Z × (∆�Z + �H)‖2
2 = 0. (6.5.16)

Integrating the above equality with respect to t ∈ [0, T ], we have

E(t) ≡ 1

2
(‖ �E(·, t)‖2

2 + ‖ �H(·, t)‖2
2) + σ‖ �E(·, t)‖2

2

+
β

2
‖∇�Z(·, t)‖2

2 + βε
∫ t

0
‖�Z × (∆�Z + �H)‖2

2dt

= E(0) =
1

2
(‖ �E0(x)‖2

2 + ‖ �H0(x)‖2
2)

+ σ‖ �E0(x)‖2
2 +

β

2
‖∇�Z0(x)‖2

2.
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It follows that the estimates (6.5.8) and (6.5.9) hold. In order to get the uniform
estimates in t for the solution (�Z, �H, �E) ∈ (H2(Ω), H1(Ω), H1(Ω)), we first rewrite

(6.5.2) and (6.5.3) as the following equivalent second order nonlinear wave equations:

∇× (∇× �H) =
∂

∂t
∇× �E + σ∇× �E,

∇× (∇× �E) = − ∂

∂t
∇× �H − β

∂

∂t
∇× �Z.

From the formula

∇× (∇× �H) = ∇(∇ · �H) − ∆ �H

= −β∇(∇ · �Z) − ∆ �H,

∇× (∇× �E) = ∇(∇ · �E) − ∆ �E = −∆ �E,

we have

−β∇(∇ · �Z) − ∆ �H =
∂

∂t
∇× �E + σ∇× �E

= − �Htt − β �Ztt − σ �Ht − σβ �Zt,

−∆ �E = − ∂

∂t
(∇× �H) − β

∂

∂t
(∇× �Z)

= N �Ett − σ �E − β(∇× �Z)t,

�Htt − ∆ �H + β �Ztt + σ �Ht + σβ �Zt − β∇(∇ · �Z) = 0, (6.5.17)

�Ett − ∆ �E + σ �Et + β(∇× �Z)t = 0. (6.5.18)

It is difficult to derive the a priori estimate uniform in t for (�Z, �E, �H) ∈ (H2, H1, H1)
from (6.5.11), (6.5.17) and (6.5.18). We prove instead by Lyapunov functional con-

taining small parameter method. We define the Lyapunov functional as follows:

e(t) =
1

2

(
‖ �Ht(·, t)‖2

2 + ‖∇ �H(·, t)‖2
2 + ‖ �Et(·, t)‖2

2 + ‖∇ �E(·, t)‖2
2 + ‖∆�Z(·, t)‖2

2

)

+ η1( �H, �Ht) + η2( �E, �Et), (6.5.19)

where η1 and η2 are constants to be determined. We want to prove that e(t) satisfies

the following differential inequality:

de(t)

dt
+ ae(t) ≤ K, (6.5.20)

where a > 0 is a constant, K is independent of t. Then, the a priori estimates can

be derived.
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In fact, it follows from (6.5.19) that

de(t)

dt
= ( �Ht, �Htt) + (∇ �H,∇ �Ht) + ( �Et, �Ett)

+ (∇ �Et,∇ �Et) + (∆�Z,∆�Zt) + η1( �Ht, �Ht)

+ η1( �H, �Htt) + η2( �Et, �Et) + η2( �E, �Ett), (6.5.21)

in which

( �Ht, �Htt) = ( �Ht,∆ �H − β �Ztt − σ �Ht − σβ �Zt + β∇(∇ · �Z))

= ( �Ht,∆ �H) − β( �Ht, �Htt) − σ( �Ht, �Ht)

−σβ( �Ht, �Zt) + β( �Ht,∇(∇ · �Z)),

(∇ �H,∇ �Ht) = −(∆ �H, �Ht),

( �Et, �Ett) = ( �Et,∆ �E − σ �Et − β(∇× �Z)t)

= ( �Et,∆ �E) − σ( �Et, �Ht) − β( �Et, (∇× �Z)t),

(∇ �E,∇ �Et) = −(∆ �E, �Et),

(∆�Z,∆�Zt) = α1(∆(�Z × ∆�Z),∆�Z) + α1(∆(�Z × �H),∆�Z)

+ α2(∆(|∇�Z|2 �Z,∆�Z) + α2(∆
2 �Z,∆�Z)

+ α2(∆ �H,∆�Z) − α2(∆
2(�Z · �H)�Z,∆�Z),

η1( �H, �Htt) = η1( �H,∆ �H − β �Ztt − σ �Ht − σβ �Zt + β∇(∇ · �Z))

= −η1‖∇ �H‖2
2 − βη1( �H, �Ztt)

− ση1( �H, �Ht) − σβη1( �H, �Zt) + η1β( �H,∇(∇ · �Z)),

η2( �E, �Ett) = η2( �E,∆ �E − σ �Et − β(∇× �Z)t)

= η2‖∇ �E‖2
2 − ση2( �E, �Et) − βη2( �E, (∇× �Z)t).

Hence, we have

de(t)

dt
= −σ‖ �Ht‖2

2 − σβ( �Ht, �Zt) − β( �Ht, �Ztt)

− σ‖ �Et‖2
2 − β( �Et, (∇× �Z)t)

+ α1(∆(�Z × ∆�Z),∆�Z) + α1(∆(�Z × �H),∆�Z)

+ α2(∆(|∇�Z|2 �Z),∆�Z) − α2‖∇∆�Z‖2
2
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+ α2(∆�Z,∆ �H) − α2(∆(�Z · �H),∆�Z)

+ β( �Ht,∇(∇ · �Z)) + η1β( �H,∇(∇ · �Z))

+ η1‖ �Ht‖2
2 − η1‖∇ �H‖2

2

− βη1( �H, �Ztt) − ση1( �H, �Ht)

− σβη1( �H, �Zt) + η2‖ �Et‖2
2

− η2‖�Z‖2
2 − ση2(�Z, �Et) − η2β( �E, (∇× �Z)t)

= −(σ − η1)‖ �Ht‖2
2 − (ση2)‖ �Et‖2

2

− η1‖∇ �H‖2
2 − η2‖∇ �E‖2

2 − α2‖∇∆�Z‖2
2

− βη1( �H, �Ztt) − ση1( �H, �Ht) − σβη1( �H, �Zt)

− ση2( �E, �Et) − βη2( �E, (∇× �Z)t)

+ β( �Ht,∇(∇ · �Z)) + βη1( �Ht,∇(∇ · �Z)) − β( �Ht, �Ztt)

− σβ( �Ht, �Zt) − β( �Et, (∇× �Z)t)

+ α1(∆(�Z × ∆�Z),∆�Z) + α1(∆(�Z × �H),∆�Z)

+ α2(∆(|∇�Z|2 �Z),∆�Z) + α2(∆�Z,∆ �H)

− α2(∆(�Z · �H)�Z,∆�Z), (6.5.22)

in which

( �H, �Ztt) = ( �H, �Zt)t − ( �Ht, �Zt),

( �Ht, �Ztt) = ( �Ht, �Zt)t − ( �Htt, �Zt)

= ( �Ht, �Zt)t − (�Zt,∆ �H − β �Ztt − σ �Ht − σβ �Zt + β∇(∇× �Z))

= ( �Ht, �Zt)t +
β

2
(�Zt, �Zt)t − (�Zt,∆ �H) + σ(�Zt, �Ht)

+ σβ‖�Zt‖2
2 − β(�Zt,∇(∇ · �Z)),

β(�Zt, (∇ · �Z)t) = β(�Zt,∇× �Z)t − β(∆ �E − σ �Et − β(∇× �Z)t,∇× �Z)

= β(�Zt,∇× �Z)t +
β2

2
(∇× �Z,∇× �Z)t

+ σβ(�Zt,∇× �Z) + β(∇�Z,∇(∇× �Z)),

η2β( �E, (∇× �Z)t) = η2β( �E,∇× �Z)t − η2β( �Et,∇× �Z).

Set e1(t) = 1
2
G(t) +R(t), where

G(t) = ‖ �Et‖2
2 + ‖ �Ht‖2

2 + ‖∇ �E‖2
2 + ‖∇ �H‖2

2 + ‖∆�Z‖2
2

= 2e(t) − 2η1( �H, �Ht) − 2η2( �E, �Et),
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R(t) = β(�Zt, �Ht) +
β2

2
‖�Zt‖2

2 + β( �Et,∇× �Z) +
β2

2
‖∇ × �Z‖2

2

= −η2β( �E,∇× �Z) +
1

2
ση1‖ �H‖2

2 +
1

2
ση2‖ �E‖2

2

+ η2β( �E,∇× �Z) + η2( �E, �Et) + η1( �H, �Ht). (6.5.23)

de1(t)

dt
+ (σ − η1)‖ �Ht‖2

2 + (σ − η2)‖ �Et‖2
2

+ η1‖∇ �H‖2
2 + η2‖ �E‖2

2 + α2‖∇∆�Z‖2
2 + σβ2‖�Zt‖2

2

= −(2σβ − η1β)(�Zt, �Ht) + β(�Zt,∆ �H) − (σ − η2)β( �Et,∇× �Z)

− β(∇ �E,∇(∇× �Z)) + α1(∆(�Z × ∆),∆�Z)

+ α1(∆(�Z × �H),∆�Z) + α2(∆�Z,∆ �H)

+ α2(∆(|∇�Z|2 �Z),∆�Z) − α2(∆(�Z · �H)�Z,∆�Z) − σβη1( �H, �Zt)

+ β( �Ht,∇(∇ · �Z)) + βη1( �H,∇(∇ · �Z)) + β2(�Zt,∇(∇× �Z)). (6.5.24)

In the sequel we estimate every term in (6.5.24).

(1) Estimate of the first term.

It follows from (6.5.1) that

|�Zt|2 = α2
1|�Z × (∆�Z + �H)|2 + α2

2|�Z × (�Z × (∆�Z + �H))|2
≤ (α2

1 + α2
2)|∆�Z + �H|22(α2

1 + α2
2)(|∆�Z|2 + | �H|2).

Using Sobolev inequality and Hölder inequality we have

| − (2σβ + η1β)(�Zt, �Ht)|
≤ ε1‖ �Ht‖2

2 + C(ε1, σ, β, η1)‖�Zt‖2
2

≤ ε1‖ �Ht‖2
2 + 2C(α2

1 + α2
2)‖∆�Z‖2

2 + d1

≤ ε1‖ �Ht‖2
2 +

α2

l
‖∇∆�Z‖2

2 + d2,

where ε1 and l are constants to be determined.

(2) Estimate of the second term.

Acting ∇ on (6.5.1), we get

∇�Zt = α1∇�Z × (∆�Z + �H) + α1
�Z ×∇∆�Z − α2∇�Z × (�Z × (∆�Z + �H))

− α2
�Z × (∇�Z × (∆�Z + �H)) − α2

�Z × (�Z × ∆�Z) − α2
�Z × (�Z ×∇ �H).
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Hence,

β(�Zt,∆ �H) = −β(∇�Zt,∇ �H)

= −βα1(∇�Z × (∆�Z + �H),∇ �H)

− βα1(�Z ×∇∆�Z,∇ �H) + βα2(∇�Z × (�Z × ∆�Z),∇ �H)

+ βα2(∇�Z × (�Z × �H),∇ �H) + βα2(�Z × (∇�Z × ∆�Z),∇ �H)

+ βα2(�Z × (∇�Z × �H),∇ �H)

+ βα2(�Z × (�Z ×∇∆�Z),∇ �H) − βα2‖�Z ×∇ �H‖2
2

≤ −βα2‖�Z ×∇ �H‖2
2 + (|α1| + 2α2)β‖∇�Z‖∞‖∆�Z‖2‖∇ �H‖2

+ (|α1| + 2α2)β‖∇�Z‖∞‖ �H‖2‖∇ �H‖2

+ (|α1| + α2)β‖∇∆�Z‖2‖∇ �H‖2

≤ C1(|α1| + 2α2)β‖∇�Z‖
3
2
−n

4
2 ‖∇∆�Z‖

1
2
+ n

4
2 ‖∇ �H‖2

+ C2(|α1| + 2α2)β‖∇∆�Z‖
n
4
2 ‖∇ �H‖2‖∇ �H‖2

+
|α1| + α2

4
‖∇∆�Z‖2

2 + (|α1| + α2)β
2‖∇ �H‖2

2

≤ C2
0

α2
(|α1| + 2α2)

2‖∇�Z‖3−n
2

2 ‖∇∆�Z‖1+ n
2

2 + C3‖∇∆�Z‖
n
2
2

+
|α1| + α2

4
‖∇∆�Z‖2

2 + 2α2(|α1| + α2)β
2‖∇ �H‖2

2

≤




(
α2

l
+ |α1|+α2

4

)
‖∇∆�Z‖2

2

+ 2(|α1| + α2)‖∇ �H‖2
2 + C, n = 1;

+
(

α2

l
+ |α1|+α2

4
+

C2
0

α2
(|α1| + 2α2)

2
)
‖∇�Z‖2

2‖∇∆�Z‖2
2

+ 2(|α1| + α2)‖∇ �H‖2
2 + C, n = 2.

(3) Estimate of the third term of (6.5.24).

∣∣∣−(σ + η2)β( �Et,∇× �Z)
∣∣∣ ≤ ε2‖ �Et‖2

2 + C1‖∇�Z‖2
2

≤ ε2‖ �Et‖2
2 + C2.

(4) Estimate of the fourth term of (6.5.24).

∣∣∣−β(∇ �E,∇(∇× �Z))
∣∣∣ =

∣∣∣β( �E,∆(∇× �Z))
∣∣∣

≤ α2

l
‖∇∆�Z‖2

2 + C1‖ �E‖2
2

≤ α2

l
‖∇∆�Z‖2

2 + C2.
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(5) Estimate of the fifth term of (6.5.24).∣∣∣α1(∆(�Z × ∆�Z),∆�Z)
∣∣∣ ≤ |α1|

∣∣∣(∇�Z × ∆�Z,∇∆�Z)
∣∣∣

≤ |α1|‖∇�Z‖∞‖∆�Z‖2‖∇∆�Z‖2
2

≤ C0|α1|‖∇�Z‖
3
2
−n

4
2 ‖∇∆�Z‖

3
2
+ n

4
2

≤



α2

l
‖∇∆�Z‖2

2 + C, n = 1;

C0|α1|‖∇�Z‖2‖∇∆�Z‖2
2, n = 2.

(6) Estimate of the sixth term of (6.5.24).∣∣∣α1(∆(�Z × �H),∆�Z)
∣∣∣ =

∣∣∣α1(∆(�Z × �H),∆�Z)
∣∣∣

≤ |α1|‖∇�Z‖∞‖ �H‖2‖∇∆�Z‖2 + |α1|‖∇ �H‖2‖∇∆�Z‖2

≤ α2

4
‖∇∆�Z‖2

2 +
2α2

1

α2
‖∇ �H‖2

2 + C.

(7) Estimate of the seventh term of (6.5.24).∣∣∣α2(∆(|�Z|2 �Z),∆�Z)
∣∣∣ =

∣∣∣−α2(∇(|�Z|2 �Z),∇∆�Z)
∣∣∣

≤ |α2|‖∇�Z‖3
6‖∇∆�Z‖2 + C|α2|‖∇�Z‖∞‖∆�Z‖2‖∇∆�Z‖2

≤ C|α2|
(
‖∇�Z‖3−n

2
2 ‖∇∆�Z‖1+ n

2
2 + ‖∇�Z‖

3
2
−n

4
2 ‖∇∆�Z‖

3
2
+ n

4
2

)

≤



α2

l
‖∇∆�Z‖2

2 + C, n = 1;

Cα2(|∆�Z‖2
2 + ‖∇�Z‖2

2)‖∇∆�Z‖2
2, n = 2.

(8) Estimate of the eighth term of (6.5.24).

∣∣∣α2(∆�Z,∆ �H)
∣∣∣ ≤ α2

4
‖∇∆�Z‖2

2 + α2‖∇ �H‖2
2.

(9) Estimate of the ninth term of (6.5.24).∣∣∣α2(∆(�Z · �H)�Z,∆�Z)
∣∣∣ = α2

∣∣∣(∇(�Z × �H),∇∆�Z)
∣∣∣

≤ α2

(
2‖ �H‖2‖∇�Z‖∞‖∇∆�Z‖2 + ‖∇ �H‖2‖∇∆�Z‖2

)
≤ α2

8
‖∇∆�Z‖2

2 + 3α2‖∇ �H‖2
2 + C.

(10) Estimate of the tenth term of (6.5.24).∣∣∣−σβη1( �H, �Zt)
∣∣∣ ≤ C1‖ �H‖2‖�Zt‖2

≤ C2‖∆�Z‖2 + d1

≤ α2

l
‖∇∆�Z‖2

2 + d2.
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(11) Estimate of the eleventh term of (6.5.24).

∣∣∣β( �Ht,∇(∇ · �Z))
∣∣∣ ≤ β‖ �Ht‖2‖∆�Z‖2

≤ ε3‖ �Ht‖2
2 +

α2

l
‖∇∆�Z‖2

2 + C.

(12) Estimate of the twelfth term of (6.5.24).

∣∣∣η1β( �H,∇(∇ · �Z))
∣∣∣ ≤ η1β‖ �H‖2‖∆�Z‖2

≤ α2

l
‖∇∆�Z‖2

2 + C.

Combining (1)–(12) and using (6.5.24) we have

(i) If n = 1,

de1(t)

dt
+ (σ − η1 − ε1 − ε2)‖ �Ht‖2

2

+ (σ − η2 − ε2)‖ �Et‖2
2 + η2‖∇ �E‖2

2

+

(
η1 − 2α2

1 + 4α2
2 + 2β2α2(|α1| + α2)

α2

)
‖∇ �H‖2

2

+ α2

(
1

8
− 7

l

)
‖∇∆�Z‖2

2 ≤ C1. (6.5.25)

(ii) If n = 2,

de1(t)

dt
+ (σ − η1 − ε1 − ε3)‖ �Ht‖2

2

+ (σ − η2 − ε2)‖ �Et‖2
2 + η2‖ �Et‖2

2

+

(
η1 − 2α2

1 + 4α2
2 + 2β2α2(|α1| + α2)

α2

)
‖∇ �H‖2

2

+
[
α2

(
1

8
− 6

l

)
− C(|α1| + α2)

]
‖∇�Z‖2

− C2

α2
(α2

2 + (|α1| + 2α2)
2)‖∇�Z‖2

2]‖∇∆�Z‖2
2 ≤ C2, (6.5.26)

where C1, C2 are independent of t, positive numbers ε1, ε2, ε3, η1, η2 and l are to be

determined.
In (6.5.25) and (6.5.26) we let

2α2
1 + 4α2

2 + 2β2α2(|α1| + α2)

α2

< σ, (6.5.27)

2α2
1 + 4α2

2 + 2β2α2(|α1| + α2)

α2
< η1 < σ, (6.5.28)
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η2 = ε2 =
σ

4
, (6.5.29)

l > 56, n = 1; l = 60, n = 2. (6.5.30)

Suppose that ‖∇�Z0‖2, ‖∇ �E0‖2, ‖∇ �H0‖2 are small. It follows from Lemma 6.4.2
that

C(|α1| + α2)‖∇�Z(·, t)‖2 + C
α2

1 + (|α1| + 2α2)
2

α2
‖∇�Z‖2

2

≤ C(|α1| + α2)
1√
β

[
‖ �E0‖2 + ‖ �H0‖2 +

√
2σ‖ �E0‖2 + ‖∇�Z0‖2

]

+
C

α2

{
α2

2 + (|α1| + 2α2)
2 1

β

[(
1 +

σ

β

)
‖ �E0‖2 + ‖ �H0‖2 + β‖∇�Z0‖2

2

]}
≤ α2

40
.

(6.5.31)

Therefore, there exists a constant a > 0 such that

de1(t)

dt
+ a

(
‖ �Ht‖2

2 + ‖ �Et‖2
2 + ‖∇ �H‖2

2 + ‖∇ �E‖2
2 + ‖∇∆�Z‖2

2

)
≤ C, (6.5.32)

where C is independent of t.

Since ∆�Z(x, t) is periodic in x,
∫ 2D
0 ∆�Zdx = 0. From Poincaré inequality we have

‖∆�Z‖2
2 ≤ δ‖∇∆�Z‖2

2.

Choosing δ0 = min(a, a
δ0

), we have from (6.5.32) that

de1(t)

dt
+ δ0

(
‖ �Ht‖2

2 + ‖ �Et‖2
2 + ‖∇ �H‖2

2 + ‖∇ �E‖2
2 + ‖∆�Z‖2

2

)
≤ C. (6.5.33)

Equation (6.5.33) can be rewritten as

de1(t)

dt
+ 2δ0e1(t) ≤ C + 2δ0R(t) + C + 2δ0 sup

t
|R(t)|. (6.5.34)

Hence, we have

e1(t)e
2δ0t ≤ e1(0) +

(
C

2δ0
+ sup

t
|R(t)|

)
(e2δ0 − 1),

e1(t) ≤ e1(0) +
C

2δ0
+ sup

t
|R(t)|,

that is

G(t) ≤ 2C0 + 2
(
sup

t
|R(t)| − R(t)

)

≤ 2C0 + 4 sup
t

|R(t)|.
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It follows from (6.5.23) that

R(t) ≤ β‖�Zt‖2‖ �Ht‖2 +
β2

2
‖�Zt‖2

2

+ β‖�Zt‖2‖∇�Z‖2 + η1‖ �H‖2‖∇ �E‖2

+ η2‖ �E‖2‖ �Et‖2 +
β2

2
‖∇�Z‖2

2

+
1

2
ση1‖ �H‖2 +

1

2
ση2‖ �E‖2

2 + βη2‖ �E‖2‖∇�Z‖2

≤ β + β2

2
‖�Zt‖2

2 +
β

2
(‖ �Ht‖2

2 + ‖ �Et‖2
2 + ‖∇ �E‖2

2) + C1

≤ (β + β2)(α2
1 + α2

2)‖∆�Z‖2
2

+
β

2
(‖ �Ht‖2

2 + ‖ �Et‖2
2 + ‖∇ �E‖2

2) + C2. (6.5.35)

Taking β < 1
2

and (β + β2)(α2
1 + α2

2) <
1
4
, we have

a0 = 4 max

{
β

2
, (β + β2)(α2

1 + α2
2)

}
< 1.

It follows from (6.5.36)

|R(t)| ≤ 1

4
a0(‖ �Ht‖2

2 + ‖ �Et‖2
2 + ‖∇ �E‖2

2 + ‖∆�Z‖2
2) ≤

1

4
a0G(t). (6.5.36)

Substituting (6.5.37) into (6.5.35), we have

G(t) ≤ 2C0 + a0 sup
t
G(t),

that is

sup
t
G(t) ≤ 2C0

1 − a0

= d0.

This proves the lemma.

Lemma 6.5.3 Assume that �Z(x, t), �H(x, t), �E(x, t) are smooth solutions of (6.4.1)
and (6.4.2). (�Z0(x), �H0(x), �E0(x)) ∈ (H2(Ω), H1(Ω), H1(Ω)), Ω ⊂ Rn, 1 ≤ n ≤ 2.

|�Z0(x)| = 1, and assume
(i)

α2 > 0, σ >
4α2

2 + 2α2
1 + 2α2β

2(|α1| + α2)

α2
;

(ii)

0 < β <
1

2
, (β + β2)(α2

1 + 2α2
2) <

1

4
;

(iii) When n = 2,

‖∇�Z0(x)‖2
2 + ‖ �H0(x)‖2

2 + ‖ �E0(x)‖2
2 ≤ λ,
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where λ = λ(α1, α2, β) is a small constant, then

sup
t∈[0,∞)

[‖�Z(·, t)‖2
H2(Ω) + ‖ �H(·, t)‖2

H1(Ω) + ‖ �E(·, t)‖2
H1(Ω)] ≤ K,

where the constant K depends on

‖�Z0(x)‖2
H2(Ω) + ‖ �H0(x)‖2

H1(Ω) + ‖ �E(x)‖2
H1(Ω).

Theorem 6.5.1 Assume α2 > 0, β ≥ 0, σ > 0 and the initial data (�Z0(x), �H0(x),
�E0(x)) ∈ (Hk(Ω), Hk−1(Ω), Hk−1(Ω)), k ≥ 1 + [n

2
], Ω ⊂ Rn, 1 ≤ n ≤ 2, |�Z0(x)| = 1,

and ∇ · �E0 = 0, ∇( �H0 + β �Z0) = 0. When n = 2, assume

‖∇�Z0(x)‖2 + ‖ �H0(x)‖2 + ‖ �E0(x)‖2 < δ,

where δ is a small constant; then the periodic initial value problem (6.5.1)–(6.5.2)

admits a unique global smooth solution:

|�Z(x, t)| = 1, x ∈ Ω, t ∈ R+,

�Z(x, t) ∈ ∩[ k
2
]

s=0W
s
∞(0, T ;Hk−2s(Ω)),

�H(x, t) ∈ ∩k−1
s=0W

s
∞(0, T ;Hk−s−1(Ω)),

�E(x, t) ∈ ∩k−1
s=0W

s
∞(0, T ;Hk−s−1(Ω)).

Theorem 6.5.2 Assume that the conditions of Theorem 6.5.1 hold. Then the peri-
odic initial value problem (6.5.1)–(6.5.2) admits an attractor A

(i) A is weakly compact in H2(Ω) ×H1(Ω) ×H1(Ω);
(ii) S(t)A = A;

(iii) limt→∞ dist(S(t)B,A) = 0 for any bounded set B ∈ D ⊂ H2(Ω) × H1(Ω) ×
H1(Ω), where

D = {(�Z, �E, �H) ∈ H2(Ω) ×H1(Ω) ×H1(Ω),

|�Z(x, t)| = 1,∇ · �E = 0,∇ · ( �H + β �Z) = 0},

dist(x, y) = supx∈X infy∈Y ‖x− y‖. S(t)(�Z0, �H0, �E0) is the semigroup formed by prob-
lem (6.5.1)–(6.5.2).

Proof. It follows from Theorem 6.5.1 that the periodic initial value problem
(6.5.1)–(6.5.2) has a semigroup operator S(t)(�Z0, �H0, �E0) and it is continuous by [70].

Taking the subset D, it follows from Lemma 6.5.2 that the operator S(t) : E → E is
bounded and

A = {|�Z(x, t)| = 1,∇ · �E = 0,∇ · ( �H + β �Z) = 0,

�Z(·, t) ∈ H2(Ω), �H(·, t) ∈ H1(Ω), �E(·, t) ∈ H1(Ω),

‖�Z(·, t)‖2
H2 + ‖ �H(·, t)‖2

H1 + ‖ �E(·, t)‖2
H1 ≤ ε0 + δ0}
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is a bounded absorbing set in D, then A = ΩA is a weakly compact attractor of the
periodic initial value problem.

Now we estimate the Hausdorff dimension and Fractal dimension of A. To this

aim we consider the linear variational problem of problem (6.5.1)–(6.5.2):

zt = α2∆z + 2α2(∇z · ∇�Z)�Z + α2|∇�Z|2z + α1
�Z × ∆z

+ α1
�Z × h− α1(∆�Z + �H) × z + α2h− α2(z · �H)�Z

− α2(�Z · h)�Z − α2(�Z · �H)z, (6.5.37)

et = ∇× h− σe, (6.5.38)

ht = −∇× e− βzt, (6.5.39)

z(0) = z0, h(0) = h0, e(0) = e0. (6.5.40)

Simply write (6.5.37)–(6.5.40) as operator form:

vt = −L(u)v, v(0) = v0, (6.5.41)

where v = (z, e, h), u = (�Z, �E, �H), v0 = (z0, e0, h0), z, e, h, �Z, �E, �H are all three-

dimensional vector-valued functions.

Since the periodic initial value problem (6.5.1)–(6.5.2) has smooth solution, the
coefficients of the linear system (6.5.37)–(6.5.39) are smooth. If v0 is properly smooth,

then problem (6.5.37)–(6.5.40) admits global smooth solution. Denote its solution
operator by G(t), that is v(t) = G(t)v0. Moreover, we can prove that the semigroup

operator S(t)u0 is differentiable in L2(Ω) and the Frechet differential S ′(t)u0 = G(t)v0.

We first prove

Lemma 6.5.4 The smooth solution (�Z(x, t), �H(x, t), �E(x, t)) of problem (6.5.1)–
(6.5.2) is continuously dependent on the initial data.

Proof. Let (�Zi(x, t), �Hi(x, t), �Ei(x, t)) (i = 1, 2), be smooth solutions of (6.5.1)

and (6.5.2) with initial data �Zi(x, 0) = �Z0i(x), �Hi(x, 0) = �H0i(x), �Ei(x, 0) = �E0i(x)
(i = 1, 2). Let �Z(x, t) = �Z2(x, t) − �Z2(x, t), �H(x, t) = �H2(x, t) − �Z1(x, t), �E(x, t) =
�E2(x, t) − �Z1(x, t); then (�Z(x, t), �H(x, t), �E(x, t)) satisfies

�Zt = α2
�Z × ∆�Z2 + α1

�Z1 × ∆�Z + α1
�Z × �H2

+ α1
�Z1 × �H + α2∆�Z + α2|∇�Z2|2 �Z

+ α2(∇�Z,∇(�Z1 + �Z2))�Z1 + α2
�H

− α2(�Z2 · �H2)�Z − α2(�Z2 · �H + �H1 · �Z)�Z1, (6.5.42)

�Et = ∇× �H − σ �E, (6.5.43)

�Ht = −∇× �E − β �Zt, (6.5.44)

∇ · ( �H + β �Z) = 0, ∇ · �E = 0, (6.5.45)
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�Z(x+D, t) = �Z(x−D, t),

�H(x+D, t) = �H(x−D, t),

�E(x+D, t) = �E(x−D, t),

�Z(x, 0) = �Z0(x), �H(x, 0) = �Z0(x), �E(x, 0) = �E0(x), (6.5.46)

|�Z0(x)| = 1,

∇ · ( �H0 + β �Z0) = 0, ∇ · �E0 = 0. (6.5.47)

We may establish the following inequality

sup
0≤t≤T

[‖∇�Z(·, t)‖2
H1 + ‖ �H(·, t)‖2

L2 + ‖ �E(·, t)‖2
L2]

≤ C(‖∇�Z0(x)‖2
H1 + ‖ �H0(x)‖2

L2 + ‖ �E0(x)‖2
L2), (6.5.48)

where C is an absolute constant. It is clear that if (6.5.48) holds, then the conclusion

of Lemma 6.5.6 is proved.
In fact, taking the inner product of (6.5.42) with ∆�Z, we have

1

2

∂

∂t

∫
Ω
|∇�Z|2dx+ α2‖∇�Z‖2

2 ≤ C1[‖∇�Z‖2
2 + ‖ �H‖2

2 + ‖ �E‖2
2]. (6.5.49)

Taking the inner product of (6.5.42) with ∆�Z, we have

1

2

∂

∂t

∫
Ω
|∇�Z|2dx+ α2‖∆�Z‖2

2

≤ −α1

∫
�Z × ∆�Z2 · ∆�Zdx− α1

∫
�Z × �H2 · ∆�Zdx

− α1

∫
�Z1 × �H · ∆�Zdx− α2

∫
|∇�Z|2 �Z · ∆�Zdx

− α2

∫
(∇�Z · ∇(�Z1 + �Z2))�Z1 · ∆�Zdx

+ α2

∫
�H · ∆�Zdx+ α2

∫
(�Z2 · �H2)�Z · ∆�Zdx

+ α2

∫
(�Z2 · �H + �H1 · �Z)�Z1 · ∆�Zdx, (6.5.50)

in which ∣∣∣∣−α1

∫
�Z × ∆�Z2 · ∆�Zdx

∣∣∣∣ =
∣∣∣∣α1

∫
�Z ×∇∆�Z2 · ∇�Zdx

∣∣∣∣
≤ |α1|‖∇∆�Z2‖∞‖�Z‖2‖∇�Z‖2

≤ C|α1|(‖�Z‖2
2 + ‖∇�Z‖2

2),
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∣∣∣∣−α1

∫
�Z × �H2 · ∆�Zdx

∣∣∣∣ =

∣∣∣∣α1

∫
�Z ×∇ �H2 · ∇�Zdx

∣∣∣∣
≤ |α1|‖∇ �H2‖∞‖�Z‖2‖∇�Z‖2

≤ C|α1|(‖�Z‖2
2 + ‖∇�Z‖2

2),∣∣∣∣−α2

∫
|∇�Z2|2 �Z · ∆�Zdx

∣∣∣∣ ≤ |α2|‖∇�Z2‖2
∞‖�Z‖2‖∆�Z‖2

≤ α2

K
‖∆�Z‖2

2 + C(K)α2‖�Z‖2
2

where K is a constant to be determined.∣∣∣∣−α2

∫
(∇�Z · ∇(�Z1 + �Z2))�Z1 · ∆�Zdx

∣∣∣∣
≤ α2‖∇�Z1 + ∇�Z2‖∞‖∇�Z‖2‖∆�Z‖2

≤ α2

K
‖∆�Z‖2

2 + C(K)α2‖�Z‖2
2,

∣∣∣∣α2

∫
�H · ∆�Zdx

∣∣∣∣ ≤ α2‖ �H‖2‖∆�Z‖2

≤ α2

K
‖∆�Z‖2

2 + C(K)α2‖ �H‖2
2,∣∣∣∣α2

∫
(�Z2 · �H2)�Z · ∆�Zdx

∣∣∣∣ ≤ α2‖ �H2‖∞‖�Z2‖∞‖�Z‖2‖∆�Z‖2

≤ α2

K
‖∆�Z‖2

2 + C(K)α2‖�Z‖2
2,

∣∣∣∣α2

∫
(�Z2 · �H + �H1 · �Z)�Z1 · ∆�Zdx

∣∣∣∣
≤ α2(‖ �H‖2‖∆�Z‖2 + ‖ �H1‖∞‖�Z‖2‖∆�Z‖2)

≤ α2

K
‖∆�Z‖2

2 + C(K)α2(‖�Z‖2
2 + ‖ �H‖2

2).

Therefore, it follows from (6.5.50) that

1

2

d

dt
‖∇�Z‖2

2 + α2‖∇�Z‖2
2 + α1

∫
�Z1 × �H · ∆�Zdx

≤ 5
α2

K
‖∆�Z‖2

2 + C(K)(‖∇�Z‖2
2 + ‖�Z‖2

2 + ‖ �H‖2
2). (6.5.51)

Multiplying (6.5.43) by �E and multiplying (6.5.44) by �H and integrating over Ω

(β > 0), we have

1

2β

d

dt

∫
Ω
(| �E|2 + | �H|2)dx+

σ

β
‖�Z‖2

2 = −
∫
Ω

�Zt · �Hdx. (6.5.52)
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It follows from (6.5.51) and (6.5.52) that

1

2

d

dt

∫
Ω
(|∇�Z|22 + |�Z‖2

2 +
1

β
(|�Z|2 + | �H|2))dx+ α2‖∆�Z‖2

2

≤ −
∫
Ω
(�Zt · �H + α1

�Z1 × �H · ∆�Z)dx+ 5
α2

K
‖∆�Z‖2

2

+ C(K)(‖∇�Z‖2
2 + ‖�Z‖2

2 + ‖ �H‖2
2). (6.5.53)

Multiplying (6.5.42) by �H, we have∣∣∣∣
∫
Ω
(�Zt · �H + α1

�Z1 × �H · ∆�Z)dx

∣∣∣∣
≤ |α1|

∣∣∣∣
∫
Ω
(�Z × ∆�Z2 + �Z × �H2) · �Hdx

∣∣∣∣
+ α2

∣∣∣∣
∫
Ω

∆�Z · �Hdx
∣∣∣∣+ α2

∣∣∣∣
∫
Ω
|∇�Z|2 �Z · �Hdx

∣∣∣∣
+ α2

∣∣∣∣
∫
Ω
|∇�Z · (∇(�Z1 + �Z + 2))�Z · �Hdx

∣∣∣∣
+ α2‖ �H‖2

2 + α2

∣∣∣∣
∫
Ω
(�Z2 · �H2)�Z · �Hdx

∣∣∣∣
+ α2

∣∣∣∣
∫
Ω
(�Z2 · �H)(�Z1 · �H)dx

∣∣∣∣+ α2

∣∣∣∣
∫
Ω
( �H1 · �Z)(�Z1 · �H)dx

∣∣∣∣
≤ α2

K
‖∆�Z‖2

2 + C(K)(‖∇�Z‖2
2 + ‖�Z‖2

2 + ‖ �H‖2
2). (6.5.54)

It follows from (6.5.53) and (6.5.54) that

1

2

d

dt

∫
Ω

(
|∇�Z|22 + |�Z‖2

2 +
1

β
(|�Z|2 + | �H|2)

)
dx

≤ C(K,α1, α2)[‖∇�Z‖2
2 + ‖�Z‖2

2 + ‖ �H‖2
2].

The lemma is proved.

In order to prove that the operator semigroup S(t) is Frechet differentiable, we
consider a linear variational problem of (6.5.1)–(6.5.2) as follows:

wt = α1w × (∇�Z1 + �H1) + α1
�Z1 × (∆w + I)

− α2w × (�Z1 × (�Z1 + �H1))

− α2
�Z1 × (w × (∆�Z1 + �H1))

− α2
�Z1 × (�Z1 × (∆w + I)), (6.5.55)

where

∇× I = �F + σ �F , (6.5.56)

∇× F = −It − βwt,
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∇ · ( �H + β �Z) = 0, ∇ · �E = 0, (6.5.57)

(w(t), I(t), F (t))|t=0 = (�Z0, �H0, �E0), (6.5.58)

where (�Z1, �H1, �E1) = S(t)(�Z01, �H01, �E01) is a solution of (6.5.1) with initial data

(�Z01, �H01, �E01). Set

(Z̃, H̃, Ẽ) = (�Z, �H, �E) − (w, I, F )

= S(t)(�Z01, �H01, �E01) − S(t)(�Z0, �H0, �E0)

− (DS(t))(�Z01, �H01, �E01)(�Z0, �H0, �E0). (6.5.59)

Hence,

Z̃t = α1[�Z × (∆�Z2 + �H2) − w × (∆�Z1 + �H1)]

+ α1[�Z1 × (∆�Z + �H) − �Z1 × (∆w + I)]

− α2[�Z × (�Z2 × (∆�Z2 + �H2)) − �Z × (�Z1 × (∆�Z1 + �H1))]

− α2[�Z1 × (�Z × (∆�Z2 + �H2)) − �Z × (w × (∆�Z + �H))]

− α2[�Z1 × (�Z1 × (∆�Z + �H)) − �Z × (�Z1 × (∆w + I))], (6.5.60)

∇× H̃ = Ẽt + σẼ, (6.5.61)

∇× Ẽ = −H̃t − βZ̃t, (6.5.62)

∇ · (H̃ + βZ̃) = 0, ∇ · Ẽ = 0, (6.5.63)

(Z̃, H̃, Ẽ)|t=0 = 0. (6.5.64)

Rewrite (6.5.60) as follows:

Z̃t = α1[Z̃ × (∆�Z1 + �H1) + �Z × (∆�Z + �H)]

+ α1[Z̃1 × (∆Z̃ + H̃)]

− α2[�Z × (�Z × (∆�Z2 + �H2)) + �Z × (�Z1 × (∆�Z + �H))

+ Z̃ × (�Z1 × (∆�Z1 + �H1))]

− α2[�Z × (Z̃ × (∆�Z1 + �H1)) + �Z1 × (�Z × (∆�Z + �H))]

− α2[�Z1 × (�Z1 × (∆Z̃ + H̃))]. (6.5.65)

It follows from (6.5.65) that

1

2

d

dt
‖Z̃‖2

2 ≤ C1‖Z̃‖2
2 + C2(‖�Z‖2

2 + ‖ �H‖2
2 + ‖ �E‖2

2)
4.

This implies

‖Z̃(t)‖2
2 ≤ ‖Z̃(0)‖2

2e
C1t +

∫ t

0
eC1(t−s)C2(‖�Z(s)‖2

2 + ‖ �H(s)‖2
2 + ‖ �E(s)‖2

2)
2ds

=
∫ t

0
eC1(t−s)C2(‖�Z(s)‖2 + ‖ �H(s)‖2 + ‖ �E(s)‖2)

4ds.
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It follows from Lemma 6.5.4 that for 0 ≤ t ≤ T ,

‖Z̃(t)‖ ≤ C(T,K)(‖�Z0‖2 + ‖ �H0‖2 + ‖ �E0‖2)
2.

Similarly, we can estimate ‖H̃(t)‖2 and ‖Ẽ(t)‖2. We have

Lemma 6.5.5 If solutions of (6.5.1)–(6.5.2) are properly smooth, then S(t) : (�Z0, �H0,
�E0) → (�Z(t), �H(t), �E(t)) is uniformly differentiable. Its differential at (�Z0, �H0, �E0)

belongs to A and
DS(t)(�Z0, �H0, �E0) = (w(t), I(t), F (t))

is a solution of (6.5.55)–(6.5.58).

6.5.3 Dimension Estimate of Attractor

Now we estimate the Hausdorff dimension and fractal dimension of A. Rewrite

(6.5.37)–(6.5.39) as

zt + �f(�z,∇�z,∆�z, �H; �Z,∇�Z,∆�Z, �H) = 0, (6.5.66)

�et + σ�e−∇×�h = 0, (6.5.67)

�ht + β�zt + ∇�e = 0, (6.5.68)

where

�f(�z,∇�z,∆�z, �H; �Z,∇�Z,∆�Z, �H)

= −α2∆�z − 2α2(∇�z · ∇�Z)�Z − α2|∇�Z|2�z
− α1

�Z × ∆�z − α1
�Z ×�h

+ α1(∆�Z + �H) × �z − α2
�h+ α2(�Z · �H)�z

+ α2(�Z · �h)�Z + α2(�z · �H)�Z. (6.5.69)

Choosing periodic orthogonal function basis (ϕj(x), ej(x), hj(x)) such that

(i)
∆ϕj = −λ2

jϕj;

(ii)

‖ϕj‖2 = ‖ej‖2 = ‖hj‖2 = 1,

we have

‖∇ϕj‖2 = |λj|, ‖∆ϕj‖2 = λ2
j .

From the definition we have

Trac{L(u(t))QJ(t)} =
J∑

j=1

[
(�f(ϕj,∇ϕj,∆ϕj , �Hj; �Z,∇�Z,∆�Z, �H), ϕj)

+ σ(ej , ej) − (∇× hj , ej) + (∇× ej, hj)

− β(�f(ϕj ,∇ϕj,∆ϕj, �Hj; �Z,∇�Z,∆�Z, �H), hj)
]
. (6.5.70)



386 Landau–Lifshitz Equations

Since

−(∇× hj , ej) + (∇× ej , hj) =
∫
Ω
∇ · (ej × hj)dx = 0,

we only have in (6.5.70) the following two terms:

(�f(ϕj,∇ϕj,∆ϕj , �Hj; �Z,∇�Z,∆�Z, �H), ϕj)

and

(�f(ϕj,∇ϕj,∆ϕj , �Hj; �Z,∇�Z,∆�Z, �H), hj).

It follows from (6.5.69) that

(�f(ϕj ,∇ϕj,∆ϕj, �Hj; �Z,∇�Z,∆�Z, �H), ϕj)

= −α2(∆ϕj , ϕj) − 2α2((∇�Z · ∇ϕj)�Z, ϕj)

− α2(|∇�Z|2ϕj , ϕj) − α1(�Z × ∆ϕj, ϕj)

− α1(�Z × �Hj, ϕj) − α2(hj, ϕj) + α2((ϕj · �H)�Z, ϕj)

+ α2((�Z · hj)�Z, ϕj) + α2((�Z · �H)ϕj , ϕj),

in which
−α2(∆ϕj, ϕj) = α2λ

2
j ,∣∣∣−2α2((∇�Z · ∇ϕj)�Z, ϕj)

∣∣∣ ≤ 2α2‖∇ϕj‖2‖ϕj‖2‖∇�Z‖∞
= 2α2|λj|‖∇�Z‖∞,∣∣∣−α2(|∇�Z|2ϕj , ϕj)
∣∣∣ ≤ α2‖∇�Z‖2

∞‖ϕj‖2
2

= α2‖∇�Z‖2
∞,∣∣∣−α1(�Z × ∆ϕj , ϕj)

∣∣∣ =
∣∣∣α1(∇ϕj,∇�Z × ϕj)

∣∣∣
≤ |α1|‖∇ϕj‖2‖ϕj‖2‖∇�Z‖∞
= | − α1λj |‖∇�Z‖∞,∣∣∣−α1(�Z × �Hj, ϕj)
∣∣∣ ≤ |α1|‖hj‖2‖ϕj‖2 = |α1|,

|−α2(hj , ϕj)| ≤ α2,∣∣∣α2((ϕj · �H)�Z, ϕj)
∣∣∣ ≤ α2‖ �H‖∞‖ϕj‖2

2

= α2‖ �H‖∞,∣∣∣α2((�Z · hj)�Z, ϕj)
∣∣∣ ≤ α2‖hj‖2‖ϕj‖2 = α2,∣∣∣α2((�Z · �H)ϕj, ϕj)
∣∣∣ ≤ α1‖ �H‖∞.

Hence,

(�f(ϕj ,∇ϕj,∆ϕj, �Hj; �Z,∇�Z,∆�Z, �H), ϕj)

≥ α2λ
2
j − (2α2 + |α1|)λj‖∇�Z‖∞ − α2‖∇�Z‖2

∞. (6.5.71)
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Similarly, it follows from (6.5.69) that

−β(�f(ϕj ,∇ϕj,∆ϕj, hj ; �Z,∇�Z,∆�Z, �H), hj)

= α2β(∆ϕj, hj) + 2α2β((∇�Z · ∇ϕj)�Z, , hj)

+ α2β(|∇�Z|2ϕj , hj) + α1β(�Z × ∆ϕj , hj)

− α1β((∆�Z + �H) × ϕj, hj) + α2β(hj, hj)

+ α2β((ϕj · �H)�Z, hj) − α2β((�Z · hj)�Z, hj)

− α2β((�Z · hj)�Z, hj) − α2β((�Z · �H)ϕj, hj),

in which

|α2β(∆ϕj, hj)| ≤ α2β‖∆ϕj‖2‖hj‖2 = α2λ
2
jβ,∣∣∣2α2β((∇�Z · ∇ϕj)�Z, hj)

∣∣∣ ≤ 2α2β‖∇ϕj‖2‖hj‖2‖∇�Z‖∞
= 2α2β|λj|‖∇�Z‖∞,∣∣∣α2β(|∇�Z|2ϕj, hj)
∣∣∣ ≤ α2β‖∇�Z‖2

∞‖hj‖2‖ϕj‖2

= α2β‖∇�Z‖2
∞,∣∣∣α2β(�Z × ∆ϕj , hj)

∣∣∣ ≤ α2β‖∆ϕj‖2‖hj‖2 = α2λ
2
jβ,∣∣∣−α1β((∆�Z + �H) × ϕj, hj)

∣∣∣ ≤ |α1|β‖∆�Z + �H‖∞‖ϕj‖2‖hj‖2

= |α1|β‖∆�Z + �H‖∞,
|α2β(hj, hj)| = α2β‖hj‖2

2 = α2β,∣∣∣−α2β((ϕj · �H)�Z, hj)
∣∣∣ ≤ α2β‖ �H‖∞,∣∣∣−α2β((�Z · hj)�Z, hj)
∣∣∣ ≤ α2β,∣∣∣−α2β((�Z · �H)ϕj, hj)
∣∣∣ ≤ α2β‖ �H‖∞.

Hence

−β(�f(ϕj ,∇ϕj,∆ϕj, �Hj; �Z,∇�Z,∆�Z, �H), hj)

≥ −|α1|βλ2
j − 2α2βλ

2
j − 2α2β|λj|‖∇�Z‖∞

−
[
α2β‖∇�Z‖2

∞ + |α1|β‖∆�Z + �H‖∞ + 2α2β‖ �H‖∞
]
. (6.5.72)
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Substituting (6.5.71) and (6.5.72) into (6.5.70), we have

Trac{L(u(t))QJ(t)} ≥ (α2 − (α2 + |α1|β))
J∑

j=1

λ2
j

− (2α2 + 2α2β + |α1|)
J∑

j=1

λj‖∇�Z‖∞

+ σ − α2(1 + β)‖∇�Z‖2
∞ − 2α2(1 + β)‖ �H‖∞

− |α1|β‖∆�Z + �H‖∞. (6.5.73)

Choosing β small such that α2 > (α2 + |α1|)β, we have

0 < β <
α2

α2 + |α1| . (6.5.74)

Setting




δ = α2 − (α2 + |α1|)β,

X =


 J∑

j=1

λ2
j




1
2

,

a = (2α2 + 2α2β + |α1|)‖∇�Z‖∞,
b = σ − α2(1 + β)‖∇�Z‖2

∞ − 2α2(1 + β)‖ �H‖∞
− |α1|β‖∆�Z + �H‖∞.

(6.5.75)

Noting that

J∑
j=1

|λj| ≤

 J∑

j=1

λ2
j




1
2

J,

we can rewrite (6.5.73) as

Trac{L(u(t))QJ(t)} ≥ δX2 − aJ
1
2X + bJ

= δ


X − aJ

1
2

2δ




1
2

+
4δb− a2

4δ
J. (6.5.76)

It follows from (6.5.76) that for 4δb− a2 ≤ 0

Trac{L(u(t))QJ(t)}

≥ δ

(
X − a+

√
a2 − 4δb

2δ
J

1
2

)(
X − a−√

a2 − 4δb

2δ
J

1
2

)
.

Take J such that

X ≥ a +
√
a2 − 4δb

2δ
J

1
2 , (6.5.77)
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and estimate λj as in [138] as follows:

λ2
j ≥


(j − 1)

1
n

2
− 1




2

=
1

4
(j − 1)

2
n − (j − 1)

1
n + 1,

that is

λ2
j ≥

{
1
4
(j − 1)2 − j + 2 = 1

4
j2 − 3

2
j + 9

4
, n = 1,

1
4
(j − 1) − (j − 1)

1
2 + 1 = 1

4
j + 3

4
− (j − 1)

1
2 , n = 2.

(i) n = 1.

J∑
j=1

λ2
j ≥ 1

4

J∑
j=1

λ2
j −

3

2

J∑
j=1

λj +
9

4
J

=
1

24
(J + 1)(2J + 1)J − 3

4
(J + 1)J +

9

4
J

=
1

12
J3 − 8

5
J2 +

37

24
J.

In order to have (6.5.77), choose J0 such that

1

12
J3

0 − 8

5
J2

0 +

[
37

24
− (a+

√
a2 − 4δb)2

4δ2

]
J0 > 0,

that is

2J2
0 − 15J0 + 37 − 6(a+

√
a2 − 4δb)2

δ2
> 0,

(
J0 − 15

4

)2

+
71

16
− 3(a+

√
a2 − 4δb)2

δ2
> 0.

When (
J0 − 15

4

)2

+
71

16
− 3(a+

√
a2 − 4δb)2

δ2
> 0,

that is

(a+
√
a2 − 4δb)2 < 2δ,

we may choose J0 = 1.

When

(a +
√
a2 − 4δb)2 ≥ 2δ,

we may choose

J0 >

√√√√3
(
a +

√
(a2 − 4δb)

)2

δ2
− 71

16
+

15

4
.
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(ii) n = 2.

J∑
j=1

λ2
j ≥ 1

4

J∑
j=1

λj +
3

4
J −

J∑
j=1

(j − 1)
1
2

=
1

8
(J + 1)J +

3

4
J −

J−1∑
j=1

J
1
2

≥ J2 + 7J

8
−
(

J−1∑
j=1

j

) 1
2√

J − 1

≥ J2 + 7J

8
− 1√

2
J

3
2 .

In order to have (6.5.77), choose J0 such that

J0 + 7

8
− 1√

2
J

1
2
0 >

(a+
√
a2 − 4δb)2

4δ2
,

that is

(J
1
2
0 − 2

√
2)2 −


1 + 2

(
a +

√
a2 − 4δb

δ

)2

 > 0,

J0 >


2

√
2 +


1 + 2

(
a+

√
a2 − 4δb

δ

)2



1
2




2

> 0.

We have from the above results the following:

Theorem 6.5.3 Let Ω ⊂ Rn(1 ≤ n ≤ 2) be a bounded set and assume
(i)

α2 > 0, σ >
4α2

2 + 2β2α2(|α1| + α2) + 2α2
1

α2
.

(ii)

0 < β < min

{
1

2
,

α2

α2 + |α1|
}
.

(iii)

(β + β2)(α2
1 + α2

2) <
1

4
.

(iv) When n = 2
‖∇�Z0‖2 + ‖ �H0‖2 + ‖ �E0‖2 ≤ ν,

where ν = ν(α1, α2, β) is a small constant. Then the periodic initial value problem

(6.5.1)–(6.5.2) has a attractor A = Ω(A) and

A = {(�Z, �H, �E) ∈ (H2(Ω), H1(Ω), H1(Ω))‖�Z‖H2 + ‖ �H‖H1 + ‖ �E‖H1 ≤ ε0 + δ0}
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is a bounded absorbing set. The Hausdorff dimension and Fractal dimension of A are
finite and satisfy

(1) If a2 − 4δb < 0, then

dH(A) ≤ 1, dF (A) ≤ 2;

(2) If a2 − 4δb ≥ 0, then

(a) when n = 1 and a +
√
a2 − 4δb < 2δ, then dH(A) ≤ 1, dF (A) ≤ 2;

when n = 1 and a +
√
a2 − 4δb > 2δ, then dH(A) ≤ J1, dF (A) ≤ 2J1 where J1 is the

smallest integer subject to

J0 >

√√√√3
(
a+

√
a2 − 4δb

)2

δ2
− 71

16
+

15

4
.

(b) When n = 2, then dH(A) ≤ J2, dF (A) ≤ 2J2, where J2 is the smallest integer
subject to

J0 >

{
2
√

2 +

[
1 + 2

(
a+

√
a2 − 4δb

δ

)2]}2

,

in which

δ = α2 − (α2 + |α1|)β,
a = (2α2 + 2α2β + |α1|)‖∇�Z‖∞,
b = σ − α2(1 + β)‖∇�Z‖2

∞

− 2α2(1 + β)‖ �H‖∞ + |α1|β‖∆�Z + �H‖∞.

6.6 Bibliography Comments

In this chapter we have studied the asymptotic properties for the system of ferro-
magnetic spin chain. Because the systems are weak degenerate, we do not have the

expressions of the linearized equation. This makes the studies of properties when
t → ∞ very difficult. Guo and Lu [79] studied the stationary solution and its non-

stability and the asymptotic behavior as t → ∞ under some assumptions. Guo
and Wang [85, 86] got the existence of approximate inertial manifold for the one-

dimensional L–L equations. Guo et al. [78] proved the existence of attractor and the
estimates of upper and lower bounds of Hausdorff and Fractal dimensions for such

attractor for the L–L system on Riemannian manifold. Guo and Su [83] proved the
existence of attractor of L–L–M system by the method of multi-parameter Lyapunov

functional and have given the estimate in three dimensions. It is worth mentioning

that in 1957, Suhl [131] proposed the chaotic property for the attractor of L–L system
with Gilbert damping term. The numerical results were given in [147].
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[62] Fröhlich, H., Theory of Dielectrics (Oxford University Press, 1949).

[63] Ghidaglia, J. M., Marison, M. and Temam, R., Generalization of the Sobolev–Lieb–

Thirring inequalities and applications to the dimension of attractors, Diff. Int. Eqns.

1 (1988) 1–21.

[64] Giaquinta, M., Introduction to Regularity Theory for Nonlinear Elliptic Systems
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[126] Riviére, T., Flot des applications harmoniques en dimension deux (1993).

[127] Schoen, R. and Yau, S. T., Differential Geom. (Academic Press, 1998).

[128] Semmes, S., A primer on Hardy spaces, and some remarks on a theorem of Evans

and Müller, Comm. P.D.E. 19 (1994) 277–319.

[129] Siman, J., Nonhomogeneous viscous incompressible fluids existence of vecocity, density

and pressure, SIAM J. Math. Anal. 21 (1990) 1039–1117.

[130] Su, F. Q. and Guo, B., The global smooth solution for Landau–Lifshitz–Maxwell equa-

tion without dissipation, J. P.D.E. 11 (1998) 193–208.

[131] Suhl, H., The theory of ferromagnetic resonance at high signal powers, J. Phys. Chem.

Solids (1957) 209–227.

[132] Sulem, P. L., Sulem, C. and Bardos, C., On the continuous limit for a system of

classical spin, Comm. Math. Phys. 107 (1986) 431–454.



402 Landau–Lifshitz Equations

[133] Struwe, M., On the evolution of harmonic maps on Riemannian surface, Comm.

Math. Helv. 60 (1985) 558–581.

[134] Struwe, M., On the evolution of harmonic maps in higher dimensions, J. Diff. Geom.

28 (1988) 485–502.

[135] Struwe, M., Geometric Evolution Problems, in Nonlinear Partial Differential Equa-

tions in Differential Geometry (Park City, UT, 1992), IAS/Park City Math. Ser., 2

(Amer. Math. Soc., 1996), pp. 257–339.

[136] Stein, E. M., Singular Integrals and Differentiability Properties of Functions (Prince-

ton University Press, 1970).

[137] Takhtalian, L. A., Integration of the continuous Heisenberg spin chain through the

inverse scattering method, Phys. Lett. 64A (1977) 235.

[138] Temam, R., Infinite Dimensional Dynamical in Mechanics and Physics (Springer-

Verlag, 1998).

[139] Tjon, J. and Wright, J., Soliton in the continuous Heisenberg chain, Phys. Rev. B 15

(1977) 3470–3476.

[140] Visintin, A., On Landau–Lifshitz equations for ferromagnetism, Jpn. J. Appl. Math.

2 (1985) 69–84.

[141] Visintin, A., Maxwell equations with vector hysteresis, Arch. Rat. Mech. Anal.,

DOI:10.1007/s00205-004-0333-6.

[142] Wang, C. Y., On moving Ginzburg–Landau vortices, Comm. Anal. Geom. 12 (2004)

1185–1199.

[143] Wang, C. Y., On Landau–Lifshitz equation in dimensions at most four, to appear,

Indiana Univ. Math. J.

[144] Wente, H., An existence theorem for surfaces of constant mean curvature, J. Math.

Anal. Appl. 26 (1969) 318–344.

[145] White, B., Infima of energy functionals in homotopy classes of mappings, J. Diff.

Geom. 23 (1986) 127–142.

[146] Zakharov, V. E. and Tekhtajan, L. A., Equivalence of nonlinear Schrödinger equation

and Heisenberg ferromagnet, Theor. Mat. Phys. 38 (1979) 17.

[147] Zhang, X. Y. and Suhl, H., Spin wave-related period doublings and chaos under trans-

verse pumping, Phys. Rev. A 32 (1985) 2530–2533.



Bibliography 403

[148] Zhong W., Physics of Ferroelectric (in Chinese) (Science Press, 2000).

[149] Zhou, Y. L., Finite difference solutions of the nonlinear mutual boundary problems

for the ferromagnetic chain systems, J. Comput. Math. 2 (1984) 263–271.

[150] Zhou, Y., Sun, H. and Guo, B., Existence of weak solution for boundary problems of

systems of ferromagnetic chain, Sci. Sin. A 27 (1981) 779–811.

[151] Zhou, Y., Sun, H. and Guo, B., On the solvability of the initial value problem for the

quasilinear degenerate parabolic system: ~Zt = ~Z× ~Zxx + ~f(x, t, ~Z), Proc. DD-3 Symp.

(1982) 713–732.

[152] Zhou, Y., Sun, H. and Guo, B., Finite difference solutions of the boundary problems

for systems of ferromagnetic chain, J. Comp. Math. 1 (1983) 294–302.

[153] Zhou, Y., Sun, H. and Guo, B., Existence of weak solution for boundary problems of

ferromgnetic chain, Sci. Sin. A 27 (1984) 799–811.

[154] Zhou, Y., Sun, H. and Guo, B., The weak solution of homogeneous boundary value

problem for the system of ferromagnetic chain with several variables, Sci. Sin. 4(A)

(1986) 337–349.

[155] Zhou, Y., Sun, H. and Guo, B., Some boundary problems of the spin system and the

system of ferro magnetic chain I: Nonlinear boundary problems, Acta Math. Sci. 6

(1986) 321–337.

[156] Zhou, Y., Sun, H. and Guo, B., Some boundary problems of the spin system and

the system of ferromagnetic chain II: Mixed problems and others, Acta Math. Sci. 7

(1987) 121–132.

[157] Zhou, Y., Sun, H. and Guo, B., Weak solution systems of ferromagnetic chain with

several variables, Science in China A30 (1987) 1251–1266.

[158] Zhou, Y., Guo, B. and Tan, S., Existence and uniqueness of smooth solution for

system of ferromagnetic chain, Science in China, Ser. A 34 (1991) 257–266.

[159] Zhou, Y., Sun, H. and Guo, B., Geometrical extensions for systems of ferromagnetic

chain, Science in China, Ser. A 36 (1993) 927–939; 36 (1993) 1422–1434.




