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Preface

Electromagnetic theory is beautiful! When looked at from the relativistic
point of view where electric and magnetic fields are really different aspects
of the same physical quantity, it exhibits an aesthetically pleasing structure
which has served as a model for much of modern theoretical physics. Un-
fortunately this beauty has been all but buried as most textbooks have
treated electricity, magnetism, Coulomb’s law, and Faraday’s law as almost
completely independent subjects with the ground work always supplied by
means of empirical or historical example. Occasionally a chapter is devoted
to the relativistic coalescence of the various aspects of electromagnetism
but use is rarely made of the requirement of Lorentz invariance in deriving
the fundamental laws.

Our point of view here is quite different. Basically we have two purposes
in mind—one is to exhibit the essential unity of electromagnetism in its

vii
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natural, relativistic framework and the other is to show how powerful the
constraint of relativistic invariance is. To these ends we shall show that all
electromagnetism follows from electrostatics and the requirement that our
laws be the simplest ones allowable under the relativistic constraint. The
hope is that the student will make use of these new insights in thinking about
theories that are as yet undeveloped and that the model we set here will be
generally useful in other areas of physics.

A word about units. Unfortunately one of the results of the completely
disconnected way in which electricity and magnetism have been taught in
the past has been the growing acceptance of the mks over the cgs system of
units. We have no special preference for centimeters over meters or of
grams over kilograms. We do, however, require a system wherein the
electric field E and the magnetic field B are in the same units. Using the mks
system, as it is presently constituted, for electromagnetic theory is akin to
using a meterstick to measure along an East-West line and a yardstick to
measure along a North-South line. To measure E and B in different units
is completely antithetical to the entire notion of relativistic invariance.
Accordingly we will make use of the cgs (gaussian) system of units ex-
clusively. Conversion to practical units where necessary can be carried
out with no difficulty.

The author would like to express his most profound appreciation
to Miss Margaret Hazzard for her patient and careful typing of the text.

MELVIN SCHWARTZ
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1
Mathematical Review
and Survey of Some New
Mathematical Ideas

It would be delightful if we could start right out doing physics without the
need for a mathematical introduction. Unfortunately though, this would
make much of our work immeasurably more laborious. Mathematics is
much more than a language for dealing with the physical world. It is a
source of models and abstractions which will enable us to obtain amazing
new insights into the way in which nature operates. Indeed, the beauty
and elegance of the physical laws themselves are only apparent when
expressed in the appropriate mathematical framework.
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2 MATHEMATICAL REVIEW

We shall try to cover a fair bit of the mathematics we will need in this
introductory chapter. Several subjects are, however, best treated within
the context of our physical development and will be covered later. It 1s
assumed that the reader has a working familiarity with elementary calculus,
three-dimensional vectors, and the complex number system. All other
subjects will be developed as we go along.

1-1 VECTORS IN THREE DIMENSIONS;
A REVIEW OF ELEMENTARY NOTIONS

We begin by reviewing what we have already learned about three-dimensional
vectors. As we remember from our elementary physics, there are a large
number of quantities that need three components for their specification.
Position is, of course, the simplest of these quantities. Others include
velocity and acceleration. Even though we rarely defined what was meant
by a vector in mathematically rigorous terms, we were able to develop a
certain fluency in dealing with them. For example, we learned to add two
vectors by adding their components. That is, if r, = (x;,y,,z;) and r, =
(x,,y2,2,) are two vectors, then

I+ I =X+ X,y + Y2+ 2)
If @ is a number, then
arl = (axlaayl’azl)

We also found it convenient to represent a vector by means of an arrow
whose magnitude was equal to the vector magnitude and whose direction
was the vector direction. Doing this permitted us to add two vectors by
placing the “tail” of one at the ““head” of the other as in Fig. 1-1. We also
learned how to obtain a so-called scalar quantity by carrying out a type
of multiplication with two vectors. If ry = (x,y,,2,) and r, = (x3,¥,,2,)
are two vectors, then r, - r, is defined by the equation

ey =X X + Y12 + 212,

It was also shown thatr, - r, could be obtained by evaluating |r, | |r,|cos 8, ,,
where |r,| and |r,| are, respectively, the magnitudes of r, and r, and 6,,

n + | ¢ | 73
Fig. 1-1  The addition of two vectors can
be accomplished by placing the ““tail” of
n one at the “head” of the other.



1-2 THE TRANSFORMATION PROPERTIES OF VECTORS 3

is the angle between them. Another so-called vector was obtained by taking
the cross product of r; and r,. That is,

Py X Ty = (P12, = V221, 21Xy — 23Xy, X1¥y — V1 X3)

We shall have much more to say about the true nature of this beast very
shortly. At the moment we just recall that it appears in some respects to
be a vector whose magnitude is equal to |r,]| |r,|sin 8,, and whose direction,
at right angles to both r, and r,, is given by a so-called right-hand rule in
going from r, to r,. If we look from the head toward the tail of r; x r,,
we would see the shortest rotation from r, to r, to be in the counterclockwise
direction.

Unfortunately, we shall have to relearn much of the above within a
more abstract framework if we are to make any progress beyond this
point. We shall have to go back to our basic notions and see if we can
define what we mean by vector in a more suitable, less intuitive manner.
Only by doing so will we be prepared to say clearly which combinations of
three numbers are vectors and which are not. We will also be able to define
scalar in a reasonable way and will then see our way clear to an under-
standing of higher-rank tensors.

1-2 THE TRANSFORMATION PROPERTIES OF VECTORS
UNDER SPATIAL ROTATION

To open the way for a more rigorous definition of vector, we proceed a bit
further with our old intuitive notions. Let us consider a so-called position
vector, that is, a vector from the origin of our coordinate system to the point
(x,y,2). If we draw a unit vector along each of the three axes as shown in
Fig. 1-2 and call them 1, j, and k, respectively, we can writer = xi + yj + zk.
Now, we ask, what if we were to rotate our coordinate system to a new
set of axes x’, y’, and z’ with a new set of unit vectors ¥, J', and k’? How
would r be expressed now? We answer this question very s1mply by expressing
i, J, and k in terms of the new unit vectors ¥, J', and k’. (This is possible

(x02)

i Fig. 1-2 The vector r can | be expressed as
r=x + yj -+ zk where 1, j, and k are
e unit vectors along the x, y, z axes.



q MATHEMATICAL REVIEW

because any three-dimensional vector whatsoever can be expressed either
in terms of 1, j, and k or in terms of , J', and k’.) We write

= aui' + a21j' + aslk,

L

= ap,i + anf + a5k (1-2-1)

tamio)

k= a13i’ + az3jl + a33k'

We note the obvious fact that

i-V=ay, i) =a,, i-k =a,,
T Y %% t oo
JoU = a4y, J:)] = ap; ik =as,

a

k‘il=al3 k'

a3 k'k‘ = djz;

[
]

This, of course, permits us immediately to express the unit vectors ¥', ', and
k’ in terms of i, §, and k, viz.,

i/ = alli + ale + al3ﬁ

], = a21i + azzi + az3ﬁ (1'2'2)

R, = a31i + a32j + 033i(

We realize that not all the nine quantities a;; can be chosen indepen-
dently. After all, only three angles are necessary to specify the rotation
of one coordinate system into another. We expect then to have six equations

S %

linking the coefficients. We obtain these equations by requiring that i’, §’,
and k’ form an orthogonal set of unit vectors.

Vi =1=a;,2+ a;,? + a,?
AT _ 2 2 2
Vei=1=ay" + a3 +a
£t _ — 2 2 2
k ‘k = 1 = a3x + a32 + a33

(1-2-3)

’
.

Y4
= 0= a,,a;; + 4,38, + a130;3

—.)
L

72 W)
‘K =0=a,,a;, + aya;3; + a53a3;3

At o)

kK'-1' =0 =ay,a3; + 12035, + ay303;
Now to return to our original vector r. We can write r in terms of its compo-
nents in either of two ways:

s
’

r=xi+yj+zk or r=xV+yy+7k
Making use of Egs. (1-2-1), we find immediately that

’

X = 43X + a;,y -+ [T EY4
yl az X + a3y + a32 (1-2‘4)
Z = as;x + a3,y + assz
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We have traditionally used a right-handed coordinate system to
specify the components of a vector. That is to say we have chosen 1, j, and
k so that if we curl the fingers of our right hand from i to j, our thumb
will point along k. Expressing this in language somewhat more abstract
and less anthropomorphic, we can say that i x j = k in such a system.
Obviously there is nothing in nature that requires us to limit ourselves to
right-handed coordinate systems, and we might ask if there is anything
special about the set of numbers a;; if the primed system should happen
to be a left-handed system. For a left-handed system we can write

F xi)k=-1 (1-2-5)

Expressing T/, §', and k’ in terms of i, j, and k, we can rewrite this equation
as follows:

[(@1:i + ai2f + ay3k) x (a,,1 + a55] + a,38)]
“(@3;d + a3,) + ak) = —1
Carrying out the indicated multiplications, we find
a11(a22033 — @33a3;) + a12(a53a3; — a31433)
+ ay13(az183; — a3,a5,) = =1 (1-2-6)

The expression on the left of Eq. (1-2-6) is called the determinant of the
matrix of numbers a;; or det a;; for short. It is often written in the notation

a1 Q12 4dy3
det a,'j = au a22 023

a3y Qi 4asz;

We see then that any transformation that takes us from a right-handed
coordinate system to a left-handed coordinate system is characterized by
having its determinant equal to — 1. Indeed, as we can easily see, the deter-
minant is equal to — 1 whenever we change the handedness of our sysiem
and +1 if we keep it unchanged. By allowing transformations with either
sign of determinant, we allow ourselves to deal with both rotations and
reflections or with any combination of these transformations.

We have begun to think of our transformation as having an ““identity”
all its own. It is characterized by a set of nine numbers, which we have
called a matrix. Furthermore we have seen in Eq. (1-2-4) that we can obtain
the triplet (x’,)’,z’) by “multiplying” the triplet (x,y,z) by this matrix,
with the operation of multiplication being defined as

s

X ay, 4y a3 x ag X + agpy + a3z

’

Y | =1 G azy a4z Y| =1ax+ ayy + ayz (1-2-7)

’

z a3 a3y Qi z a3;X + a3y + azzz
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We can represent the above operation symbolically by writing
r = ar (1-2-8)

(In the future, a boldface sans serif symbol, such as a, will mean that the
symbol is a matrix and not a number.)

Suppose now that we wish to undertake two successive transforma-
tions, the first characterized by a and the second by another matrix b.
If we begin with the triplet r, then the first transformation leads to the
triplet r’ and the second to the triplet r”. That is,

r = ar

r’ = br’
Alternatively, we might have gone directly from the unprimed to the double-
primed coordinate system by means of a transformation ¢.

r =cr

Writing out these transformations in detail will show that we could determine
all the elements of ¢ directly from a and b by means of the simple set of
equations

¢11 = byiayy + byyaz + byzas,
€1z = byay; + biya;; + bysas;

or, in general,
¢y = bijay; + bpay; + bza;;

We abbreviate this in the customary way by writing
3
Cij = 2 by (1-2-9)
k=1

Thus the element ¢;; can be obtained by taking the “scalar product,” so to
speak, of the ith row in b with the jth column in a.

The operation which we have defined above in Eq. (1-2-9) is called the
product of two matrices a and b and can be represented by the expression
¢ = ba. Matrix multiplication, unlike the multiplication of two numbers,
is not in general commutative, as the reader can very easily convince himself.
That is to say the product ab is not in general equal to the product ba.
Multiplication is, however, associative. This means that we can in general
write, for three transformations a, b, and ¢,

a(bc) = (ab)c (1-2-10)

To complete our picture we should point out that one of the possible
transformations is the identity transformation which leaves the coordinate
system unchanged. We write this matrix as 1 with the observation that
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1

00
1=|0 10 (1-2-11)
0 0 1
Returning back to Eqgs. (1-2-1) and (1-2-2), we see that for every transforma-
tion a there is also an inverse transformation a~! such that
a=1 (1-2-12)

1 1

aa '=a"
The inverse transformation is just given by the transposed matrix. That is
to say

. ._ 1
iy

a = a; (1-2-13)

i
(For those whose mathematical sophistication is just a bit above average,
we might point out that the set of all transformations defined above con-
stitute what is known in the trade as a group. The detailed properties of
groups play an important role in the development of much of quantum
mechanics and should be studied at the earliest possible moment by those
who intend to extend their horizons in physics beyond the classical domain.)

We can now think in terms of the complete set of all transformations
from one orthogonal coordinate system to another, including within our
set both rotations (det a = + 1) and reflections (det a = —1). The definition
of scalar, vector, and various other entities is now best done in terms of this
set of transformations.

Let us begin with what is intuitively the simplest of these entities, the
scalar. Imagine that we are given a set of explicit instructions for determining
some number. We follow these instructions scrupulously, coming up with a
value for the number. We can now rotate our coordinate system or change
its handedness (by means of the transformation a). If the same set of rules
for determining the number leads to the same result in the new system,
regardless of the choice of rotation or reflection, then the number is a scalar.

Obviously there are innumerable trivial examples of scalars that we
can readily cite. The number of cents in the dollar or the number of fingers
on your hand have nothing to do with the coordinate system and hence are
ipso facto scalars. Much less trivial, though, are numbers that are derived
by means of rules which concern coordinates themselves. Let us take a
simple example.

Suppose the rule tells us to take the x coordinate of a point, square it,
add to that the square of the y coordinate of the same point, and add to
the sum the square of the z coordinate of the point. We would have then a
number equal to x> + y? + z2. If we transform to a new system and follow
the same prescription in the new system, we come up with x'2 + y'2 + 2’2,
Unless we knew the Pythagorean theorem we would have no a priori
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expectation that the same rule applied in these different systems would give
us the same result. Indeed it does because we have just determined the
square of the distance from our point to the origin, and that quantity does
not depend on the rotational orientation or the handedness of our system.
Clearly then the number x?> + y* + z?is a scalar.

Let us try a more difficult example now. Consider two points whose
coordinates in one system are (x,;,y;,z,) and (x,,y,,z,). We can form the
expression x,Xx, + y,y, + 2,2z, and evaluate it in this coordinate system.
We can now transform coordinates and evaluate the same expression in
the new system, obtaining xjx% + y1y3 + z123. Again we have no a priori
expectation that the two numbers will come out to be the same. Making
use of Eqs. (1-2-4) and (1-2-3), the reader can easily convince himself that
this is, however, the case—the numbers are the same and so the expression
X1X, + y1¥2 + 212z, is a scalar. (The result is not entirely unanticipated
for we remember that this expression is the scalar product of r, and r,
and can also be written as |r, | |r,|cos 6. The latter formula does not depend
on the coordinate system.)

There is a great temptation now to let every “constant” of nature,
like charge and mass, be labeled a scalar. In fact we must be exceedingly
careful since an attribute like charge is defined operationally in terms of
forces by external fields, and we must investigate the behavior of the entire
system under both rotation and reflection before we can conclude that the
attribute is a scalar. We shall have more to say about this very shortly.

We go on now to the definition of another important entity, the
pseudoscalar. The pseudoscalar differs from the scalar in only one important
respect. The sign of the number we obtain by following our prescription
in a left-handed coordinate system is opposite to that we obtain in a right-
handed system. For pure rotations, scalars and pseudoscalars behave
identically.

To find an example of a pseudoscalar is not difficult at all. Let us take
three points in space which in one coordinate system have the components
(x1.¥1521)s (*¥3,¥2,2,), and (x3,¥3,23). We can construct a determinant D
out of these nine numbers:

X1 N1 4
D=Wx, y2 2z,
X3 V3 Z3
= X3(3223 — ¥323) + y1(22x3 — 23%3) + z(X2¥5 — X3¥2)
(1-2-14)

(t is quite clear that D is equal to r, - (r, x r;) and has magnitude equal
to the volume of the parallelopiped determined by r;, r,, and r;.) If we
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change coordinates by means of a pure rotation with deta = +1, we
find that D’ as evaluated in the new system for the same three points is
unchanged. On the other hand, if we change from a right-handed to a left-
handed system, D’ changes sign. (Take the simplest such transformation
corresponding to x’ = —x, ' = —y, and z” = —z and substitute above.
Then rotate to any other left-handed system.)

So far we have been dealing with prescriptions whereby we come up
with single numbers. However, we have already discovered some entities
which require three components for their specification, like the coordinates
of a point. This brings us then to another class of mathematical objects
which we shall call the polar vector.

Imagine that we have a prescription for calculating a triplet and
obtain (v,,v,,0;) as the result of following this prescription. Consider
next that we transform to a new coordinate system by means of the trans-
formation a and then apply the same prescription as before. We would
obtain a new triplet (v,v5,v3). These triplets are the components of a
polar vector v if and only if, for any choice of a, we have

Uy = @310y + a130; + 84303
Uz = a2101 + 0221)2 + 02303 (1'2-15)
. U3 = a3;V; + G320, + d3303
Obviously the three coordinates of a point (x,y,z) constitute a polar vector.
So do the three components of velocity and acceleration. Using the notation
we have developed earlier, we can write

v = av

An important characteristic of a polar vector is the fact that v changes
sign under the pure inversion represented by

-1 0 0
am=| 0 -1 0 (1-2-16)
0 0 -1

Under this transformation, of course,

vy = =0
vy = —0y (1-2-17)
V3 = —03

On the other hand, we can imagine a triplet of numbers which behaves
exactly like a polar vector under rotation but does not change sign under
inversion. Such an entity comes under the classification of axial vector.
To construct such a triplet we need only take the vector product of two
polar vectors v and w:
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=V XW
= [(0,w3 — D3wy), (V3w — v W3), (Vyw, — v wy)] (1-2-18)
Under an inversion,
vV = —v w=—-w but u = +u (1-2-19)

We shall shortly discuss more complex mathematical entities with
more than three components. For the moment though, let us pause and see
if we can understand the physical importance of what we have done.

One of our underlying physical principles is that there is no preferred
direction or handedness! to the universe. This means that the basic laws
of nature cannot depend on the coordinate system we choose to use for
their formulation. Now basic physical laws are written down as equations.
If the two sides of an equation do not have the same transformation proper-
ties then the form of the equation will depend on the coordinate system we
chose, thereby violating our principle. For example, suppose our equation
sets a scalar quantity equal to a pseudoscalar quantity. If we reverse the
handedness of our system, one side of the equation would change sign and
the other would not, leading to an obvious change in the appearance of the
physical law. To avoid these problems we shall agree never to write down a
basic equation in classical physics where the two sides do not behave
identically under transformation. That means that we will always equate
scalars with scalars, polar vectors with polar vectors, axial vectors with
axial vectors, and so forth. In this way, if an equation is true in one co-
ordinate system then the identical equation will be true in any system
related to it by rotations or inversions.

We should emphasize that in all the above we are only talking about
those equations which describe the fundamental physical laws. In applying
the physical laws to any specific situation, we will usually find that there is a
preferred coordinate system to use and hence what we have said above
would not necessarily hold true. For example, if we were studying the tra-
jectory followed by a baseball near the earth’s surface we would naturally
choose one of our coordinate axes in the upward direction. On the other
hand, when we write down a general set of laws governing the behavior
of magnetic and electric fields (Maxwell’s equations), we will certainly
insist that no preference be given to any coordinate system or to a particular
handedness of our system.

The type of reasoning we have just described plays a particularly
important role in electromagnetism, and we would like to take the liberty
of drawing on some illustrations here even though we have not developed

! This belief has been shaken in recent years by the discovery of parity violation and the violation
of time-reversal invariance in the weak interactions. Nevertheless it is still true to the best
of our knowledge in classical electromagnetic theory.
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the subject yet. (Hopefully the student taking this course has already studied
some elementary physics before.) The first discovery we will make in electro-
statics is Coulomb’s law, where we will find that the force by one charge
on another is proportional to the product of the charges and inversely
proportional to the distance between them. Looking ahead to Eq. (2-1-1),
we shall write

F,, = force by charge 1 on charge 2

- q:192(r; — 1)
I, =y

Now, at the moment we do not know whether charge is a scalar or a pseudo-
scalar. Regardless of what it is though, the product of two charges ¢,4,
is a scalar. Hence the right side of the equation is a polar vector. This in
turn means that force is a polar vector. Since force is equal to mass times
acceleration, we next conclude that mass is a scalar (under these three-
dimensional transformations).

What about charge itself though? Whenever we see an elementary
force in electromagnetism it is always proportional to the product of charges.
Hence, there is no way of determining whether charge is a scalar or pseudo-
scalar quantity. Since it makes no difference, we will assume it to be a scalar.
This implies immediately that electric field E is a polar vector since it is
just equal to force per unit charge.

How about magnetic field? As we shall learn, a magnetic field B
exerts a force on a charge g given by

F=q%xB

where ¢ is the velocity of light. This tells us that B is an axial vector.

In Chap. 3 we will discuss an experiment to search for magnetic
monopoles. These, if they exist, are elementary magnetic charges which
are acted upon by a magnetic field in the same way as ordinary electric
charges are acted upon by an electric field. We would have then, for a
magnetic charge q,,, a force given by

F, = g.B

Since B is an axial vector, we conclude that g,, is a pseudoscalar quantity.
Obviously, if we had begun by choosing electric charge to be a pseudo-
scalar, then we would now come out with magnetic charge as a scalar.
We can apply the principles we have discussed above in another
manner to help us in determining the physical laws themselves. Suppose
we have determined that a part of our physical law states that a partic-
ular component of a given polar (or axial) vector v is equal to the same
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component of another polar (or axial) vector w. We can choose our x
axis along the direction in which the components are known to be equal
and then summarize our knowledge by the statement that v, = w, in this
coordinate system. If we further know that there is no preferred system
for the laws we are uncovering, then we can deduce thatv, = w,and v, = w,
also. In other words, v = w in all systems. We shall make extensive use of
this procedure when we introduce magnetism in Chap. 3. The only difference
will be that we will be working in the four-dimensional world of special
relativity. It is at that point that the full beauty of the notions we have
developed here will become apparent.

1-3 DIFFERENTIATION OF VECTORS WITH RESPECT TO TIME

AND POSITION; THE “DEL” OPERATOR (V) AS A VECTOR

Since we know how to add and subtract vectors, we know how to differentiate
them. If r(t) = (x(2),y(2),z(f)) is a position vector of a moving particle,
then we have

dr() .t + A —r(2)
dr Al,l_lﬂ, At (-3

But

r(t + AD) — r(t) = [x(t + AD) — x(2),
Yt + A — y(0), z(t + A1) — z(9)]

and hence
dr(ty (dx dy dz
P (“d? @ (1-3-2)

We define dr/dt to be the velocity vector v(#) of our particle. Similarly we
can define acceleration by

dv d*x d*y d*z
a= ~d—t- = (d?’ Wa EZ—Z—) (1'3'3)

We note immediately that both v(¢) and a(f) are vectors.! This is so because
the variable ¢ is independent of the orientation of our coordinate system and
can be kept constant as we carry out a rotation. If instead of ¢ we had used x,
the triplet created would not have been a vector at all.

Before we can treat derivatives with respect to the coordinates x, y, z,
we must learn about partial differentiation, a trivial extension of ordinary
differentiation. Let fbe a function of the three variables x, y, z. The partial

'In the future we shall not differentiate between polar and axial vectors unless it is specifically
important to do so. We shall call them both vectors.
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derivative of f with respect to any of these variables is defined to be the
ordinary derivative if we keep the other two variables fixed. Thus we have,
for example,

6f(x,y,z) = li f(x + dx: Vs Z) - f(x»V,z)
——— = lm
ox Ax=0 Ax

(1-3-4)

Suppose now we start from some point (x,y,2z) and move to a new, nearby
position (x + Ax, y + Ay, z + Az). How much does f change? The answer
is simple if we carry out our motion in three steps. First, we move from x
to x + dx and the function changes by an amount (Jf/dx) Ax. Then we
move in the y direction by an amount Ay. The function now changes by
an amount (df/dy) Ay. Last, we move in the z direction by an amount
Az. The function changes by an additional amount (9f/0z) Az. (It is assumed
in all this that Ax, Ay, and Az are sufficiently small so that the derivatives
do not vary significantly enough over this interval to affect these approxima-
tions.)
. Before we add these changes together let us, in the customary manner,
replace the A’s by ds, signifying that we are dealing with infinitesimal dis-
placements. We have then for the total change in f:
of of =
3 dy + pe dz (1-3-5)
Now the triplet (dx,dy,dz) is surely a vector, and the change in f as we go
from one place to another is surely a scalar (it does not depend on the
orientation of our coordinate system). The right side of Eq. (1-3-5) looks
like the scalar product of the triplet (0f/0z, df/dy, df/0z) and the vector
(dx,dy,dz). We expect then that the triplet (f/dx, df/dy, df/0z) is a vector,
and we can demonstrate this explicitly. [This triplet is called the gradient
of for Vf(“del £°).]

To do so we must learn how to transform from one set of variables
(x,»,2) to another (x’,y’,2’). Let us for convenience choose the displacement
which led to df in such a way that only x’ is.changed and not y’ or z’. If we
divide Eq. (1-3-5) by dx’ on both sides, we have

¥_Sox Ay Yo
ox'  0x ox’ + Oy ox’ + 0z Ox' (1-3-6)

d =Ef:dx+
ox

Similarly, if we allow our displacements to be dy’ and dz’, we would obtain
the equations

of of ox of oy  of oz
oy ox oy’ + dy oy t 0z 9y’ (1-3-7)

F_ A oy Y
07  0x 07 Oy 67 ' 9z oz

(1-3-8)
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Going back to Egs. (1-2-4), we find

ox _ 9w _ 9z _

w as, o aa o - G

ox dy , 0z

poi a3, - az; 3 a3 (1-3-9)
Ox oy 0z

a—z7=‘131 a-z,=asz gz—/—_*aas

Substituting back into (1-3-6) to (1-3-8), we obtain appropriate transforma-
tion equations for Vf:

of of of of

b?za“a_x*- xza +alsa

J ) ) )
a—-}{j = Q34 % + a as; af + aj, af (1'3'10)

o o o o
g—asla'i'aszay—aasaz

Hence the gradient of f does indeed transform as a vector under rotation.
The interesting thing, though, is that the transformation properties we are
interested in do not concern f at all. They only concern the triplet of dif-
Serential operators V = (0/0x,0/0y,0/0z). Although V really means nothing
unless something appears on its right, it nevertheless has all the character-
istics of a polar vector under both rotation or inversion.

In any case let us see what the gradient is like “physically.” We see
from Eq. (1-3-5) that the function f changes by an amount Vf . dr if we
undergo a displacement dr. Thus Vf points along the direction in which f
changes most rapidly. Its magnitude is the rate of change of f with respect
to distance along that direction.

We shall have much more to do with our *“‘del”” operator as we proceed
to develop a number of other mathematical and physical concepts.

1-4 THE NOTION OF FLUX: DIVERGENCE
OF A VECTOR FIELD; GAUSS’ THEOREM

As we examine the world around us we find numerous instances where we
need to speak of vector fields, that is, vector functions of position defined
for all points within a given volume. The velocity or momentum density of
fluids, electric and magnetic fields, and gravitational forces are examples
that we come across quite readily. In each of these cases we will often make
use of a very simple notion—the flux of the vector field v(x,y,z) through an
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imaginary infinitesimal bit of area d4 with normal vector n. We first define
it mathematically.

Flux through dA in direction of i = v - fi d4
The reason for calling this quantity flux is reasonably clear. As we see from
Fig. 1-3, if v is the velocity of a fluid of uniform density, then the flux is
just the volume of fluid that passes through the surface A4 in 1 sec.
Needless to say, we can now proceed to integrate the flux over a finite
area A. We have then

A

Flux of v through A in direction of A = f v.AdA (1-4-1)

We now prove a simple but powerful theorem which relates the net outward-
going flux of v through a closed surface to the space derivatives of v within
the surface. This theorem will be of particular value to us in our study of
electrostatics. We begin by taking the infinitesimal volume bounded by
the range of coordinates x to x + dx, ytoy + dy, zto z + dz, and shown
in Fig. 14.

Let wall 1 be the wall parallel to the xy plane through the point (x,y,2).

Let wall 2 be the wall parallel to the xy plane through the point
(x+dx,y+ dy, z + dz).

Let wall 3 be the wall parallel to the yz plane through the point (x,y,z).

Fig.1-3 The flux through d4 of the vector field v is just v- A d4. If v is the
velocity of a fluid of uniform density, then v- fl d4 is just the volume of fluid
passing through A4 in 1 sec.

| vd

Volume passing through AA4 in 1 sec
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(x +dx,y +dy,z + d2)

Fig. 1-4 We calculate the outward-going
flux of the vector field v from the infinites-

x  imal volume shown here.

Let wall 4 be the wall parallel to the yz plane through the point

(x +dx,y +dy, z + dz).

Let wall 5 be the wall parallel to the xz plane through the point (x,y,z).
Let wall 6 be the wall parallel to the xz plane through the point

(x+dx,y + dy,z + dz).
X The area of wall 1 is dx dy
- The area of wall 2 is dx dy
The area of wall 3 is dy dz
The area of wall 4 is dy dz

The area of wall 5 is dx dz

The area of wall 6 is dx dz

. The outward-going normal to wall 1 is
. The outward-going normal to wall 2 is
. The outward-going normal to wall 3 is
. The outward-going normal to wall 4 is
. The cutward-going normal to wall 5 is

. The outward-going normal to wall 6 is

The outward-going flux through wall 1 is —v(1) - Kk dx dy.
The outward-going flux through wall 2 is v(2) - k dx dy.

The net outward-going flux

through walls 1 and 2 is then

(Net flux), ,, = [v(2) — v(1)] - kdx dy
= [0,(2) — v,(1)] dx dy
= (élﬁ) dz dx dy

0z
Similarly

(Net fl — (%) ax ay d

etflux), 3 = (7> )dxdydz
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and
v
(Net flux)s, ¢ = { =2 ] dy dx dz
Oy
Noting that the volume of dV is dx dy dz, we have

ov, Ov, Ov,
Net flux out = (—(—3—; + 5; + 5;) av (1-4-2)

We note now that the term (dv,/0x + 0v,/0y + 0v,/0z) is just V - v; that is,
it is the scalar product of the *“‘del” operator and the vector function v.
Just like any scalar product of two vectors it must be invariant under rota-
tion. This scalar product V - v is generally called the divergence of v.

As we see from Eq. (1-4-2) the divergence of a vector function of space
is a measure of the extent to which there are local sources (or sinks) present,
that is, the extent to which there is a net flux out of (or into) a region.

We can extend this very simply to a finite volume V enclosed by a
surface S. The volume can be broken into-infinitesimal bits dV. Let us
sum together the flux leaving all bits. The flux leaving one volume bit will
either pass through S or enter another volume bit. Hence we have the
result

Sum of all flux leaving all volume bits = flux leaving through S

In mathematical terms we can write

f (V-v)dV = f (v - f) dA (1-4-3)
volume V surfacc §

bounding V

This result, known as Gauss’ theorem, will turn out to be tremendously
useful as we proceed with our development of electromagnetic theory.

Returning to Eq. (1-4-2), let us make use of it to derive a differential
equation for the flow of a fluid. In this case, v is the velocity of the fluid
at a given point. Let p be the density of fluid. The flux of mass out of the
infinitesimal volume ¥ is just V - pv dV. The amount of mass in the volume
is just p dV. Conservation of mass then tells us that

dp
. — =0 -4-4
V.pv + 3 (1 )
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This equation will also be encountered later when we discuss charge con-
servation and will play a rather important role in our relativistic develop-
ment of electromagnetism.

1-6 THE CURL OF A VECTOR FUNCTION
OF SPACE; STOKES’ THEOREM

We have come across the notion of a line integral in the past, when we
covered work and energy in our elementary mechanics course. At that time
we learned that the bit of work dW done by a force F on a given point object
undergoing a displacement dl is just F - dl. If we wish to determine the
work done in going from point 4 to point B along a given path, then we
divide our path into infinitesimal bits and add together the contributions
from each of the bits. That is,

B
W=f F.dl
4

Sometimes the path from A4 to B would be irrelevant; for any 4 or B the
work done would be independent of the path taken between them. In that
case we called the force conservative and observed that the line integral
of F - dl around any closed loop would then be zero; that is, §F «dl=0
for a conservative force.

We now broaden our horizons a bit and consider the integral around
a closed loop of the function v - dl where v(x,y,z) is a vector function of
space and dlis an element of the loop. We propose to prove a very important
theorem about this integral, relating it mathematically to a surface integral
over any surface bounded by our closed loop. To begin with, though, we
examine a simple rectangular path in the xy plane with sides that are of
length dx and dy, respectively. We choose the direction of the path as
shown in Fig. 1-5 and number the legs of the rectangle as indicated. Along
leg (1),

vedl = [v(l) -] dx

= v, (1) dx

Along leg (2),

v.dl=uv,2)dy
Along leg (3),

v-dl= —v,3)dx
Along leg (4),

vedl= —v,(4dy
Adding these together, we have

§ v-dl = [5,(1) — 0,3)] dx + [0, — v,(4)] dy
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y
x,y+dy © x + dx,y + dy
® Q
X,y é x + dx,y
% Fig.1-5 We carry out the
“line integral” of v - dl around
an infinitesimal loop in the xy
z plane.
but
v
vx(3) - vx(l) = _afdy
dv
v,(2) - v,(4) = 5}—? dx
Hence
0 G,
§ vedl = (& - -"-’f> dy dx (1-5-1)
infinitesimal ox 6y
loop

Now the left side of the equation is an invariant under rotation. (Is it a
scalar or a pseudoscalar?) Hence we must rewrite the right side so that it
also is an invariant under rotation.

ov, dv,\
(_é; - —f{y—_) = (VX v)z

dxdy = dA

Let fi be a unit vector normal to dA in the direction given by a right-hand
rule. That is, fi points in the direction of the thumb if the fingers are along
the direction of the path of integration. Then

§ vedl=( xv)-hdd (1-5-2)
infinitesimal

loop
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The right-hand side is now in the form where it clearly exhibits the same
invariance properties as the left-hand side. Hence we can now rotate our
coordinate system arbitrarily, and the equation will still be true. It is thus
true in general regardless of the orientation of the bit of area relative to the
X, y, Z axes.

We now examine the situation of a finite loop C shown in Fig. 1-6.
We begin by choosing a direction in which we are to go around the loop.
We then cover the loop with a surface S and establish a normal to each point
on S in accordance with the same right-hand rule we used earlier. We now
break up S into infinitesimal loops as shown. Clearly

i%ﬂ=z v-dl

i Jinfinitesimal
loop C;

=Y (V x v) - h,d4,

The sum at the right is converted to an integral, and we have Stokes’ theorem

§v-dl=f (Vxv)-fdA (1-5-3)
[ surface bounded

by C

We observe then that V x v is a measure of the extent to which v “curls”
about, giving a nonzero line integral around a loop. If F is a conservative

Fig. 1-6  An arbitrary loop C is broken into a set of infinitesimal rec-
tangular loops C;.

z Infinitesimal
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force, then we must have
§ F.dl=0 for any closed path

Hence
VxF=0 for a conservative force
It is important to note here that the choice of surface was arbitrary. Let

S, and S, be two surfaces, each bounded by C. Since either surface is
satisfactory, we can write

§va-ﬂdA=§va-ﬂdA
Sy S

2

If we let V be the volume enclosed by the two surfaces, we conclude from
Gauss’ theorem that

J(V-va)dV=0
14

Hence we may expect that V - V x v = 0 for any vector function v. The
reader may verify this result explicitly.

1-6 TENSORS OF THE SECOND RANK

We now go a bit beyond the notion of a vector to introduce a new type
of mathematical object, a tensor of the second rank. We have seen that a
vector is best defined in terms of its transformation properties under a
rotation. The same type of definition will be given here. However, before
that, let us play about a bit with a simple example.

Consider the set of nine numbers that are obtained by multiplying
the three components of the vector (vy,v,,05) by three components of the
vector (w,,w,,w;). We can list these nine numbers conveniently in the form
of a matrix which we call T.

UyWwy Uywy DWW
T = Uz W1 vz W2 U2 W3
U3Wy U3W,; U3W;

If we had used a different coordinate system, our two vectors would, of
course, have had components (vi,v3,03) and (w;,w3,w3) and we would
have come up with a listing

viW] viws,  Uw;
W1 UiWy Uawy
7 ’ ’ ’ ’ ’ ’
T = | v3w] viw; vywg

AT A T VA 1A
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Now, we might ask, how is an element of T related to an element of T?
The answer is trivial since we already know precisely how to transform the
v’s and w’s into v”’s and w'’s [see Eq. (1-2-4)].

3
4

v; Z AUy

k=1

I

3
4
W} Y AmWn
m=1

Hence we can obtain the element v;w} by simple multiplication of the two
relevant sums.

3 3
viwj = 2 Z (@ jm) (VW) (1-6-1)

k=1 m=1

Alternatively, we can go the other way by the transformation

3 3
o= Y Y (@m) Vi) (1-6-2)
m=1 k=1

We have then a clear-cut way in which the nine elements in the matrix
T’ can be written in terms of the nine elements in the matrix T and vice
versa. Each element in one is a sum of coefficients times the elements of
the other. The coefficients themselves only depend upon the rotation matrix
a between the two coordinate systems.

We now define a tensor of the second rank as an array of nine objects
which transforms in the same manner as the elements v;w; under rotation.
Thus we have, for any tensor T,

T, = ZakiauTij (1-6-3)
)
Incidentally, having learned to multiply matrices [see Eq. (1-2-7)], we can
rewrite Eq. (1-6-3) in a simple form.

T = aTa™!? (1-6-4)
where a~! is the inverse rotation matrix. We remember that
a,'j_l = aﬁ (1'6'5)

To get a better feeling for what a tensor actually is in physical terms,
let us prove a simple mathematical theorem. We will show that the product
of a second-rank tensor T and a vector v transforms as a vector. To do this,
let us first write down the product Tv as it appears in both the primed and
the unprimed coordinate systems. We will call the components of these
products w; and wj, respectively.

W = Tyo, (1-6-6)

J
i
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w, = Y T} (1-6-7)

What we would like to show, of course, is that the three numbers w; in Eq.
(1-6-6) transform into the three numbers in Eq. (1-6-7) precisely as would
the three components of a vector.

To prove this theorem, let us just make use of the fundamental trans-
formation properties of T and v.

7};’ = kZakjali T
1
(1-6-8)
v = Z amiv:n

We substitute these expressions back into Eq. (1-6-6), obtaining thereby
w; = Z @Ay Qi T V) (1-6-9)

ik,,m
To evaluate this expression, we sum over i first. We recall Eq. (1-2-3),
which can be written in simplified notation as

Y @il = Oy (1-6-10)

where J, ,,, called the Kronecker J, is zero when m is unequal to / and 1
when m is equal to /. Substituting Eq. (1-6-10) back into Eq. (1-6-9), we
obtain

/ 7/
w; = Z 51maijk1Um
klm

We next sum over m and observe that only the terms with m = / remain.
W; = Z ;i Tiav(
k!

Finally, summing over / and making use of Eq. (1-6-7), we have
w; =) G;wi (1-6-11)
k

This is exactly the transformation property we require of a vector. Hence
we have proven our theorem.

We now have some insight into what a tensor really is. It is a linear
relationship between two vectors of the form given by Eq. (1-6-6). Whenever
we encounter a situation in physics where two vectors depend linearly on
one another but point in different directions, the relationship between them
will be tensorial in nature. For example, the stress and strain in material
are linearly related when the material behaves elastically, yet they do not
necessarily point in the same direction. The relationship between them is
called the stress tensor.

To add two tensors we just add the individual components. This
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permits us to make a very simple decomposition of any tensor T into
symmetric and antisymmetric parts. Let

T=A+S (1-6-12)
where
=TTy, (1-6-13)
T.+ T,

The tensor A has only three components, and the tensor S$ has six compo-
nents. This decomposition would be pointless were it not for the fact that
A remains antisymmetric and $ remains symmetric as we rotate.

Ay = Y apagdy = — ) agapdy = —Aj; (1-6-15)
Kl K

Sij =) auaSy = + Zaikajlslk = +85} (1-6-16)
Kl K

Let us take a look at the three components of 4;; in terms of their trans-
formation properties under rotation.

Ay, transforms as (v w, — vV, Wy)
A, transforms as (v, w3 — v3w;)
A, transforms as (v,w; — vyw,)

Thus the triplet (4,5, —A,3,4,,) transforms like the vector product of
two vectors. A vector product is simply an antisymmetric tensor of the
second rank.

1-7 DIAGONALIZING A SECOND-RANK SYMMETRIC TENSOR

An interesting and important property of a symmetric tensor S is the fact
that it can be “diagonalized.” This means that we can rotate to a coordinate
system given by a triplet of orthogonal unit vectors 1/, §, and k’ within
which 8§’ has only three diagonal elements, namely, those S;; for which
i = j. All off-diagonal elements are equal to zero in this coordinate system.
We will show explicitly that this is so by finding the vectors ¥/, J', and k’ in
terms of the initial base vectors 1, j, and k and then rotating to the new
system.

Before doing this, though, let us assume the result to be true and write
out the tensor Sj; as we expect it to appear:

44 0 0
S=|0 4 0 (1-7-1)
0 0 4,
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We notice immediately that SV = A,i’, $7' = A,J’, and S’k’ = 1,k’. This
gives us a clue as to how to proceed, starting out with the tensor S and its
six components. We will search for unit vectors which satisfy the equation

Sh = At (1-7-2)

Hopefully we will find three such vectors which will be orthogonal and which
we can then identify as 1, j’, and k’.
Let us write out Eq. (1-7-2) explicitly:

St Sz Sis ny n,
Si2 Sy, S n, | = A| n, (1-7-3)
Sis S Si3 n, n,

Expanding the above equation, we find three equations for n,, n,, and #,:
(S11 — ne + Siany + Sy3n, =0
Sian, + (S — A, + Sy3n, =0 (1-7-4)
Siany + Syan, + (S35 — An, =0

In order that we have a nonzero sclution for n,, n,, and n,, we must set the
determinant of these equations equal to zero. That is, we must have

Sy — 4 Si2 Si3
NP Sy2 — 4 Sa3 =0 (1-7-5)
S13 S23 S33 — 4

Clearly this yields a cubic equation for A with three solutions which we can
call 4, 4,, and 2,. We can now throw out one of Eqgs. (1-7-4) because they
are no longer all independent and use the other two to determine n,/n, and
n,/n, for each choice of 1. Normalizing so that n,> + n,2 + n,2 = 1 com-
pletes our job of determining fi,, fi,, and f,.

Now, before we can identify f,, fi,, and i, with ¥/, J’, and k’, we must
show that they are orthogonal. Let us assume first that 4,, 4,, and 4, are all
different. Then we have from Eq. (1-7-2)

Sﬁl = j’lﬂl
Sﬂz == /12ﬂ2 (1‘7'6)
Sﬁ3 = Z.3ﬁ3

We take the scalar product of the first equation with fi, and of the second
equation with fi, and then subtract the second equation from the first.
This leads to

e Sh, — A, *Sh, = (4, — AR, * A, (1-7-7)
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Because of the symmetry of S we see immediately that fi, « S, = fi, * Sh,.
Hence we conclude that

Ay — Ah oy =0 (1-7-8)

Since A; # A, this equation implies that A, and i, are orthogonal. The
same proof now demonstrates that fi; is also orthogonal to both i, and
fi,. Hence if 4,, A,, and A, are all different, we can identify them with ',
j', and k’ and arrange the correspondence so as to make up a right-handed
coordinate system.

The three constants A, 2,, and A, are called the eigenvalues of Eq.
(1-7-2) and the corresponding solutions are the eigenvectors fi,, &,, and fi,.
We might ask what happens, for example, if 1, = 4,. Itis easy to demonstrate
then (see Prob. 1-10) that any vector normal to i, is an eigenvector [solution
to Eq. (1-7-2)] with eigenvalue 4,. Thus we can always choose two orthogonal
ones which we can call i; and fi,, respectively, thereby completing our
coordinate system.

We shall come back to the subject of tensors when we find them useful
in electromagnetism. Suffice it to say at this point that the electric and
magnetic fields which we have always thought of as vectors will turn out
to be parts of a four-dimensional tensor of the second rank.

PROBLEMS

1-1.  Demonstrate the following vector identities.
@AxBxC=A-CB-(A-BC
b)A-BxC)=(AxB)-C
() Vuv = uVo + vVu
@V-uA=uV-A+ A-Vu
(&) VxuA=uV x A+ Vux A
NV - AxB=B-VxA-A-VxB
@ Vx({VxA=VV-A VA

0’A + O*A + J*A
axr ot 82

(W) VAA-B)=A x (VxB)+(A-V)B+B x (VxA)+ (B VA
() Vx(AxB)=B V)A—-(A-V)B+ AV B) — B(V- A)

where V2A =

1-2.  Show explicitly that
V-Wxv)=0 for any vector function v
V x Vf=0 forany function f

1-3.  Prove that if C is a closed curve, S is the surface bounded by C, and ¢ is any
function of space, then

jgodl=f(ﬁ x Vo) dA
c A
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1-a,

1-7.

1-8.

1-9.

1-10.

Show that the magnitude of a- (b x ¢) is equal to the volume of the parallelo-
piped determined by a, b, and c.

Let r be a vector from the origin to the point (x,y,z), and let ¢’ be a vector from
the origin to the point (x’,)’,z’). Evaluate the following expressions in terms of
randr’.

@V
1
b Voo
OV
(C) VZ—F—l—l?l— forr =/= r
(d)vx|rr:_rl:|3 forr # r

Prove the following vector identity for a volume ¥ enclosed by a surface S.

JVXVdV“—‘JﬂXVdA
| 4 S

where v is any vector function of space. (Hint: Examine the components of this
equation and use Gauss’ theorem.)

The trace of a second-rank tensor is the sum of all of its diagonal elements.
That is,

3
TrT = z Tkk

k=1
Show that Tr T is invariant under rotation.

Show that the sum of squares of all the elements of a second-rank tensor is
invariant under rotation.

If S and T are two second-rank tensors, show that ) S,; T;; is an invariant under
rotation. i

In diagonalizing a symmetric tensor S, we find that two of the eigenvalues
(4, and 4,) are equal but the third (4,) is different. Show that any vector which
is normal to fi, is then an eigenvector of S with eigenvalue equal to 4,.
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2
Principles of Electrostatics

2-1 INTRODUCTION: COULOMB’'S LAW

Our study of electromagnetism begins very simply with Coulomb’s law.
In the chapters ahead as we examine the beautiful structure of Maxwell’s
equations, we must try to remember that it all began as a law of force govern-
ing the interaction of two charged particles. It will be amazing to see how
much ground we can cover on this one tank of fuel.

As we all know, there is an attribute which exists in matter and which
we have come to call electric charge. Some objects may have positive charge
and some negative. Once a standard charge sign has been chosen, all other
charges can be classified in sign by whether they are attracted to or repelled
by the standard charge. Having done this, we observe that all pairs of
charges with like sign repel one another and all pairs with unlike sign
attract one another. This pseudosexual rule can be codified quantitatively
28
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by observing that the force of one charge on another is proportional in
magnitude to the product of the charges and inversely proportional to the
square of their separation. We then write down Coulomb’s law.

F,, = force by charge 1 on charge 2

q142(r; — 1y)
Iry —rJ?

(2-1-1)

Of course we must set up a system of units, and we do so in the most natural
way possible. We let distance be measured in centimeters and force in
dynes. Equation (2-1-1) then serves to define the unit of charge, which we
call the esu (electrostatic unit). Thus two equal charges, each of one electro-
static unit, will pull (or push) on each other with a force of one dyne if
they are set one centimeter apart.

If we have a number of charges around, then the force on each by all
the others can be obtained by simply adding the individual forces vectorially.
Ifq,, 495, . . . , q, are a set of charges at positions r, r,, . . ., I,, respectively,
then the force on g; is

F=YF-y 200 @12
iFi o In =1

We now introduce the notion of electric field. Having set our charges
41542 - - - » 4, into their positions ry,...,r, we can place a very small
charge at positionr = (x,y,z). We then measure the force per unit charge on
g in the limit as g approaches zero. (The limiting procedure is carried out
to avoid disturbing the other charges.) The result is the electric field E at
(x,y,2).

force on q at (x,y,2)

E(x,y,2) = lim
q—0 q

(2-1-3)

We have considered Coulomb’s law and defined E for a system of
point charges. There are no point charges in nature; we shall have to deal
with charge distributions over finite volumes. Hence we introduce the
notion of charge density. We define the function p(x,y,z) to be the charge
per unit volume at any point (x,y,z). Changing the sum in Eq. (2-1-2) to an
integral and making use of our definition of electric field, we have then

e [ PO =T)
E(x,,2) = E®) = f T

dv’ (2-1-4)

To develop a feeling for what we are doing in our integral, it is convenient
to refer to Fig. 2-1. We consider a charged object located in space and a
point given by the vector r at which we wish to evaluate the electric field.



30 PRINCIPLES OF ELECTROSTATICS

av’

Fig. 2-1 We obtain the field at
r by summing the contributions
of each element dV”.

We break our volume up into little pieces dV” and let the vector r’ go from
the origin to dV’. The charge of dV" is just p(r')dV. The field at r due to
this bit of charge is just

p(r)x — 1)

r =] dv

Equation (2-1-4) is obtained by adding all the contributions together.
As we perform the integration, r is, of course, kept fixed.

2-2 THE DIVERGENCE OF E; GAUSS’ LAW

The inverse square law governing the rate at which electric field drops off
as a function of distance from its source has an immediate and important
consequence. In a charge-free region the divergence of E is zero, and hence
within such a region the flux of E into (or out of) any enclosed volume is
zero. As we shall see, the flux of E out of any enclosed volume is just pro-
portional to the total charge contained within the volume. This result,
which is called Gauss’ law, provides an exceedingly powerful tool for the
calculation of electric field in a case of high symmetry. We shall make
considerable use of it.

We wish then to evaluate V - E explicitly. Nothing could be simpler.
Using Eq. (2-1-4), we obtain

) — 1)
V E®=V- /= 7
( ) J:]" |l' —_ l,/13
space

av’

We can next interchange the order of differentiation and integration. To
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convince himself that this is a legitimate procedure, the student should
carry out the same procedure with differences and sums. The difference
between two sums of a set of terms is equal to the sum of the differences.
We have then

PE)r — 1)

V-E@) = \% dv’ 2-2-1
( ) J;” |l' - l', 3 ( )

space

Since p is not a function of the variables x, y, z with respect to which
we are differentiating, we can rewrite this as
’ r - r’ ’
V- E(r) =J pEY)V T dV’ (2-2-2)
all |r - r |
space

But
r—r

‘ 1 . 1 ,
VF:—FT=<VW>(T—T)+F—:—;,T5V (l'—l')

Evaluating the various terms in the above expression, we have

1 __3(r—r’)
|r—r’3— r—r°
Vr-1r)=V-r=3
and hence
r—r -3 3
[ e P A

We thus conclude that V - E is zero in any charge-free region, as long as ¢’
can never equal r. We need only consider then the integral over an infini-
tesimal sphere about the pointr = r’:

7

r—r

. = VYV e dV’

V- E(r) J; herep(r)v lr — I"P
about r

We can remove p(r’) from the integral since it does not vary much over the
immediate neighborhood of r. We evaluate it at r.

V-E@ = p@ Vo v
sgml{ sphere |l’ —-r
about r

3

Now differentiating (r — r’)/|r — r’|® with respect to x, y, or z is equivalent
to differentiating with respect to —x’, —)’, and —z’. That is to say,

r—-r , r—r
/3=_
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where

(e o @
V‘(a_wa—)

This gives us the result
V-E@I = —p() v’

Jsphere
about r

r—r

. _|r S dv

By Gauss’ theorem [Eq. (1-4-3)] we convert this to a surface integral.

[ r—r r—r

V- E@ = +p(@ daA’

Jsurface 'l‘ - l',|3 - Il' - l"l
of sphere
about r

dA’
surface |l' - l./|2

of sphere
about r

= p(r)

The integral on the right is just equal to 47. Thus we have
V- E() = 4np(r) (2-2-3)

This result is one of the four basic equations of Maxwell and lies at
the foundation of electrostatics. It says, in effect, that electric field can
only have a net flux into or out of a region if there is charge within the
region. We use this to derive Gauss’ law by integrating over a volume V.

J V-E@dV = 4n j p(r) dV (2-2-4)

The left side of Eq. (2-2-4) can be transformed into a surface integral
by means of Gauss’ theorem.

JV-EdV=JE-ﬂdA
v s

The right side of Eq. (2-2-4) is just 4z times the total charge Q within the
volume. We have then

J E-fdAd = 470 (2-2-5)
S

In other words, the total flux of electric field out of any given volume
is just equal to 4x times the charge within the volume.

Gauss’ law greatly facilitates the determination of electric field in
situations characterized by high symmetry. We illustrate its application by
calculating the field everywhere due to a spherically symmetrical, uniform
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charge distribution of radius R and total charge Q. For convenience we
set the origin of our coordinate system at the center of the sphere, as shown
in Fig. 2-2, and let r be the distance from the origin to the point at which
we wish to determine the field. Obviously, by symmetry, the field must be
radial in direction with magnitude only dependent upon r. We set an
imaginary spherical surface at radius r and observe that the total flux of
E out of the volume enclosed by this surface is just 4nr?E(r). If r < R
then the charge within the surface is just Qr3/R3. We have then

E(r < R) = %
(2-2-6)
Erz R) = -—Qz—-

2-3 A FEW WORDS ABOUT MATERIALS; CONDUCTORS

At this point we must say a few words about the electrical nature of materials.
Later, in Chap. 10, we will try to give a more detailed and extensive picture
of what actually goes on at the microscopic level. For now we will be rather
brief and somewhat incomplete.

As we all know, matter is constituted of positively charged heavy
nuclei surrounded by negatively charged light electrons. The scale of
physical dimensions of macroscopic bodies is determined by the natural
radius of an electron cloud about the nucleus, about 10”8 cm. Hence
about 10%* clectrons are typically packed into a cubic centimeter of solid
material and provide the bonds which keep it together. The outermost

() x

r Fig. 2-2 We use Gauss’ law to
determine theelectric field every-
where due to a uniform spheri-
cal charge distribution of radius

z R.
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electrons in each atom are relatively easy to move about and can act as
charge carriers in conductors.

Now, to get some physical feeling for the strength of electrostatics,
we should point out that if every electron were removed from each of two
I-gram pith balls and they were placed 1 cm apart, the force of repulsion
between them would be about 102° dynes or about 102° tons! A more
relevant illustration (suggested to the author by Prof. D. A. Bromley) is
the fact that if all the electrons were removed from one-tenth of a cubic
millimeter of the material on the nose cone of an Apollo rocket in some
unspecified manner and brought down to the pad, the attraction between
these electrons and the remaining positive charges on the nose cone would
be sufficient to anchor the rocket firmly in place despite full thrust from the
first stage. Remarkable indeed! We see thus that the fraction of available
electrons which are involved when we charge or discharge an object is
infinitesimal.

Some materials have the property that all their electron clouds are
quite strongly bound to the individual positive nuclei. In this case the applica-
tion of a reasonable local electric field within the material serves only to
stretch the bonds between electrons and individual nuclei and not to break
them. As we shall learn shortly, the material is then polarized but no real
current flows. Such materials are called dielectrics.

Within some materials, called conductors, the application of an electric
field causes the outermost electrons about each nucleus to move relatively
freely from atom to atom and to continue moving as long as any field
remains within the conductor. If our conductor is isolated, then the moving
charge will pile up somewhere until it just neutralizes the applied field
within the conductor. At that point no further charge will flow. (There is
a tacit assumption here that the momentum picked up by the electrons
as they accelerate can be ignored. This assumption is valid because each
electron can only accelerate for a very short time before colliding with an
atom.)

The fact that the electric field within a conductor is zero in static
equilibrium permits us to deduce that the charge density is zero within the
conductor [see Eq. (2-2-3)]. Hence whatever charge has piled up must be
on the surface of the conductor.

Let us apply some of what we have just learned to the solution of a
simple problem. We have two concentric conducting spheres, as shown
in Fig. 2-3. The inner sphere has inner radius @ and outer radius b. The
outer sphere has inner radius ¢ and outer radius d. We place a charge @,
on the inner sphere and a charge @, on the outer sphere. We would like to
know how the charge is distributed and what the value of electric field is
at every point in space. We let g,, 6;, 0., and o, be the unknown surface
charge densities per unit area on the surfaces with radii q, b, ¢, and 4,
respectively.
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Fig. 2-3 Two concentric conducting spheres
have charges O, and Q, placed on them. We
wish to evaluate the surface charge densities and
electric fields,

Again symmetry tells us that the electric field must be in a radial
direction and its magnitude can only depend on the radius from the center,
r. The imaginary gaussian surfaces through which we evaluate the flux of
E are, of course, spheres at various radii. We see immediately that E = 0
for0 < r £ asincethereis no charge within the inner sphere. Fora £ r £ b,
we are within the conducting material, and so E = 0. Hence there can be
no charge density on the inner surface of the inner conductor (g, = 0).
All of O, must appear on surface b, and we conclude that

o,

Oy = —5
T 4np?
Between the two spheres we have

_ 40, =g1_
2

Eb=rz9= 4nr? r

Inasmuch as there is no field within the second conductor (¢ £ r < d)
the total charge on the inner surface of the outer conductor must be —Q,.
Hence

it

c
¢ 4nc?

Finally the remaining charge on the outer conductor appears on its outer
surface, leading to the result that

_ O+ O
%= " hd

The field outside the second conductor is thus

E("gd)=91—:—;—&
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2-4 THE CONSERVATIVE NATURE OF ELECTROSTATICS: POTENTIAL

We will now demonstrate that the electrostatic force is conservative. That
is to say, the work done by it as we take a charged object from one point to
another is independent of the path taken between the two points. (Another
example of a conservative force is gravitation.) Alternatively, the work done
by this force as we go around a closed loop is zero. The proof is very simple
and rests upon an application of Stokes’ theorem, viz.,

§E-dl=fv x E-fidA

Thus we need only show that V x E = 0. Using Eq. (2-1-4), we have

’

VxE =f pE)V x —— = ay’ (2-4-1)
all |l' =T

space

But

r—r 1 ; Vx(@-r)
e A L A mr L

V x

NowV x (r = r) =V x r = 0. Also, V(1/|[r = r’|?) is the same direction
asr — r’, and hence

v ! Xx@—-r)=0
e —rP -
We conclude that V x E = 0, at least as long as r is not equal to r’ at any
point in our integral. To cope with the contribution from the neighborhood
where r = r’, we again convert our volume integral into a surface integral.

s

r—r
VXE-= eV X ——=dV’
.[zmau |1'—1'|3

sphere
about r

We can take p(r’) out of the integral and evaluate it at r, leaving us with the

equation
r—-r
V x E = p(r) V X ——r dV’
sphere ll' - r |
about r

Now, for any vector function v, we have the general identity

j vadV=J f x vd4 (2-4-2)
vol surface

(This identity is easily proven by examining its components and using



2-4 THE CONSERVATIVE NATURE OF ELECTROSTATICS: POTENTIAL 37

Gauss’ theorem.) Changing V to —V’ and using (2-4-2), we convert our
expression for V x E to a surface integral.
r—r

V x E = —p(l‘) " x F‘:—;TTdA/ (2-4-3)

surface

of sphere

about r
The right side of (2-4-3) is zero since the normal &’ is just parallel tor — r'.

Hence, for the case of electrostatics,
VxE=0 (2-4-9)

We conclude that E is conservative. The integral | E - dl between two
points is independent of path.

We can now choose an arbitrary reference point and evaluate | E - 1
from any point r to this reference point. It is conventional to take the refer-
ence point at infinity in the case of electrostatics. We define the function
¢(r), called the potential function, by the equation

o) = j E-dl (2-4-5)

If we evaluate the potential function ¢ at two points 4 and B, then the
work done by E per unit charge moved from A4 to B (if all other charges
are kept fixed) is just p(4) — @(B). Letting point 4 be given by r and
point Bbyr + Ar, we have

@(4) — ¢(B) = ¢(r) — ¢(r + Ar) = E- Ar
But
o + Ar) — o(r) = Vo : Ar
Since Ar is arbitrary, we conclude that
Vo = —E (2-4-6)

To summarize, the conservative nature of electrostatics permits us to
set up a potential function ¢(r) defined for every point in space such that
the gradient of ¢ is equal to the negative of the electric field. The power of
this observation will become apparent when we discover that it is often
easier to determine ¢ than it is to determine E directly.

Let us evaluate the potential function at a distance r from a point
charge q.

o(r) = j ) r‘iz dr = % (2-4-7)

r

If we have a distribution of charge p(r’), we sum the contributions to the
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potential and obtain

J* plr ),. v (2-4-8)
all |l' —-r l
space

In the case of a conductor the absence of any internal electric field
ensures that it is an equipotential. We might return then to the problem of
the two concentric spheres with charges @, and Q,, respectively (see Fig.
2-3), and evaluate the potentials on these spheres. The potential on the inner
sphere is obtained by integrating from radius b outward.

o) = jc E(r)ydr + Jw E(r) dr
d

b

=L%+j;Q1;Q2dr

{1 1) .0+ 0
_Q‘<7)— c>+ d

The potential on the outer sphere is just ¢(d) = (@, + Q,)/d.

We now make a very simple application of what we have just learned
to demonstrate that the electric field at the surface of a conductor is per-
pendicular to the surface. Figure 2-4 shows a portion of that surface and
the path for which we wish to evaluate §E - d1. The legs of the path which
cross the surface are assumed to be of infinitesimal and negligible length.

Path of integration for
cvaluating §E-dl

Fig. 2-4 We evaluate § E * dl for the path shown at
the surface of a conductor. In order that the integral
be equal to zero we must have no tangential electric
field just outside the conducting surface.
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Since there is no field inside the conductor, we conclude that the contribu-
tion to the leg outside the conductor must be zero. Hence there is no tangen-
tial component of electric field at the conducting surface.

We can use Gauss’ law to obtain the magnitude of E at the surface
of a conductor with surface charge density = 6. We enclose the surface,
as shown in Fig. 2-5a, within a flat thin box of negligible thickness and area
AA and evaluate the flux out of the box.

Flux = (E)(AA4) = 4ncAA
Hence the field at the surface of a conductor is

E = 4no (2-4-9)

E = 2ra

Fig. 2-5 (q) We ¢valuate the field at a con-
ducting surface in terms of g, the charge density
per unit area. (b) A little section of the surface
charge considered all by itself would give rise
)] to a field of 2no on either side of it.
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If we now have a good look at our little area A4, we see that the
surface charge on it (o), if considered all by itself, would give rise to a field
of 2r¢ pointing in on one side of it and 2re pointing out on the other side
(see Fig. 2-5b). That means that all the rest of the conductor must give rise
to a field 270 pointing out, just at the surface. On the inside of the surface
this field from the rest of the conductor cancels the ingoing 2r6 from the
little segment A4. On the outside of the surface the field from the rest of the
conductor augments the field from the segment A4 to give us the result of
Eq. (2-4-9).

Knowing how much of the field is contributed by the local surface
charge ¢ and how much is contributed by the rest of the conductor permits
us to calculate the force on the little bit of surface area A4. We just multiply
the local charge (¢AA) by the field due to the remaining charges (2no)
and find

F = 2no*A4 (2-4-10)

In other words, the surface of a conductor feels an outward-going pressure
given by

P = 2no? (2-4-11)

Let us apply what we have just learned to a very simple problem.
We will calculate the force between two charged conducting plates, each
of area A and separated by a distance d (see Fig. 2-6). We will assume the

d
M -~ q
aZa_—T
[—01p
[*—02
. Jpp—
Fig. 2-6 Two conducting plates of area A are separated
by a distance 4 as shown. A charge Q, is placed on one
J J and a charge Q, on the other. We would like to find

o 2, the total force that one plate exerts on the other.
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lateral dimensions of each plate to be large compared with d and the thick-
ness to be small compared with d. We will also assume a charge Q, on the
first plate and a charge Q, on the second plate.

Referring to Fig. 2-6, we have taken the charge densities on the four
relevant surfaces to be ¢y, 6y, 6,,, and g,,, respectively. Of course, their
values are subject to the constraint that

0
et 71 (2-4-12)

_ O

G20+ 03 = i

We can next calculate the fields in each conductor in terms of a,,, 6,
04> 025 and then set these fields equal to zero. Each sheet of charge makes
its contribution of 2n¢ with a sign which depends on whether it is to the
left or right of the region of interest:

E in conductor 1 = 2n0,, — 2n0,, — 2n0,, — 2n0,, = 0
. (2-4-13)
E in conductor 2 = 2n0,, + 2706, + 2n6,, — 2n0,, = 0
We can solve the four equations above for the four unknowns, and we
obtain

_ 01+ 0,
O1g = 02p = 24 24-14)
O1p = —02, = glz_A—Qz

To evaluate the force on each plate we make use of Eq. (2-4-11).
We will take as positive a force to the right and as negative a force to the
left.

]

F, = forceon plate | = —2no,,24 + 2n0,,24

—2n0,0,
Belii 2% 7 2.4-15
1 ( )
F, = force on plate 2 = —2n0,,24 + 2n0,,24
- T2 (2-4-16)

Just as we expected, we find the forces to be equal and opposite. The mag-
nitude of the force, to the approximation used here, does not depend on d.
Obviously, when d becomes large and of the same order as the transverse
dimensions of the plates, this approximation will no longer hold.
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Incidentally, the electric field between the plates is given by 4no,, or
—4n0,,.

Ebetween plates — _%E(_Q%Q_Q (2-4- 1 7)

We will return to this rather simple example again as we develop more
sophisticated techniques for evaluating the forces on collections of charges.
In the meantime, we go on to a detailed study of techniques for determining
the potential function ¢.

2-5 SOME IMPORTANT THEOREMS ABOUT POTENTIAL
FUNCTIONS; BOUNDARY CONDITIONS AND UNIQUENESS

As we have already pointed out, finding the potential ¢(r) is a convenient
way of determining the field. The fundamental differential equation obeyed
by the function ¢ can be obtained from Eq. (2-2-3) by substituting —Ve
for E.

2, = =

Vg = W + Ey—z + Fy 4zp (2-5-1)
(The operator V2 = 0%/0x? + 8%/0y* + 8*/0z* is called the Laplacian.)
We will now demonstrate a remarkable set of theorems which relate to the
uniqueness of our solutions for ¢ subject to Eq. (2-5-1) and appropriate
boundary conditions.

As the first step along the way, we prove a simple lemma called the
mean value theorem. The theorem states that in a charge-free region the
average value of potential on the surface of any hypothetical sphere is equal
to the value of the potential at the center of the sphere.

Let our spherical surface have radius a. Let ¢ be the average potential
on the surface. Then we have

_ dA 1
- J;urface ¢ 47'[(12 B E £urfacc ¢ @ (2'5'2)

where dQ is the element of solid angle subtended by d4. Differentiating
¢ with respect to a, we obtain

o ¢ o
22

dp 1 O 1

E‘_ a E J;urfucc a d(z - a’; surface V(p ﬁ dfz (2-5-3)
Substituting back again for dQ), we rewrite Eq. (2-5-3) as

ag 1 1

== Vo fidd = — 2o dV 2-5-4

da 47!(12 J;urfncc (p d 47“12 J\vol V ¢ d ( 5 )

of sphere

Since VZp = 0 in a charge-free region, we have dj/da = 0, and hence ¢
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does not depend on the radius of the sphere. Thus we have proven our
theorem.

Peenter = Pla = 0) = ¢(a) (2-5-5)

There is an obvious byproduct of this theorem, called Earnshaw’s theorem,
which states that ¢ cannot have a local maximum or minimum in a charge-
free region. The proof of this theorem requires only that we take a small
sphere about our presumed maximum or minimum. The potential on the
surface of the sphere will presumably always be less than (or more than)
its value at the center, violating the mean value theorem.

We shall note here that the two theorems we have just proved relate
to any function f(x,y,z) which satisfies the equation V*f = 0. We will make
use of this fact in our further work.

We next examine a situation in which we have a set of N conductors
held at potentials @,, ¢,, ..., @y. In addition we have a charge density
p(r) specified for all points outside the conductors. We will show that
there is one and only one solution to the differential equation (2-5-1) which
goes to zero at infinity and which is equal to the appropriate potential on
each of the N conductors.

One solution to the problem is, of course, given by Eq. (2-4-8), where
we take care to integrate over the surface charge distributions on all the
conductors. That this is the only solution is not so obvious.

Let @,(r) and ¢,(r) be two solutions which satisfy the boundary
conditions and the differential equation (2-5-1). Then, letting f = ¢, — ¢,,
we have

Vi = Vi, ~ V3¢, = —dnp + 4np = 0

Therefore f has no minima or maxima anywhere. Since f is zero on the
surface of every conductor and also at oo, it must be zero everywhere.
Thus ¢, = ¢, and our theorem is proved.

Instead of fixing the potentials at each conductor, we might set each
total charge to a definite value. Thus the N conductors would have charges
0., 0, ..., Qy, respectively. In addition the charge density outside the
conductors is again taken as p(r). We will demonstrate that the solution
for ¢ which satisfies Eq. (2-5-1) and leads to the appropriate values of Q;
is unique. This is a very powerful result since it implies that the charge Q;
will arrange itself in a unique way on the ith conductor. Again the proof
is carried forth by first assuming that ¢, and ¢, are both solutions to our
problem and then examining f = ¢, — @,.

We remember that the field at the surface of a conductor is just equal
to 4nofi. Hence we have

-1
0 = f 0,dd, = Z{f Vo - hdA, (2-5-6)
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If both ¢, and ¢, satisfy Eq. (2-5-6), then f satisfies the equation
j Vf-td 4, = 0 (2-5-7)

Just as before, V2f = 0 outside the conductor and f = 0 at co. Again
Earnshaw’s theorem requires that f have no maximum or minimum outside
the conductor.

Suppose for a moment that f* is not zero on every conductor. Then there
is one conductor for which f'is either the most negative or the most positive.
Since no minimum or maximum can exist outside the conductors, this
particular conductor must be an absolute extremum. Hence Vf- i must
have the same positive or negative sign at all points on the surface and
Eq. (2-5-7) would be contradicted. We conclude that f must be zero on all
the conductors. Again this leads us to the result that f = Q everywhere.

Now, of what use are these uniqueness theorems anyway? The answer
is very simple. There are many general techniques for solving Eq. (2-5-1)
subject to specific and complete boundary conditions. Once a solution
has been found which satisfies the complete set of boundary conditions,
our job is done. We need to look no further; we have the only possible
solution to the physical problem at hand. Furthermore, if by a bit of clever-
ness we can see the answer quickly, all the more power to us.

To see the possibilities inherent in this approach let us solve a problem
which would seem well nigh impossible if handled in a routine way. We
place a large sheet of conductor on the yz plane and ground it (¢ = 0 for
the conductor). We then bring a charge ¢ to the point x = g, along the x
axis (see Fig. 2-7). We would like to find the field at all points with x = 0,
and we would like to know how much force is exerted on the charge.

=0

AANNNNNN

Fig. 2-7 A charge ¢ is placed at a distance
a from a grounded plane.

=
i
o
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What exactly are the requirements that must be met by ¢ in the region
x 2 0? First, V2 must be zero everywhere except at the charge itself.
Second, ¢ = 0 at x = 0 and at x = oo.

Suppose we were to examine an entirely different problem, where the
conducting sheet was removed and replaced by a charge —~¢ on the x axis
at the point x = —a. This problem would be simple to solve. But the most
obvious fact about the new problem is that the potential ¢ is zeroat x = 0
and corresponds to the same charge distribution for x > 0 as we had
previously. Hence it is exactly the potential we seek. The field in the region
x Z 0 is then also the same for the two problems. Finally we conclude
that the force on a charge ¢ at a distance a from a grounded plane is just
q*/4a* toward the plane. This technique for finding ¢ is called the method
of images.

We will very shortly come back to potential theory and develop some
techniques for determining potentials. In the meantime, though, we go
back to charge distributions and the nature of matter to investigate the
notion of electric dipole moment and polarization.

2-6 ELECTRIC DIPOLE MOMENT; POLARIZATION; DISPLACEMENT FIELD

Most matter is electrically neutral but with the property that an applied
electric field can cause some polarization. This can happen in one of two
ways. If the atoms are basically symmetrical, then they can be unbalanced
or polarized to the extent that the applied electric field can compete with the
atomic fields. Alternatively, the molecules themselves may be constructed
in such a way that they are not electrically symmetrical. In that case, if the
molecules are free to rotate, as in a liquid, they can be “lined up” by the
applied field. The extent of alignment will then depend upon the temperature
because the molecules are continually being depolarized by collisions.
Figure 2-8 illustrates these two types of behavior.

In any case, we deal with the field-distribution characteristic of the
electric dipole. Let us begin by examining the field due to two equal and
opposite point charges set a small distance / apart. We draw a vector 1
from the negative to the positive charge, as shown in Fig. 2-9, and let r
be the vector from the negative charge to the point P at which we wish to
evaluate the field. We let r’ be the vector from +q to P. We will assume
throughout that |/| << r and hence that terms of the order of /2/r? can be
ignored. Clearly, we can now write

o0 = (5 - +) (-61)

r

Now
r=r-—1 (2-6-2)
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Symmetrical Asymmetrical
atoms dipoles

No field "Q
a +

Fig. 2-8 The application of an electric field will polarize matter by either polarizing the
molecular charge distributions or aligning the permanent molecular dipoles.

and hence

r=Jrr+PF-2-1 (2-6-3)

Ignoring terms of order //r?, we rewrite Eq. (2-6-3) as

, 2r -1
reryl - pe
r-l
> (1 - —2~) (2-6-4)
r
Substituting back into Eq. (2-6-1) and remembering that
ot v
7T+ (@R
we find
+4ql-r
o) = 5 @6-5)

We now define a new vector p which we call the dipole moment of this system.
p=gdl (2-6-6)
We finally have then

o) = —p- V—lr— (2-6-7)
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Fig. 2-9 We wish to evaluate
the field due to two closely spaced,
equal, and opposite charges.

The important thing to note here is that the potential drops off as
1/r?, and hence the field drops off as 1/r. It is interesting to examine the
field distributions qualitatively. We note first that ¢ = O for all points in
the equatorial plane about p (such that p - r = 0). Above this plane, in
the direction of p, ¢ is positive. Below this plane ¢ is negative. Hence, in
the equatorial plane the gradient of ¢ must be in the direction of p and
the direction of E must be opposite to p. Just along the line containing p
we find the field in the same direction as p. A picture of this field distribution
is shown in Fig. 2-10.

We next examine the more realistic problem of a spatially confined
charge distribution given by p(r’) such that the net charge of the distribu-
tion is zero. An example of this is, of course, the atomic system. We are

Fig. 2-10 The field distribution due to an electric dipole p.
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again interested in the field at a distance from the charge distribution which
is large compared with its size. We shall show that to first approximation
this field looks like a dipole field.

The charge distribution is shown in Fig. 2-11. The potential ¢(r) at
position r is given by Eq. (2-4-8):

0= A
charge

dl 2'6"8
r r/ ( )

To first approximation, noting Eq. (2-6-4), we have

L _1_<1 L ) (2-6:9)

k—r] r r

Substituting back in Eq. (2-6-8), we have

1
o(r) = —J pr)dv’ + L3 o dv’ (2-6-10)
r charge r

charge
distribution distribution

Remembering that the net charge is zero, we remove the first term on the
right of Eq. (2-6-10), leaving us with the old result for a simple dipole:

1
o) = ~p-V—

where

p= J oy dV’ (2-6-11)
3?:11;'i§ution
We see that any “‘neutral” charge distribution can be represented, to first
approximation, by a dipole whose dipole moment is given by Eq. (2-6-11).
That this integral reduces to Eq. (2-6-6) in the case of two equal and opposite
point charges is obvious.

Fig. 2-11 We integrate over a
charge distribution with no net
charge to find the dipole field at
large distances.
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Now, if we look into a bit of matter, we see immense numbers of these
little dipoles, and it becomes necessary to talk about dipole moment per
unit volume. We define the vector field P(r) such that for a little bit of volume
dV at position r the dipole moment dp will be given by

dp =Padv (2-6-12)

We now wish to find the potential ¢(r) which results from a distribu-
tion of free charge py(r) and dipole moment per unit volume P(r). By free
charge we mean the charge which is not paired off as part of a dipole. Using
Eqgs. (2-4-8) and (2-6-7), we write

pe(r’) dV’ J , 1

M) = o - P(r) V——dv’ 2-6-13

o(r) Ll F—r " () F— ( )
space space

Remembering again that

v 1 - v 1

F=v" k=7

we have
pr(r') dV’ f ,  P@)

r) = 4 Vo —=dV’

o J;ll |r - r all |r - "|
space space
_ j VoPE) o 2619
all ll' - T

space

The second term on the right-hand side of Eq. (2-6-14) can be transformed
into a surface integral at infinity. Since P = 0 at infinity, we can write

J‘ Vz . P(r ), dV/ = J\ P(l' ) * ﬂ ,dA — O (2_6_15)
all Il’ ~ T surface |l' - T
space at ©
Hence we write
o(r) = f LR J Pe(t) 4y (2-6-16)
all l" -T all |" - T
space space
where
pp= —V-P (2-6-17)

We conclude that the entire effect of polarization can be taken into account
by introducing a polarization charge equal to —V - P and calculating as
though this were a real charge.
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We can now go back to our basic differential equation for E, Eq. (2-2-3),
and separate p into its two parts.

V-E =4np
= 4n(pr + pp)
= 4n(pr — V- P) (2-6-18)
Rearranging terms, we have
V- (E + 47P) = 4np; (2-6-19)
We define a new vector field D everywhere in space by the equation
D =E + 4P (2-6-20)

Substituting back into Eq. (2-6-19), we obtain the appropriate Maxwell
equation in the presence of matter.

VD = 4np; (2-6-21)

We conclude then that the free charge density py can be regarded as a local
source of D in the same way as the total charge density p can be regarded
as a source of E. That is where the similarity ends, however. Specifying the
total charge density everywhere determines E completely by means of
Eq. (2-1-4). Specifying py does not determine D completely. For example,
a block of permanently polarized material with no free charge can certainly
give rise to an electric field near it. Hence we would have a D field in the
complete absence of any pr. The magnitude of D would depend on the
magnitude and distribution of P.

Returning to Eq. (2-6-20), we note that there is often a linear relation-
ship between the electric field at a given point and the polarization at that
point. We can then write

P =)E (2-6-22)

where y, called the electric susceptibility, is in general a second-rank tensor.
In the simple-minded case where y is just a number, it is usual to write

D = ¢E (2-6-23)
where ¢, called the dielectric constant, is given by
e =1+ 4ny (2-6-29)

We can establish some very simple rules governing the behavior of
the E and D fields at the boundary between two regions of differing di-
electric constant. We assume that no free charge is present at the boundary.
Figure 2-12 shows a portion of such a boundary between regions I and II,
respectively.
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— ~
~
— \
e [ [
I — N i
~N
~N
~N
~N
— \
- Fig. 2-12 We determine the behavior of E and D at the
~ interface between two dielectrics.

We first place a flat thin volume across the boundary and apply
Gauss’ theorem. Since there is no free charge within the volume, the flux
of D out of the volume is zero. The normal components of D on either side
of the boundary are thus equal.

D,*fi=Dy h (2-6-25)

We then take a path of integration shown and evaluate the line integral
f E - dl around the path. Since it must be equal to zero, we conclude that
the tangential components of E must be the same on either side of the
boundary.

Etmg = szllng (2'6'26)

These rules will make it possible to calculate the direction and magnitudes
of E;; and Dy; from the direction and magnitudes of E; and Dj if we are given
the two dielectric constants.

2-7 THE ENERGY OF A CHARGE DISTRIBUTION

We will now determine the energy of an electrostatic charge distribution.
In doing so, we will at first ignore the energy corresponding to the forma-
tion of the dielectrics themselves but evaluate only the energy which is
added to the system through the introduction of the free charge. The energy
of the system will be considered to be zero when all free charge has been
removed to infinity and only the dielectrics and conductors are left in
position. All polarizations will be assumed proportional to the applied
fields.
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Let us take pr and ¢ to be the final distributions of free charge and
potential, respectively, after our system has been completely set up. If
we had somehow decided to place a factor of « as much charge everywhere,
then our potential would be changed by the same factor a. That is to say,
if the charge distribution py leads to the potential distribution ¢, then the
charge distribution ap, would lead to the potential distribution ag. (We
must repeat that this depends upon the assumed linearity of the dielectrics.)

Now let us bring in the charge from infinity, a little bit at a time.
That is, let « go from 0 to 1, in infinitesimal steps. As we go froma to o + do,
we have

dU = increase in energy

= J (@) (pr do) dV 2-7-1)
all

since a¢ is the potential to which the additional bit of charge pp dx dV
is brought. The final energy is then

1
U=f adaJ‘ QppdV
0 alt
1

space

=5 pre dV (2-7-2)
all

space
If we have conductors present, then ¢ is a constant within their boundaries
and we have

1 1
U=— pro dV + 5 2 Qi (2-7-3)

outside cond
cond

where Q; is the charge of the ith conductor.
We can rewrite U in a somewhat different form. Let us remember
that V- D = 4np,. Hence, going back to Eq. (2-7-2), we can write

~

1 1
U= — pro dV = — (V- -D)ypdV
2 Jall 87[ all
space space
1 *
= — [V:(¢D) — Vo - D]aV
8% Jan
space
—1 [ DﬁdA+1 D-EdV 2-7-4)
—Sﬂdsm(p 87[ all (--

space
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where S is a surface at infinity. But D goes down as 1/r? and ¢ goes down
as 1/r. Hence

J ¢oD-fid4d -0 asr — o
suo

We are then left with

1
U=— D-Edv (2-7-5)
7 Jan
space

At this point we might ask what the expression for energy would
look like if we really knew what was going on in the material and chose to
include the energy of formation of the dielectric into our tally. We would
then have no need to introduce D at all but would use only the total charge
density p and the electric field E. The energy of the system would then be
written simply as

1
Utotal = g;t— J‘u E2 av (2'7-6)
gpacc
or
1
Uiora = D) Jll pp dV 2-7-7)

space

In general, Eq. (2-7-6) will give a smaller value for the energy than Eq.
(2-7-5) because D is usuvally larger than E. This is because the dielectric
itself has a net negative energy corresponding to the binding of negative
and positive charges.

We now apply these results to a very simple example. We will calculate
the energy stored in a parallel-plate capacitor, with no dielectric present,
and then make use of this to determine the force between the plates (see
Fig. 2-13). We assume a charge of +Q on one plate and — Q on the other.

A +0Q
C D)

Fig. 2-13 We calculate the energy stored
! in a parallel-plate capacitor. We again find
the force between capacitor plates but this
—Q time by considering the change in energy as
C 2 we reduce / while keeping Q constant.




54 PRINCIPLES OF ELECTROSTATICS

The area of the plates is 4 and their separation is /. By our first method
we have

i 1
Us==Y00: =~ QAp

where Ag is the potential difference between the plates.

A(p=EI=47wl=inA—Ql

Hence
2nQ*
U= y (2-7-8)
By our second method
1, _ 1 (4nQ\* 2zQ%
U= §E (volume between plates) = 81:( 7 ) 4 = Y

We note that the stored energy decreases as the separation between plates
decreases. Since all the stored energy is in the gap, this tells us that the
force between plates is
dUu  —2nQ?
F=-="4
with the minus sign indicating that the force tends to decrease /. This is
in agreement with the result obtained earlier [see Eq. (2-4-15)]. If our
plates were attached to a battery (A¢ constant), the situation would be
somewhat different. The energy between the plates would be

L (A‘P>2 14 = B4

8n\ I 8nl

Here the energy stored between the plates increases as the gap decreases.
Indeed, the change in electrostatic energy for a given small displacement
is equal and opposite to that given by Eq. (2-7-9). Obviously the total energy
stored in the system must still decrease as before, when / is decreased (since
the force is just as attractive as before). Thus the battery runs down by an
amount equal to twice the mechanical work done by the fields.

(2-7-9)

2-8 THE GENERAL THEORY OF CAPACITANCE

We will investigate the notion of capacitance in a rather general way,
beginning with one or two conductors but then extending ourselves to an
indefinite number of conductors. This will give us a tremendous amount of
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insight into the linear nature of electromagnetism in addition to providing
powerful techniques for the solution of specific problems.

We start with one of the most important of all principles in physics
and one which we will encounter many times when we deal with quantum-
mechanical systems. This is the superposition principle. Within the present
context the principle states that if a charge distribution p , leads to a potential
distribution ¢ 4 and a charge distribution pg leads to a potential distribution
@g, then the charge distribution p, + pg will lead to the potential distribu-
tion ¢, + @z (We must be careful here to use the entire charge density
if we want to be rigorously correct. Otherwise nonlinearities in the dielectric
will lead us into difficulty.) We need only go back to Eq. (2-4-8) to sce that
this principle is obviously true. The value of this principle will become
apparent in cases where the solutions to V2¢, = —4np, and Vipg =
~4npy are easier to come by than the solution to V2¢ = —dn(p, + pg).
We will then solve for ¢, and ¢ and add these solutions together to obtain
®.

Let us consider first the case of only one conductor in space and
nothing else (no other charge). If we place an amount of charge Q, on the
conductor, its potential will rise to some value ¢,. An amount of charge
aQ, would lead to a potential agp,. Clearly then there is a proportionality
between the charge on the conductor and its potential which we can express
as

Q = Cpeonq (2-8-1)
The proportionality constant C is defined to be the capacitance of a single
conductor. In the case of a conducting sphere of radius R, where the poten-
tial is just given by

Dspheee = % (2'8'2)
we see that the capacitance is just R.

It is amusing at this point to calculate the capacitance of the earth.
Its radius is roughly 6500 km or 6.5 x 108 cm. This is not a very large
number. Indeed, converting to “‘practical” units, we would find it to be
equal to only about 700 microfarads. Alternatively, we can observe that
if we removed the electrons from only a gram or so of material, we could
raise the potential of the earth by 140 million volts. This in turn would lead
to an electric field at the surface of about 0.2 volt/cm. Clearly then the
positive and negative charges on the earth are very well balanced indeed,
and it takes rather little to disturb this balance. That is why the flood of
charged particles coming from a solar flare plays such havoc with radio
communications on earth,

We next consider the case of two conductors where one has charge
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+ @ and the other has charge — Q (see Fig. 2-14). Let ¢, be the potential
on conductor 1 and ¢, be the potential on conductor 2. If we multiply Q
by a constant factor, then both ¢, and ¢, will be multiplied by the same
factor. Hence ¢, -- ¢, is proportional to Q; that is, Q0 = C(p, — @,).
The proportionality constant C is the capacitance of a two-conductor
system.

It is clear that the linearity of electrostatics permits us to specify
important electrostatic properties of conductors which are quite indepen-
dent of their charges cr potentials but depend only on the geometry of the
system. We generalize now to a system of N conductors and no extraneous

charge. Let the charges on the conductors be O, Q,, O3, ..., Qi - . .,
QOx. The potentials will then be ¢, ¢,, ..., @, . . ., y. We seek a way
of specifying Q,, . . ., Qy in terms of ¢,, . . ., @y, dependent only upon

the geometry of the situation.

We begin by solving a subsidiary problem. Let us ground all conductors
except the first one. That is, let ¢, = 0 for i &= 1. For this first subsidiary
problem we will have a charge Q,(1) on the ith conductor. If every charge
were to be multiplied by a factor a, then every potential would be multiplied
by the same factor a. All those for i # 1 would, of course, remain zero.
The potential on the first conductor would become equal to a¢p,. Hence
we can write

0,(1) = Cy104
0.() = Cyy0,
0:(1) = Cs,0,

Ox(1) = Cy 0, (2-8-3)

+0

Fig. 2-14 Two conductors, one with
-0 charge + @ and one with charge —Q.
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We now solve a second subsidiary problem. We ground all conductors but
the second and set the second to ¢,. We have then

0.2 = Ci10,
0,2 = Cy0,

On(2) = Cyz0, (2-8-4)

It is clear that we can go on like this and solve a total of N such subsidiary
problems.

We now recall the superposition principle. If we add together the
solutions to subsidiary problems 1 to N, we will have the solution to the
problem where each conductor i is raised to its appropriate potential ¢,.
Thus

01 =C110; + Cia0y + - - + Ciyoy

or

J

N
0 = Ci0; (2-8-5)
=1

The numbers C;; (called coefficients of capacitance) tell us what we want to
know about the geometry of the situation.

In physical terms then, if we can determine the full set of C;; for any
given conductor configuration, we will be prepared to determine immediately
the full set of charges Q,, ..., Qy from the given set of potentials ¢,,

., @y. Of course, if we are given the charges Q,, ..., Oy, we can
determine the potentials by means of N simultaneous equations. We now
wish to prove that C;; = C;;. To do this, we will first prove a more powerful
theorem.

Green’s Reciprocity Theorem. Let charges @y, O,, . . . , Qy correspond
to potentials ¢,, ¢,, . . ., @y. Let charges 07, 05, . . ., Qy correspond to
potentials ¢}, @5, . . ., @y. Then

Z 0 Q; = Z ?:Q; (2-8-6)

1 1

Proof: We first note that

0= J 0;(r;) d4; (2-8-7)

S

Qi = J o;(r) d4; (2-8-8)
S,
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Using Eq. (2-4-8), we derive

N oo ,
@; = @) = Z ‘-‘L(“L)‘,‘dAj
i=1Js; Ir; — rj‘
= constant depending only on i (2-8-9)
N ol * 7
o=y = ¥ | -2 g (2:8-10)
Jj=1J8§; J
We have then
0] = [ f o(r) dA,}w @-8-11)
Si

But ¢; is independent of r; as long as r; is at a point on the conductor. Hence
we can bring it into the integral

0ip; = L oi(r); (r)) d4, (2-8-12)
and |

;wglluﬁfﬂyﬂmmmi (2-8-13)
Also, similarly J

Z%Q—EEJJ~GM(OMML (2-8-14)

We can now interchange the dummy indices i and j as well as the primed and
unprimed variables. We see then that the two expressions are identical. Thus

N N
;%Q=;d@ (2-8-15)

To prove that C;; = Cj;, we take as our two cases:
1. Starred case: Let
@; =@, allother g, = 0
Then
Q: = Lii®o
2. Unstarred case: Let

¢ = ¢, allotherp, =0
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Then
Q;= Cji‘Po
Green’s reciprocity theorem then tells us

;Qkﬁl’; = Qj‘P;' = Q;p, = Cji(002 = Z Qvoi = Qi = Cij‘l’o2

Hence
Cj;=Cy (2-8-16)

We observe one of the physical consequences of this statement in
the case of two conductors. If conductor 1 is placed at potential ¢, and
conductor 2 is grounded, a certain charge 0, will be induced on the latter.
If, on the other hand, conductor 2 is placed at potential ¢, and conductor 1
is grounded, the same charge Q, will now appear on conductor 1.

It is instructive to calculate explicitly that this is so in the case of two
concentric conducting spherical shells, one of radius a and the other of
radius b (a < b).

Situation 1. Inner sphere a is at potential ¢,. Outer sphere b is at
potential 0. Let Q, = charge on inner conductor. Then we calculate the
potential on the inner conductor in the usual manner:

(p0=J\andr=QG_Qa

r? a b
Solving for Q,, we have
ab

Qa - b —a Po

Since £ = 0 outside the outer sphere, we must have Q, = —Q, and
thus

0, = ab (2-8-17)

5= b Po

Situation 2. Inner sphere a is grounded. Outer sphere b is at potential
¢o. The potential at r = a is equal to 0. This means that we can write

b
j Qadr+(p0=

r2

b—a
=0
Qa ab +(p0

ab

Q.= Pyl (2-8-18)

Thus @, (situation 1) = Q, (situation 2).
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As we mentioned earlier, we could solve the set of N equations (2-8-5)
and obtain the ¢’s in terms of the Q’s. We would then obtain the set of
equations

¢; = jﬁl P;0; (2-8-19)
where the P,;’s are called the potential coefficients. We can again make use of
Green’s reciprocity theorem to prove that P; = P,

1. Unstarred case: Let
0;=0 all other Q; = 0
Then
@ = P;0Q,
2. Starred case: Let
Qi =Q, allotherQ; =0
Then

¢ = P; 0o
Substituting into (2-8-15), we have

ngwi = 0;0;.= P; 0o’

Ek:Q;QDk = Q0/p; = PijQ02
and hence

P;=P, (2-8-20)

The physical content of this statement is quite remarkable. Imagine that
we have a set of conductors. If we put a charge Q, on the fourth one, for
example, and no charge on any of the others, we will produce a certain
potential ¢ on the seventh one (for example). If the same charge O, were
put on the seventh one instead (all others uncharged), the potential on the
fourth one would now be ¢g. Thus there is a profound, reciprocal relation-
ship among the charges and potentials on all the conductors.

Making use of Eq. (2-7-3), we have for the energy of a set of charged
conductors

1
U='2—Z(PiQi

1
=5 Z Cij0:9; (2-8-21)
LJ
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1
U=~ 2 Pi0:0; (2-8-22)

We can prove a rather nice theorem now. Let 6Uj, be the change in
electrostatic energy of the system if the conductors are slightly displaced
while the charges are held constant. Let U, be the change in electrostatic
energy of the system of conductors if their displacement is the same as
before, while the potentials are held constant. Then we will prove that
oUy = —0U,.

First we treat the constant-potential case:

oy, = %‘S<Z Cij‘Pi‘Pj)

1
= b3 Z (6Cy)) 9:0; (2-8-23)

since @;, @; remained fixed. To treat the case of fixed charge, we note that
in this case

00, =0= 5(2 Cij(pj)
= Z ©0Cipo; + z Cijo9;
j j

Hence
i i

Now for the fixed-charge case
1 1
5UQ = 2 Z (5Cij)¢i¢j + 2 Z Cij(‘S(Pi)‘Pj
ij ij

1

t3

Z Cij(pi(5<Pj) (2-8-25)

ij

We first interchange the dummy indices 7 and j in the last term on the right
side of Eq. (2-8-25). We then remember that C;; = C;;. Thus the last two
terms on the right side of Eq. (2-8-25) are equal, and we can write

1
5 2 6Cew; + X Cii(69)9: (2-8-26)
iJ ij

Using Eq. (2-8-24), we have

1
8Uq = 5 X (BC)eio; = 3. (6C:)o;0, (2-8-27)
ij LJ
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8U,y = 8U, — 26U, = —3U, (2-8-28)

]

Our theorem is proved.

The physical consequences of this theorem are quite interesting.
Imagine that we have a given arrangement of conductors with charges and
potential on them. If the conductors are isolated and unconnected to the
outside world, then the charges will remain fixed in any displacement. If
8U, is positive, then we must do mechanical work of magnitude 56U, against
the electrostatic forces to perform the displacement. Now if, on the other
hand, the conductors were connected to a set of batteries which maintained
the potentials fixed, the change in electrostatic energy for the same displace-
ment would be dU,,. Since the forces are the same as before, depending only
upon the charges and positions of the conductors, the mechanical work
that we do to carry out the displacement is exactly the same as before (6 U,).
Since a positive §U, implies an equal negative 5U,, we must be putting an
amount of energy 26U, into the battery when we perform the displacement.

An example of this was discussed earlier in the case of a parallel-
plate capacitor (see page 54).

2-9 CYLINDRICAL AND SPHERICAL COORDINATES

As we have already surmised, much of our study of electrostatics must be
devoted to the development of techniques for the solution of Laplace’s
equation (2-5-1) subject to appropriate boundary conditions. In general
these boundary conditions will include the specification of either the total
charge or the potential on each conductor. The potential at infinity will
be assumed to be zero.

We will soon see that only a limited number of problems can be
solved in closed form or in terms of a simple power series. These are, in
general, problems that exhibit a great deal of symmetry about a point or
a line and hence call naturally for the use of cylindrical or spherical co-
ordinates. Accordingly we begin by developing the important differential
forms (gradient, curl, and divergence) in these coordinate systems.

The cylindrical coordinate system, illustrated in Fig. 2-15, makes
use of the three variables r, 8, z to specify the location of a point in space.
The coordinate r is just the distance from the point to the z axis. The angle 6
is the projected azimuthal angle as measured from the x axis and z is, of
course, identical to the usual z coordinate. The coordinates (r,6,z) and the
old coordinates (x,y,z) are related through the transformation equations

r=x>+y? or x=rcosf

. 2-9-1)
tan 0 = y/x or y=rsinf
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~N

A .

X

Fig. 2-15 The cylindrical coordinate system makes use of the variables r,
0, z to specify the location of a point in space.

It is convenient to set up three unit vectors £, 0,and k at a point of
interest. The unit vector £ is drawn in the direction of increasing r, and the
unit vector 8 is drawn in the direction of increasing 6, and naturally the
vector k is drawn in the direction of increasing z. The three form an orthog-
onal coordinate system with # x 8 = k.

We note immediately that the new triad of unit vectors can be related
to the old triad i, f, and k through the transformations

f=cosfi+sindj or i=cos@t —sinfd
0= —sinf1 + cos O] or j=sin0f + cosfd
k=k (2-9-2)

Proceeding first to find an expression for Ve in this coordinate system,
we write, using Eq. (2-9-2),

0p »  Op - a(Pi(

V(p=$l+—é;]+g
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0 90 . \a
- (%%cos@ + g—‘;’sin())f + <~a—(}p)—cosf) - 77%m@)()

-~

+ 6_ k (2-9-3)
0z

We remember though that dp/dx and d¢p/dy can be rewritten as
dp  0p Or dp 06 dp 0z

ax or ox T30 ax T @z ox

1(2:9-4)
do 0o or O 00 % O
dy  or dy o6 oy o0z 0y
Using Eq. (2-9-1), we find that
or 0 00  —sind
ox cos ox  r
O sing 20 _ o8t (2-9-5)
dy Oy r
o _ o
ox  dy
If we substitute these results back into Eq. (2-9-3), we finally have
oo 1 [0\, AW
Vo = (F)f + T(ﬁ)o + <—a;>k (2-9-6)

The identical result can be obtained immediately if we think of the
meaning of V¢ in physical terms. The three components of Vg are the
rates of change of ¢ with respect to distance in the three mutually perpendicu-
lar directions given by #, 8, and k. Going along # first, we noted that the
rate of change of ¢ with respect to distance in that direction is just d¢/or.
Going along @, we see that a differential distance in this direction is just
r df. Hence the rate of change of ¢ with respect to distance in the 0 direction
. 1 dp
is given by - 70
in the z direction is d¢/0z. Equation (2-9-6) is then confirmed directly.

We next consider the divergence of a vector function F as expressed
in cylindrical coordinates. We could begin with cartesian coordinates and
convert all derivatives appropriately. It is more elegant, however, to just
calculate the flux out of a small volume element d¥ and set the result equal
to V- FdV. As our volume element dV, we choose that which is bounded
by the coordinates r and r + dr, 8 and 0 + df, z and z + dz, as shown in

Finally, the rate of change of ¢ with respect to distance
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Fig. 2-16. We indicate the bounding surfaces of d¥ by the numbers @) to @.
Surface (D is at radius r and is bounded by 6, 8 + d0, z, and z + dz.
Surface Q) is at radius r + 4r and is bounded by 0, 8 + df, z, and

z + dz.

Surface Q) is at height z and is bounded by r, ¥ + dr, 0, and 6 + d.
Surface @ is at height z + dz and is bounded by r, r + dr, 0, and

8 + de.

Surface (3 is at angle 9 and is bounded by z, z + dz, r, and r + dr.
Surface ®isat angle § + dfandisboundedbyz,z + dz,r,andr + dr.
The areas of the various surfaces are

dA@ = rdfdz dA@ = dA@ = rdrdf
ddg = (r + dr)df dz dAg = dAg = drdz

The fluxes out of the volume are then
Flux out through @ = —E(1)rdf dz
Flux out through Q) = +FEQ)(r + dr)df dz
Flux out through @ = ~E(3)r dr df (2:9-8)
Flux out through @ = +F,(4)r dr df e
Flux out through ® = —F,(5)dr dz
Flux out through ® = +E(6)dr dz

(2-9-7)

Fig. 2-16 We wish to find the
flux out of an infinitesimal vol-
ume d¥ shown above.
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Remembering that

E@ - EQ) =&

dr
F@4) - EQ) =
F(6) — F(S) = oF, -2 49
f s 6
we have (ignoring all terms which are the product of four differentials)
oF,
Net flux out = 6 P

1 0F,
+<r ae)'d rdodz (2-9-9)

The volume dV is just r dr d0 dz. We can then rewrite Eq. (2-9-9) into the
form

1 0 1 6F9 OF,
Net flux out = [7 pm (rF)) + ~ 70 69 P :IdV (2-9-10)
The divergence of F is thus given by
1 0 1 éF, OF,
V' F= — a—r—(rF,) + — 20 + pe (2-9-11)

Inserting our expression for V¢ [ Eq. (2-9-6)] into the above, we find that the
laplacian is given by

2 o 1 a( d¢ 1 % 0d%
Vip =V V(p—ra—r—< 6r>+2602+62 (2-9-12)

We next find the three components of V x F in cylindrical coordinates.
To do so we make use of Stokes’ theorem and evaluate the line integral of
F - dl around three infinitesimal loops, one perpendicular to £, one per-
pendicular to 8, and one perpendicular to k. We take a loop perpendicular
to ¢ first, bounded by the coordinates 0, 8 + db, z, and z + dz. We have
then, applying Stokes’ theorem,

t-(Vx Fyrdfdz = [Fy(z) — Fy(z + dz)] rdb
+ [F.(0 + db) — E,(6)] dz

1 0F OF,
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Hence
1 0F, O0R
(VXF).f=7%—6—zo (2-9-13)

For a loop perpendicular to 8 and bounded by r, r + dr, z, and z + dz,
we have

0-(V x F)drdz = [F,(r) — F,(r + dr)] dz
+ [Fz + dz) — F(2)] dr

oF,
= ( L~ aF’)drdz

0z or
Hence
. OF, OF
Vxp-b=Tr 2 (29-14)

Finally we take a loop perpendicular to k. We have then
(V x F-K)yrdrdd = [F.(0) ~ F(0 + do)] dr
+ Fo(r + dr)(r + dr) d6 — Fe(r)r db

0F, F, 1 OF,
_<—a—r—+—;-——r—ﬁ>rdrd9
Thus
. 0F, K 1 OF,
(VxF-k)—W+T—-T 0 (2-9-15)
Combining Egs. (2-9-13) to (2-9-15), we have
1 0F, 0F, oF, OF,\ .
VXF‘<7 0 "“a?)”(az - 6r>0
oF, F, 1 0F,\ .
* <E P ae)k (2:9-16)

We shall return very shortly and make use of cylindrical coordinates
for the solution of specific problems. In the meantime we turn to the spherical
coordinate system shown in Fig. 2-17.

The spherical coordinates of a point are its distance from the origin r
and its polar and azimuthal angles 6 and y. (Note: We use { to denote
azimuthal angle to avoid confusion with the potential function ¢.) The
transformation equations relating x, y, and z to r, 6, and ¥ are given by

x = rsin @ cos
y = rsin @ sin y (2-9-17)
z=rcosf
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~,

.

X

Fig. 2-17 In the spherical coordinate system a point is designated by its
distance from the origin r, its polar angle 0, and its azimuthal angle ¥.

or

r = /x2+y2+22

oS0 = et (2-9-18)

X2+ 42

X
V3 + y?
Again we set up an orthogonal coordinate system at the point of interest.
The unit vector £ points in the direction of increasing . The unit vectors
€ and ¥ point, respectively, in the directions of increasing 0 and . As can
be seen from Fig. 2-17, ¢ x 6 = ¢.

Using the same arguments as before, we evaluate Vo by determining
the rate of change of ¢ with respect to distance along each of the three
mutually perpendicular unit vectors. The rate of change of ¢ with respect
to distance along £ is just d¢/dr. The rate of change of ¢ with respect to

cos Y =
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0
%9 The rate of change of ¢ with respect

distance along the @ direction is l 30
r

do
0 w Hence we have

op 1 do . 1 do .
Ve = 6rf+ r 090+rsin9W/

Using precisely the same techniques as we used in dealing with cylindrical
coordinates, we can evaluate V- F, V x F, and V2p. We obtain
1 0oF,

rsin @ oy

to distance in the s direction i 1s

(29-19)

a(2F)+

1

Fp) + ——— (2-9-20)

nd o0

1 [o . OF,
V x F_m[ﬁ(smgﬂ’)—ﬂ/}f

1 oF, 1 M][)+ i[ﬁ(rF,,) _OF,
r

* [r sn0 oy 1 or ar ao]"’ (29-2)

1 o o 1 o (. 0o
2 — _r — T
Ve=a % (' 6r>+r25in0 aa(smgae)
1 )

+
r?sin? 6 oy?

(2-9-22)

We now proceed to make some use of all this newly acquired knowledge.

2-10 SOLVING LAPLACE’'S EQUATION IN CARTESIAN COORDINATES

Now that we have learned to express Laplace’s equation in three useful
coordinate systems (cartesian, cylindrical, and spherical), we might give a
bit of thought to the problem of solving the equation. In general we will
find ourselves with an infinitude of possible solutions, and we will have
to refer to the specific boundary conditions at hand to find the correct
combination. What we hope to do is to make our procedure orderly,
remembering always that only one solution of Laplace’s equation can
satisfy the complete set of boundary conditions.

We start with the simplest system, cartesian coordinates. The pro-
cedure we follow here will be a quite general one and will be justified more
thoroughly after we have worked with it some. We will search for solutions
to V2¢ = 0 of the form

o(x,y,2) = X(x) Y(») Z(2) (2-10-1)

Inserting this product form into Laplace’s equation, we obtain, after
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dividing through by ¢(x,y,2),
Ly 1dY 1 Ez
Xde ' Y d? Z dr

Since the three variables x, y, and z are all independent, the three parts
to Eq. (2-10-2) must all be constants. That is,

0 (2-10-2)

%;—{ = a?X

0 S

2 = gy (2-10-3)
dy? b

&z,

o — 27

a7

provided that
a? + 4+ 92=0 (2-10-4)

(Needless to say, «, §, and y cannot all be real.) We have then

X =4, + Bje™
Y=A,¢" + B,e™® (2-10-5)
Z = Ase"” + Bye

The possible solutions of the form given by Eq. (2-10-1) are thus innumer-
able—every choice of 4,, B,, A,, B,, A3, and B; will do. In addition we
can choose a, B, and y as we like provided that they satisfy the simple con-
straint given by Eq. (2-10-4). What are we to do next? The answer is best
given by solving a specific problem in which we apply a set of boundary
conditions to determine ¢ completely.

We consider a box made up of six plane sheets as shown in Fig. 2-18.
The planesatx = 0,y = 0,z = 0,x = a,and y = b are grounded (¢ = 0).
The plane at z = ¢ has a potential distribution on it given by @,(x,y). We
wish to know the potential everywhere within the box.

We begin by inserting the boundary condition at x = 0 into Eq.
(2-10-5). Since ¢(x = 0) must vanish for all y and z, we must have

XO0) =A, + B, =0 (2-10-6)

Similarly, making use of the boundary conditions at y = z = 0, we can
write

Az + Bz = 0 (2‘10‘7)
A3 + B3 = 0 (2"10‘8)

If we now go to the wall at x = g, we find

Ae + Bie ™ =0 (2-10-9)
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b y Fig. 2-18 We solve for the
potential on the inside of a box,
all the walls of which are
grounded except for one. That

4 wall at z = ¢ has a potential

distribution on it given by

@o(x,)).

In order that Eqgs. (2-10-9) and (2-10-6) both hold we must have

ad —aa

e
or
e’ = 1 (2-10-10)

= €

For Eq. (2-10-10) to be true, we must have

nn (2-10-11)

o =

where n is an integer. Combining what we learned and remembering that

i ,—if
sin 0 = e—Tl’L— (2-10-12)

we can conclude that

X(x) o sin f’;—x (2-10-13)
Similarly
Y() o sin i"-;ﬂ (2-10-14)

where m is also an integer. For every choice of integers m and n we have
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then a possible solution

Oum(X,3,2) = A, , SID g—zf sin ﬂg—-y sinh vy, .z (2-10-15)
where
n*n?  m?n?
Ynm = P + e (2-10-16)

We are now ready to insert the final boundary condition at z = ¢.
We have then

@(x,y,6) = @o(x,y) = Z (4, ,sinhy,,.c) sm—— X sin TV (2-10-17)
nm=1

Our job now seems to be reduced to finding the set of coefficients

A, .. But, do such a set of coefficients exist? At this point we must state

without proof the fundamental theorem of Fourier analysis.! Any function

of x defined over the interval from x = 0 to x = a can be expressed as a

linear combination of terms of the form sin (nnx/a). That is, for any
f(x) there exist a set of numbers B, such that

f(x) = Z B, sin F x
n=
over the interval from 0 to a. In the case of two dimensions x and y, any
function f(x,y) defined over the interval 0 < x < aand 0 < y < b can
be represented as a double Fourier series:
mmn

B, . sin — x sin =~ y (2-10-18)
mome1 a b

Returning to Eq. (2-10-17), we find the coefficients 4

Sflxy) =

§M8

by a standard

n,m

. .k .
procedure. We multiply each side by sin 7175 X sin —g- y where both & and /

are integers. We then integrate over both x and y. Remembering that

Jsinﬂxsin@xdx=£—5,,k
0 a a 2
(2-10-19)
bsinmn s'nln dy = b6
b Y s1 by y = 5 Omi

0

we have
4
= ab sinh Yu.mC

n,m

b
f dx J dy go(x,y) sin ”a—” x sin ’LZE ¥ (2-10-20)
V]

'For further explanation see Chap. 6.
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We are thus in a position to evaluate the coefficients 4, ,, explicitly, and
we have solved our problem.

Let us go back now and say a few words about the key step in our
procedure for solving Laplace’s equation. We searched for solutions in
the form of products of functions of the independent variables. We then
noted that at least in the solution of one simple boundary-value problem
we could write our answer in terms of a sum over these solutions. The
remarkable fact is that any solution to Laplace’s equation can be expressed
as a sum over such product functions and that is why we have lost no
generality by proceeding in this manner. We will always look for these
product-function solutions and then spend our time determining the
coefficients from the boundary conditions.

2-11 SOLVING LAPLACE’'S EQUATION IN CYLINDRICAL COORDINATES

As we pointed out earlier, most simple potential problems with a great deal
of symmetry can be handled best by means of cylindrical or spherical co-
ordinates. In this section we consider the solution of Laplace’s equation
in cylindrical coordinates subject to appropriate boundary conditions.
Making use of Eq. (2-9-12), we write

1 0/ ¢ 1 2 &%

Vip = — —{r—-= — =5+ -— =0 2-11-1

L (r ar> M (2-11-1
For simplicity let us begin by limiting our discussion to cases where ¢ does
not depend on z. That is to say, 3%¢/dz* = 0. We look again for product
solutions. In this case they have the form

@(r.0) = R(NOH) (2-11-2)
Our equation becomes
o d ( dR) R 46

Tala) e ="

Let us multiply by ? and divide by R©. We have then

r d{ dR 1 d°6
Ity ¥l B -11-
R dr (’ dr) 6 db* (2-11-3)
Note that the right side of the equation depends only on 4 and the left side
only on r. Since the two are independent variables, the two sides must
separately be equal to a constant, which we write as k%, We have then

d*e

W = — kZG (2-11-4)
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and

r % (r %?) = k?R (2-11-5)
Consider first the case where k s 0. The first equation then has as a solution

O = A, cos kf + B, sin k6 (2-11-6)
In the event that £ = 0, we have

© = Ay +ab (2-11-7)

Solutions corresponding to imaginary k, that is, negative k2, cannot be
single valued as we increase 6 by 2n. Hence they are excluded. In fact the
requirement of single valuedness implies that 4, = B, = 0 unless k is an
integer. It also implies that « = 0. Hence we can write in general

O = A4,cosnd + B,sinnf where n = 0,1,2, ... (2-11-8)
To find R(r) we first expand in a power series:
Rn= Y cC,rm (2-11-9)

Substituting back into our differential equation (with £k = n # 0), we find

d dR — 2.m __ .2 m
r—(—;(r E) =Y Cm*" =n*y C,r (2-11-10)
Hence
Y Cp(m* — n*y™ =0 (2-11-11)

In order that this be zero, we must have each and every term zero, since
no power of r can be expressed in terms of any other powers of r. Hence
either

C,=0
or
m? = n® and m = +n

In the event that n = 0, we have

d( 4R\ _,
ar\’ dr)

R=flnr+y (2-11-12)
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Finally then we can combine all our constants and write the general solution
as

@o(r,0) = Y A,r"cosnf +
=1

n

Y B,rsinnd + Y C,r~"cosnb
=1

n n=1

8

+

Dyr~"sinnd + Colnr + D, (2-11-13)

1

where all the constants are arbitrary.

We now apply this to the solution of a simple problem. Let us examine
the case of an infinitely long, conducting, uncharged cylinder in an electric
field which approaches uniformity at large distances from the cylinder.
The field is taken to be perpendicular to the axis of the cylinder. The radius
of the cylinder is a (see Fig. 2-19). For large x we have ¢ = — Eyx (we
obviously must remove the restriction ¢ = 0 at infinity if we want a constant
electric field at infinity).

o(large x) = — Eyrcos 8 (2-11-14)
The condition that the cylinder be uncharged yields
1= charge
"~ unit length
1 o a (" dp
= — — —dA = — — —df -11-
47: S unit length ar 47[ V] ar (2 11 15)

We expect, by the symmetry inherent in the situation, to find that ¢ = 0
on the cylinder. Let us assume this to be true and see where we get. Since
at large r we must have ¢ —» — Eyrcosf, we can set [see Eq. (2-11-13)]

A, =0 forn + 1
B, =0 for all n (2-11-16)
A, = —E,

Fig. 2-19 An infinitely long,
conducting cylinder is placed in
X a uniform field.
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Now at r = a, ¢ = 0. Hence

—Esacos + Y C,a~"cosnf

n=1

+

n

18

Da"sinnd + Colna + Dy =0 foralld (2-11-17)

1

Since all functions cos #nf are linearly independent, we have immediately

, =0 foralln
C0=0 D0=0

-11-18
C,=0 forn #+ 1 (2-11-18)
—Eqa+ Cia™' =0
Thus
2-11-19
Cl = anz ( )
We have then
a
o =E, (7 — r> cos 6 (2-11-20)
We can calculate the surface charge everywhere:
_ 1 (oo
= T \or A
E, (a* E,
= Z;T—(—(—l—z— + 1>c050 = zcos(i (2-11-21)
The charge per unit length is
E, 2n
2= L“J cosdf =0 (2-11-22)
2n J,

This completes our solution.
We now return to Laplace’s equation (2-11-1) and remove the restric-
tion of z independence. We search for solutions of the form

o(r,0,2) = R(NSHOZ(2) (2-11-23)
Substituting, dividing through by ¢, and multiplying by r?, we rewrite
Eq. 2-11-1) as

r d{ dR vt d*Z 1 46

7:5(’5)“7:17— BCRG (@-11-24)

Again we realize that the two sides of Eq. (2-11-24) must be set equal to a
constant. Referring back to Egs. (2-11-4) to (2-11-8), we have once more
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© = A,cosnf + B,sin nf (2-11-25)
where n is an integer. Inserting this back into Eq. (2-11-24), we obtain

1 d [ dR 2 1 &#Z
ﬁE(’E)'n_Zz -2z (2-11-26)

We next find the possible solutions for Z by requiring that both sides
of Eq. (2-11-26) be equal to a constant which we set equal to —a. We
have then

% = o?Z (2-11-27)
The solutions for nonzero values of « are just

Z(2) = C,e”* + D,e™* (2-11-28)
In the event that a = 0, the solution to Eq. (2-11-27) becomes

Zy(2) = Cy + Dyz (2-11-29)

Finally we must find the solution for R, ,(r) corresponding to a particular
choice of n and a. Qur differential equation is

14 dRa,n 2 nz
r Zi?(’ dr ) + (“ - ;7)&,,, =0 (2-11-30)

It is convenient at this point to let u = ar for the case where a #+ 0. We
then divide Eq. (2-11-30) by «® and obtain the standard form for Bessel’s
equation:

1 d/ dR,, n?
—J:i;<u du >+<1_F)Ra'n_0

The solutions to this equation are best expressed as a power series in u.
As usual there are two linearly independent solutions, J,(u) and N,(u).
The first of these, J,(u), is called a Bessel function of the first kind and is
defined as

u\ @ (__l)k u 2k
o~ (3] £ ()

The function N, () is often called a Neumann function and is defined as

2 u R (=D fun
Ny = —J,(u) In (7) ( ) S kl(n + k)! <_)

L —~nn—l (n—k-l)! u 2k
a\2) % k! 2

(2-11-32)

®
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Needless to say the use of a digital computer is strongly recommended
when dealing with either of these functions. In any case, the general solution
to the radial equation is

Ra,n(r) = Eat,n Jn(ar) + Fa,n Nn(ar) (2'1 1'33)

where E, , and F, , are arbitrary constants.
In the event that & = 0 the two solutions for R, ,(r) are the same as
those for the differential equation (2-11-5).

Ronr) = Egur" + Eqr™" (2-11-34)
Finally, if n is also equal to zero, we recall that
Ry o(r) = Eg o + Foolnr (2-11-35)

Again the values of the various coefficients will be determined by
boundary conditions. Quite often we will find that only specific and discrete
values of a will permit us to fit our boundary conditions and the first part
of our effort will be devoted to finding these values. We will then make use
of completeness and orthogonality to determine the actual values of the
coeflicients themselves.

The detailed solution of problems of this sort is somewhat beyond the
scope of this book. The reader is referred to innumerable treatises on classical
potential theory or to more advanced texts in the field of electromagnetism.!

2-12 THE SOLUTION TO LAPLACE’'S EQUATION
IN SPHERICAL COORDINATES

Perhaps the most useful of all coordinate systems in the study of electro-
statics, particularly at the microscopic level, is that of the spherical co-
ordinates. We will limit ourselves to physical situations with complete
rotational symmetry about the z axis (axial symmetry). The extension to
nonsymmetric situations is straightforward and is left to the reader in
consultation with more advanced textbooks.

Before proceeding with Laplace’s equation, it is convenient to make
a change of variable. We let u = cos # and have thus

Jd ou o . 0

360" 9000 sm@a# (2-12-1)
Substituting back into Laplace’s equation (remembering that there is no
¥ dependence), we have

1 0 o 1 o op
g =— —(r* L - —(1=-uyH)—=0 2-12-2

Ve r? ar(' 6r>+r2 op “)ay ( )
We search for a product solution of the form

1See, for example, J. D. Jackson, “Classical Electrodynamics,” p. 75, Wiley, New York, 1962.
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@ = Fr)P(u) (2-12-3)

Substituting Eq. (2-12-3) into Eq. (2-12-2), we obtain in the same manner
as before

1 d(,dF\ -1d dP
el LN _ g = 19
Fdr<’ dr> P d#[( “)du] k (2-12-4)

Let us begin by examining the radial equation. In most problems
that we are likely to encounter ¢ will be finite at all points except perhaps at
r = 0 and r = co. The reason for allowing ¢ to possibly diverge at r = 0
is that the region about r = 0 may be excluded from the problem. For ex-
ample, if we are dealing with a conducting sphere of radius a, we are only
interested in ¢ for r > a. The reason for allowing ¢ to possibly diverge as
r — oo is to permit the inclusion of cases like a constant electric field out
to large distances. Since at all other points ¢ is finite, we can expand F(r)
in a power series, allowing all possible negative and positive powers of r.

Fn= Y A" (2-12-5)
If we now substitute this power series back into the right side of Eq. (2-12-4),
we find that

d(,dF o m 3 m
E(r ——Jr——> = mzw A,m(m + D™ = kF = m=z—co A krm (2-12-6)

In order that this equality holds for all r, it must hold for each and every
coefficient of a given power of r. Hence

mm + 1) = k (2-12-7)

We conclude then that k& can take on only specific and discrete values,
namely, those which can be obtained through the product of m and m + 1
where m is an integer. The values of k£ which are possible are all positive,
as can be determined from inspection.

For each value of & that permits a solution, there are two values of m
which correspond to that k. We list some of these in order in Eq. (2-12-8).

k Possible m E(r)

0 0, -1 Fy(r) = Ag + Byr™!
2 1, -2 Fi(r) = A;r + B;r?
6 2, -3 Fy(r) = A,r* + Byr73

(2-12-8)
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Of course, for each value of k (or n) that is possible, we have a corresponding
equation for P(x). The solution to this equation will be called P,(x). Our
final solution for ¢ will then be

o) = 3 (A" + By " I)P() (2-12-9)
=0

n

We now proceed to find P,(1), by means of the differential equation

dP,
4 Q- ——|+nn+ 1P, =0 (2-12-10)
du du

As usual we will expand P,(u) in a power series. This time, since we want
P, () to remain finite for all u between 0 and 1, we take only positive integral
powers of u.

Pp) = ) Ayt (2-12-11)
1=0

We evaluate the first term on the left side of Eq. (2-12-10).

d dP. i o

——(l—yz)—"]= A (- Dyt~ — A+ Dyt

dﬂ[ i ’:Lo 4 1 2 An (I + Dy
(2-12-12)

The first sum on the right side of Eq. (2-12-12) can be rewritten slightly
if we note that the first two terms are zero.

|
8

S Al = Da = Y A 00— D™
=0

I
[ 8]

il
M8

Ao+ 20+ DY (2-12-13)

!

0

We can now enter all this information into Eq. (2-12-10), coming up with a
relationship among the various coefficients:
Y (A2 + 20+ 1) = A0+ D+ Ann + D] =0
=0
(2-12-14)

As we have done many times before, we set each coefficient of a given
power of u equal to zero. We then have
Apiv2 W+ 1) —nn+1)
A, (+ D¢ +2)

(2-12-15)

This equation, known as a recursion relation, is extremely powerful! It
relates any given coefficient to the one two places further down the line.
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Thus, if the first two are known, then the entire series is known. (This
technique is a very commonly used one for the solution of differential
equations in terms of power series. The reader might try the method on the
harmonic equation d?x/dt?> = —k%x.)

To develop our functions P,(u) we first consider the case where » is
even. We notice immediately that if / is odd, there is no value of / for which
I({ + 1) — n(n + 1) is equal to zero. Hence, if one odd term exists, then a//
odd terms exist. As wetake / larger and larger, the ratio 4, ;. ,/ 4, ;approaches
unity. We are clearly in for trouble then at 4 = 1 because our series diverges
at that point. There is one and only one solution to our dilemma, to set
A, sequal to zero, in which case all odd terms disappear. As far as even /
is concerned, there is no problem. When we come to the term where / is
equal to n, the ratio A4, ,,,/A4,, becomes equal to zero. Thus 4,,,, =0
and the series terminates, all further terms vanishing.

We conclude then that if » is even, then P,(u) contains only even
powers of u. Only terms from u° to u" are present.

.On the other hand, if # is odd, we can apply the identical argument to
exclude even powers of u. Again the highest power of u in the series is u".
The series runs from p! to u".

It is useful to find the first few solutions for P,(u). Since any solution
can be multiplied by an arbitrary constant and still satisfy the same differen-
tial equation, we must choose some normalization. The usual convention
requires that

P() =1 (2-12-16)

Obviously, for this normalization,

P(=1) = (-1 2-12-17)
The functions P,(u) are called Legendre polynomials. Since P,(u) is a con-
stant, our normalization requires that

Py(y) = 1 (2-12-18)

Next we note that P, () is proportional to u. By our convention then,
we have

P = p (2-12-19)

To obtain P,(u) we must first make use of Eq. (2-12-15) to obtain
A2,2/A2,0'
A2,2 _6

=5 _3 (2-12-20)
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Choosing A4, o according to our normalization, we have

3u? — 1
P =+ 5 (2-12-21)
Going on to P5(u), we first find that
A3 3 - 5
= 2-12-22
4, 3 ( )
Fixing A, , by convention, we have
5u -3
P(p) = LE_H' (2-12-23)

We could proceed in this manner ad infinitum to find all the functions P,(y).
It is more convenient, however, to make use of Rodrigues’ formula

d’l
2"n! du*

P = W -1 (2-12-24)
We then note that the most general solution to Laplace’s equation in the
case of axial symmetry can be written as

o

e(r,0) = Y (A,,r" + rf;—fl)P,,(cos ) (2-12-25)
n=0

Again our basic problem will be the determination of the coefficients.
This can be done through matching boundary conditions at a complete
set of boundaries to a charge-free region. (These conditions can consist of
the specification of either the potential at the boundary or of the normal
component of electric field at the boundary.) Alternatively, we may be given
a charge distribution and asked to find the potential outside of the dis-
tribution. In the next two sections we will discuss some specific methods
of handling these problems.

Before we conclude this section we should note that one of the remark-
able facts about the functions P,(u) is that they form a complete and
orthogonal set over the range —1 < pu < 1. That is to say, any function of
ucan be expressed as a series in P, () and no one of the P,(u) can be expressed
entirely in terms of the others.

We note first that

J 1 PWPWdu=0 ifn+m (2-12-26)
1

We also note that

J_l [P(w)]?du =

" (2-12-27)
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The fact that the Legendre polynomials form a complete set permits
us to write, for any function f(u) that is finite in the range —1 < u < 1,

S = io A, P, (1) (2-12-28)

We now multiply both sides of Eq. (2-12-28) by P,(u) and integrate from
u=—ltou= +1:

1 1
J_lf(u)Pm(u) du=73 f_lAnan)Pm(u) du

T 2m4+ 1"
Hence
2m +
Ay = J S Po(p) dp (2-12-29)

Obviously, were we to choose f(u) to be P,(u), then 4,, would be zero unless
n = m. Our P,(u) thus form an orthogonal set in the sense that no one can
be expressed in terms of any of the others.

2-13 SOLVING BOUNDARY-VALUE PROBLEMS IN
SPHERICAL COORDINATES WITH AZIMUTHAL SYMMETRY

We now develop some of the techniques for evaluating the coefficients in
Eq. (2-12-25), the general solution to the azimuthally symmetrical Laplace
equation. In particular, we will assume here that the potential or its deriva-
tive normal to the surface is specified at each and every boundary of our
charge-free region, and we will then force the potential to fit. We will find
that the set of coefficients will then be completely determined.

Our discussion is best done in terms of a set of specific problems,
each of which has some widespread applicability. The extension to other
classes of problems will be straightforward for the reader once he has
grasped the general principles.

We begin by specifying the potential ¢(a,6) over a spherical surface
of radius a (see Fig. 2-20). We will assume that no other charges are present
anywhere and that the potential at infinity is zero. We are interested in
knowing the potential everywhere, both inside and outside the sphere.

Since the potential at infinity is zero, the outside potential can be
written as

e e ou!

q’out(r > 0) Z

- P,(cos 6) (2-13-1)
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Fig. 2-20 The potential @(a,0) (or its
derivative with respect to r) is specified at
the spherical boundary r = 4. It is as-
sumed that no other charge is present and
that ¢(c0) = 0. We would like to know
the potential ¢(r,0) everywhere, both out-
side and within the sphere.

This potential must be equal to ¢(a,) at r = g, leading to the observation
that
o0 B out
a0 = ?‘,%—1 P,(cos 0) (2-13-2)
n=0
Multiplying both sides by P,(cos 0) and integrating with respect to cos
from cos § = —1 to cos § = +1 [see Eq. (2-12-29)], we have

Qm + Da"*! jl

Bout__:
" 2

o(a,0) P, (cos 0) dcos 0 (2-13-3)
-1
We have thus found the potential ¢(r,0) outside the sphere. Inside the sphere
we must have B, = 0 or else our solution will diverge at r = 0. We have
then

@X

@ulr,0) = Y, A4, r"F,(cos 6) (2-13-4)

n=0

Again we are told what the potential ¢(r,6) is at r = a. Substitution of
r = ainto Eq. (2-13-4) yields

o(a,6) = i A" a" P.(cos 6) (2-13-5)

n=0

The coefficients are thus given by

2a™

2 !
an =M lf o(a,0) P, (cos 0) d cos 0 (2-13-6)
1
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Note incidentally that the continuity of ¢ across our surface at r = a
implies :
Bmoul
Amin

= gam+1 (2-13-7)

Now that we have such a powerful result, let us try it on the simplest
physical situation and see if it works. We will take ¢(a,6) to be a constant,
namely, ¢,. In that case we know from experience that the potential inside
should be constant (this is like a conducting spherical shell) and the potential
outside should be

@(r) = @0 —‘:— (2-13-8)

Let us see if we come up with the same answers with our general method.
We have

1

1
J o(a,)P,(cos By dcos 8 = ¢, J

-1

P, (cos 0) dcos 6
1

1
= @, j Py(cos 8)P,(cos 6) dcos 0
-1

2¢ ifm=20
= { 0 (2-13-9)
0 ifm<+0
Thus
4™ = @0
A" =0 form+0
(2-13-10)
By™ = ag,
B, =0 form + 0
We finally obtain, as expected,
age
ou (r’O) =
Pous (2-13-11)
(pin(r,a) = Qo

As we said earlier, we could specify the normal derivative of the
potential at the surface (r = a) and use that to obtain the coefficients
B, or A,". Since in general the derivative of ¢ with respect to r is not
continuous at the surface (there being some charge at the surface), we
must use (p,,,/dr),-, to determine the B,*" coefficients or (d¢;,/0r),-, to
determine the A4, coefficients. Once we have determined either of these
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sets, the other can be determined by requiring that ¢ be continuous. That

iS to Say, (pin(asg) = (poul(aye)-
For example, we can write

<%> =S+ D2 Poso) (2-13-12)
ar r=a n=0 a

This would yield the equation for B,**:

—-@2m + Da™*? ' (3,
out __ -]13-
B,™ = 2m 7 D) o ). P,(cos 8) dcos 0 (2-13-13)
The continuity condition expressed in Eq. (2-13-7) would then tells us 4,,'":
. B out
A" = a—z',',"—rl (2-13-14)

Alternatively we might have specified (0¢;,/0r), =, obtained the coefficients
A,’", and then applied Eq. (2-13-14) to get B,*"".

Let us now attempt a slightly more difficult problem. Let the potentials
be specified on each of two concentric spheres at radii a and b, respectively.
We would like to find the potential between the spheres. We begin by
writing down the potentials at @ and b:

o(a,0) =Y, <A,,a" + aﬁ'l)Pn(cos 0) (2-13-15)
o(b,0) = ¥ (A,,b" + bf,:'l>P,,(cos 9) (2-13-16)

From Eq. (2-13-15) we determine the linear combination A4,,a™ + B,/a"*!
for arbitrary m:

B 2 1!
Al + 0 = ’”2+ L o@,0)P,(cos ) dcos 8  (2-13-17)
We obtain another equation for 4,, and B,, from Eq. (2-13-16):
B 2 I
b+ e = J | obOPeosOdeosd (1318

Using both Eqgs. (2-13-17) and (2-13-18), we can find the A4,, and the B,
coefficients, completing the solution to our problem.

We next consider the problem of a spherical grounded conducting
ball of radius a that is placed in a *““‘constant” field. (Obviously, after the ball
is introduced the field is no longer constant near the ball.) We assume that
the potential is given by

0(r,0) =~ —E,rcos 8 (2-13-19)
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at large distances from the ball. At r = q, the potential is taken to be zero.
Now referring back to our general solution, Eq. (2-12-25), we can im-
mediately set all 4, except for 4, equal to zero. 4, is of course equal to
—E,.

A4, = -k

(2-13-20)
A, =0 forn + 1
Atr = g, we have
0 Bn
¢(a,0) =0= —Eyacos 6 + ) a—H—an(cos ) (2-13-21)
n=0

In order that this hold for all §, we must set the coefficient of each and every
Legendre polynomial equal to zero. Hence

Bl = E003
(2-13-22)
B, =0 forn# 1
We finally have then
E 3
o(r,0) = <—E0r + ;’f )cos 0 (2-13-23)
The (normal) electric field at the surface is given by —(d¢/0r),-,.
E, = —(i—‘f) = 3E, cos 0 (2-13-24)
The surface charge density is
E, 3E,cosf
= = A (2-13-25)

The total charge is zero, as might be expected.

Finally, we consider what would happen if the conducting sphere we
have just considered were to be replaced by a dielectric sphere of uniform
dielectric constant ¢. The absence of free charge ensures that V-D = 0
within the sphere. But V- D = ¢V - E = ~¢V2¢ in the case where ¢ is a
constant. Hence ¢ satisfies Laplace’s equation within the dielectric as well
as outside of it. Only at the surface of the dielectric is V2¢ not equal to zero.

We will allow ¢'(r,0) to be the solution within the dielectric and
¢"(r,) to be the solution outside. Our boundary conditions are as follows:

I. @"— —Ejrcosfasr — oo.

2. The potential is continuous at the boundary of the dielectric. That is,
9'(a,0) = ¢"(a,0).

3. The potential is finite at r = 0.
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4. The normal component of the displacement field D is continuous at the
boundary. Thus

. é@ B 6(/)[1
ar r=a_ ar r=a

The continuity of the tangential component of E at the boundary is of
course assured by boundary condition 2.
Expressing both ¢'(r,0) and ¢"(r,6) in conventional form, we have

or,0) = i ( ' Bl )P(cos 6) (2-13-26)
© B i

o"(r,0) = ¥ (A "t >P(cos 9) (2-13-27)
n=1

Applying boundary condition 1 tells us that
A1“ = —E,

(2-13-28)
Ar=0 forn # 1
Applying boundary condition 3 forces us to write
B'=0 foralln (2-13-28)

Using the remaining coefficients, we next apply condition 2.
@ © B I
Y. Ala"P,(cos 0) = —E,acos 0 + Y },—:7 P (cos 0) (2-13-29)
n=0 n=0
We deduce from this that
il

Ala= —Eya + “017 (2-13-30)
B It
Ala = 7 forn#1 (2-13-31)

Finally, we apply condition 4.
£ Y A'na" 1P(cos0) = —E,cos @
=0

© (n+ 1)BM

n+2

VT 7 pcos6) (2-13-32)

M

We deduce, as before, that

2B I
ed,' = —Ey — a; (2-13-33)




2-13 BOUNDARY-VALUE PROBLEMS WITH AZIMUTHAL SYMMETRY 89

DB I
ed g = — 9’-:—;1—— forn + 1 (2-13-34)
Equation (2-13-31) implies that A4,' and B," have the same sign, for n # 1.
On the other hand, Eq. (2-13-34) implies that they have opposite signs for
n #+ 1. We conclude that

A'=B"=0 forn # 1 (2-13-35)
Finally, combining Egs. (2-13-30) and (2-13-33), we have
3E
1 0
A= £+ 2
(2-13-36)
= " lp
! g4+2°

We can now write down the solution for ¢' and ¢" everywhere:

3E,rcos 0
] = 2ol ¥ Y 13-
@\(r,0) = ) (2-13-37)
u e — 1\ Eya®
= — i .13-38
@ (r,0) Eyrcos 6 + (e n 2) 2 cos 0 (2-13-38)

A glance at Eq. (2-13-37) tells us that the field within the dielectric is a
constant in the z direction and is equal to

3 o
inside) = —— Eyk 3-13-39
E(inside) o 1 2 bo ( )
In the event that ¢ = 1 (no dielectric) this reduces as expected to Ek.
The field outside the dielectric is clearly composed of the original constant
field Eok and a field which has a characteristic dipole distribution with
dipole moment of

_z—:—l

p = Eoa’k (2-13-40)

We might check to see if the dipole moment we obtain this way agrees
with what we expect from integrating the dipole moment per unit volume
P over the sphere. Inside the dielectric we have

_D-E

T 4n

_(e-1E

T 4n

G D( 3 )Eof( (2-13-41)

P

4n e+ 2
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Inasmuch as the dipole moment per unit volume is constant, we can obtain
the total dipole moment through multiplying P by the volume of the sphere.

p = P(5na%)

-1 .
= Z — E,a®k  as before
This completes our study of spherical boundary conditions. We will
next learn how to determine the all-important coefficients 4, and B, in the

event that the charge distribution is completely known.

2-14 THE MULTIPOLE EXPANSION OF AN AZIMUTHALLY
SYMMETRICAL CHARGE DISTRIBUTION

Suppose a distribution of charge in space were limited in physical extent
and azimuthally symmetrical and we wanted to find the potential it produced
in some charge-free region. Presumably the potential could be written in
the form given by Eq. (2-12-25) and our only job would be to find the co-
efficients 4, and B,. We will now develop a beautiful and general method
for determining these coefficients and incidentally gain a great deal of
insight into the types of fields produced by various charge configurations.

We need to distinguish two cases, that where the charge is all at a
smaller radius than the point at which we wish to determine ¢ and that
where the charge is all at a larger radius than that point. Obviously the
solution to any problem can be broken into a sum of these two types of
solutions, and hence we lose no generality by treating only these situations.

We consider the first of these cases. Let ' and 6’ be the coordinates
referring to the charge distribution (see Fig. 2-21) and let r and 6 be the
coordinates at which we wish to evaluate the potential ¢. (We assume that
r’ < r at all times.) In order that ¢ — 0 as r —» oo we must require that
A, = 0 for all n. Hence

ac

o(r,0) = Y ;fT"lP,,(cos 0) (2-14-1)

n=0

Our job is then to determine the coefficients B, in terms of properties of
the charge distribution. We recall our old expression for ¢.

o(r,0,0) = f plr.0)

’
charge ll' -r |
distribution

dv’ (2-14-2)

The trick is, of course, to express 1/|r — 1’| in a power series and then
evaluate the set of individual terms. We remember that as long as x < 1,
we can write

1 1 1 L(?alxz _13)(3) RN

— = x (2-14-3)
T+ x 2724 246
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]
r
N
r
'
1
Fig. 2-21 Wec consider the potential at a
point (r,8) produced by an azimuthally
symmetrical charge distribution p(r',6"),
where r’ < r.
Now
1 1
L S 33 o
1
- 2 ’
N LSk (2-14-4)
r? r?

Expanding by means of Eq. (2-14-3) and grouping terms with the same
power of r'/r together, we have

11 1+l‘-l'/+3(l'-l")2—r'2r2
k-r| r r 2r*
5(r - /3_3 T W22
+ x-r) 2rﬁ(r r)r'cr +] (2-14-5)

Our next step is to put Eq. (2-14-5) into a somewhat more pliable
form. We first note that

r = (rsin 6 cos Y)i + (v sin 0 sin y)j + (r cos Ok (2-14-6)
¥ = (¥ sin @ cos y')i + (' sin 8 sin Y')j + (+* cos 6"k (2-14-7)

Hence, in complete generality, 1/[r — 1’| is a function of r, 7/, 0, &', ¥, and
y’. The fact that we are dealing with an azimuthally symmetrical charge
distribution, however, permits us to evaluate the integral in Eq. (2-14-2)



92 PRINCIPLES OF ELECTROSTATICS

at ¥ = 0 and apply the result at any value of . Therefore, we need only
consider Eq. (2-14-5) at ¥ = 0. Inserting this into the above we find

r-r’ = rr’(sin 6 sin & cos Y’ + cos 0 cos §) (2-14-8)

(r-r)?

r?r'*(sin? 0 sin? & cos? Y’ + cos? 6 cos? O
+ 2 sin 0 sin 6’ cos § cos 8" cos Y’')  (2-14-9)

(r-r)? = r¥r’3(sin® 0 sin> @ cos® i’ + cos® 6 cos® ¢
+ 3 sin? @ sin? & cos 0 cos & cos? '
+ 3sin 0 sin & cos? # cos? @ cos ¥')  (2-14-10)

and so forth.

Before proceeding, we again note that p has no ¥’ dependence. Hence
we can carry out the integration of Eq. (2-14-2) over ¢ first. This is equiva-
lent to replacing the various powers of cos §” above by their average values
before integration. The average values are

{eos 'y =0  <(cos?y'd =4 <KeosPy'd =0 (2-14-11)

This leads to the following results when we average the various powers
of r-r overy’:

(v, =rrcosbcosl
1), = r*ricos® 8 cos® 0 + 1sin® 0sin? §) (2-14-12)
{r-r)*y,, = r*r(cos® 0 cos® & + 3 sin? 0 sin? 6’ cos 6 cos §')

Finally, to average Eq. (2-14-5) over ¥’, we need to combine terms
and observe that

Y2 . p2,2
@Q%Jl>=W%mmmmm (2-14-13)

<ﬂrﬂf—3uwmﬂﬂ
2

> = r*r3Py(cos O)Py(cos )  (2-14-14)

Needless to say we can conjecture what the nth term in this series
will be, and hence we write down immediately for Eq. (2-14-5) averaged
over Y’:

1 1 g
L. = —| 1+ L P (cos )P, (cos &)
Ir = r|/ o r r
over ¥’

+ (%) P,(cos 6)P,(cos 8)
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"\
+ (—;) Py(cos 8)Py(cos 0') + - - :,

1] ©
=—X

n=0

(" > P,(cos B)P,(cos 8') (2-14-15)

If we now finally insert this result into the integral for ¢(r,0) [Eq. (2-14-2)],
we find

* P,/(cos 6)

o(r0) =Y —

n=0 charge
distribution

p(r',0)¥r'Y'Pcos &) dV’ (2-14-6)

We conclude that the coefficients B, of Eq. (2-14-1) are given by

B, = p(r',0')(r')"P,(cos &) AV’ (2-14-17)
charge
distribution

The terms B, are called the 2"-pole moments of the distribution. For example,

B, = j p(r,8) dv’
charge

distribution

total charge (or monopole moment) (2-14-18)

B, f p(r',0)z' dV’ = dipole moment (2-14-19)
charge

distribution

B, = J p(r',0)(r)? Py(cos &) dV’
charge
distribution

= quadrupole moment (2-14-20)

Let us return to the beginning again and ask what ¢(r,6) would be
like if the charge distribution were all at radius larger than r. (That is to
say, r’ > r for all possible r'.) The expansion for ¢(r,0) that we must use
now, in order that ¢ not diverge at r = 0, is

@(r,6) = ¥ 4,r"P,(cos ) (2-14-21)

Equation (2-14-2) would still be appropriate for finding ¢, but the expansion
of 1/|r — r’| must now be in a power series in r/r’. Obviously everything
we have done so far in expanding 1/[r — r’| would be valid if we just inter-
changed r and r’. Returning to Eq. (2-14-15) we now rewrite it as

<_~1_._> ri 5 ( )nP(cos 9)P,(cos ') (2-14-22)

r =1/
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We conclude then that

4, = J plr fl) P,(cos 8) dV’ (2-14-23)
charge (r )n
distribution
Amusingly enough, we can now find the potential even within the
azimuthally symmetrical charge distribution itself, even though that is
obviously not a charge-free region. We take the point (r,0) at which we wish
to find ¢ and break the charge distribution into two parts, that with r’ < r
and that with » = r. We add the two contributions together and lo and
behold—we have ¢. In general then, in a case of azimuthal symmetry,

)= 5 [ , J P O)Pi(c0s 0)

n=0 (rl)"+1
+ 7t J p(r',0)(# )" P,(cos 8') dV’:I P (cos ) (2-14-24)

Let us try out this magnificent formula on a uniformly charged sphere of
radius R (see page 33 and Fig. 2-2). The charge density p is a constant in
this case and can be taken out of the integral. Equation (2-14-24) becomes

1
[remembering that f P (cos @)Ydcos & = Ounless n = 0]

o(r,0) = 41tpf rdr + J )? dr

r

2
= dnp <R7 - %) (2-14-25)

A simple calculation using the fields we previously determined from Gauss’
law will verify that Eq. (2-14-25) is right.

The really interesting applications of the development we have just
carried out are in the field of atomic physics. As we shall see in the next
section, careful calculation of the energy levels in atomic systems will
permit us to determine important constants relating to the nuclear shape.
In any case we are now prepared to deal in a systematic manner with any
azimuthally symmetrical charge distribution.

2-15 THE INTERACTION ENERGY OF TWO NONOVERLAPPING
AZIMUTHALLY SYMMETRIC CHARGE DISTRIBUTIONS;
DETERMINATION OF NUCLEAR SHAPE

We will make use of what we have just learned to calculate the interaction
energy of two nonoverlapping azimuthally symmetrical charge distributions.
As we will see, this will have an immediate consequence in showing us how
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to determine the various multipole moments of the nucleus and hence will
provide exceedingly valuable information about nuclear structure.

We must first explain precisely what we mean by interaction energy.
If we go back to Eq. (2-7-7) we recall that the total energy of any distribution
of charge can be written as

1
Uiotar = —2—f p(D)p(r) dV (2-15-1)
all
space
Suppose that our charge distribution p can be broken into two distinct
distributions p, and p,. As an example of this we can take the atomic system

where the nuclear charge distribution might be taken as p, and the electron
charge distribution might be taken as p,. In any case, we have

p() = py(r) + p,(r) (2-15-2)

Now each of these charge distributions is responsible for a portion
of the potential at any given position. We can write

o(r) = 0,(r) + @, (1) (2-15-3)
where
0, = )y (2-15-4)
Jan |1' —Tr
space
and
0,(1) = P2y (2-15-5)
Jall |l' =T

space

Thus we see that the total energy as evaluated through the integral
Eq. (2-15-1) can be broken into four parts.

1 1
Uiotat = ‘z‘f p1(Me (r) dV + 5 p2(1)@,(x) dV
all

all

space space
1 1
+5 P10, (M) dV + — p2(®)py(x) dV (2-15-6)
ali alt
space space

The first two terms in the total energy are just the self-energies of the
two individual charge distributions. The third and fourth terms constitute
the interaction energy. Now we can easily see that the third and fourth
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terms are equal:

YAV dv’
J;u p1(Mp,(r) dV = JJ p1(Mp,(r')

=]

space all
space

= J P21 ), (') AV’ (2-15-7)

all
Hence we conclude that spacc

Uine = j p2(N)p, (r) AV (2-15-8)
all

space

Now, if the two distributions are azimuthally symmetrical about a common
axis and arranged in such a way that p, is always outside p, (as in an atom),
then our expression for the interaction energy can be written in a very simple
way. We have for ¢,,

© n

9:(r0) = ¥, 2 Pcos 6) (2-15-9)
n=0
where B,'") is the 2"-pole moment of the inner distribution p,. Substituting
into Eq. (2-15-8), we obtain
Uint =

BM4® (2-15-10)
0

where, as usual,

40 = j pz(rﬁ)ﬁgcos 0) (2-15-11)
all r
space
In the event that our charge distribution is an atomic system the part
corresponding to the electrons is generally well known. Hence the A4,
coefficients in the above expansion can be found. In addition to this there
are basic limitations set on the possible values of n as the result of fundamen-
tal quantum-mechanical theorems. For example, the requirement that the
laws of physics not change when we reverse the direction of flow of time
in our equations implies that n cannot be odd. Furthermore, the maximum
value of n is related to the total angular momentum of the system. Only
total angular momentum values of [\/I(/ + 1)k]/2n are allowed for a
physical system, where / is an integer or half-integer and 4 is Planck’s
constant. The maximum value of » that we can have represented in a multi-
pole expansion of the charge distribution may be shown on the basis of
these fundamental theorems to be equal to 2/. Hence by knowing the spin
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of the nucleus we can determine how many moments can possibly exist.
Since the charge is known, the first unknown moment in Eq. (2-15-10) is
the quadrupole moment. A measurement of this term will now tell us
whether the nucleus is “pancake” shaped or ‘“‘cigar” shaped. A pancake-
shaped nucleus will have negative quadrupole moment and a cigar-shaped
nucleus will have positive quadrupole moment. Of course, a sphere has no
quadrupole moment.

2-16 THE ELECTROSTATIC STRESS TENSOR

In all our discussions of the methods for determining electric field and the
energies associated with these fields we have paid very little attention to the
forces exerted on charges and charge distributions. We will remedy this
shortcoming now by showing in detail how the force on a distribution of
charge can be calculated in either of two ways. We can carry out a volume
integral over the charge distribution itself in which we multiply the charge
within any infinitesimal volume d¥ by the field at that point. Alternatively,
we will discover a method of converting our volume integral into a surface
integral in which only the fields on a surface enclosing the distribution of
interest need be known.

We begin, of course, with the force on the infinitesimal bit of charge
in the volume dV. If p is the charge density in the volume and E is the
electric field there, then

dF = pE dV (2-16-1)

Integrating, we find for the total force on a given volume V of charge
F= J pE dVv (2-16-2)
14

Let us apply this to a very simple problem. Consider a uniform sphere of
charge of radius R and total charge Q (see Fig. 2-22). We would like to find
the total force exerted by any one hemisphere of the sphere on the opposite
hemisphere. For convenience we have set up our z axis as shown and evaluate

' Fig. 2-22 A charge Q is spread uniformly over the volume

of a sphere of radius R. We would like to find the force which
the lower hemisphere exerts on the upper hemisphere.
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the force on the upper hemisphere by the lower hemisphere. Obviously
only the z component of this force will remain after integration:

E = j pE, dV (2-16-3)

hemisphere

We recall from Eq. (2-2-6) that E(r < R) = Qr/R®. Hence

E, = %:— cos 0 (2-16-4)

where 0 is the usual polar angle. The charge density p is just equal to
Q/4nR3. Substituting into Eq. (2-16-3), we obtain

2 /2 R
E=§g—J cos()sin@d@j rddr

0
= = (2-16-5)

So far we have added nothing new to our knowledge; we could have
carried out this calculation 50 pages ago. We will now show that Eq. (2-16-2)
can be converted into a surface integral where only a knowledge of the
electric field on the surface is necessary. We recall that p = (1/4n)V - E.
Substituting into Eq. (2-16-2), we have

1
= L E(V-E)dVv (2-16-6)

We next subdivide Eq. (2-16-6) into its components and make use of a simple
vector identity and Gauss’ theorem:

F--b E(V-Ejdv+ | E(V-Ejdv + | E(V- -EkadVv
4n 12 v v

= —I—U [V-(E.E) — E-VE]idV + J [V-(E,E) - E
4n v 14
-VE,]jdv + J [V:(EE) - E- VE,]RdV}
v

1 1
= L EE-f)dd — o L (E -V)EdV (2-16-7)

The surface S, as usual, encloses the volume V. To evaluate the second
integral on the right-hand side of Eq. (2-16-7), we use the vector identity

V(E-E) = 2E-V)E + 2E x (V x E)
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Since V x E = 0, we can rewrite Eq. (2-16-6) into the form
1 1
F= —j EE-f) dA — ———J V(E?) dV (2-16-8)
4n s 8n Jy

We can now convert the second term into a surface integral by means of
one of our standard identities. This leads to the result

1 E?
F=_— L[E(E-ﬂ) ~ —2—ﬂ] dA (2-16-9)

A good look at the integrand of Eq. (2-16-9) will convince us that it can
be written as the product of a tensor T and the vector f. We write

L E(E - ) £ fi]=Th (2-16-10)
4z 2 - g
where
_ £ _
E? - - E.E, E.E,
1 2 E?
T = 4—1'C ExEy Ey —_ —2— EyEz (2-16-1 1)
E2
E.E, EE, E? — >
We conclude then that
F = j Th dA (2-16-12)
S

The tensor T is called the electrostatic stress tensor. As we see from Eq.
(2-16-12), we can obtain the force on a given volume by integrating the
product of the stress tensor and a unit normal over the surface bounding the
volume. We will illustrate this technique by referring back to the problem
we have just solved and again try to find the force on the upper hemisphere
in Fig. 2-22.

The surface we choose is arbitrary as long as it encloses the entire
upper hemisphere and no other charge. There are two natural choices for S.
One is the complete xy plane and the other is the actual bounding surface
of the hemisphere itself. We will only use one of these, the complete xy
plane, and leave the other to the reader as an exercise.

On the xy plane, E, = 0 and A = —k. Hence, on this plane,

Th = - %k
8n
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Using dA = 2nr dr in Eq. (2-16-9), we obtain
1 Q
F= T L E?rdr
1 R Q2r3 1 © Q2
= — — =-d
4 J;, RS dr + 4 Jp r r

3 @
16 R?

(2-16-13)

Needless to say, this result is identical to the one we obtained earlier by
more conventional means.

The utility of this stress-tensor technique will be most apparent in a
situation where we know the electric fields surrounding a charged object
but do not know the distribution of charge itself. By evaluating the stress
tensor on a surrounding surface, we will indeed never have to determine this
charge distribution if we want to know the force acting on it and nothing else.

PROBLEMS

2-1. A charge g is brought to a distance d from the center of a grounded (¢ = 0),
conducting sphere of radius R (see figure).

(a) Show that the potential at all points outside the sphere can be obtained by
replacing it with an “equivalent” point charge at some place on the line
between its center and ¢. (The equivalent charge need not have a magnitude
of —q.)

)t
N

(b) What is the charge per unit area of the sphere as a function of the polar
angle 9?

(c) What is the total charge of the sphere?

(d) How much force is exerted by the charge g on the sphere?

(e) Suppose the sphere in the above problem were uncharged, rather than at
zero potential. What would the answers to parts (b) and (¢) become?

2-2. A slab of dielectric of thickness ¢, length L, and width W is inserted between
two plates of the same length and width with separation 4. The plates are con-
nected to a battery, with a potential difference V. Find the force on the dielectric
when it has been inserted a distance y.



PROBLEMS 10

2-3.

2-4.

| S—
) R
! y
1
Side view !
L L
T -7
! |
' |
i §
W i l
! |
1 |
| |
L ————
Top view

Find the energy stored in a uniform, spherical charge distribution of radius R
and total charge Q.

A charge Q is deposited on a spherical conductor of radius R. What is the energy
of the distribution?

Two long, concentric conducting cylinders have radii a and b, respectively,
and are each of length /. The space between them is filled with material having

v o e e
—

~
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dielectric constant ¢. If the potential difference between the cylinders is V,
find the total energy stored in the fields between them.

2-6. Consider the plane interface between a region with dielectric constant ¢ = 1.3
and a region with dielectric constant 1.6. The electric field in the first region is
at 45° to the surface. What is the direction of the electric field in the second
region?

1 I
=13 | e=16

2-7. A spherical conductor of radius a is surrounded (as shown) by a concentric
dielectric with dielectric constant ¢, inner radius b, and outer radius c. These
are in turn surrounded by a conducting shell of radius d. If a charge +Q is
placed on the inner conductor and — Q on the outer conductor, find the electric
field E and the potential ¢ at all points between the conductors.

2.8. A dielectric separates two conducting plates. The area of the plates is 4 and the
separation between them is ¢. The dielectric constant varies linearly as

£ =¢g + kx for0 £ x<t

A charge + Q is placed on one plate and — Q on the other.
(a) Find D between the plates.

(b) Find P everywhere between the plates.

(¢) Find E everywhere.

(d) What is the potential difference between the plates?
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2-9,

The space between two concentric conducting spherical shells is half-filled with
material of dielectric constant ¢, as shown. The radii of the shells are a and 5,
respectively. A charge Q is placed on the inner sphere and a charge —Q is
placed on the outer sphere. Find the fields E, D, and P at all points between
the conductors.

2-10.

2-12.

Find the six independent coefficients of capacitance for three concentric spherical
conducting shells, having radii a, b, and c, respectively (@ < b < ¢). Choose
two sets of values for ¢,, ¢,, ¢, and show explicitly that Green’s reciprocity
theorem works.

. A charge Q is brought from infinity to the neighborhood of an isolated un-

charged conductor. The fields due to the induced charge distribution on the
conductor do an amount of work W on @ as it is brought in. We now “freeze”
the surface charge in place on the conductor and remove Q back to infinity.
How much energy is stored in the remaining electric field distribution?

Consider an atomic system which consists of a proton at the center of a uniform
negative spherical charge distribution of radius R = 0.5 x 1072 cm. The total
system is uncharged. A field E is now applied to the system causing it to become
polarized.

(a) Calculate the induced dipole moment.

(b) Calculate the amount of work that the applied field has done in moving the

proton from the center of the charge distribution to its new position.

(c¢) Calculate the amount of field energy that would be present in a volume of
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2-13.
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4nR? having constant field E within it. How does this compare with the
answer to (b)?

A conducting spherical shell of radius R is cut into three segments, as shown,
extending, respectively, from 6 = 0 to 6 = 60°, from 6 = 60° to § = 120°,

and from 6 = 120° to 6 = 180°. They are insulated from one another. The
uppermost and lowermost segments are grounded (¢ = 0) and the central
segment is held at potential ¢,.

{(a) Find the first four terms in a multipole expansion of the potential for r > R.
(b) What is the total charge on the sphere?

(¢) What is the quadrupole moment of the charge distribution on the sphere?
(d) What is the potential at the center of the sphere?

. Making use of the stress tensor, demonstrate that the force per unit area on the

surface of a conductor is 27a? where o is the surface charge per unit area.

. Demonstrate that the capacitance of any conductor is always smaller than or

equal to the capacitance of a conductor which can completely surround it.

. A flat circular disk of radius R has a charge Q distributed uniformly over its

area. Show that the potential ¢ at point (r,8) where r > R is given by
1 /RY? I /R\*
@(r,0) = —Q—[l - —(—) P,{cos ) + ?(_) P, (cos B}
r

4 r r
5 [R\®
———<—r> P6(cos(9)+---]

//

{
“‘T%:(_
) r

R

2-17. A charge Q is distributed uniformly along a line coincident with the z axis from

z = —a to z = +a. Show that the potential at a point (r,0) where r 2 a is
given by

o(r.0) = 0 [1 + L(-‘:—y P, (cos 6) + —é—(i)4 P,(cos ) + -- ]

r 3 r
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3
Electromagnetism and Its
Relation to Relativity

3-1 INTRODUCTION; THE MICHELSON-MORLEY EXPERIMENT

We begin our study of electromagnetism in a highly unorthodox way—
by deriving much of it from electrostatics, from the special theory of
relativity, and from the underlying hope that the laws of physics, when
looked at properly, are elegantly simple in their formulation. This is quite
antithetical to the usual notion that physics is an empirical science and
should be presented that way. The beauty of physics lies in the extent to
which seemingly complex and unrelated phenomena can be explained and
correlated through a high level of abstraction by a set of laws which are
usually amazing in their simplicity. In the history of this abstraction, no
triumph has been more spectacular than electromagnetic theory.

105



106 ELECTROMAGNETISM AND ITS RELATION TO RELATIVITY

To develop electromagnetism in its most beautiful form we must
begin with the special theory of relativity. (Historically, of course, the
roles of electromagnetism and relativity were reversed, and relativity was
derived to explain the fact that Maxwell’s equations were not invariant
under a galilean transformation.) We will first describe the Michelson-
Morley experiment, which played a rather crucial role in the path to
relativity.

At the turn of the century, one of the more intriguing problems for
the experimental physicist was a measurement of the velocity of the “ether,”
that is, the medium which carried light. As we all know, the velocity of
sound varies depending upon our velocity relative to the air. If v, is the
velocity of sound in still air and V is our velocity relative to the air, then
we observe a velocity v; for the sound given by

v,=v,—-V 3-1-D

Presumably, it was argued, light also has a fixed velocity relative to some
medium which permeates all space, and if we find the velocity of that
medium relative to the earth, we will be able to calculate the velocity of
light in any direction as seen by our earthbound observer. To this end,
Michelson and Morley designed an ingenious experiment which was to
revolutionize the entire concept of space and time.

There were already some indications of trouble before Michelson
and Morley came along. Historically all the basic laws of electromagnetism
were already understood by that time and had been formulated by Maxwell
in terms of his elegant set of equations. As we shall see, these equations
embodied all electrostatics and magnetostatics as well as the possibility of
producing electromagnetic radiation by accelerating charges. Now Max-
well’s equations contain a constant ¢ which plays two vital roles. On the
one hand, it is the ratio between the electrostatic unit of charge and the
electromagnetic unit of charge. In other words the magnetic field produced
by a moving charge will depend on the ratio of its velocity to ¢ as will the
force felt by a charge moving in a magnetic field. On the other hand, c is
also the velocity with which electromagnetic radiation will propagate. If
indeed there were an ether, then the form of Maxwell’s equations would
change from reference frame to reference frame. In the reference frame of
the ether itself the velocity of radiation could be considered a constant
independent of direction. In any other frame of reference the velocity of
light would depend on direction. Would that mean that the force between
current loops would then depend on their orientation relative to the ether
flow? Nothing in Maxwell’s equations allows for this possibility at all,
and they would obviously need extensive modification and correction.
Notwithstanding these problems it was still considered of the utmost
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importance to make a direct measurement of the velocity of the ether
relative to the earth. This Michelson and Morley set out to do.!

Inasmuch as the ether has no problem in passing through matter
(it could not be removed from an evacuated container) and would hence
not be dragged along by the earth, one would anticipate a variation in the
velocity of light on the earth’s surface as the earth traveled about the sun.
The velocity of the earth relative to the sun is about 10~# times the velocity
of light in ether, and hence variations of this order were anticipated in the
relative velocity of earth and ether over the course of a year.

An idealized sketch of the apparatus is shown in Fig. 3-1. It is assumed
that the ether is moving to the right along the positive x axis with velocity V.
A light beam, initially traveling in the positive x direction, strikes a half-
silvered mirror A4 inclined at 45° to the x axis. Half the light continues
through to a mirror B at a distance Ly and back again. The other half
reflects into the positive y direction at mirror 4, goes on to mirror D at a
distance Lj, and then returns to 4. The returning beams from both B
and D recombine to produce beams going in the negative x and y directions.

[Now in practice the observer looking into 4 from either the negative
x or negative y direction will see an interference pattern, as light which has
passed through a given path on one arm meets light which has passed
through a corresponding path on the other arm. Optical paths are made to
vary somewhat from the “ideal” to produce a series of ““fringes” as the
observer looks into 4. We will continue to assume, though, for the sake of

D y
| |
' |
f x
|
| “Ether” velocity V
| Lo g
|
|
I
1

Incoming light —_— ——
e e s o el e e e e e e e e e e

A

I
|
Fig. 3-1 An idealized sketch of the Michelson-Morley apparatus.

! The author takes no responsibility for the correctness of the historical exposition. Not having
studied the history he has imagined what it must have been like and has arranged it to suit.
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argument, that all beams are perfect, parallel beams traveling either 2L,
or 2L, as they go through excursions (4 - B — A4) or (4 = D — A).]

Let us calculate the time for the paths 4 > B> 4and 4 - D - 4
in the classical manner, by imagining ourselves moving with the ether.
We now see the light moving with velocity ¢, and our calculation requires
only that we know how far the light must travel.

We see the light beam heading toward B, but we see B coming to
meet it with velocity V. Hence

Ly — Vi, p
ty~p = e
Similarly
Lg+ Vig,,
tB'-'A = __.—C—.
Hence
Ly
ti.g= 3-1-2
BT Ty ( )
L
s =T (3-1-3)
and
2Ly (3-1-4)

LpsBsg = —T 7337
A—=B—=A C(l _ VZ/CZ)

As we watch the light path 4 - D — 4, it appears as in Fig. 3.2. The

distance the light must travel is 2,/L,> + V*1,.,.,>/4, and hence the
time it takes must then be

2(/Lp* + Vtsupai/4

Lywpa = p
- D
Light path
Lp
4 — \4 Fig. 3-2 The path of the light from 4 to
Pathof A  Dto 4 as seen from the “ether.”
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Thus
t 2L,
AP T = ViR

If we were now to adjust Ly and L, for maximum constructive interference,
we would have

(3-1-5)

_ ni

Linpaa = lgapaa T =

where 1 is the wavelength of the light. Without loss of generality we can
set n = 0if Ly and L, are about equal. We have then

Ly

Ly = \/—T—;—W (3-1-6)

We can now turn the apparatus through 90° so that the ether is moving along
L,,. The interference should change, of course, as we carry out this rotation.
We have obviously arranged it, according to Eq. (3-1-6), so as to have
L, slightly longer than Lg. After rotation, however, this relationship will
no longer do, in general, for maximum constructive interference.

We can investigate the sensitivity of our apparatus by asking how
long the arms must be in order that maximum constructive interference
changes to maximum destructive interference as we rotate. We assume that
V is equal to the velocity of the earth, namely, 10~ *c. In our rotated system
the times are now given by

2L,

Uiopsa = o = Vi (3-1-7)
and [making use of Eq. (3-1-6)]
t/ — 2LB
Y e R
2L
=2 (3-1-8)
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Hence, letting the difference between these times be equal to half the wave-
length divided by ¢, we have

2y (1 A
c \1 = V?c? T 2

This leads to the result

A

Ly=7 52 (3-1-9)
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If we now take ¥ = 10"*c and A = 4 x 107% cm, we find that L, must
be 10 meters long. This would be a formidable piece of hardware if it were
built according to our model above. In practice the length is achieved by
means of a long series of reflections, but the basic principle is unchanged.
In any case, the observer watches the interference fringes carefully as
the apparatus is rotated and looks for a shift in the pattern.

Can you imagine the excitement that Michelson and Morley felt
when they observed no change at all in the interference pattern as they
rotated the apparatus? The immediate explanation that probably occurred
to them was that at this particular season the earth and the ether must be
moving together. So they would have to wait 6 months to really be sure!
It was probably a very difficult 6-month wait, but, needless to say, no change
in the interference pattern was ever seen. Out of this experiment grew one
of mankind’s most beautiful ideas: Einstein’s special theory of relativity.

3-2 THE LORENTZ TRANSFORMATION

Of course, there were many attempts at finding alternative solutions to the
predicament posed by the Michelson-Morley experiment, but we will, in
keeping with Einstein, take the very simplest. We shall assume that the
velocity of light is a constant of nature and that observers in all frames of
reference moving with constant velocity with respect to one another measure
the same constant. This immediately explains the Michelson-Morley experi-
ment and leads us directly to the Lorentz transformation for converting
the coordinates (x,y,z,t) of an event in one frame X to the coordinates
(x',y’,z’,t") of the same event in an equivalent frame X’. Equivalent frames
will be taken to mean frames which move at constant velocity relative to
each other.

To begin our derivation of the Lorentz transformation, let us assume
that system X’ is moving with velocity V along the x axis of system X (see
Fig. 3-3a). Let us further assume that the x’ axis lies superimposed along
the x axis and that the y” and z’ axes are parallel, respectively, to the y
and z axes. Both clocks (¢ and ¢) will be set at zero when the origins of Z
and X’ coincide.

We next show by trivial argument that ' = y and 2z’ = z. Let us take
two absolutely identical twins and stand one along the y axis and the other
along the y’ axis and have the twins approach each other. Now, for the
sake of argument, let us assume that twin John in the Z system believes his
brother Jim to be shorter. Then, since we assume neither system to be
preferred, Jim must think that John is shorter. As they collide we have a
most remarkable set of circumstances—John sees Jim’s head plow into his
own belly as he feels his own head plow into Jim’s belly. Quite absurd!!
There is only one sensible solution, each still sees the other as being of the
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(a)

Fig. 3-3 (a) The coordinate system ¥ moves with velocity V'
along the x axis of the ¥ coordinate system. John is riding along
in the I system while Jim is in the I’ system.

same height as himself. That is, dimensions transverse to the direction of
motion are unaltered in a Lorentz transformation.

Now we come to the matter of clocks. We would like to examine how
each of our twins sees the other’s clock in relation to his own. Since the
velocity of light ¢ is a fundamental constant of nature, the “ideal” clock,
so to speak, is a perfect stick of length L with a mirror at each end and a
bit of light beam bouncing back and forth. Let each twin align his clock
along the y (or ) axis. Each twin sees his own light beam take a time
t = 2L/c for the complete cycle. Meanwhile he sees the other twin’s light
take an amount of time f.,,,. Of course, 7, is larger than t, since the
light must travel along further (see Fig. 3-3b). The path of the other light is

/ Vitgner)?
Pathother = 2 l«2 + '—‘—( 0:‘“)

Consequently
— pathother
other ¢
- __2_ Lz + Vztotherz
¢ 4

and, solving for £ ..,
2L T

T =
M ST= VR 1= Ve

(3-2-1)
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Fig. 3-3 (cont'd) (b) Path taken by Jim’s light beam as seen by John.

Thus each sees the other’s clock moving more slowly, by a factor of

1
J1 = V?c?

Having developed a means of comparing clocks in two equivalent
coordinate systems, we now attempt a compariscn of lengths along the
direction of relative motion. Let John, in the X system, lay his standard
clock, of length L as he sees it, along the x axis. We presuppose now that
Jim in the ¥’ system measures the length of the rod as L', and we wish to
relate L’ to L. John (X) believes that the light takes a time 1t = 2L/c for a
complete cycle, and, as we have already determined, Jim thinks it takes
longer, namely, 2L/c./1 — V?/c?. Now let us visualize the entire process
as seen by Jim (X") (see Fig. 3-3¢). He sees the transit of light to the right
as taking an amount of time t3. At the same time he sees the end of the rod
moving toward the light beam with a velocity ¥, and hence the distance
covered by the light beam in going from left to right (4 to B')isjust L’ — V3.
The light having traveled at a velocity ¢ has thus taken a time ¢; =
(L — VitR)/e, yielding

1 = L
B7 el + Vo)
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Fig. 3-3 (cont’d) (c) The X system as viewed by an observer in the
%’ system. L’ is the apparent length of £’s clock. The path indicated is
followed by X’s light beam in the course of one cycle.

Similarly we would find the time from B" to A4’ as
1 = L

™ el = Vo)

Using our information about clocks, we have

2L 1 2L 1

f + g = — =—
EERT e NS V?c? c 1 - ¥?c?
yielding
V2
L'= [1-—L
o

13

(3-2-2)

(3-2-3)

We thus come to the following conclusion. Each observer determines
distances along the direction of relative motion to be foreshortened in the
other coordinate system. Jim thinks that John is abnormally thin in one direc-

tion, and Jim, of course, thinks the same about John.

Having learned how to compare meter sticks and clocks, we are now
ready to derive the full Lorentz transformation. Let us say that an event
occurs at position x and at time ¢ in the ¥ system. The observer in the ¥’

system reasons as follows:

1. When both clocks were at zero, then the point x would appear to him as

VZ
1-?2—x
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2. During the time interval ¢ (before the event occurs as seen by T’),
the Z system moves in the negative x’ direction by an amount V7.
3. Hence we conclude that

V2
X=_[1l=—x-V
vV c

Solving for x, we have

x = X4 (3-2-4)
V1= V3t

By symmetry we can also say

-V
=i (3-2-5)

J1 = V¥t
Combining these equations, we have

R

T (3-2-6)
_ 2
y oo L= ) (3-2-7)

V1= V3t

To make our notation simple, we define the symbols § and y by
1 4
B=— (3-2-9)

1
Y= ———s (3:29)

N

Let us now set down the matrix

Y 0 0 iBy

0 1 0 0
L= wherei = . /—1 3-2-10
0 01 0 \/ ( )

—ify 0 0 y

We will call the element in the uth row and vth column L,,. If we now
write

X, =y  X4=lct G-2-11)
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then the Lorentz transformation can simply be written as
4
x, =Y L,x, (3-2-12)
v=1

We note immediately the formal similarity with equations in three-dimen-
sional space. For example, the analog of Eq. (1-2-3) is

4
L LnLp =3, (3-2-13)

In terms of our four-dimensional notation, the old rotation matrix a
(see page 5) is now written asR :

a;, a5 a,;3 0

a a a 0
R = 21 Q22 0G3; (3-2-14)
az; 4a3; az; 0

0o o0 0 1

A pure rotation in three-dimensional space would then be expressed as
X, = Y Rux, (3-2-15)

Now R and L are both subsets of the set of all four-dimensional rotations
(called the Lorentz group). If we wish to find the Lorentz transformation
between two coordinate systems whose relative motion is along some
direction other than the x axis, we can apply the succession of rotation,
Lorentz transformation, and inverse rotation to achieve our ends.

The set of four quantities (x,,x,,x,,x,) is a four-vector in this four-
dimensional space. As we anticipate, its length remains invariant under
any Lorentz transformation:

X2+ y2 4+ 22 — PP =X 4y 4 - 2 (3-2-16)

All sets of four quantities which transform as (x,,X,,x3,x,) under this
group of transformations will be called four-vectors. Scalar products
of four-vectors are made in the same way as before. If u and w are four-
vectors, then the scalar product is

uw =Y uw, (3-2-17)
For convenience we will also adopt the convention that Greek subscripts

(u,v,etc.) refer always to the numbers 1, 2, 3, 4, while Latin subscripts
(i.j,k,etc.) refer only to the numbers 1, 2, 3.
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The definition of a tensor of the second rank in four dimensions is
quite analogous to that in three dimensions. The 16 elements transform
like the set of component products of two four-vectors. There is nothing
analogous to the vector product in four dimensions, since, as we have seen,
the vector product is a special tensor of the second rank in three dimensions.
We shall have more to say about this shortly.

In any case, we have now developed enough formal machinery to
enable us to transform the position and time of an event as seen by one
observer into the position and time of the same event as seen by an equiva-
lent observer. We can now take a look at the mechanics of a moving particle
and see how the dynamical quantities which characterize its behavior can
be transformed as we go from one to another of these coordinate systems.

We begin with the simplest dynamical quantity, its velocity, which
we call u in the X system and uw’ in the X’ system. As usual, X’ moves with
velocity V along the positive x axis. We have

dx’ dx — Vdt

“Ea T A= (V) dx
u —V
. A 21
1 — Vu,/c? (3-2-18)
’ o i u}’ -
4= T (3-2-19)
1
W, = — —= (3-2-20)

Ty 1 —u Vi

The most interesting of these velocity transformation formulae is
Eq. (3-2-18) relating u, and «... In the old days, before we heard of relativity,
we would have simply let ¥, = u, — V. Thus if a particle was moving along
the negative x axis with velocity #, = —3c and the I’ system was moving
along the positive x axis with velocity 3¢, we would naturally expect the
¥’ observer to see the particle moving with velocity 1.5¢. It stands to reason!
Now we say, instead, that &, = —1.5¢/(1 + %) = (—24/25)c. Very odd
indeed. In fact, try as we may, as long as |u,| < cand |V] < c we can never
have |u,| greater than c.

We next consider the component of momentum of the particle that is
transverse to the direction of relative motion of the two coordinate systems.
This component must be invariant under Lorentz transformation from one
of these systems to the other. Physically, this is easiest to understand by
placing oneself first in one frame and then accelerating to the other frame.
As we accelerate we see fictitious forces causing a change in momentum
in the x (or x’) direction but never in the y or z directions. (We could not
even know how to define the y or z directions on the basis of the relative
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velocity of the two coordinate systems above.) Making use of this require-
ment, and freeing ourself of the notion that mass is an invariant scalar quan-
tity under a Lorentz transformation, we have

mu, = m'u, (3-2-21)

Inserting our previous result from Eq. (3-2-19), we have

m_ % _ 1 (3-222)
m ou,  y(l—ub/c?)
The expression on the right can be simplified as follows. We first calculate
1 — u'?/c? by inserting the expression
u?=ul? + u? + u?

_ e =M+ w21 = VP + w1 - VP )

B A — u,V/c*)?
Simplifying and combining terms yields

u? _a- w1 - V3P

] — =
c? (1 — u,V/c?)?
or
u vV 1 — u?/c?
. (1 _ 7) =V (3-2-23)

We will find this expression quite useful. Returning to Eq. (3-2-22), we can
now write

u2 u/2
nN-S=m 1 =% 224
m p m p @3 )

We see thus that the expression m./1 — u?/c? is an invariant constant
under a Lorentz transformation. We will call it m,, the value it has when
u = 0. We have then
m
m=—=2= (3-2-25)
1 — w?/c?

The quantity m, is referred to as the rest mass of the object. Having found
the way to transform m as we go from one system to another, we are now
ready for the x component of momentum. As usual we write

o 7yl
Py = mu,

my u, — vV
= (3-2:26)

V1 — w2 1 — uV/c?
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But, using Eq. (3-2-23) again, we obtain

2oV (u, ~ V) (3-2:27)

Px =1/1 — u?/c?

Putting all of what we have learned together, we finally come up with the
equations

= —Iimc
px_y px ¢

p;,=py
P: =D,

e=ifre= )
m'c = y{me — —p;

Lo and behold, the set of four entities (p,, p,, p,, imc) transforms as a four-
vector under a Lorentz transformation!

We now make a most remarkable discovery—that momentum con-
servation, if it is to be independent of coordinate system, implies energy
conservation. Imagine a collision between particles O and ) giving rise
to particles @ and @. Momentum conservation tells us that

Pr+P2=Ps+ M (3-2-29)

Let us form the four-vector p; + p, — ps — p4:

(3-2-28)

P1+ P2 —P3—Ps=[P1+P2—P3 — Ps i(my + my — my — my)c]
= [0, i(m; + my — my — my)c] (3-2-30)

If the first three components are to remain zero for any Lorentz transforma-
tion, then the fourth component must also be zero. Hence

my + my, =my; + m, (3-2-31)

To bring this equation into correspondence with classical physics we note
that for small

2 2
myc 5 1 u )
mC2 = ——— 2 MyC 1 4+ — —
\/l - u?/c? 0 < 2 2
= myc? + imou? (3-2-32)

This is then equal, for small u, to a constant plus the kinetic energy of the
mass. We then define the energy of our mass as mc? and observe that energy
conservation is a direct consequence of momentum conservation.
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We can derive a very useful relationship between energy and momen-
tum by making use of Eq. (3-2-25). We let mc? be denoted by the symbol E
and recall that

2,2
my*u
p*=mu’ = 1 = 22
Hence
2.4
mp=c
E2 = 1—_;—2722— = p2C2 + m02C4 (3-2-33)

Another equally useful expression relates the velocity u to the ratio of

pc and E. Making use of Eqgs. (3-2-25) and (3-2-33), we can easily obtain
u pc
= = 3-2-34

p===5 (3-2:34)

Before we leave the subject of relativistic kinematics, we will say a
few words about a system of units which plays a predominant role in dealing
with atomic, nuclear, and subnuclear phenomena. This system is based on
the electron volt as a unit of energy. The volt is a unit of potential difference
in the mks system and can be related to our unit of potential difference,
the statvolt, by the equation

1 statvolt = 10~ 8¢ volts (3-2-35)

where ¢ is the velocity of light in centimeters per second (10~ 8¢ is about
300). The electron volt (eV) is then the amount of energy which corre-
sponds to moving a charge equal to the charge of an electron (or proton)
through a potential difference of 1 volt. Since the charge of the electron, e
is equal to 4.8 x 10710 esu, we have

_ 48 x1071°

- -12 -2
eV = 300 ergs = 1.6 x 107 '* ergs (3-2-36)

Next we introduce the units of momentum and mass which go with
the electron volt in common usage. Both are obtained from our energy
units by allowing ¢ to equal 1 in our kinematic equations. The unit of
momentum is called the eV/c and the unit of mass is called the eV/c2. The
rest mass of a particle whose rest energy is myc? eV is thus mg eV/c?. (In
Table 3-1 we list the rest masses of some of the more important elementary
particles.) The momentum (in eV/c) of a particle whose mass and energy
are known is obtained from Eq. (3-2-33):

2 2
pich/c =V E* — mgy
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where E is in eV and m,, is in €V/c2. The velocity of a particle is given by Eq.
(3-2-34):

p

B = 5 (3-2-37)
where p is in eV/c and E is in €V. Although this system of units will seem
odd to the student at first, he will soon become accustomed to the great
advantage of not having to carry around ¢’s everywhere.

Let us illustrate the methods discussed above by calculating the velocity
of a proton which has acquired a kinetic energy of 500 MeV (a MeV is
10° V). Referring to Table 3-1 we see that the mass of a proton is 938
MeV/c*. Hence its rest energy is 938 MeV. Adding this to the kinetic energy,
we obtain

E = 938 MeV + 500 MeV = 1438 MeV

We next find the momentum p.

p = /(1438)* — (938)* = 1090 MeV/c

Finally we determine the velocity of the proton relative to the speed of light

_p 109
b="F =123 =078

TABLE 3-1 Tabulation of the masses of some
elementary particlest

Particle Symbol Mass (in MeV/c?)
Electron et 0.511006 + 0.000002
Muon u* 105.659 + 0.002
Charged pion nt 139.578 + 0.013
Neutral pion n° 134974  +0.013
Charged kaon k* 493.82 + 0.11
Neutral kaon K° 497.76 + 0.16
Eta n° 548.8 + 0.6
Proton p 938.256 4+ 0.005
Neutron n 939.550 + 0.005
Lambda A° 1115.57 + 0.07
Sigma plus =t 1189.43 +0.17
Sigma zero e 1192.55 + 0.11
Sigma minus - 1197.42 + 0.09
Xi zero =° 1314.7 + 0.7
Xi minus B 1321.25 +0.18
Omega minus Q- 1672.4 + 0.6

tFrom compilation of Prof. A. Rosenfeld.
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3-3 CHARGE DENSITY AND CURRENT DENSITY AS
COMPONENTS OF A FOUR-VECTOR

We remember from elementary physics that current is somehow related
to the movement of charge. In this section we will put this notion on a
quantitative basis and then show that current density and charge density
are closely related as components of a four-vector. This is not altogether
surprising for we anticipate that stationary charge density as seen from one
reference frame will appear to be moving in another reference frame.

It is simplest to begin with a collection of discrete charges which are
sufficiently closely spaced so as to be effectively a continuum. We will assume
that the charge ¢; has a velocity v;, and we then define the current density j
at a given point by the equation

Zqivi
= lim - (3-3-1

At—~0 T

JCSU

where At is a small volume element about the point of interest. (We have
attached the subscript esu to indicate that the current density so defined
is in electrostatic units.) Of course the charge density in this case is defined
as before:

Z%‘
p = lim - (3-3-2)

At—-0 AI

This definition of current density is quite in keeping with our intuition.
If we want to determine the charge per unit time flowing past a bit of surface
dA in the direction. of the normal vector fi, we just evaluate j, - i d4.
The flux of j out of a given volume is just the charge leaving it per unit time.

Rate at which charge is leaving AV = f ooy - 1 dA (3-3-3)

surface
of AV

We now make a most important empirical observation. The total
charge that a given object carries is an invariant with respect to a Lorentz
transformation. Were this not the case we would have a very insane world
indeed. As we heated a bit of matter, the average electron velocity would
increase quite differently from the average nuclear velocity. Hence, if the
negative charges of the electrons just canceled the positive nuclear charges
at one temperature, they would not do so at all temperatures. The body
would then change its overall apparent charge with changing temperature,
and, remembering the basic strength of the electrostatic force (see page 34),
disastrous consequences would follow. Fortunately, when the laws of
physics were first set down, this problem was averted through the Lorentz
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invariance of total charge. (As we have seen, this invariance does not hold
true for the total mass of an object. Its mass does increase as it speeds up.
However, because the net gravitational force on matter is not the resultant
of a delicate balance of opposites as it is in the case of electrostatics, the
consequences are negligible.)

We now ask how j, and p transform under a Lorentz transformation.
Since not all our charges are necessarily moving with the identical velocities,
we must break our charge and current distribution into subdistributions.
Each of these subdistributions will consist of all charges that do have more
or less identical velocities. We can treat each of these subdistributions
independently as we go from one frame of reference to another and add
them together at the end.

For the typical case we have j,, = pv where v is the velocity of the
subdistribution. We transform into the system X’ moving with velocity v,
in which case

=0

’

3-34
o’ = po = charge density in rest frame of subdistribution ( )

When we transform back to the original system X, all distances along the
transformation direction are compressed by the factor /1 — v?/c?, and,

in order that the total charge remain constant, the charge density must
increase by the factor 1/,/1 — v?/c?. Hence in the X system we have

P

= 3-3-5
p T (3-3-5)
Since j.,, = pv in this system, we also have
. PoV
Jesw = = (3-3-6)
1 — v?/c?

We notice that these equations are completely identical in velocity depen-
dence with the previously derived equations for mass and momentum:

m= 110
J1 = v¥c?

B myV
P J1 = v?c?

But the four quantities p,, p,, p,, and imc transform as a four-vector under
Lorentz transformation. The conclusion is clear. The four quantities
Jxtesup Jytesuy Jziesuy £0€ Must transform as a four-vector.

At this point it is convenient to make a change in our units. We intro-
duce the so-called gaussian units, wherein p is expressed in electrostatic
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units as before but j is expressed in electromagnetic units. The definition of
the electromagnetic unit is

— ]esu (3_3_7)

Jcmu ¢

We shall no longer carry the subscript emu or esu but tacitly assume that
i = Jumu- The four quantities j,, j,, j,, and ip constitute our new four-vector.

Consider now how we would express conservation of charge within a
given coordinate system. The rate of change of charge in a volume is equal
to the charge entering the volume per unit time. Using Gauss’ law, we can
write this as

1
Vit Lo (3-3-8)

Note then that the left side of the equation is just the scalar product of the
two four-vectors [(9/dx, 0/0y, 0/0z, 1/ic(8/dt)] and (J,, j,. J,» ip) and is thus
invariant under Lorentz transformation. If the conservation of charge
holds in one coordinate system, it will hold in any equivalent system!

3-4 THERE MUST BE A “MAGNETIC FIELD"”! (THE REQUIREMENT
OF LORENTZ INVARIANCE IMPLIES A VECTOR POTENTIAL)

Until now our study of relativity has been largely limited to kinematics.
That is to say, we have learned how to transform some of the variables that
describe a dynamical system from one coordinate system to another, but
we have not discussed at all the laws of physics which govern the behavior
of these variables. We will now begin to do so with a very simple assumption.
We will assume that the force on a charged particle in its own rest frame is
given by the electric field as the particle sees it. Furthermore, we will assume
that if the charge and current distributions that it sees in its own rest frame
are not changing with time, then the electric field it sees will be determined,
just as in the case of simple electrostatics, by Eq. (2-1-4).

The consequences of these innocent-sounding assumptions are abso-
lutely fantastic. We will now show that the electric field cannot provide a
complete description of the long-range forces resulting from charges and
currents, but that there must in addition be other field quantities at each
point in space which exert a velocity-dependent force on a moving charged
particle. Thus we will deduce that there must be a magnetic type of force.
Later we shall see how to express this force in terms of magnetic field.

We begin with an exceedingly simple problem. We consider an in-
finitely long cylindrical region of radius R which carries a constant current
density j but no charge density (p = 0). We can achieve this by having an
equal density of positive and negative charges moving in opposite directions.
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A charge g is now projected with velocity v parallel io the current, at a
distance r from its axis. We wish to find the force exerted on the charge
(see Fig. 3-4).

We first note that nothing we have done in electrostatics would seem
to indicate that there should be any force whatsoever on the charge g.
Any force we discover now will be new. Of course, we anticipate from
previous experience that there should be a “magnetic” force on g, but
as we will now show, this state of affairs is completely deducible from
electrostatics and the Lorentz transformation.

We begin by doing the obvious, jumping to a system in which the
charge is at rest. In this system £’ moving with velocity v with respect to
the laboratory Z, we see the current density j’ and the charge density p’
given by

Jo= e =
¥ * 1 — v?/c?
h=k=i=Jj=0 (3-4-1)

That is to say, we see a negative charge density for r £ R equal to
’ _ij
p =
e/1 — v?/c?

The electric field set up at the radius r is radial in direction and is just (from
Gauss’ law)

(34-2)

MR’
E'= + "r P (3-4-3)

If we let I = nR%j, = total current, we have

E = — M (3-4-4)

e/l — v*ctr

Fig. 3-4 A charge ¢ is projected with velocity v parallel to a current distribution j. Forr < R,
j =constant,p =0.Forr > R, j=0,p =0.

O+ O+ G — j
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Now, the force on our charge g is just gE, in this system. But this force is
also equal to dp,/dr in the Z’ system where 7 is the particle’s proper time
and p; is its transverse momentum. Hence

dp, 2Ivq

= - 3-4-5)
dr c /1 — v?/c?r (
Going back to Z, we note that
dp, = dp,
and
dt = _L_ (3-4-6)
1 — v?/c?
Substituting back, we find the force on g in the laboratory.
dp 2Ivg
F=—Y= - — 3-4.7
Yoodt cr ( )

As we see, this is just equal to what we would have predicted from magneto-
statics, as we learned it in elementary physics. We would have said

_

Y r

F = —q~—Z—B and B

So we have made a major discovery. A charged particle moving in
the proximity of a current distribution has a force acting on it, even though
there is no other charge density present! Unfortunately though, life is not
quite so elementary, for if we try to project the charge ¢ in the y direction
(toward the axis of the current distribution), we run into trouble with our
simple reasoning. If we jumped on board our particle, we would see no
apparent change in the current density and we would see no charge density
at all. This is because the current j is now transverse to our velocity of trans-
formation and there is no longitudinal current or charge density in the
laboratory. What do we do now? Do we conclude that the charge g will
now have no force on it? Of course not! We have gone outside the area of
validity of electrostatics because we now see a current distribution which is
changing with time. It is approaching us with velocity —v, and we have no
right to expect that electrostatics will give us the full answer. So we must now
go back and think out our whole problem from scratch.

To feel our way, let us recall the equation relating potential to charge
distribution: V2¢ = —4mp. It is clear that this equation is not properly
invariant under a Loreniz transformation. To make it so, the operator V?
has to be replaced by something which transforms as a scalar in four-
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dimensional space. Obviously we want

0* 0? d* 1 &
Vi S+ - +-5— 5 =5 = 3-4-8
"t 2w -U (3-4-8)
The symbol on the right, called the D’Alembertian, reduces to the laplacian
V2 in the event that there is no time dependence to ¢ and has the right invari-
ance under Lorentz transformation. The proper equation for ¢ is then

Oe = ~4np (3-4-9)
Since p is the fourth component of a four-vector, ¢ must also be so. Hence

we must have three other components A4,, A4, and A4, such that the set
of objects (4,, 4,, 4,, ip) is a four-vector and

(4, = —4nj, (3-4-10)
(4, = —4xj, (3-4-11)
4, = —4mj, (3-4-12)

In the event that j and p are not time dependent, we can rewrite these equa-
tions in integral form just as in electrostatics.

p(r)
= = dV’ 3-4-13
(P J;" lr - r/ ( )
space
A= f L (3-4-14)
aw r-r

In summary then, the laws of electrostatics must be generalized by intro-

ducing a four-vector potential 4, corresponding to the four-vector current

J,. such that

4 22
0’4,

)3

PRy = —dnj, (3-4-15)

This equation represents our first breakthrough in understanding
how to generalize from electrostatics. We see that one component of poten-
tial is inadequate but that we must have four components in order that our
old equations for electrostatics not be limited to one particular coordinate
system. The Egs. (3-4-15) have the property that if they hold for one system
they will hold for all systems and reduce properly to the equation of electro-
statics in the event that there is no time dependence in any given system.

3-5 THE ELECTRIC AND MAGNETIC FIELDS AS ELEMENTS
OF A SECOND-RANK TENSOR

Our next step is to find the fields that exist at each point in space in terms
of the four components of vector potential. Again we use what we have
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learned in eléctrostatics to point the way for us. We recall that in the absence

of time dependence we have E = — V¢, which we can rewrite as
=
—iE = (3-5-1)
i g

It is clear then that the three components of electric field are really elements
of a second-rank tensor in our four-dimensional space. Our job is now
reduced to finding the complete tensor.

So far everything we have done has been entirely deductive, making
use only of Coulomb’s law, conservation of charge under Lorentz trans-
formation, and the requirement of Lorentz invariance for our physical laws.
We have now come to the end of this deductive path. At this point when the
laws were being written, God had to make a decision. In general there are
16 components to a second-rank tensor in four dimensions. However,
in analogy to three dimensions we can make a major simplification by
choosing the completely antisymmetric tensor to represent our field quan-
tities. Then we would have only 6 independent components instead of the
possible 16. Under Lorentz transformation the tensor would remain anti-
symmetric and we would never have need for more than six independent
components. Appreciating this and having a deep aversion to useless
complication, God naturally chose! the antisymmetric tensor as His medium
of expression. We define this tensor F,, as follows:

~ <6Av ~ aA,,) (352

w7
ox, 0ox,

'It has been pointed out to the author by Prof. D. Dorfan that God was actually quite con-
strained in His choice of the second-rank tensor. The demonstration that the tensor we are
looking for (which we shall call F) must be totally antisymmetric goes as follows. We first
observe that in the instantaneous rest frame of a particle of charge ¢ the force on it must be
equal to gE where E is the electric field it sees. The force is also equal to the rate of change
of the particle’s momentum p in this frame of reference. Hence we have, making use of
Eq. (3-5-1),

dp. -
B T F, forj=1,23 (3-5-1a)
dt i

Of course, anything we do for 1, 2, and 3 we also want to do for 4. Thus we must write

d —
Ze o T F. forp=1,234 (3-5-16)
dt i

Next we observe that the momentum four-vector in the particle’s instantaneous rest frame is
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Writing out the terms explicitly, we have

[ VxA VxA '<6"’ ! an)_

0 (V x A), —(V x A), N\t 7 &
0 Vv x A) '<a“’ 4+ aAy)

—(V x A), (V x A), & 7
" VxA Vx A 0 '(a"’ 42 ‘M’)

(V x A), —(V x A), %t 7%

A s 1 o4 do 1 o4,
_l<?ip‘+l_a ") _l'<_(p+_4l> __i<_(p+* > 0
B O0x ¢ at Cy ¢ 0Ot 0z ¢ ot ]
(3-5-3)

where A is the three-vector (4,,4,,4,). Notice now the remarkable fact
that under a pure rotation the tensor F breaks into a polar vector and an
axial vector. The components (F,;, — F;3,F,,) are really the three compo-
nents of V x A and transform as an axial vector. The three components

1 0A Co
(Fi4.F>4,F3,4) are clearly equivalent to i<V(p + " 7), which is a polar

vector. Hence in any given coordinate system it would appear as though
there were two independent vectorial fields at each point in space. Only

P = (0,0,0,imyc) (3-5-1¢)
Thus Eq. (3-5-1b) can be rewritten in the form

dp. g 3

-1 Y pF, 3-5-1

dt mye v; als ( b
Both sides of Eq. (3-5-1d) now have the appearance of components of a vector. We next take
the scalar product of this vector with the vector 2p:

4 4

dp 2
w,~t =225 ¥ pE.p, (3-5-1¢)

,— =
1 dr MoCy=1 y=1

ek

u

We observe that the left side of the equation can be rewritten as

s dp, d 2 d
2p EE . 2 = “(—mic) =0
El Pl T ‘Ex Pu dr( mo™c”)
We thus have
4 4
Y X pEp.=0 (3-5-1f)
vel p=1

The left side of Eq. (3-5-1/) is a scalar. Hence the equation is true in any coordinate system
which can be related to our instantaneous rest system by means of a Lorentz transformation.
It is now left to the student to prove that if Eq. (3-5-1f) is to be true for any choice of system
then F must be antisymmetric.
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when we transform between them do the two fields become mixed together.
In any case, let us return to Eq. (3-5-3) and make some important

. . 1 0A )
observations. The first of these is that Vo and — a are inseparable!
¢

Component by component they always occur together, and so a particle
must experience their combination as though it were one type of force.
Inasmuch as we identified —V¢ as E in the case of electrostatics, we now
write

1 0A
E=-Vp - — — 3-5-4
¢ c 0Ot ( )
(This result embodies all of Faraday’s famous law and is even more general.
Its importance will become apparent in due course.)
We now make a definition. We define the magnetic field B as

B=VxA (3-5-5)
We have then
0 +B, -B, -—ik,

-B, 0 +B, -iE,
F = (3-5-6)
+B, —B, 0 —iE,

iE, iE, iE,

Before we actually see how this magnetic field acts on a moving

charge, we should examine in detail the behavior of the components of

F as we go from one coordinate system to another through a Lorentz

transformation. We will assume as usual that X’ is moving along the positive
x axis of X with velocity V. As usual we have

4
‘FLV = Z LuaLvﬂE:[i (3'5'7)
af=1

Remémbering that the Lorentz transformation matrix is given by Eq.
(3-2-10), we have

0 WB, — BE) B, +BE) ik
o | rm-pE) 0 B, ~i(E, = BB)
WB, + BE) B 0 ~i(E. + BB)
B, iE - BB) iE, + pB) 0
(3-5-8)

where f = V/candy = 1/ /1 — B*.
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We first observe that the component of either E or B along the direc-
tion of relative motion remains unchanged. This component is called the
longitudinal component and in the present case is the component along the

x direction.
B =5 (3-5-9)
E. =E,

As far as the transverse components of E are concerned, we note that

%
E, =yE, —y - B,
= JE, + —Z-(v x B), (3-5-10)

E.=9E, + L (V x B),

Hence we can write in general, for the component of E transverse to the
relative motion of T and X/,

}=vﬁh+<%xB>}

However, since (V/c) x B has no longitudinal component, we can simplify
this to

E; = y[ET + (% x B>] (3-5-11)

Similarly we have

B; = y(BT - % x E> (3-5-12)

We can now easily find the force on a moving charge ¢ moving with
velocity V in the presence of electric and magnetic fields. We need merely
transform to the rest system of the particle, set the force on the particle in
this system equal to gE’ = dp’/dz, and then go back to the original system,
transforming dp’/dt as we change. (v as we remember is time as measured
in the particle’s rest system.) We have for the transverse components

dpr _ \%
i qv<Er X B) (3-5-13)

But p; = py, since the transverse components of p are unchanged by a
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Lorentz transformation. Also, from time dilation we have t = yt. Hence

dpr \%

ke qE; + 9 x B (3-5-14)
Turning to the longitudinal component of E, we have

dp; ,

dtL = qE} = qE,
or

vpy,

= E -)-
o qE, (3-5-15)

But, making use of the Lorentz transformation and remembering that X’
is the rest system of the particle, we have

pL = pL + Bymoc
Therefore dp, = vy dp; and hence

ZL = gE, (3-5-16)

Combining this with our previous result for the transverse components of
the force, we have

%:F:qE+q¥xB (3-5-17)

This rather fundamental equation tells us precisely how electric and
magnetic fields act on a moving charged particle. We can now, in principle,
solve any dynamics problem involving the interaction of charged particles
and currents if we can only find a procedure for determining these fields.
We already know how to determine E from a static charge distribution.
We also know how to evaluate A(r) if there is no time dependence to our
currents, and as a result we know implicitly how to determine the magnetic
fields which derive from static currents. In the chapters ahead we shall
develop explicitly many of the techniques for determining the fields as a
function of time and space. Before doing so, however, we must derive
Maxwell’s equations in all their beauty.

3-6 MAXWELL'S EQUATIONS

Our derivation of Maxwell’s equations will again make use of the require-
ment of Lorentz invariance. We will begin with the old electrostatic equation
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V - E = 4np and ask what we must do in order that it hold in all systems.
This will lead immediately to an equation relating the magnetic field B
to the current density j.

Let us first write V - E = 4np in relativistic notation. Remembering
that F;, = 0, we can rewrite V - E as

_0E,  OE, OE,
T ox oy | oz

_ (0Fy | R | OF.
h l(@xl * 0x, * 0x5

V-E

4

.« OF, o
iy a;: = —idmj, (3-6-1)

p=1

But, we recall from Egs. (1-6-6) to (1-6-11) that the product of a
second-rank tensor and a vector transforms as a vector. Hence V- E,
as expected, is the fourth component of a vector, and we can now insist that
Eq. (3-6-1) be generalized to the other components:

4 a 1;;‘ Y

)

= —4nj, (3-6-2)
u=1 axﬂ

Let us develop this explicitty for the first three components:

3B, 9B, 1 0K,

- e X _Ami
dy + 0z * c 0t W
B, 0B, 1 0E, .
x ozt e m T Y (3-63)
0B, @B, 1 OF
. | X i 2 — —4nj
& Ty T a s

Combining all three equations, we have
1 ZE

1. =— = j -6-
VxB T + 4mj (3-6-4)

The fourth component, to repeat, gave us

2. V-E=dnp (3-6-5)
Since B = V x A and the divergence of any curl is zero (see page 21), we
have

3. V-B=0 (3-6-6)
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1
And finally, from E = — Vg — - a—A, we have

ot
VXE=— LV\x 8;A_
¢ ot
Inverting the order of differentiation, we get
1 JB
4 VXE=—— — (3-6-7)
c Ot

These then are the famous Maxwell equations. Note that the first
and second of these are completely equivalent to but not nearly as aestheti-
cally pleasing as Eq. (3-6-2). We would like to put the last two Maxwell
equations in an equally beautiful form, but first we must introduce the so-
called completely antisymmetrical tensor of the fourth rank, ¢ defined
as follows:

uvaips

Eap = 0 if any two indices are equal

€1234 = |

Euvap = 1 if u,v,4, and p are all different and can be obtained
from 1,2,3, and 4 by an even number of transpositions

Epvip = —1 if p,v,4, and p are all different and can be obtained

from 1,2,3, and 4 by an odd number of transpositions

We shall make use of two properties of ¢,,,,, the demonstration of which
we will leave to the reader.

1. The components of & transform into themselves under Lorentz

transformation.
2. Thesum ) ¢
Ap

uvip

wvap B, transforms as an element of a second-rank tensor

under Lorentz transformation if B,, is an element of a second-rank
tensor. Making use of this, we define the tensor G by the equation

1,
G,, = i Y eminFip (3-6-8)

where F,, is an element of our field tensor.
The tensor G is antisymmetric and has elements

Gy = 3i(e1234F3q + €1243F43)
= iF3,

Gy = 3i(e1324Foa + €1342F22)
= —if,

Gia = 3i(61423F3 + €1432F37)
= iFy;
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l .
G,3 = 3i(e2314F1s + £3341F41)

= iFy,
Gyq = 3i(e2413F 13 + €2431F34)
= —ifFj,
Gya = 3i(e3412F12 + €3421F21)
= iF,
Summarizing, we have
0 E  —E, iB,
-E, 0 E, B
G- (3-6-9)
E, -E 0 iB,
—iB, —iB, —iB, 0

Now, since B = V x A, we can write

Zax

K n

=iV-B=0

For this to prevail in any coordinate system, we must have

G,
Z EZ =0 forall v (3'6-10)
. . 1 ¢B
When we set v = 1, 2, 3, we just come up withV x E = — = Hence

the four Maxwell equations can be rewritten as

0F,,
L o

® ©

= = 4njv
(3-6-11)

y 0G,, -0
B axu
From the purely aesthetic point of view there is something wrong
with these equations. Whereas the electric field can have a static source,
namely, p, the magnetic field cannot. Wouldn’t it be nice if somehow there
were magnetic monopoles possible in nature so that the two equations would
be “symmetric”’? Suppose for a moment that such objects did exist. We
could then define a so-called magnetic charge density p™ and a corresponding
magnetic current density j™. (The magnetic current density would actually
be an axial three-vector field.) There would be a corresponding potential
four-vector 4, of which the first three components would form an axial
three-vector. Finally, we would rewrite the second Eq. (3-6-11) as
G,

)

= 4gj,m -6-
2.5 4, (3-6-12)

u
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/~Monopole current

Fig. 3-5 A current of mag-
netic monopoles is circulating
around a closed loop as shown.
We evaluate §E - ol around the
curve C which links the mono-
pole current.

Now the possibility that magnetic monopoles exist has actually
excited wide interest for another reason. It was pointed out by Prof. P. A. M.
Dirac that their existence would explain the quantization of charge in a
natural way.! This being the case a considerable amount of effort has been
devoted to finding these monopoles. The efforts have been of two different
sorts.

1. The fact that monopoles would be strongly acted upon by magnetic
fields has been exploited by a number of experiments which have tried
to pull them out of matter or out of the cosmic radiation by means
of such fields.?

2. Before we describe the second type of experiment we must put Eq.
(3-6-12) into more convenient form. If we let v = 1,2, and 3, we obtain

VxE= 71 68—1? — 4gmj™ (3-6-13)
Let us next imagine that we have a steady continuous current of mono-
poles circulating around a closed loop as shown in Fig. 3-5. Nothing is
changing with time, and so we are justified in removing the time-
dependent term on the right side of Eq. (3-6-13). If the total magnetic
“charge” in the loop is 0™ and the time it takes for a given monopole
to make it around is T, then the monopole current in the loop is just

(m)
=2
cT

[The factor c is required because our four-vector is (j,™,j,™,7,",ip"™).
That is, p™ and j™ are measured in different units in complete analogy
with p and j (see page 123).]

Let us next integrate E - dl around an imaginary closed curve C

!For a review of this subject in reasonably simple terms the reader is referred to an article by
J. Schwinger in Science, 165: 757 (Aug. 22, 1969).

2See, for example, E. M. Purcell, G. B. Collins, T. Fujii, J. Hornbostel, and F. Turkot, Phys.
Rev., 129: 2326 (1963).
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linking the loop. Using Stokes’ theorem, we convert the line integral
into a surface integral over the area bounded by C.

%E-dl=jV><E-ﬁdA
c A

= 4nj i™-hd4
A
= 4n[™

4 Q™
= —— 3-6-14
or ( )
If a loop of wire were thus allowed to link the monopole current loop,
then Eq. (3-6-14) would ensure that a current would flow in the loop.
Indeed, it would be as though a battery with a potential difference of
47Q™/cT statvolts were placed in the wire loop.

This brings us then to the description of an actual experiment carried
out by Prof. L. W. Alvarez! and collaborators at the University of California
Lawrence Radiation Laboratory. They were interested in determining
whether any monopoles might be trapped in pieces of moon rock brought
back by the astronauts. After all, the moon’s surface is being continuously
bombarded by cosmic rays, and an occasional one might be a monopole.
A small bottle of moon rock was placed on a track, as shown in Fig. 3-6,
and made to go around and around with a time for 1 revolution of about 4
sec. Linking the track was a superconducting niobium coil with 1200
turns of wire. (A superconducting coil has no measurable resistance.) If
there were a monopole trapped in the rock, then the electric current through
the superconducting loop would change as a function of time. The rate of
change of electric current will depend on the line integral of Eq. (3-6-14)
as well as on the inductance of the coil, a property which we will discuss in
due time. Suffice it to say that no monopole has yet been seen. We will return
to this experiment in Sec. 5-1, after we have developed some more formal
machinery, in order that we may be able to assess its true sensitivity. We
will see at that time that it is capable of detecting the smallest quantum of
magnetic charge consistent with Dirac’s theory.

In any case, since no monopoles have as yet been seen, we will continue
to write Maxwell’s equations in the conventional form given by Eq. (3-6-11).
Perhaps at some future time we will have need to change them.

We have now completed the foundation of our electromagnetic
edifice. In the chapters ahead we will undertake an examination of the
incredible richness of Maxwell’s equations, culminating in the discovery that

'L. W. Alvarez et al., Science, 167 (3917):701-703 (1970).
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accelerating charges must radiate light. At no point should we lose sight
though of the very simple assumptions that have gone into our derivation
of this theory. Basically all we have used are Coulomb’s law, the requirement
of relativistic invariance, and a passion for simplicity and elegance. Remark-
able indeed!

PROBLEMS

3-1.

3-2.

3-3.

A neutral pion decays in about 107'¢ sec into two photons (y rays). Neutral

pions can be produced in the laboratory by stopping negative pions in hydrogen

and allowing them to be captured into atomic orbits about individual protons.

When they reach the ground state of the atom, the negative pions are captured

and the system undergoes the reaction

T +pont+n

(a) Ignoring the binding energy of the 7~ in the atom before its capture, find the
velocity of the n° emerging from the reaction.

(b) What is the kinetic energy of the emerging neutron?

(¢) How far does the n° travel in the laboratory if it lives for a time of 107 sec
as measured in its own rest system?

(d) What is the observed spectrum of gamma rays emerging from the hydrogen
target?

An antiproton (p) can be produced by firing energetic protons at other protons
which are stationary in the laboratory. The reaction which takes place is
ptp-op+p+p+p

Find the threshold for this reaction. That is, find the energy of the least-energetic
incoming proton that can initiate the reaction.

A A° particle lives for a time of 2.4 x 107 !° sec in its own frame of reference.
How far does it travel in the laboratory if it is moving with velocity 0.5¢, 0.9¢,
0.99¢?

An electron traveling in a straight line along the x axis moves by a stationary
observer as shown. The observer is located on the z axis with coordinates
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4

\—- Electron

3-6.

3-7.

3-8.

3-9.

(0,0,1). Find and graph the z component of electric field seen by the observer
for each of the following electron velocities: 0.6¢, 0.8¢, 0.9¢, 0.99c¢.

Show that the components of ¢,,,, when transformed under a Lorentz trans-

formation remain unaltered.

nvip

Show that if B is a second-rank tensor then Y ¢,,,, B;, is an element of a second-

rank tensor. Lo

nvip

Show that £? — B? and B - E are each invariant under Lorentz transformation.

Let E and B be normal to each other and let |E| < |B|. Find the velocity v
of a system within which E = 0.

Consider a classical electron in a circular orbit of radius R about a proton.
What is the magnetic field seen by an observer whose velocity coincides instan-
taneously with that of the electron?

Show that if we alter both A and ¢ by the transformation

A=A+VY
, 1 oy
=9 c Ot

where i/ is any function of space and time, then the electric and magnetic fields
are unaltered. This transformation is called a gauge transformation.

Consider a single magnetic monopole with unit magnetic “‘charge” traveling in

a straight line down the x axis. An observer stationed at coordinate (0,0,1)

on the z axis will observe a pulse of electric field as the monopole goes by.

(a) Plot the magnitude of the y component of this field as a function of time
for each of the following choices of monopole velocity: § = 0.6, f = 0.8,
B =09, 8=099.

(b) Plot the x and z components of the electric field for the same set of velocities.
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4
Time-Independent
Current Distributions;
Magnetostatics

In this chapter we will develop a variety of techniques for determining the
magnetic field B which arises as the result of a time-independent current
distribution. We will then consider the dynamics of a moving charged
particle or a current loop within this field with a number of interesting and
practical results.

Basically there are three different ways in which we might approach
the question of determining B as a function of position in space. We might
attempt to find the vector potential A first, making use of either the differen-

139
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tial equations (3-4-10) to (3-4-12) or the integral equation (3-4-14). We
would then find B by determining V x A. Alternatively we might begin
with Eq. (3-4-14) in its general form, take its curl, and come up with a
generally useful integral for B directly. Finally we might see if there are
any simple integrals for B which might be useful in cases of high symmetry.
As we shall see, each of these techniques is quite analogous to a corre-
sponding technique that we have learned in electrostatics. Before we begin
on this path, however, it is useful to say just a few words about the behavior
of currents in typical conductors. We will develop the approximation known
as Ohm’s law.

4-1 AN ELEMENTARY DERIVATION OF OHM’'S LAW

In most metals there is about one electron per atom that is relatively free
to move about, being subject only to macroscopic electric fields and scattering
on the individual lattice sites. The average velocity of an electron (i) is
of the order of 10® ¢cm/sec and, inasmuch as the typical mean free path is
of the order of 107% c¢m, there is very little change in the velocity due to
any reasonable applied field in the time between collisions. Let 4 be the
mean free path. Then the time between collisions is At = A/v. The average
drift velocity gained in this time interval due to an applied field E is

| FE 1 eE 7
by = -(L Az) e 2 (@-1-1)
2 m D
After a collision it is assumed that the velocity of the electron is randomized
in direction, and so the average induced current density is
. Ne*Ei
" 2mic

cmu

where N is the number of ““free” electrons per cubic centimeter. We write
this vectorially as

j=oE 4-1-2)
where
2
_ Ne —/1 (4-1-3)
2mic

is called the conductivity. (In actuality the drift speed is some 10 orders of
magnitude lower than 7. Hence the simple approximation we made, that
At = A/0, is quite reasonable.)

This simple proportionality between the applied field and the current
density is called Ohm’s law. It is most often applied to the case of a given
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piece of conductor of area 4 and length /. In that situation we see that the
total current is / = j4 and the potential difference A¢ across the conductor
is given by E/. Ohm’s law then says that

poBe _Jj _ T
! oA
Hence
Ag l
Y —-_"_=R -1-
7 oA 4-1-4)

where R is called the resistance.

We can calculate the work done per unit time on the current j by the
field E. The work done per unit time on a charge ¢ is just F v = gE - v.
Hence the work done on the current per unit volume per unit time is just

aw
-217= Zqivi'E =:j:‘.su'E = Cj.E (4'1'5)
In the event that j = oE, we can write
w
% = coE? (4-1-6)

We should comment at this point that the system of units we are using
here for R and ¢ is such as to have the current always measured in abamperes
and the potential in statvolts. The unit of resistance is thus the statvolt per
abampere. Most texts when dealing with resistance will stay entirely with
either esu or emu units. We have chosen to ignore that convention for the
sake of overall consistency. Inasmuch as most resistors are labeled in ohms
anyway, we need only know that

1 statvolt/abampere = 29.98 ohms

4-2 FINDING THE MAGNETIC FIELD THROUGH THE VECTOR POTENTIAL

Finding the vector potential A in magnetostatics is quite analogous with
finding the potential ¢ in electrostatics. We can either carry out the integral
AQr) = J 3Ty

all Il’ - T l

space
or we can search for the unique solutions to V2 A4; = —4mnj; subject to the
appropriate boundary conditions. These methods will be most simply
applied if we can make a direct analogy to an electrostatic problem that we
solve easily and then adapt the solution appropriately. We will illustrate
by application to two simple examples.
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The first problem we solve is to find the magnetic field everywhere
due to an infinite cylindrical uniform current distribution of radius R
(see Fig. 4-1). We take the origin of our coordinate system on the axis of the
cylinder and let the direction of current flow be along the z coordinate axis.
The current density within the cylinder is j.

The analogous problem is, of course, that of a uniform cylindrical
charge distribution. We remember, making use of Gauss’ law, that the
electric field due to such a distribution is radial and has a magnitude E,
at a distance r from the axis given by

2npr forr < R

E, =4 2npR?
r

(@-2-1)

forr > R

If we try to calculate the potential in the usual way by integrating out to
infinity, we will come up with an infinite result because we are using an
infinite cylinder. Since in the end it will be the fields and not the potentials
that interest us, let us renormalize so as to have ¢ = 0 at r = 0. We have
then

o(r) = — f E® dr
(1]

———

2 N\

N

N Fig. 4-1 We find the field around a cylinder of
uniform current density.
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This yields
—mpr? forr < R
4-2-2)
o(r) = F
—npR? 1+21nE forr > R

Now back to the magnetostatic problem that really interests us.
Since there is only a z component to the current, we have 4, = 4, = 0.
We also have

e =J ),
all

Ir —r

space

Our analogy tells us that

—njr? forr < R
(4-2-3)

A,(r) = r
—njR? 1+2ln} forr > R

Finally, we remember how to take the curl in cylindrical coordinates [see
Eq. (2-9-16)]. We have in this case

0A,
VXxA=— ) (4-2-4)
or
Thus
2njr 0 forr < R
B = 2miR2 (4-2-5)
Y9 forr>R

¥

As we shall soon see, this result could have been obtained much more
rapidly through more sophisticated means (Ampere’s law). Nevertheless
it does serve as a useful first example.

As our second example we consider an infinite sheet of current having
a thickness ¢ and a constant current density. We set our coordinate system
up with the x axis perpendicular to the sheet and the z axis along the current
(see Fig. 4-2). The current density is then j = jk where k is a unit vector
in the z direction,

Again the vector potential is given by

Ly, V/ R V,
A = j w04 J . (4-2-6)
sheet |l' - r sheet |l' - r

The corresponding electrostatic problem would be a sheet with uniform
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[N

1
v}
T
k]
1

Fig. 4-2 We find the field due to an infinite sheet of uniform
current density j and thickness 7.

charge density p, and we would have had

dv’
@ir) = p J EE— 4-2-7)
sheet Il‘ - r
We solve the electrostatic problem by means of Gauss’ law, obtaining
r R t
2npti forx = 5
. t t
E = ¢ 4znpxi for — > <x= > (4-2-8)
R t
—2mpfi forx < — —
L 2
If we set ¢ = 0 at x = 0, we have
( npr? !
ng — 2npix forx =2 5
5 t !
@ ={ —2npx for — 5 £xZ > (4-2-9)
th_,l + 2npt forx < d
(3 nptx x S 3
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Hence, by complete analogy, we can write down A for our original problem:

~

( (72 R
(nT - 27ztx)1k forx = 5
A ={ —2mix%k for —
nt? - t
- tx Vi < -
~<2 +2nx>1k forx £ >

Finally, taking the curl of A, we have

r

~

2ntf) forx =z —

(3]

t t
< —
2 =%=73

HA

B = { 47jxj for —

s t
—2nyj forx = ~ >

.

(4-2-10)

(d-2-11)

where j is the unit vector in the y direction (not to be confused with current

density).

As a rule we will find the techniques of this section to be of marginal
utility because it will normally be no harder to calculate the field directly
than it will be to go through the vector potential. Furthermore, there is no
situation analogous to a set of conductors with fixed potentials to determine
our boundary conditions. Nevertheless, when all else fails, this method

may provide a path to the solution we seek.

4-3 THE BIOT-SAVART LAW

Making use of our expression for A(r), Eq. (3-4-14), we can proceed directly

to find a general expression for B(r).
B(r) =V x A(r)

S| w0
all ll' - r |

space

=I v x 30 g
all I |

space

_ f ) x@-xr)
all

r—r?

space

@3-1)
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This result is called the Biot-Savart law. It is a simple prescription for
finding the magnetic field B at any point r by integrating over the current
distribution.

We often deal with situations where the actual current distribution
within a wire itself is not important and can be averaged over. This situation
occurs when the thickness of the wire is small compared with our distance
from it. In these cases we can integrate over the cross-sectional area of the
wire and replace the volume integral in Eq. (4-3-1) by a line integral along
the wire. We have then

I1dlV x (r — 1)
B(r) = § L @-3-2)
around |l' - r ,3
It is very tempting at this point to say that the little bit of wire dI’
gives rise to a magnetic field dB(r) given by

Idl' x (r — 1)
=

If we then used Eq. (3-5-17) to find the force exerted by dB on a charge ¢

at position r and moving with velocity V, we would find

dF = gV 9 arv x (r /—3r) @-3-4)
¢ r—r

dB(r) = (4-3-3)

The problem, as can be plainly seen, is that this force violates Newton's
third law. 1t is not directed along a line joining the current element dI’
with the charge g.

It is not possible for us to completely resolve this dilemma at this
point in our course. We can however point out one serious problem. We
are not entitled to write down Eq. (4-3-3) at all, since doing so presupposes
that we can calculate the effect of a segment of wire as though the remainder
of the wire did not exist. But if the remainder of the wire did not exist, then
the current flowing in the segment would cause charge to pile up at its
two ends and we would no longer be dealing with a magnetostatic problem.
Now we can in principle break a current loop up in this way, and the charge
pileups at the ends of the segments would just cancel when they were put
back together to reform the loop. Hence, if we knew how to deal with the
physically realistic case of a current segment with charging ends, we would
be out of the woods. This knowledge will come in our next chapter.

In any case, let us return to Eq. (4-3-2), which is perfectly correct as
long as our integration covers the entire current distribution. We will apply
it to find the magnetic field along the axis of a circular current loop of
radius R carrying current /. Referring to Fig. 4-3, we place the origin of our
coordinate system at the center of the loop. We set the x axis normal to the
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Fig. 4-3 We wish to find the magnetic field along the axis of a circular
current loop. By symmetry the field can have no y or z components.

loop so that when we look in the positive x direction the current appears
to be going clockwise. We see immediately that only the x component of
the field can exist after we have integrated over the loop, and it will be given
by

=" sin39 (4-3-5)

Making use of this result, we can find the magnetic field along the
axis of a solenoid having N turns per centimeter with each carrying a current
I. We choose a point along the axis at which we want to evaluate the field
and let 0, be the half-angle subtended by one end and 6, be the half-angle
subtended by the other end (see Fig. 4-4). The segment of the solenoid
lying between 6 and 0 + 40 has a length

dx = R

" sin2 6 a9

Hence the contribution to B is given by

_ 2aNI dx

R sin® = 2nNIsin 0 df

dB

Fig. 4-4 A long solenoid of radius R, having N turns per centimeter, each turn carrying
current /.

- L-
- -

Current flow
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Integrating from 6, to 6,, we have
B = 2aNI(cos 6, — cos 8,) (4-3-6)

We see then that the field at the center of a very long solenoid is approxi-
mately 4nNI. The field at one end of the same solenoid is approximately
2aNI.

Before we go on, we should get some feeling for magnitudes. The
unit in which magnetic field is expressed is the gauss. Currents are measured
in abamperes, and the only conversion factor we need to remember here
is that 10 amperes = 1 abampere. Now, to take a reasonable example,
we might choose N to be 10 turns per centimeter and 7 to be 1 abampere
(10 amperes). In that case, the field in the middle of a long solenoid would
be about 120 gauss. The largest fields that can be easily reached with normal
electromagnets are in the range of 20,000 to 30,000 gauss. Superconducting
and pulsed magnets can attain fields in the range of 100,000 to 200,000 gauss.
Fields as high as 10° gauss have only rarely been achieved, in small volumes
and with pulsed magnets. We shall shortly learn that the energy density of
magnetic field is given by (1/87)B?, setting a rather clear limit on the field
magnitudes that are attainable.

For comparison, we might have a look at electric fields which are
also measured in gauss. (Remember that electric and magnetic fields are
measured in the same units.) A useful conversion factor to remember is
that 1 gauss = 300 volts/cm. The largest practical electric fields, in the
neighborhood of 10° gauss, are thus considerably lower than the largest
practical magnetic fields.

4-4 AMPERE'S LAW

When we are faced with a situation which has a high degree of symmetry,
it is convenient to make use of Ampere’s law for determining the magnitude
of the magnetic field.

We begin with the magnetostatic equation

V x B = 4nj (4-4-1)

Making use of Stokes’ theorem, we can now evaluate the line integral of
B around a closed curve:

§&m=f V x B-fdd (4-4-2)
[ surface

bounded
by C

The normal vector fi is chosen to point in the direction given by a right-hand
rule as applied to C (see page 19). Inserting Eq. (4-4-1) into Eq. (4-4-2)
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yields

§B-d1=4nf j-hda
C surface

bounded
by C

= 4n(current passing through surface bounded by C) (4-4-3)

We can now return to the problem we treated earlier, the uniform
infinite, cylindrical current distribution (see Fig. 4-1). Once we decide
that the field must be in the § direction (by using the Biot-Savart law, for
example), we can let C be a circle of radius r about the axis of the cylinder
and apply Eq. (4-4-3) to determine the magnitude of B. We have

§B-dl=27trB

Hence, for r £ R, we write
2nrB = (4nj)(nr?)
and
B = 2njr (4-4-4)
Forr = R, we have
2nrB = (4nj)(nR?)
and
,

B (4-4-5)

These results are identical with what was found earlier [see Eq. (4-2-5)].

4-5 B AS THE GRADIENT OF A POTENTIAL FUNCTION

Under certain circumstances it is possible to express B as the gradient of a
potential function ¢,,. These circumstances require that the current distri-
bution be in the form of closed loops and that the point at which the field
is to be evaluated be in a current-free region. We shall derive an expression
for ¢,, explicitly for one simple current loop. In the event that there are
many such loops to consider, the fields we obtain in this manner can be
summed together.

Referring to Fig. 4-5a4, we shall assume a current [ in the loop C’
and place an imaginary surface S’ over the loop with normal vector fi’
directed as shown. The vector r’ refers then to a point on the loop and the
vector r to the position at which we wish to evaluate B. The vector potential
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Fig. 4-5 (a) Finding the ficld at r due to
(@) a current loop.

atris

dY
A =1 i/ Tr——T’I (4-5-1)

At this point we make use of a simple mathematical identity. For any
function f we can write

ff; fdl = f (0 x Vf)dA (4-5-2)
C surface

bounded
by C

Taking f = 1/|r — r’|, we have

1
A) =1 J‘ 0 x V ——dA’ (4-5-3)
5 [r — r|
Taking the curl of A to find B, we obtain
B(r)=Iijﬂ’xV’ 1 —dA’
s’ r —r]

=1J vV x (ﬂ’ x V'——l—,>dA'
5 [r — 1|

But V'(I/jr — ¥') = =V(l/jr — ¥

) and hence

B(r) = —-If V x (ﬁ’ x V —l—-l—,l) dA’ (4-5-4)
s

r—r

We next make use of two rather simple vector identities to develop Eq.
(4-5-9).
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Vx(AxB) =AYV -B) —BV-A) +®B VA - (A-V)B (4-5.5)
VA-B)=(A-V)B+ B -V)A + A x (V x B) + B x (V x A)

(4-5-6)
In these identities, the expression (A - V)B means
0 0 0
A - = — 44—
(A-V)B (Ax i + A, 3 + A, 62>B
B
= A aB+A 6B+A d 4-5-7)

“ox oy " Ttaz

We first apply Eq. (4-5-5) to the integrand of Eq. (4-5-4). Remembering
that " does not depend on r, we obtain
F =]

V x ﬂ'xV; =ﬂ'V2—1——
[r —r| Ir —r
(4-5-8)

Since r’ + r (we are interested in the field in a current-free region), we can
set V2(1/|r — r'|) = 0, leaving us with

)-w 0yt

V x ﬁ/XV—l—T = —(ﬂ/V)V;,
[r—r Ir —r|

Applying Eq. (4-5-6), we obtain

Ir —r r—r

Inserting this back into Eq. (4-5-4), we finally obtain an expression for
B(r):

V)V = —V<ﬂ’ v —1—) (4-5-9)

B(r) = IVJ i - V;,dA’
s r |
M@ -1
= V| ——_44q -5
L' =] dA (4-5-10)

Now we let dQ)’ be the solid angle subtended by dA” with respect
to the position r. We will choose dQ)’ as positive if i’ - (r — r’) is positive
and negative if i’ - (r — r’) is negative. In that case we can see that

W (r—r)

doy T da’ (4-5-11)

Hence we have proven our point.
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B(r) = —Vo,, (4-5-12)
where
o, = I (4-5-13)

and ' is the solid angle subtended by the surface S” with respect to r.

Let us make use of this result to recalculate the magnetic field along
the axis of a circular current loop. Referring back to Fig. 4-3, we note that
the solid angle is just

Q = 2nf sin 6 d0

8
= 2n(1 + cos 6) (4-5-14)

The gradient of ' is in the negative x direction, and hence B is in the
positive x direction. We have then

B = —2n1—a— cos 0
Ox
0 x
=21 — ————
ox Jx* + R?
2nIR?
= —— 4- -
(x* + RH)?* (4-5-13)
Needless to say, this is the same result as we obtained earlier [see Eq.
4-3-5)].

The general results we have just obtained are particularly useful
if we wish to find the magnetic field at a long distance from a small flat
current loop of area 4 and current /. We have then (see Fig. 4-5b)

r
@n = IAR- = (4-5-16)

h Fig. 4-5 (cont’d) (b) We find the mag-
netic field at large distances from a small
flat current loop of area A carrying current
I. The origin of our coordinate system is

I taken at the approximate center of the
(b) loop.
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We define the magnetic moment of the loop as
m = [Ai (4-5-17)
We then obtain the following simple approximation for ¢,,.

1
Oy =M= —m-V — (4-5-18)

re r

We can compare this with the expression we obtained for the electric poten-
tial of an electric dipole [see Eq. (2-6-7)]:

1
$e=—p V—

The similarity of these expressions leads us to conclude that the magnetic
field distribution at large distances from a magnetic dipole is identical to
the electric field distribution at large distances from an electric dipole. We
need merely substitute m for p and B for E to obtain the corresponding
results.

4-6 MAGNETIZATION (M) AND THE H FIELD

As we know, matter on the atomic level is made up of relatively stationary
nuclei surrounded by electrons in various orbits. We shall discuss the
electromagnetic properties of matter in much more detail in Chap. 10.
In the meantime, though, we point out that there are three mechanisms
whereby matter may acquire a macroscopic magnetic-moment distribution.
(By macroscopic we mean averaged over a large number of atoms. This
distribution is characterized by the magnetic moment per unit volume M,
called the magnetization.) The three mechanisms are as follows:

1. The electrons’ orbits or their intrinsic angular momenta may be arranged
so as to give rise to a net magnetic moment within each atomic system.
In general, thermal agitation will tend to randomize the directions of
these moments, and only when an external field is applied so as to
counteract this randomization do we have any macroscopic magnetiza-
tion. Materials which behave in this way are called paramagnetic.

2. We shall soon learn that a changing magnetic field within a conductor
induces currents which oppose this change. This phenomenon is called
diamagnetism. The application of a magnetic field to a diamagnetic
medium will induce currents within the atomic systems, and these in
turn will lead to a macroscopic magnetic-moment density opposite in
direction to the applied field.

3. Iron has two rather remarkable atomic properties that have far-reaching
consequences with respect to its macroscopic magnetic behavior. First,
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4 of the 26 electrons in an isolated atom of iron have their intrinsic
angular momenta lined up. Second, within solid iron, there are very
strong quantum-mechanical forces tending to make the intrinsic
angular momenta of neighboring atoms line up. This results in domains
of macroscopic size having net magnetizations corresponding to about
two aligned electron moments per atom on the average. Applying a
magnetic field causes those domains which are aligned in the same direc-
tion as the field to grow until the iron finally reaches a saturated state
of magnetization. Typically, saturation occurs at fields in the neighbor-
hood of 10,000 to 20,000 gauss. Needless to say, removal of the applied
field does not lead to complete randomization of the domains. The
residual magnetization can be quite large, as in the case of special
permanent magnetic alloys, or it can be quite small, as in the case of
soft iron. These phenomena are characteristic of ferromagnetism.
Although iron is the best known of the ferromagnetic materials, it is
not the only one; cobalt and nickel also exhibit the same properties.

In any case, all three mechanisms we have just described lead to a
magnetization or magnetic moment per unit volume within materials. We
now examine in detail how a magnetization distribution M(r’) leads to a
magnetic field distribution B(r).

To begin with we must first find an expression for the vector potential
at position r resulting from a dipole m at position r’. To do so, we replace
m by a tiny flat current loop and make use of Eq. (4-5-3). We change
V'(1/fr — r[)to —=V(1/|r — r’|) and remove the integral sign. Remembering
that ( d4)h = m, we obtain

1

’

A(l')—_- —m X Ver

(4-6-1)

Next we consider the vector potential A(r) arising from the magnetiza-
tion M(r’). The little volume 4V has a magnetic moment M(r") dV’. Hence
we write

- M(l'/) x V —1——/- dav’
all |l' —r I
space

A(r)

1
M) x V —dV’
all }l' -r
space

- _J v x MOy +J VXME) o 462
all |r - r all |r -r

space space
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We next make use of a simple theorem, the proof of which is left to
the reader, to convert the first of these integrals to more convenient form.
In general, for any vector function of space W(r), we can write

j V x W dV = ‘f fi x W(r)d4 (4-6-3)
vol vV surface

of V
Applying this theorem and observing that M = 0 at infinity, we note that

M ’ ’
J v ox M) o J ax O -0 @64
alt l surface |l' il I

space at ©

Thus we have

V' x M(r
A@r) = f 4,()dV’ (4-6-5)
all |l' - Tr l
space
Comparing this with our usual equation for A in terms of current
density, we note that a magnetization distribution M can be replaced entirely
by an equivalent current distribution j,, where

=V xM (4-6-6)

In general, all current distributions can be considered as consisting
of two parts—that part which is unassociated with the magnetization and
which we shall call j; (free current) and that part which can be used to
replace the magnetization distribution (j,,). We write our basic equation
for B as follows:

V x B = 471j = 4nj; + 4n(V x M) (4-6-7)
Rewriting Eq. (4-6-7), we obtain

V x (B — 4nM) = 4zj, (4-6-8)
We now define a new vector field H at each point in space as follows:

H=B - 4xM (4-6-9)

We see then that H obeys the same differential equation with respect to the
free currents as B obeys with respect to all the currents. That is,

V x H = 4rj; (4-6-10)
We can, of course, rewrite Ampere’s law as
§ H-dl = 47zj jr -0 dA (4-6-11)
¢ Pounded

by C
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Again, we must issue a caveat. The fact that H and j, are related by the
same differential equation as B and j does not mean that we calculate H
from jr in the same way as we calculated B from j. There is, for example,
no equivalent to the Biot-Savart law te make use of in calculating H. Indeed,
we can have H with no j, at all—witness the case of a permanent bar magnet.

At this point we must interject a small bit of philosophy. It is customary
to call B the magnetic induction and H the magnetic field strength. We
reject this custom inasmuch as B is the truly fundamental field and His a
subsidiary artifact. We shall call B the magnetic field and leave the reader
to deal with H as he pleases.

Returning to Eq. (4-6-9), we note that in many materials there is a
proportionality between H and M expressed as M = yH where y is called
the magnetic susceptibility. We can then write, letting y = 1 + 4my,

B = uH (4-6-12)

The constant yu is called the magnetic permeability.

As we have seen, we can calculate B everywhere by replacing M with
its equivalent current distribution V x M. However, we often find our-
selves with a discontinuity in M at the interface between two materials,
and it is useful to derive an expression for the equivalent surface current
density at the discontinuity. We define what we mean by surface current
density in a manner analogous to our definition of volume current density j.
If a set of charges g; are moving on the surface within an area A4 and with
velocity v;, then the surface current density k is given by

k= lim 24V

24 (4-6-13
o AA )

We now examine the interface between a region (1) with magnetization
M, and a region (II) with magnetization My; (see Fig. 4-6). We place a gauss-

.
&

[
M, Fig. 4-6 We find the equivalent surface current at the boun-

dary between two magnetized media.
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ian surface of negligible thickness and area A4 across the boundary and
then evaluate k,; AA4.

ky A4 = J ju dV 4-6-14)
vol
Remembering the theorem of Eq. (4-6-3), we can write
ky AAd = J‘ V x MdV
vol

=f x My — M) A4
Hence we conclude
ky =0 x (M - M) (4-6-15)

where the normal fi goes from region I to region II.

We learned in our last section that it is possible to find a potential
function ¢,, such that B = —Vg,,, provided that we could divide the current
distribution into loops and we stayed clear of the region within which the
current was flowing. We will now see how a distribution of magnetization
M leads to such a potential function. Moreover, we will see that if we use H
rather than B then we will not be excluded from a region where the magnetiza-
tion is not zero. We assume for the purpose of the present calculation that
the free current is zero. The fields which the free currents produce can be
added in separately.

The basic differential equations when jr = 0 are just

VxH=0
(4-6-16)
V-B=20
The first of these equations permits us immediately to define a function
¢y at each point in space such that
@u(0) =0 and H= —-Vopyu
The function is obviously the line integral of H from the point in question
to infinity.
2
ou(P) = J H-dl 4-6-17)
P

The second equation can be rewitten as
V-B=V:-(H + 4zM)
= —V2py + 4nV-M
=0
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Hence we conclude that ¢y satisfies the Poisson equation

Vi = —4np,, (4-6-18)
where
Pm=—-V-M (4-6-19)

We now recall the uniqueness theorems we learned in electrostatics.
There is one and only one solution to Eq. (4-6-18) that goes to zero at
infinity. Hence by analogy to electrostatics we can write

ea(r) = J o0 gy (4-6-20)
all |l' —r |
space
Thus we can replace a distribution of magnetization M by an equivalent
“charge” distribution equal to —V - M. We can then use this charge dis-
tribution to calculate H in precisely the same way as a normal charge
distribution would be used to calculate E.

In the event that we have a surface of discontinuity between two
regions of different M, we need to calculate the equivalent surface “charge”
density o,,. Referring back to Fig. 4-6, and making use of Gauss’ theorem,
we find

o, AA =J Pm AV
vol

il

—J (V- M) dv
vol

—f - (Mn - Ml) AA

Thus
O = —0-(M; — M) (4-6-21)

where fi points from region I to region II.

Before we apply these results, we will note the general boundary
conditions for the behavior of B and H in crossing the interface between
two regions of different magnetization. We assume no free current at the
interface, and hence we have V x H =0 and V- B = 0. By complete
analogy with electrostatics (see page 50), we conclude that the normal
component of B and the tangential component of H are continuous at the
boundary.

We will illustrate these methods for finding the fields arising from a
magnetization distribution by considering two rather simple examples.

As our first example we take a sphere of radius R and uniform mag-
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netization M. We would like to find B and H for all points in space, both
within and outside the sphere. For convenience we set our coordinate system
up with its origin at the center of the sphere and its z axis pointing along
M. We let the coordinates r and 8’ refer to a point within the sphere. The
coordinates r and 8 will refer then to the point at which we wish to determine
the fields (see Fig. 4-7).

A cursory glance at our problem indicates that the simplest way to
proceed would have us replace M by its equivalent charge distribution.
We would then be able to make use of the techniques we learned in electro-
statics for determining the potential in the event of cylindrical symmetry by
means of a multipole expansion. The equivalent charge distribution is all
on the surface and has magnitude given by

0, =M-h = Mcos 0/ (4-6-22)

Fig. 4-7 The magnetic field due to a uniform spherical distribution of
magnetization M. Outside the sphere, B and H are equal and appear to
come from a perfect dipole of magnitude $nR*M. Within the sphere
B = 8zM/3 and H = —4nM/3 as shown.
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The “potential” ¢y at points outside the sphere is given by

onr 2 Ry = 3 TS 6) on(@)R*P(cos ) dA'  (4-6-23)

n=0 r surface

Remembering that d4’ = 2nR? dcos ¢, letting p’ = cos 8, and making
use of Eq. (4-6-22), we obtain
® P(cos O)R"*? (!
Qu(r 2 R) = M 3, —— o

n=0 -

Py(u) P, () dy’
1

Applying the orthogonality condition for the Legendre polynomials,
we obtain

cos 0

oulr 2 B) = $nR°M =

(4-6-24)

We conclude then that a sphere of uniform magnetization produces a pure
dipole field outside itself. The fields outside the sphere are given by

H(r 2 R) = B(r 2 R) = —Vou(r 2 R)

_ _(%en\, _ 1 (O¢u),
N (m)f r<00)0

3
M "
- 4”53 (2 cos 01 + sin 6 8) (4-6-25)
r
Within the sphere, making use of Eqs. (2-14-21) and (2-14-23), we find
@u(r £ R) = $nMrcos 0 = $nMz (4-6-26)
Hence the H field is a constant within the sphere:
H(r £ R) = — Vo, = %M (4-6-27)
The B field inside is also constant and is given by
8
B( < R) = H( < R) + 47M = —;—M (4-6-28)

It is interesting to check the boundary conditions on B and H. At the surface,
the tangential H fields and the normal B field are continuous, viz.,

H.(in) = (H-8)d
= (4nM sin 6)
= H(out) (4-6-29)
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and
B,(in) = B(in) - ¢

8
=~—3—7E—Mcos0

= B,(out) (4-6-30)

We next consider a cylindrical bar magnet with uniform magnetization
M throughout. We assume M to be parallel to the axis of the cylinder.
As we have seen, the entire bar magnet can be replaced by a solenoid of
current with surface current density given by k,, = M x # [see Eq. (4-6-15)].
The magnetic field along the axis of the bar magnet can thus be obtained
directly from Eq. (4-3-6) if we replace NI by |k,|. We have then

B(point on axis) = 4nM(cos 8, — cos 0,) (4-6-31)

where 0, and 6,, as before, are the half-angles subtended by the two ends
at the point of interest.

To obtain a qualitative feeling for the directions and magnitudes of
B and H at other points both within or outside the magnet, we replace it
with its equivalent charge distribution. Referring to Fig. 4-8, we see that the
H field is opposite in direction from the B field within the magnet and is
continuous everywhere except at the ends of the magnet. The B field is
discontinuous on the circumference of the magnet but is continuous at
the ends. The fact that B approaches 47M in the center as the magnet
becomes longer is now apparent because of the weakening of the H field at
that point. Needless to say, a detailed quantitative analysis of the fields,
while not difficult, is a bit messy and will not be attempted here.

Fig. 4-8 A bar magnet with uniform magnetization gives rise to the H

field shown in (@) and the B field shown in (5).

(a) (b)

444
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4-7 THE ENERGY OF A STATIC CURRENT DISTRIBUTION:
FORCE AND TORQUE ON A MAGNETIC DIPOLE

As we have seen, a static current distribution j leads directly to a vector
potential, which in turn gives rise to a magnetic field B. Naturally there is
an energy that is associated with this current distribution or with the resultant
fields, and, as we anticipate, this energy will be quite analogous to the electro-
static energy we found for a static charge distribution.

In evaluating the magnetostatic energy of a current distribution, we
will ignore the electric field which is needed to keep the current flowing
and whose energy we can already determine by means of Eq. (2-7-4) or Eq.
(2-7-6). We consider then that a current density distribution j(r) leads to a
vector-potential distribution A(r). Were we to multiply our current density
at each point in space by the numerical factor a, then the vector potential at
each point in space would be multiplied by the same factor a. Consider
now that we begin with a given value of « and increase it by dx. Assume also
that we carry out this increase in a time dr. While we are changing from ¢ A
to (¢ + dx)A, we are creating an electric field everywhere in space equal to

- %(%?)A [see Eq. (3-5-4)]. The work being done on these charges by

the electric field per unit time is [see Eq. (4-1-5)]

aw ) 1 dua
o= " (coj) (——c— E)AdV
space
do
= — (A -7-
J;n ocdt( pav 4-7-1)

space

Since these forces are acting to prevent us from building up the current,
the internal energy is being increased as we do build it up. The total mag-
netostatic internal energy of our final current distribution is thus

1
J adaf jrAdV
0 alt

space

Us

1
—| j-Adv 4-7-2)
2 all

space

The current density above includes everything, magnetization as well as
free current. Accordingly, we can replace j by (1/4x)(V x B). We obtain
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then
1
= — VxB)-AdV
Us 8 | (V x B)
space
=L V-(BxA)dV+J (B-V x A)dV
8n all all

space space

- i (B x A)-hdd +J B av
8n urface all

at oo space

Since B goes to zero at least as fast as 1/r? and A goes to zero at least as
fast as 1/r, the first integral goes to zero at infinity. We are then left with

1
=— | BXdV 4-7-3
Uy Snf @#73)

In the event that the magnetization M is proportional to B, we can
calculate directly the work we need to do to set up a distribution of free
current jr. The fotal vector potential A will now be proportional to jg,
and the energy U, would be given by

1
Ur=5| dr-AdV (4-7-4)
all

space
Applying Maxwell’s equations then leads us to the result

Uy = 1 B-Hd4dv (4-7-5)
87 Jan

space

Returning to Eq. (4-7-2), we can express the total energy of a static
current distribution in slightly different form. We remember that

i)
A(r) = ———dv’
(l') J:]u Ir _ r/l
space

Hence
U, = L f J‘ 05O L gy 4-7-6)
2J)) k=1

all
space
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It is interesting to consider the situation where our current distributions
can be broken into N current loops. In that case Eq. (4-7-2) can be rewritten
as

1

UB:?

IIMz

I; § A-dl @4-7-7)
C;

where [, is the current in the ith loop C,. Using Stokes’ theorem, we can
change the line integrals into surface integrals.

Up = Z (V x A)- A, d4,

7
1

Mz ||

: J B4, dd, (4-7-8)
Si

(3]

1

We define the magnetic flux @, through the ith loop by the equation
o, = J B -, dA, (4-7-9)
S

Because V - B = 0, the choice of surface over which to carry out this integral
is arbitrary, as long as the surface is bounded by C;. The energy is thus given
by

N

1
=3 Y I, (4-7-10)
i=1

The flux through the ith loop has a contribution to it arising from the
current in each of the other loops as well as from the ith loop itself. The
contribution to the flux through the ith loop by the current in the jth loop
is clearly proportional to that current. Thus we can write

N
%= X Lil; @-7-11)

The constants of proportionality L;; are called the coefficients of inductance.
In particular the coefficient L;; is often called the self-inductance of the ith
loop.

We notice a remarkable formal resemblance between the equations
we are developing now and the ones we developed earlier for a set of charged
conductors. We continue the analogy by proving that L;; = L;. To find
the coefficient L;; we allow a current / to flow in the jth coil and evaluate
the flux through the ith coil. We then divide the flux by I

1
Lij = "I_‘J;B’ﬁldAl

1
=’I—§CiA'dli
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But
A= §’ 1dl;
Cy ll‘, - l']l
Hence
L; = § o (4-7-12)
¢ Je; Ir; — 1))

Obviously L;; = L. Thus if a current [ in the ith loop gives rise to a flux
® through the jth loop, then the same current 7 in the jth loop will give rise
to the flux @ through the ith loop.

The energy of our system can now be written as

1 N N
Up=5 ¥ ¥ Lull 4-7-13)

Back in our study of electrostatics we learned that a displacement of a
set of conductors keeping the potential constant led to a change in energy
which was equal and opposite to that obtained from the same displacement
with the charges kept fixed. We now prove the “equivalent” theorem in
magnetostatics. Let (6Up); be the change in energy of our system of current
loops if we displace them, keeping the currents constant. Let (6Ug), be the
change in energy if we displace the loops, keeping the flux constant. Then
(6Up)e = —(8Up);.
The proof proceeds precisely as before.

1
©Up)y = ‘i‘ Z 5LiinIj
129
On the other hand,

1 1 !
OUsdo = 5 3. 0LiLL; + 5 3 Libhl; + — Y. Lol
&) LJ LJ

2 =
1
=7ZMMQ+Z%WQ
ij ij

But

P, = ZL--I- and oD, = ZéLijIj + ZL,-jélj =0

J J

Hence

1
ij i,j

1
= 5 L oLy L1,
LJ

- (U, (4-7-14)
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This result will be exceedingly useful in permitting us to evaluate the
forces and torques on current loops (or magnetic dipoles) by the method of
virtual work. In this method we imagine carrying out very small displacements
of the system. For each displacement we can evaluate the amount by which
the system’s energy will be changed. If we take care to see that the only
forces (or torques) which act during the displacement are those that we wish
to evaluate, then we can determine them by equating the work that they
do to the change in energy of the system.

Before we can apply this method to our current loops, we must first
decide what, if anything, to keep constant in our displacement. To do this
we will have to go a bit ahead of ourselves and make use of a result that
we will derive in the next chapter, but which we are not altogether unfamiliar
with. If a coil is displaced in such a way that the flux through it changes,
then the integral of E - dlaround the loop will not be zero within the reference
frame of the loop while this change is taking place. (This, we remember, is
how dynamos work.) Since there is a current in the loop, this electric field
will do a certain amount of work on the system in addition to the work
being done by the forces we are trying to evaluate. If, on the other hand,
we carry out the displacement while keeping the flux through the loop
constant, then the only forces doing work are the forces of interest and we
need not concern ourselves with any other work on the system. Hence the
quantity which is relevant in determining the forces and torques on our
loops is (0Ug)e. (In the analogous electrostatic situation the relevant energy
change for determining the forces on conductors was U, corresponding
to a displacement in which the charges were kept fixed.)

We apply this technique to find the torque and the force on a magnetic
dipole with dipole moment p in an external magnetic field. For convenience
we will assume that the external field is provided by one current loop C,.
Needless to say, the result will be generalized to any applied field whatsoever.
We approximate the dipole by a small current loop C, with area A4,
and current I, such that g = (I, A4,), (see Fig. 4-9).

Making use of Eq. (4-7-13), we have

Up = 3L 12 + 3Ly b* + Lo L (4-7-15)

Now, in the displacement we are going to make (either translating or
rotating the dipole), the self-inductance of C, or C, will not be changed.
We want to evaluate (6Upg)q, but it is much easier to evaluate (6Uy),; and
then take its negative. Hence we obtain

(5UB)1 = (5L12)I112

1
= 6<—"‘J~ Bl ‘hz dA) 1112 (4'7'16)
Il S2
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SO
&
Fig. 4-9 The field produced by
C, causes a torque and a force to
act on the dipole represented by
C, C,.

where B, is the field at C, due to C;. Inasmuch as the loop C, is of infinitesi-
mal size, we can remove the integral sign with the result that

(OUg)r = 6(By - I; Ad, y)
= I, A4, 5B, - ;)
= po(By - ;) (4-7-17)

Finally, we write down (6 Up)e.

(5UB)0 = "(5UB)1

= —ud(B, - fi,) (4-7-18)
We are now ready to find the torque on the dipole. To do so we make a
rotational displacement of the dipole in various directions (keeping the flux
through it constant) and note the change in energy. The drop in energy
for a given angular displacement 86 is greatest if we turn g toward B,.
Hence the torque acts to turn g in that direction. The magnitude of the
torque is given by

1|60 = —ué(B, +h,) = + uB, sin 6 50
We have then
T=pux By 4-7-19)

Next we can evaluate the force on the dipole. We move the dipole
around, keeping the direction of i, fixed, and observe the change in energy.
The force is in the direction in which the energy is decreasing most rapidly.
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Thus
F = uV(B, - ;)

= (u-V)B, (4-7-20)

Even though we have derived these expressions for an external field resulting
from one external loop, they are completely general. We can add the external
field due to any number of loops together; Eqs. (4-7-19) and (4-7-20) will
still hold.

4-8 THE MOTION OF A CHARGED PARTICLE
IN A CONSTANT MAGNETIC FIELD

Quite a while ago we discovered that a charged particle moving in a magnetic
field experiences a force on it at right angles to its velocity [see Eq. (3-5-17)].
We will now take a closer look at this force and make use of it to calculate
the orbit of the particle in a variety of interesting cases.

We begin with the very simplest, a constant field B = Bk, and assume
that an observer sitting in the laboratory sees the charge as having mass m.
(Needless tosay, m = mgy//1 — vy2/c? where v, isthe velocity of the charge.)
Inasmuch as the field does no work on the charge, its velocity and hence its
mass remain constant.

Letr = xi + yj + zk be the position vector of the charged particle.
Then, applying Eq. (3-5-17), we have

d*’r qB, dr . gqB, (dy. dx,
Lz o= = = AR R 4-8-
dr’ me dt xk me \dt' ~ dr? (4-8-1)
Separating the equation into component parts, we obtain
L,
odr T T %dr
d*y dx
2w T T (4-8-2)
d’z
3. ==
dr? 0

where w, = gBy/mc. The number w, is often called the cyclotron frequency.
The third equation yields

Z = Vo + 2z (4-8-3)

The second equation can be integrated once and then inserted into the first
equation:
dy

pia —wpx + const (4-8-4)
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With no loss of .generality, we can choose the origin of our coordinate

system so as to set the constant equal to zero. Then
d*x
’dT = —-wozx (4'8'5)

and

x = Rcos (wet + J) (4-8-6)
Substituting back into Eq. (4-8-4) and integrating for y, we get

y = —Rsin (wyt + 0) (4-8-7)
The equations for x and y correspond to a circular path with a positive
particle moving clockwise as seen from the positive z direction. The path

in three dimensions is, of course, a helix. The radius of the helix can be
determined from differentiating x with respect to time:

dx

o= —Rw, cos (wyt + 9)

Hence the maximum value of dx/dt is' Rw,,. If the particle speed is v,, we have
R?wy? + vp,2 = vp?

or

)
R =YV Vo (4-8-8)
Wo

If vy, = 0, then
Vo mcvy DoC

R= Do M (4-8-9)
Wy qB, qB,

It is useful to put Eq. (4-8-9) into a numerical form corresponding to
the situation where the charge ¢ is that of an electron and its momentum is
given in eV/c (see Sec. 3-2). We first observe that poc = SE where both p,
and E are expressed in standard cgs units [see Eq. (3-2-34)]. This changes
Eq. (4-8-9) into the form

R = BE(ergs)

(4-8-10)
9B,

We next recall that the energy in electron volts of a particle having momen-
tum expressed in eV/c and mass expressed in eV/c? is just

E(eV) = \/p(zeV/c) + mg(eV/cz) (4-8-11)
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Next we obtain its energy in ergs by multiplying with the conversion factor
€/299.8 [where 299.8 = 1072 (velocity of light in cm/sec)].

e
Elerge) = m\/ P(ch/c) + mtz)(cwcz) (4-8-12)

Finally, inserting Eq. (4-8-12) into Eq. (4-8-10) and remembering from Eq.

(3-2-37) that B\ /p(ch/c) + m%(eV/CZ) = P(evicy WE obtain

€D(cv/o)
R = 4-8-13
299.8¢B, ( )
If ¢ = e, then we have the particularly simple result corresponding to an
electron or proton (or any other particle with one quantum of charge).

- Pevie) QL
R 299.8 B, (4-8-14)

4-9 THE MOTION OF A CHARGED PARTICLE
IN CROSSED ELECTRIC AND MAGNETIC FIELDS

The solutions to orbit problems involving both electric and magnetic fields
are often expedited through the judicious use of the Lorentz transformation.
We will illustrate this point by examining in some detail the behavior of a
moving charged particle in the case where both the electric and magnetic
fields are constant in space and time and at right angles to one another. We
choose our coordinate system, as shown in Fig. 4-10, so as to have

B=B8k E-=Ej (4-9-1)

Obviously, to solve the problem completely, we will have to specify both
the initial position ry and the initial velocity v, of the particle. To simplify
matters somewhat, we will let v, lie along the x axis; generalizing to arbitrary
v, 1s straightforward and is left to the reader.

/ Fig. 4-10 To find the orbit of a particle in crossed electric
B and magnetic fields we transform to a system in which one
z of the fields is zero.
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Now, it is not difficult to solve the problem in our given coordinate
system. The differential equations must be treated carefully, inasmuch as
m is no longer a constant of the motion as it is when no electric field is acting.
We write

dmv qv
——=gqE+—xB
dt gr + ¢ X

_ Bo dx - qBo dy%
“q<E°— ¢ dt)J'|~ c dr' (4-9-2)

However, rather than solving these equations in a straightforward manner,
we will use a bit of “trickery” which will serve to simplify the problem
enormously.

Let us jump onto a coordinate system X’ which is moving with velocity
V = Vi along the positive x axis (V is not in general the same as v,, and
is not to be confused with it). In £’ we have

vV .

"=y Ey — =By )]
7( o o)l

vV o

B/ = 'y(Bo - ?Eo)k

where

(4-9-3)

1

’ J1 - Ve
Now it is clear that if E, # B, then there is some V for which either E’
or B’ is zero. To be specific, if E, < B, and V = (E,/B,)c, then E’ = 0.
If By < E, and V = (By/Ey)c, then B’ = 0. In either case the problem
becomes much simpler in the new system with the indicated choice of V.
We will solve the problem for the case where E, < By; the alternative case
we leave to the reader.

In our new system we have only a magnetic field

By? — Ey? o
BI = 'y(————————-——o B 0 )R = B’k (4‘9'4)
0

The particle moves in a simple circle, at constant speed and hence with con-
stant mass. The initial velocity is (making use of the velocity transformation
equation)

vox‘— V 4

Box T 7 4-9:5
1= o V)2 (4-9-5)

Vol =
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The mass of the particle in this system is just

R . T— (4-9-6)

V1 = (©5)*e?

where m,, is its rest mass. The frequency of rotation in this system is

BI
wf = fn - (4-9-7)

The radius of the circle is, of course,

R =2 (4-9-8)
Wo

and the equation of the orbit is given by
x’ = R’ sin wy!
Y = R coswyt’ — R

(Remember that R’ and w( are just numbers calculated according to the
above equations. We assume that x’ = y" = Qat¢ = 0.)

To go back to our original system we just substitute for x’, /',
according to the Lorentz transformation:

x = y(x — Vi)
y =y

, vV
t=yt—~27x

This will give us the precise, relativistically correct orbits in the T system.

In the circumstance that v,, just happens to be equal to V, we have
vox = 0, and hence the particle is initially stationary in the X’ frame. Since
there is no electric field in the X’ frame, the particle remains stationary.
It thus continues to move with velocity v, in the £ system, experiencing
no net force. (Of course we expect this inasmuch as gE = —gv/c x B at
this point.)

4-10 LARMOR PRECESSION IN A MAGNETIC FIELD

We have already learned that a magnetic dipole with moment g in an
external field B has a torque on it given by © = u x B [see Eq. (4-7-19)].
Being basically the result of circulating charge, this magnetic moment is
often accompanied by angular momentum L along the same axis as u.
In this case, as we shall see, the magnetic-moment vector will precess about
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the direction of applied field with what is known as the Larmor frequency
;.

We will illustrate this process by considering a classical electron in an
orbit about a nucleus. Let us begin by turning off the applied field and
determining the magnetic moment corresponding to the orbit, considering
it as a current loop. If e is the charge of the electron (e is a negative number)
then the current is just

I e
I = = — x (number of turns per second)
c

cmu
c

We let A be the area of the orbit. We then recall from Kepler’s law that the
rate at which area is swept out per unit time is a constant and is equal to
L/2m where L is the angular momentum of the electron and m is its mass.
Hence.

e 1
¢ period
_ 2 dAjdt
T ¢ A

_ el
" 2mcA

I =

emu

Remembering that the magnetic moment is equal to the current times the
area, we conclude that

el

We have then

dL e
1"—_—W_ch'LXB

If we let the vector w, be defined by

0, = — — (4-10-2)

we conclude that

dL
e L (4-10-3)
This is the kinematical equation for the precession of the vector L about

w,; with angular frequency ;.
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[In the case of a “spinning” elementary particle the relationship
between L and g is replaced by the more general one:

el
=g— 4-10-4
B=g95 (4-10-4)

The proportionality constant g is called the gyromagnetic ratio. For the
electron, g is very close to 2.]

4-11 A METHOD OF MEASURING g ~2

The measurement of the gyromagnetic ratio of the electron or the muon
has had considerable significance in formulating and testing the modern
quantum theory of electrodynamics. Both these particles appear to have no
important interactions with matter except through electromagnetism, and
hence it is possible to calculate g quite accurately, making use of theories
that have been developed in the last 25 years. In either case, g turns out
to be equal to 2 + & where 8 is a very small positive correction of the order
of 745. Needless to say, accurate measurements of g — 2 have been essential
in determining the validity of the theory. So far there has been no significant
discrepancy. As a means of illustrating the power of the relativistic techniques
we have developed so far, we will describe in detail the first experiment®
to determine the value of g — 2 for the muon.

We should begin by saying a few words about the muons themselves.
Muons do not occur naturally in matter. They are the predominant compo-
nent of the cosmic radiation at sea level, being the decay products of un-
stable pions and K mesons produced at high altitude, but they only live
for about 2 usec on the average in their own reference frame and then decay
into clectrons and neutrinos. Hence, to do experiments with them, one must
begin by producing pions, preferably at an accelerator, and then allow these
pions to decay. Now, in 1956 it was discovered? that pion decay does not
conserve parity. (In simple terms, observing a pion decay in a mirror would
not lead to the same set of physical laws as observing it directly.) In fact,
negative muons are emitted with their angular momenta pointing along
their directions of motion. Positive muons are emitted with their angular
momenta pointing opposite to their directions of motion. Furthermore,
if these positive muons were stopped in matter and allowed to decay, the
direction of this angular momentum (or spin) at the moment of decay
could be determined by the distribution in directions of the emitted decay
electrons.

!G. Charpak et al., Phys. Rev. Letters, 6:128 (1961); Phys. Rev. Letters, 1:16 (1962).

2R. L. Garwin, L. M. Lederman, and M. Weinrich, Phys. Rev., 105:1415(1957). J. L. Friedman
and V. L. Telegdi, Phys. Rev., 105:1681 (1957).
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This result leads quite naturally to a technique for determining g — 2.
If the polarized muon is introduced into a magnetic field, the direction of its
angular momentum will precess, as we have just shown. In addition, the
muon itself will turn through its orbit. After spending a given amount of
time in the field, the muon can be brought out and the angle between its
spin and its direction of motion can be measured. As we shall prove, this
angle is directly proportional to g — 2, and its measurement offers a very
sensitive and direct test of the validity of our theory of quantum electro-
dynamics.

In Fig. 4-11 we illustrate the apparatus used in the g — 2 experiment.
The muons were introduced into a large magnet, slowed down somewhat,
and then trapped in orbits for awhile. After a number of turns they left
the magnet, were stopped within a block of material, and their decay dis-
tribution was measured, yielding the directions of their final polarizations.

To follow what is going on, it would be most convenient to move along
with a coordinate system attached to the muon. Inasmuch as the muon’s
own coordinate system is not an inertial system, we might imagine our-
selves within a bit of difficulty here, but we can get out of it by a very simple

Fig. 4-11 A detailed drawing of the apparatus used for a measurement of g — 2 of the muon
[G. Charpak et al., Phys. Rev. Letters, 6:128 (1961); Phys. Rev. Letters, 1:16 (1962)]. A muon
enters the magnet and is passed through a beryllium block for energy degradation. It then
passes through a large number of orbits until it emerges and is stopped in a target 7. The
numbers refer to scintillation counters that are used to detect either the muon or its decay
electron.
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ruse. We will follow the muon’s progress with a succession of inertial systems,
each moving with the muon’s speed, and tangential to its orbit at some point.
We will then relate the observations within one coordinate system to those
within the next system down the line until the particle finally leaves the field
altogether.

We will make the simplifying assumption that the charged particle is
moving with speed v at right angles to the field and that the motion all takes
place within one plane. (Needless to say, this assumption is not precisely
true in reality and a careful analysis of the orbits is necessary.) Subject
to this assumption, an observer in each of our moving coordinate systems
sees a magnetic field equal to yB where B is the laboratory field at that point
andy = 1/ /1 — v?/c2.

We begin by examining an infinitesimal portion of the particle’s orbit
as seen from both the laboratory system X and from the moving system
X’ which is tangential to the particle’s orbit at this point (see Fig. 4-12).
In either case the orbit appears to be a segment of arc, but within X’ it
appears much foreshortened and hence of smaller radius than in Z. The
sagitta of the arc is s as seen in X and s as seen in X’. The chord of the
arc is d as seen in X and d’ as seen in £’. Obviously s* = s and 4’ = dJy.
If d6 is the angle of arc as seen by X and df’ is the angle of arc as seen by

Fig. 4-12 A segment of the path of a
particle in a magnctic field as seen by an
observer in the laboratory (£) and by an
observer with the velocity of the particle and
tangential to its path ().
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%', then
o sd
6 sd (@-11-1)

Now what about the time to go from one end of the segment to the
other? Since X’ is the particle’s rest frame at the moment, we can write

dt =ydr (4-11-2)
Hence the rate of change of direction as seen by £’ can be related to the
rate of change of direction as seen by X.

o y*db

a0~ dt

(4-11-3)
But df/dt is just the cyclotron frequency of the particle, eB/mc, where B
and m are as measured in the laboratory. This leads to

d0 y*eB _ yeB
dr ~ ymgc  mgc

(4-11-4)

Next we must find through what angle dp’ the spin has precessed
during the same time interval d¢’. The magnetic field as seen by I’ is yB,
and hence the Larmor frequency is

do  eyB
ar g 2mgc

Thus the angle between spin and orbit direction, as seen by Z’, has changed
from one end of the arc to the other by an amount

(@-11-5)

eyB
dlg’ = 0) = (g = 2 5r—df
mocC
=@—®ﬁm (4-11-6)
2mgc

We now transform to the moving system which is tangential to the
next segment of arc (X”). Since the relative velocity of £” and X’ is infinitesi-
mal, the angle between spin and orbit at any given point on the orbit does
not change with this transformation. Thus we have

((p, - 9’)end of = ((P” - 0”)bcginning of (4'11'7)

first segment sccond scgment

Following the particle over the second arc, as seen from X", we come
up with the same Eq. (4-11-6) for the change in angle between orbit and
spin direction. We continue this procedure until we leave the magnet.
Adding together all the changes in angle between spin and direction of
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motion, we conclude that

v

angle between direction of muon spin and direction of motion
upon leaving the magnet, as seen by observer moving with muon

eB
_n 2 11-
g-2 g t (4-11-8)

where B is the average field experienced by the muon and ¢ is the time spent
in the magnet.

Finally, we must bring the muon to rest. The process of stopping
the muon is equivalent to applying an electric field opposite to its direction
of motion. An observer riding along with the muon sees the same electric
field but no magnetic field at all. Consequently, he does not see any change
in the muon’s spin direction during the slowing-down process, and the
final angle, in the laboratory, between the direction of the muon and the
direction of its spin is given by Eq. (4-11-8).

The experiment we have just described was the first of a series carried
out at the CERN laboratory in Geneva during the past 10 years. It is clear
from an examination of Eq. (4-11-8) that a basic limitation on the accuracy
of the measurement is the finite lifetime of the muon, about 2.2 usec in
its own reference frame. To make ¢, the laboratory time, as large as possible,
one needs to increase the energy of the muon and thus make use of time
dilation. The most recent experiment! uses muons having a y of 12 and
hence times of the order of 25 usec. Typical values of " are about 2000°.
To avoid the difficulties of stopping such energetic muons, the experimenters
actually looked at decays in flight. For a detailed description of the experi-
ment, the reader should read the article cited in footnote 1. The experimental
result has come quite close to that predicted by the theory.

(g—_—2> = 116,616 + 31 x 10~8
2 exp

g—2 e? et
=2 = 0.7658 —— s + + - -
( 2 ),hmy ke 2 T

= 116,560 x 1078

(In the above, e is the charge of the muon and # is Planck’s constant divided
by 2n. The combination of e?/hc, usually denoted by the symbol «, is dimen-
sionless and goes by the name of fine-structure constant. Its value is about
1
37.)
We should note that the value of g — 2 for the electron has also been
determined by this method. A long series of experiments have been carried

1 J. Bailey et al., Phys. Rev. Letters, 28B: 287 (1968).
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out by Prof. H. R. Crane and collaborators and are described in a recent
issue of Scientific American.!

4-12 THE MAGNETIC STRESS TENSOR

We consider next the methods whereby we can determine the force exerted
on a distribution of currents by magnetic fields. We will find, in complete
analogy with electrostatics, that this force can be expressed either in terms
of a volume integral requiring a knowledge of the current and the field at
each point in the distribution or in terms of a surface integral in which
only the field on the surface need be known. We will again find that the
surface integral will have an integrand which is the product of a stress
tensor T with the normal to the surface fi.

We begin by going back to our expression for the force exerted on
an elementary charge ¢ by a magnetic field B [see Eq. (3-5-17)].

F=ZvxB (@-12-1)
For a distribution of current over a volume V, this becomes

F= L(j x B)dv (4-12-2)
Remembering that j = (1/4n)V x B, we have

F = {;L(V x B) x BdV 4-12-3)

To convert this into a surface integral we take the components of F in-
dividually and transform them. For example,

E‘—%:'i"-(v x B) x BdV
= -417:[i x (V x B)]-BdV
=Tln—u:,B-VBx—% %iidr
([ s,
(4-12-4)

'H. R. Crane, Scientific American, January, 1968, p. 72.
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We remember first that V- B = 0. We next recall that the first three terms
can be turned into a surface integral by following the same steps as we
followed in proving Gauss’ theorem. We finally obtain, for the component
F,

X

1 ) 1,
= - i BH dV
F, yw L(B, n, + B,B,n, + B,B,n,)dA o | L V(B d

1

BZ
- [(B,}n, + BBy, + B.B.n) — —”—] dA (4-12-5)
4n s 2

In summary then, for the three components of F we can write

F = j Th dA (4-12-6)
S
where
_ , -
B? -~ —132— B.B, B.B,
1 2 B?
T = —Z[— BxBy By has —2—— Bsz (4-12-7)
BZ
B B, B,B, B2 — -

A comparison with Egs. (2-16-11) and (2-16-12) shows us a deep under-
lying similarity between electrostatics and magnetostatics. This is not
altogether surprising though because, as we have learned, if we had begun
with magnetic monopoles rather than charges, then the roles of B and E
would have been reversed. When we use the stress tensor to find the force
on a volume, we pay no heed to the charges and currents in the volume,
only to the fields on its surface. Hence the electrostatic stress tensor must
involve E in precisely the same way as the magnetostatic stress tensor
involves B.

We will illustrate the use of the magnetostatic stress tensor by means
of an example. We have a long cylindrical thin-walled tube of radius R
carrying current I as shown in Fig. 4-13. The force on the tube acts so as
to tend to collapse it. To counteract this force we can pressurize the inside
of the tube with pressure P. We ask then for the value of P needed to precisely
balance out the magnetostatic force.

To solve this problem we pass a plane through the axis of the cylinder
and call it the yz plane. We then calculate the magnetostatic force F exerted
by the upper half (x = 0) of a unit length of the tube on the corresponding
lower half (x < 0). We do this by integrating the stress tensor over the yz
plane, remembering that fi = i. We have then on the yz plane
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X
— z
y is out of paper

—

I

x
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z is into paper
Current I is
into paper

Fig. 4-13 We would like to find how much pressure to put on the inside of a tube of
radius R to precisely counteract the magnetostatic force tending to collapse it.

- g N
—_ 0 0
2
1 - B?
T= an 0 > 0 4-12-8)
—B?
0
L. 0 2 -
| BN
Th = — B (4-12-9)
8n
Integrating over a unit length, we have
1 (e .
F=— B%idy
81 J_w

Since B = Ofor —R £ y £ R, we find

F=— | Bidy
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To find P, we set the magnitude of F equal to 2PR, yielding
12
T 2R

We shall come back to the stress tensor shortly when we deal with
energy and momentum conservation in electromagnetism. At that time we
will find that the electric and magnetic stress tensors coalesce to form a
3 x 3 portion of a four-dimensional electromagnetic energy-momentum
tensor, the other components of which are the energy and momentum density
contained in the fields.

(4-12-10)

PROBLEMS

4-1. A long straight conductor carries current I. It is in the form of a cylinder of
radius R with an off-axis cylindrical hole of radius b, as shown. The distance
between the axis of the cylinder and the axis of the hole is 4. Find the magnetic
field in the hole.

4-2. Making use of the stress tensor, prove that if the magnetic field is constant at
all points on a surface surrounding a given object then there is no magnetic
force acting on the object.

4.3. A circular toroid with rectangular cross section, as shown, is wound on a core

Y

E[DiEI

Center
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4-4,

having permeability y. N turns of wire are used, and a steady current I is put
through the wire.

(a) Find the fields H, B, and M at radius r within the toroid.

(b) Find the vector potential A at the center of the toroid.

An electromagnetic crane is constructed of a U-shaped steel yoke with 1000
turns of wire carrying current I, as shown. The permeability of the steel is 1000.
We would like to use it to lift a steel block of dimensions 30 cm x 30cm x 120
cm and having the same permeability.

30

30|J|3°| 60 Iao‘

All dimensions in centimeters

4-5.

4-6.

Estimate the magnitude of 7 in order that we just be able to lift the block
as shown (the density of steel can be taken as 8).

A long straight cylindrical solenoid of radius R is wound with N turns of wire
per centimeter with each turn carrying current /. Find the pressure exerted on
the inside of the solenoid at its midpoint.

It is possible to simulate a portion of the orbit of a charged particle in a magnetic
field by means of a current-carrying wire under tension. Consider a short segment
of such a wire under tension T in a magnetic field B. Demonstrate that the

1
+” L Orbit of particle of

charge g with
momentum p
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4-7.

%, m Top view

4-8.

TIME-INDEPENDENT CURRENT DISTRIBUTIONS: MAGNETOSTATICS

path followed by the wire segment if it carries a current / corresponds to a

portion of the orbit of a charge ¢ having momentum p. (If ¢ is positive, the

direction of its motion along the orbit is opposite to that of the current.)
Derive an equation relating p and g to /and T.

An electromagnet is constructed with poles, as shown below. The field between
the poles is in the direction indicated and is assumed to be constant at all points
except at the boundaries where it drops to zero. A parallel beam of particles,
each with mass m, velocity v, and charge g, enters the magnet at an angle of
incidence ¢ and leaves the exit face with the same angle, having bent through
2¢. The fringing field of the magnet will cause the beam to be focused in the
vertical direction, The magnet length is /.

/— Front

Find the approximate distance the beam travels, after leaving the magnet,
before it comes to a vertical focus.

A block of conductor having height ¢ and thickness b carries a current /, as
shown. A magnetic field B is applied to the block, as shown. Assume that the
current is carried by means of N electrons per cubic centimeter.

Find the potential difference that is developed between the top and the
bottom of the block. How can the sign of this potential difference serve to
determine the sign of the charge carriers? (The phenomenon described here is
called the Hall effect.)

Constant magnetic
field B into paper s

Potentiometer
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4-9. Two circular loops, each of radius R and carrying current /, are placed parallel
to the yz plane and centered about the x axisat x = —/and x = +/, respectively.
Each produces a field in the +x direction along its axis.

(a) Find an expression for the field along the x axis.

(b) Show that the first derivative of B, with respect to x is zero at x = 0.

(c) For what ratio of / to R is the second derivative of B, with respect to x
also equal to zero at x = 0?

(d) Choose R = 50 cm and I = 10 abamperes. Fix / to conform with the con-
ditions of part (¢) above. Now plot B, as a function of x from x = —20 cm
to x = +20 c¢m on the x axis. (The circular loops considered above are
called Helmholtz coils. They provide a cheap way of producing a fairly
uniform but small magnetic field over a large volume.)
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5
The Variation of the
Electromagnetic Field
with Time: Faraday’'s Law,
Displacement Currents,
the Retarded Potential

We enter now on what is undoubtedly the most exciting part of our voyage
through the world of electromagnetism. While electrostatics and magneto-
statics are interesting subjects, yielding results which are pretty and even
surprising at times, they give no hint of the incredible beauty and richness of

phenomenology that lies in store when we allow our currents and charge
186
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densities to change with time. We have already gotten a fleeting glimpse
of the gold mine when we developed Maxwell’s equations and observed
that an electric field can result from a time-varying vector potential. In this
chapter we will explore some of the simpler consequences of this observation,
leaving for our next chapter the crowning prediction—/ight.

5-1 FARADAY'S LAW

We begin by reexamining the important discovery made by Faraday in the
last century. He observed that it was possible to induce a current in a con-
ducting loop by changing the flux through it. This effect could be accom-
plished in one of two ways, by moving the loop itself or by actually varying
the magnetic field passing through the loop. In the first case, the cause of
the current flow is the force exerted by the magnetic field on the moving
charges in the wire. In the second case, the force is the result of a time-
varying vector potential and its associated electric field. In either case, the
integrated force per unit charge around the loop is proportional to the rate
of change of magnetic flux @ through the loop. This result is known as
Faraday’s law.

Before proceeding we will define what is meant by electromotive
force £. We must begin by choosing a direction around the loop C as
shown in Fig. 5-1 and defining the normals to a surface covering the loop
by means of the usual right-hand rule. As we said before, the loop is either
stationary or moving. The force per unit charge on a charge which is fixed
with respect to a given point on the loop is

F
ST —E+2xB (5-1-1)
q c

where v is the velocity of the given point on the loop, B is the local magnetic
field, and E is the local electric field. If we integrate this around the loop,
we obtain the electromotive force

&= §(E+%xB>-dl (5-1-2)

Fig. 5-1 We show that the
emi around a curve C is pro-

C portional to the rate of change
of flux through C.
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Needless to say, the electromotive force will tend to make a current flow
around the loop. In any case, the two portions of the integral above corre-
spond to the two cases we discussed earlier. The first part, ¢ E - dl, is the
result of the time-varying vector potential. The second part is patently the
result of the loop’s motion.

Consider then first the emf which results from varying the fields.

Broop =§E~dl
stationary c
1 0A
=‘7§7d
“_j ()m

where S is a surface covering the loop. Interchanging the order of differen-
tiation and bringing the time derivative out of the integral, we obtain

Vx A-fid4

1 d
éz‘:;gonary T 7 d_J

1 d

¢ dt

B.-fidA

1
== (5-1-3)
¢ ( dt )due to changing

Next we consider the emf which results from a motion of the loop.

éadueto"’ §—‘X B-dl

motion

But
vxB-dl=—-(vxdl)-B

—(flux through area swept out by dl per unit time as a
result of its motion)

i

Integrating around the loop, we again conclude

d®
éadue o = dt
motion duc to motion

of loop

We combine this result with Eq. (5-1-3) to conclude in general that

1 [d®
éowml T 7 (Td—;)all sources (5-1-4)
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We can obtain another expression for & by recalling Eq. (4-7-11).
We had shown that for a set of N loops

N
= ¥ Lyl,

J

and hence

&; = electromotive force around ith loop

1 49,

T ¢ dr
1 ¥ dl;

=-—- XLy (5-1-5)
j=1

This result will be of great importance in the study of ac circuit theory.

We should offer one rather important comment at this point. Equation
(5-1-3) relates the emf around a stationary loop to the rate of change of flux
through the loop. Note though that there need be no magnetic field at all
at the loop itself. Furthermore, the rate of change of flux is simultaneous
with the emf. Both these points indicate to us that there is no direct causal
relationship between changing magnetic field and electromotive force. Both
are in fact caused by a time-varying vector potential which is the result of a
time-varying current distribution. Needless to say a change in current
density at some point must precede a related change in vector potential at
some other point by enough time to allow for the transit of information
at the velocity of light.

To develop some insight into Faraday’s law we will consider several
examples of its application. The first of these is a situation we are already
quite familiar with. We have two long coaxial thin-walled conducting tubes
with radii @ and b, respectively (see Fig. 5-2). A current I flows down the
inner tube and returns on the outer tube. We now allow the current to

Fig. 5-2 Two coaxial thin-walled cylinders carry a current I as shown. The inner cylinder
has radius @ and the outer cylinder has radius . We change the current at a rate of dl/dt and

ask for the electric field distribution as a function of radius.

g
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change at a rate of dI/dt and ask for the electric field distribution as a func-
tion of radius.

The simplest way of handling this problem is by finding the vector
potential everywhere as a function of the current I. We consider the analo-
gous electrostatic problem (see Sec. 4-2 for a discussion of this method of
finding A) where the inner conductor has a charge density per unit length
of 1 and the outer conductor has a charge density per unit length of —A.
The potential in this electrostatic problem is

—2Mn7:— fora<r=<b
¢ =<0 forrzb
—len% forrLa

We can now write down the vector potential for the problem at hand by
replacing 4 by 7and ¢ by 4,:

—211n-L forasrgh

b
A(r) = —211n§;- forr <a (5-1-6)
0 forrz b

Differentiating with respect to time, we find

(2 r\dl
ZIn— 1 — <rs
(clnb>dt forasrsb

2 a\d
Ez(r) =< <7 In 7) Z for r

0 forrzb

IIA
2

(5-1-7)

Next let us find E(r) by making use of Eq. (5-1-4) and evaluating ®
through the indicated curve C. We first use Ampere’s law to determine
B as a function of r.

2nrB = 4rnl

21
B=2=
r
The flux through C is now determined by integrating B over the indicated
area.
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L
b

To determine & we note that the only contribution to & comes from the
electric field E,(r) inside the outer conductor. Hence, for the indicated
path C,

& = E(r) (5-1-9)

Combining Egs. (5-1-8) and (5-1-9), we reproduce Eq. (5-1-7) for E,(r).

Incidentally, the self-inductance per unit length of these coaxial
cylinders can be obtained from Egs. (5-1-9), (5-1-7), and (5-1-5). We take
r = a in these equations and find

& = E(a) = (% In —“—>511

b
® = f —zr—Idr = -2l (5-1-8)

Also

L=2In— 5-1-10
n— (5-1-10)

As our second example let us consider a circular loop of conducting
material placed in a plane perpendicular to an applied magnetic field B,
(see Fig. 5-3a). The loop has radius b, self-inductance L, and a resistance
around its circumference equal to R. We now reduce the applied field to
zero with a linear time dependence:

B
B)=By,—kt for0=:t< 70 (5-1-11)

This change in magnetic field gives rise to a current in the loop. We would
like to determine this current I(¢) as a function of time.

The total flux through the loop at any time is made up of two con-
tributions. On the one hand, we have the applied flux, which is equal to
nb*B, for t <0, nb*(B, — ki) for 0 £ 1t £ By/k, and 0 for t = By/k.

@ B, Fig. 5-3 (a) A loop of radius b having induc-
tance L and resistance R is placed normal to a

magnetic field as shown. The field is reduced to
o — . .
I(0) zero, leading to a current in the loop. [The
' indicated direction of J(¢) will be considered the
(a) positive direction. ]
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On the other hand, we have the flux which arises from the current in the loop
itself and which is equal to LI(¢). The total flux is thus equal to

®(r < 0) = 1h*B,

IIA

(I)(O <t %) = nb*(By — ki) + L) (5-1-12)

B\ _
c1><t = T) = LI

Obviously, for ¢t £ 0 there is no current flowing. During the time
interval 0 < ¢t < By/k, Faraday’s law tell us

B 1 4o
ot 2= - —
( = Tk ) c dt
nb’k L dl
=TI (5-1-13)
Now Ohm’s law tells us (see Sec. 4-1) that
é
I(H = 3 (5-1-14)
Substituting into Eq. (5-1-13), we find
L dr bk
— — 4+ RI= -1-
@ + (5-1-15)
Solving for I(¢) and inserting the condition that I(0) = 0, we have
nb?k —Ret/L B,
= - c <t< 2 -1-
I(v) Re (1-e ) for0 <= T (5-1-16)
For t = By/k, I(¢) satisfies the differential equation
L dI
— — 4+ RI=0
c dt *
Solving for I(f) and requiring that I(¢) be continuous at ¢t = By/k, we obtain
b’k Bo/Lk Ret/L B,
= — ¢ Bo, —_ — R > — -]-
I(r) R Ca De fort = A (5-1-17)

In Fig. 5-3b we have plotted I(?) as a function of time for three choices
of k. As reasonable parameters we have taken b = 10 cm, R = 3}, stat-
volt/abampere, L = 1000 emu, and B, = 1000 gauss.

An interesting point which occurs to us as we examine the three
curves in Fig, 5-3b is that the area appears to remain constant as we vary k.
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To check this out we can integrate the expressions in Egs. (5-1-16) and
(5-1-17). We find that

nb? B,
. . e
f 1) de = (5-1-18)
’ By esu
R

We can thus conclude that the total amount of charge passing any
given point in the loop as we reduce the applied field to zero is dependent
only on the initial flux through the loop and on its resistance. That this
result is completely general for any loop whatsoever at any orientation
with respect to the applied field is extremely simple to prove. We observe
again that the flux through an arbitrary loop can be broken into the applied
flux @, and the fiux due to the loop itself.

O =0, + LI (5-1-19)

Fig. 5-3 (cont'd) (b) A plot of current versus time for various values of k (R = 533 statvolt/
abampere, b = 10cm, L = 1000 emu, B = 1000 gauss).

200

k = 10® gauss/sec

k = 5 x 107 gauss/sec

1, abamperes

/ k = 2.5 x 107 gauss/sec
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Hence in general

1 4o
=JR = - — —
g c dt
1 do L dl
== —" - — — 5-1-20
c dt c dt ( )
Integrating with respect to time, we have
L 0 o 1 [ &)
——J d1+RJ Idt = ——J do, (5-1-21)
¢ Jo 0 ¢ Jo

R
If we start with no current and end with no current, then J dl = 0. Hence
we can write 0

J‘ 1dt = ®,(initial) — ®@,(final)
o Re

(5-1-22)

The observations we have just made serve as the basis behind the
operation of the flip-coil method of magnetic field measurement. By using
a ballistic galvanometer to integrate current and a coil whose resistance and
physical dimensions are well known, we can map a magnetic field quite
accurately.

Incidentally, we might look to see what happens if the resistance in our
loop is equal to zero (this happens, of course, in the case of a superconducting
loop). In that case, using Eq. (5-1-20), we find

dd, Ldl
i + 7 (5-1-23)
Hence the total flux through the loop remains constant:
@, + LI = const (5-1-24)

Before we complete this section, we should go back to the Alvarez
magnetic monopole experiment that we described earlier (see Sec. 3-6) and
evaluate its sensitivity. We had at that time developed an expression for the
emf around a loop linking the path of the moon rock if the latter contained
a monopole charge Q'™ [see Eq. (3-6-14)]. We can derive the same expression
by noting that the total magnetic flux issuing from the monopole is just
4nQ™. Hence each time Q"™ passes through the loop, it changes the flux
through it by an amount equal to 47Q"™. If the time for one pass through
the loop is equal to 7, then

1 A0 4nQ™

= 5-1-25
¢ At cT ( )
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We now observe that if the loopcontains # turns of superconducting wire
with inductance L, and the sample passes through the loop N times, then
the change in current AJ can be obtained by integrating Eq. (5-1-23), leading
to the result

_ 4nNnQ™
- L

In the actual experiment the coil had 1200 turns of wire and a self-
inductance of 78 x 10° emu. The detectors used were sensitive to a current
change of 1.4 x 107 abampere. The magnitude of the basic Dirac mono-
pole charge is about 68.5 times larger than the electron’s charge in esu,
and hence for N = 400 we would expect Al = 25 x 107° abampere.
The experiment was thus sufficiently sensitive to easily detect one Dirac
monopole. Twenty-eight lunar samples were examined with a total mass
of 8.4 kg. No monopoles were found.’

Al (5-1-26)

5-2 THE CONSERVATION OF ENERGY; THE POYNTING VECTOR

To derive the energy conservation laws from Maxwell’s equations is remark-
ably simple. We take the scalar product of one equation with E and of
another with B, viz.,

1 _ OE
E (VxB)=—E = +4rj-E

B-(VxE)= —%B-%l;

Subtracting the lower equation from the upper and using a simple vector
identity, we have

1
~V-(E x 1;):52:%(152 + B?) + 4zj-E

Multiplying by ¢/4n and rewriting, we have

¢ é (E* + B* .
V-(EExB>+E<——8;—-—>+CJ-E—0 (5-2-1)

We define the vector S, called the Poynting vector, by

s="ExB (5-2-2)
4

'For a more complete discussion see L. Alvarez, P. Eberhard, R. Ross, and R. Watt, Science,
167: 701 (1970).
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Integrating over any volume, we have

2 2
seada+ | (X B\av i | oEav=o0
surface 6t vol 8n vol
of vol (5_2_3)

Let us see if we can identify the various terms in this equation. The
last term we have come across earlier in Eq. (4-1-5). We recall that ¢j-E
is just the rate per unit volume per unit time at which mechanical work is
being done on the charges by means of the electric field. Hence we have

J ¢j+ E dV = rate of increase of mechanical energy of charges
vol

We also recall that (E? + B?)/8n is the energy density of the electric and
magnetic fields. The second term in Eq. (5-2-3) is thus the rate at which
field energy within the volume is increasing. Finally, the first term in Eq.
(5-2-3) has the appearance of an outgoing flux and must be equal to the
rate at which energy is leaving the volume per unit time. So everything just
adds up right if we interpret S as being a vector which points along the
direction in which energy is flowing and whose magnitude is equal to the
flux of energy per unit time through a unit area normal to itself.

As we shall shortly see, Eq. (5-2-3) will be only one of the four energy-
momentum conservation equations. We also anticipate that energy con-
servation and momentum conservation can be simply represented by just
one single four-dimensional equation among proper four-dimensional
quantities. Thus we shall succeed once again in unifying electromagnetic
field equations by means of relativity. In the meantime though, we demon-
strate a very simple application of the above by returning to our old standby,
the long current-carrying wire (see Fig. 5-4). No fields are changing, and so

0 JE2+B2

—_— dv =0
ot 8n

Fig. 5-4 We apply the general energy conservation equation to a segment of current-carrying
wire.
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We draw an imaginary surface of radius r and length / about the wire, as
shown. The wire segment enclosed is assumed to have a resistance R.
To produce a current I, we need an electric field parallel to the wire of
magnitude /R//. The magnetic field at r circulates about the wire and has a
magnitude equal to 2J/r. Hence

¢ 2I*R
Si = -— D-
5= 4 (529
and
2
j S-fdd = — % 2Ier 2nrl = —I*Re
surface

We see then that the amount of energy entering the volume per unit time
is just equal to the ohmic dissipation within the wire.

5-3 MOMENTUM CONSERVATION IN ELECTROMAGNETISM

It would be quite straightforward to derive the momentum conservation
relations by simple manipulations of Maxwell’s equations. We choose,
however, to use another approach, illustrating again the enormous power
inherent in treating the electromagnetic field relativistically. We shall
rewrite the energy conservation equation we have just obtained in terms of
our four-dimensional representation. We will then change all subscript
4s to 1s, 2s, and 3s in turn, yielding the three momentum conservation
equations. Simple inspection of these equations will show that they make
sense and do indeed lead to the proper results when applied.

We begin by rewriting the energy conservation equation (5-2-1) in
slightly different form.

—-iS 1 0 (E*+ B . &
. + (————— =ij-E= - j,Fa (5-3-1)
8n w1
The expression on the right is the fourth component of a four-vector.
. —iS E* + B
Hence we anticipate that o an ) A four components of a sec-
n
ond-rank tensor 7,,. We have

—iS, —iS —iS, E* + B?
= > L, = Ty = T 8n

(5-3-2)

I, =
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Let us see if we can write these components in terms of the field tensors
Fand G:

—iS, —i(E x B),
T = c B 4n
—i
= E(B’E” — BE) (5-3-3)

Now there are two ways in which we can write T},. Referring back to Egs.
(3-5-6) and (3-6-9), we find (since Fy; = F, = 0)

1
T4 = ZE(F"F“ + Fi3F3,)
1 4
= 4— Z, 1n u4 (3-3-4)

Alternatively we could write

1
Tia= Zn—(GlzGu + G13G34)

NM#—

1
T 61“6“4 (5'3'5)

Naturally, we expect that the prettiest combination of the above equations,
namely, the one which is most symmetrical with respect to E and B, will
match for all the components of Eq. (5-3-2):

4

1
T14 = —8 Z (Fl,;}:;m + Gqu,m) (5‘3‘6)
et

We can check out the other components against Eq. (5-3-2):

1 4
T24 = o Z (1:2;11;;44 + GZuGu4)
8r

-1
- §7? (ZEZBx - 2Esz)

—i
= Tn—(E X B)y

1 4
4 =3 Zx (F3uFu0 + G3,GL)
ye

—i
=4, ExB),
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1 4
T;t4 = -8—_ Z (ﬂuF;44 + G4uGu4)
T =1

1
= ?E(E"z + E?*+ E?+ B*+ B2+ B}?

_E+ B
a 8n
So it seems we have found the tensor we are looking for:
1 4
=% Z (F F, + G,,G,,) (5-3-7)
p=1
Because both F and G are antisymmetric, T is symmetric:
T;m = T:rp (5'3'8)
The energy conservation equation can now be written as
4 aT 4 ]
=~ 2 JoFu (5-3-9)
p=1

If we replace 4 by 1,2, and 3 we should obtain the momentum conservation

equations
4 aT 4
—é;"i ==Y jF, fore =1,2,3 (5-3-10)
p=1 P =1

We now rewrite this result in terms of E, B, and our charges and currents
and see its physical significance. Let 6 = 1, for example:

cnl+Mh+anj~l s,

x Ty Y e )@ a - BB Bk

= (j x B), + pE, (5-3-11)

0T | 0T O [ 2 (5
L(ax * oy N v = y 0t av

+ f [G x B), + pE,JdV (5-3-12)
14

Using Gauss’ theorem, we can change the volume integral on the left into
a surface integral. This yields

[, @+ tm, + runyaa = [ 2(5)av
S

+ J [G x B), + pE,]]dV (5-3-13)
1 4
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The integrand of the left side of Eq. (5-3-13) looks like the first compo-
nent of the product of a three-dimensional tensor T and the normal vector
fi. In fact, this portion of the four-dimensional tensor T is nothing more
than the sum of the electric and magnetic stress tensors we have studied
earlier (see Secs. 2-16 and 4-12).

1 , B B
Tuw—(E R Ny

1 , E* P
T”’T<E A N

1 , E* P
T33—4—<E PRy

(5-3-14)

T12=T21= (EE+B p

1
Tl3 = T31 = ZTE—(EXEZ + Bsz)

1
]123 = T32 = Z;(EyEz + Bsz)

We generalize Eq. (5-3-13) then by writing down the complete momen-
tum conservation equation

jTﬂdA =J i<§2)dV+J (G x B+ pE)dvV (5-3-15)
s v Ot \¢ v

The surface integral on the left can be thought of as the total momentum
flowing into our volume through the surface per unit time. (Alternatively
one might think of it as being the electromagnetic “force” exerted on our
volume by the outside world.) The first integral on the right should be just
equal to the rate of change of the field momentum within the volume.
This would indicate that S/¢? is the momentum density of the electro-
magnetic field. Finally the second term on the right is nothing but the
force on the charges and currents within the volume and is thus equal to
the rate of change of mechanical momentum within the volume. We have
thus derived the equation for momentum conservation in the presence of
electromagnetic fields.

5-4 ELECTROMAGNETIC MASS

As a charged particle moves along through space with velocity v, the electro-
magnetic field it carries along has a momentum which depends upon its
velocity. Inasmuch as we have learned that S/c? is the momentum density
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of the field, we are now in a position to find the rotal field momentum for
our moving particle. We shall see that it is proportional to both v and
1//1 = v3/c%, in precisely the same manner as the mechanical momentum.
In the case of mechanical momentum, the constant of proportionality is
called the mechanical rest mass. Similarly, we will call the constant of pro-
portionality in evaluating the field momentum the electromagnetic rest mass.
We shall then see that this is not exactly the same as the electromagnetic
mass obtained by dividing the total field energy in the particle’s rest system
by ¢2. This would be troublesome except for the obvious fact that we have
left out another force entirely, the force which holds the charge together. In
any case, there is no way of distinguishing mechanical mass from electro-
magnetic mass by applying forces to the system.

To simplify our considerations, we will make use of a specific example—
a spherically symmetrical charge distribution of radius R moving with
velocity v along the positive x axis (see Fig. 5-5). The direction of S is as
shown in Fig. 5-5. Clearly, only the x component of S/c? (the momentum
density) is not averaged out as we carry out an integration over all space.
So our job consists of evaluating S,/c? everywhere and then integrating
over all space to find p, (electromagnetic).

The simplest way to proceed is to go over to the rest system of the
particle ('), calculate T’ in that system, transform T’ back to the labora-
tory system with velocity —v, examine T}, = —iS,/c, and then integrate
over space. We first write T.

- , E/2 T

E - = E.E, E.E, 0

E?

: EE, E’-— EE 0

T =0 (5-4-1)
T E’Z
’ 7 ' a2 72
E.E, EE  E’-— 0
E’?
0
i 0 0 7 |

where E’ depends only on r’.
To transform to the laboratory, we multiply T’ on the left with L and
on the right with T (the transpose of L) where

0 0 —ipy
0 1 0 0
L =
0 0 1 0
By 0 0 y
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— X

Bin E

Fig. 5-5 We are interested in evaluating the electromagnetic momentum associated with a
moving charge.

Carrying out the multiplication yields

T, = l—ﬂl‘ (E* - E™) (5-4-2)
and hence
E/
S, = %2—— E?sin?@®  wherecos § = E’-f (5-4-3)

To evaluate the total field momentum we integrate over all space.

Px(em) = L MJ (') sin” 6" dV (5-4-4)
4n all

space

But this is an integral much easier to evaluate in the X’ system. We remember
that because of the Lorentz contraction, ydV = dV’. Hence
By

px(em =

j (E")?sin? § dV’
4nc )

space

By j (EN*r'? ar f sin® ¢’ d¢
]

4_
2

™

J (E)*r? dr (5-4-5)

o :
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But the total electrostatic energy in the particle rest system is given by

U, = —l—f (EN?r?ar (5-4-6)
2 Jo
Hence we can write
4
px(em) = — ﬁcl Uo (5-4-T)

We would have expected, in the absence of any other forces, to have
obtained the relationship p,(em) = (By/c) U,.

Unfortunately, though, we have left out some factors which must play
an important role in this problem. There has to be some additional force
around to hold the charge together! Having omitted this force, which would
presumably lead to a change in both the internal energy of the system and
its momentum, we cannot expect to get a completely consistent theory.
In any case, we have come up with the kind of velocity dependence we were
looking for, and we are “almost™ right in the relationship between rest
energy and momentum.

Needless to say, there is no way in which one can experimentally
separate the portions of the particle’s self-energy which contribute to
its mass. When we act on a charged particle with an external force of any
sort, we act on the entire mass regardless of its origin.

5-5 THE DISPLACEMENT CURRENT

It is interesting to reexamine Ampere’s law, now that we are permitting the
charges and currents to be time dependent. We recall that Ampere’s law
was derived from one of Maxwell’s equations, the one which related the
curl of B to the current density. Reinserting the time-dependent terms which
we dropped when we were studying magnetostatics, we have

1 JE
V xB=dnj+ — —
X 7TJ+c ot

We observe that the effect of ¢E/dr is equivalent to that of an additional
current density jp, given by
_ 1 CE

b= 4nc Ot

This term is given the name of displacement current density.
Ampere’s law can now be rewritten in the following form:

(5-5-1)
(5-5-2)

§ B-dl = 4n(I + Ip) (5-5-3)
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where

I, = total displacement current through surface bounded by C

f ip-hdd (5-5-4)
urface

Needless to say, the total current given by j + i, must be divergence-
less, or else the sum of I + 1,, would depend upon which surface we chose
to cover our curve C. Let us check this out.

1 JE
V- (i i)y=V-i .
0+ "+4ch ot

1 0

=V'j+ — —V-E
J+47rc6t
1 dp
=V-j+ -2
J-’_cat

= 0 (conservation of charge) (5-5-5)

To observe the application of this new formulation of Ampere’s law,
we make use of the example of a parallel-plate capacitor which is charging
at a constant rate. We allow the plates to have area A4, as shown in Fig. 5-6.

We wish to evaluate the field along the indicated curve C. Now we have
two choices for the surface over which we wish to do the current integration.
We can choose a surface S; through the wire, in which case we will get

3€ B-dl = 4al (5-5-6)
c
I
II 50
- iy Sz
~
e “i ~
/// ; 1 \\\
[ — D A
T~ N D
E = 4nQ fi,
[ c— )
p Fig. 5-6 We apply the modi-
fied Ampere’s law to find the
field around a wire charging a
capacitor.
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Alternatively, we can choose a surface S, through the capacitor. In this
case we will get

1 (0K
§CB-dl=7j—5-ﬁdA (5-5-7)
ButE.fA = 470/A4 and hence
oK 4n dQ  4n
i Y i (5-5-8)

This leads us again to
1 4
4; B dl = — L cld = dnl (5-5-9)

Thus, at least in this simple-minded case, the application of the modified
Ampere’s law leads to the anticipated result.

5-6 THE FOUR-VECTOR POTENTIAL AND HOW IT IS MODIFIED NOW
THAT CURRENTS AND CHARGES ARE CHANGING WITH TIME
When we were deriving Maxwell’s equations in Chap. 3, we found that the

basic differential equations for A and ¢ had the form [see Egs. (3-4-9) to
(3-4-12)]

2
(V2 c12 jt )A(r D = —4nj@x,n)

vZ _ 1 _‘3: o(r, 1) = —4np(r,1)
% o

We also wrote down the solutions in the event that there was no time

dependence [see Egs. (3-4-13) and (3-4-14)}:

A(r) = f —j@,—dV'
all

F =]

(5-6-1)

space

o(r) = J PO gy
all

r—r

(5-6-2)

space

We will introduce time dependence by a rather intuitive guess and then
go on to demonstrate that our guess does indeed satisfy Eq. (5-6-1).

Let us assume that a given current (or charge) at r’ contributes to
the potential at r in the same manner as when there was no time dependence
but that the information travels from r’ to r with a velocity c. Thus the
bit of current at 1’ at time ¢ — |r — r’|/c gives rise to a bit of potential at
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position r and time ¢. Adding all contributions from all r’ together, we have
now

(5-6-3)

If these “solutions,” which appear quite plausible on the surface, really
do satisfy the appropriate differential equations, we will have achieved
our goal. After this we can find all electric and magnetic fields as a function
of space and time by means of the relations given in Egs. (3-5-4) and (3-5-5).

1 aA(r 0
ot

Er,)) = —Vo(r,f) —

B(r,)) = V x A(r,)

Our first chore then is to demonstrate that ¢(r,f) and A(r,?) as we
have written them are solutions of our differential equations. We tackle
only ¢(r,?) explicitly. That A(r,?) satisfies our equation follows by complete
analogy. Let us take u = t — |r — r’|/c. Now we will have need of the
various derivatives of p:

o _ 0 ou]
ox  odu ox
dp _dp Ou e _0p
_67 = -é;— —a;— ’ yleldlng Vp = —é;l-* Vu (5-6-4)
9 _ 9o ou
6z ou 0z |
op op

Vip =V " -Vu + —5; Viu

B p op 2,

=22 Vu-Vu + 6—V (5-6-5)

Also

azp azp

(=)
Py
N
je})
i
(%)

(5-6-6)
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Now
Vu:—LVlr-r’:M
¢ cr—r
V2u=-—1—[V /'(r_r,)_l_V_-(r;lr):l
c|l Ir—r]| [r—r
1 1 3
=—-—\- Tt ;
(e )
_ —~2
Cocr—r

T [r =]

<v2 L2 )p(r’ u)
2 ) 2 ’
<V2 Lo ><p(r,t) =J ¢ o av’

1
+ ZJVp(r',u) -V '—‘—'—‘r,—

r —

+ J(Vz —ll%—ﬂ—) (' u) dV’

But we have already learned how to treat the third integral.

1

[r— 1

av’

v? =0  except whenr =r

We also know that

1
J VZ——dV’' = -4z (see page 32)
all |l' -r [

space

Thus we can write
vz b
r—r

As far as the other integrals are concerned, we have

S N Y
2 o )P zap 1

p(r,u) dV = p(r,1) j V2 F—LJarV'

= —4np(r,1)

T T r—rP

[r—r
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(5-6-T)

(5-6-8)

(5-6-9)

(5-6-10)

(5-6-11)
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and

op 1
2

iy _ P 5-6-12
Vo) - V T T (5-6-12)

’

r—r

Hence the sum of the other integrals is zero, and we are left with

, 1 &
Ve - ';2— 5t_2 (P(r,t) = _4np(r’t)

Our proof is complete.

In our next chapter we will develop an intuitively appealing technique
for evaluating this integral which is particularly useful in dealing with the
field of a moving, small charge. We will then observe how the acceleration
of a charge gives rise to a remarkable new phenomena, radiation.

PROBLEMS

5-1.  Show that A and ¢ as given by Eq. (5-6-3) satisfy the so-called Lorentz con-
dition, namely,
V-A+ L 6_(p =0
c Ot
5.2. A circular loop of wire having radius b, resistance R, and self-inductance L
is set with its plane perpendicular to a time-varying magnetic field B(f) = B,
cos wt.
(a) Develop and solve a differential equation describing the current through
the loop as a function of time.
(b) How much energy is dissipated in the loop per unit time?

5-3. A resonant circuit is constructed by putting a capacitor and an inductor in
series. The physical dimensions of both the capacitor and the inductor are
completely known, and no dielectrics or magnetic materials are present in the

system. The circuit is now observed to resonate at a frequency . Show how
the velocity of light ¢ can be determined entirely in terms of the physical dimen-
sions of the system and the resonant frequency w.

5-4. A transmission line is made up of two long parallel perfect conductors of
arbitrary cross section. Current flows down one conductor and returns on the
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5-5.

5-6.

—

other. The conductors are surrounded by vacuum. Show that the inductance
per unit length L and the capacitance per unit length C are related by the equation
LC = 1.

[Hint: Make use of the Lorentz transformation to move with some
velocity v parallel to the conductors. Remember also that L is measured in
emu and C is measured in esu. If L is measured in esu then L, C,,, = 1/c*.]

Find the self-inductance per unit length of two coaxial thin-walled tubes, the
inner one having radius @ and the outer one having radius b.

Two parallel wires, each having radius a, are separated by a distance b. A
current I goes down one and returns on the other. It is spread uniformly over
the cross section of each wire. Find the inductance per unit length of the pair
of wires.

I

\\

n,

An electron travels in a circular orbit of radius R about a fixed proton. A
magnetic field B, is now applied in the same direction as the electron’s angular
momentum. Find the change in the orbital magnetic moment of the electron
as a result of the application of this magnetic field.

A charge ¢ is moving in a circular orbit of radius R about the center of a cylin-
drically symmetrical magnet, as shown. Assume that the orbit of the charge
lies in the median plane between the poles of the magnet and hence the only
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component of magnetic field that it sees is in the z direction. The field is now
allowed to increase with time. Show that the particle will accelerate without
any change in radius if the increase in the average field for r < R is twice the
increase in the field at r = R. That is,

dB(R) _ , dB(R)
d " dt

where

- 2 (R

B(R) = _7_[ B(r)r dr
R Jo

5-9. A long, uniformly charged nonconducting cylinder of radius a carries a charge
per unit length of A. It is wound with N turns per centimeter of wire carrying a
current /. This current gives rise to a magnetic field which we will consider as
uniform throughout the cylinder.

(a) Find the Poynting vector as a function of distance from the axis of the
cylinder. In which direction does it point?

(b) The momentum density of the electromagnetic field is given by S/c2. Find
the angular momentum per unit length of the electromagnetic field about
the axis of the cylinder.

(¢) The current 7 is now turned off. This gives rise to an induced electric field
(by Faraday’s law) which exerts a torque on the cylinder. Find this torque
per unit length in terms of dI/dt.

(d) Integrate the result of part (¢) to obtain the total change in the angular
momentum per unit length of the cylinder. Compare this result with the
answer to part (b).

5-10. Consider a charge e and a magnetic monopole g situated a distance S apart.
(@) Calculate the total angular momentum of the electromagnetic field about
an axis though g and e and show that it is totally independent of S.
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(b) Set e equal to the magnitude of the electron charge and set the angular
momentum of the field equal to the intrinsic angular momentum of the
electron (h/4n). How large is g7



Copyrighted Materials

Copyright © 1972 Dover Publications Retrieved from www.knovel.com

6
Let There Be Light!

We now approach the high point in our study of electromagnetic theory.
Although we have discovered many remarkable effects, none compares in
importance with those in the area we are about to explore. We shall find
that if we accelerate a charge it will emit radiation. Specifically, it will
cause electric and magnetic fields to appear which decrease inversely as
the distance from the charge to the first power. This is totally different in
quality from what we have been used to, namely, fields which decrease
inversely as the second power of the distance from their source. Furthermore,
the new fields will be transverse fields. That is to say, their directions will be
transverse to a line joining them to the accelerating charges. In addition
these fields will appear to be moving with velocity ¢ away from the accelerat-
ing charge. If we were not so familiar with radio waves and the electro-
magnetic nature of light, this would be an unbelievable discovery. We
212
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would head right out, as Hertz did, and try to produce these long-range
electromagnetic disturbances, discovering radio communication in very
short order. But, although we are somewhat jaded from long exposure to
these phenomena, it will still be exciting to really understand their origins.
This we now proceed to do.

6-1 A NEW WAY OF CALCULATING RETARDED POTENTIALS
IN AN INTUITIVELY APPEALING MANNER

As we remember from our last chapter, one way of solving an electro-
dynamics problem with time-varying currents is to calculate the retarded
four-vector potential. For example, we would find ¢(r,f) by evaluating the
integral

< / lr F r,l>

plr,t —

o(r,1) =J ¢ av’
all

Ir—r|

space

To evaluate this integral we must add together the contributions from charges
at various distances from our position r, always dividing by the distance
|[r — r'| and always evaluating the charge at an earlier time ¢ =1 —
Ir —r|/ec

To evaluate this integral can be quite a labor. We will develop here
an intuitively appealing method of performing the integration in physical
terms and then apply it to find the potentials due to a moving point charge.

Let us say that we are interested in ¢ at position r and time ¢. Suppose
at the instant ¢ we started our clock going backward in time, with all the
moving charges retracing their paths exactly. At exactly the same instant ¢,
let us send a spherical “information-gathering” pulse out with velocity c,
also moving backward in time (see Fig. 6-1). As the pulse reaches a given
bit of charge at position r’, it observes the charge as it was at time ¢ —
[r — t’|/c. But this is just what we want for our integral, so we count the
charge, divide by |r — r’|, and go on.

Fig. 6-1 A spherical shell expands with
velocity ¢ as our clock runs backward in
time. As we encounter some charge, within
the thickness d, we add it up and divide by
|r — r’|, the radius of the shell.
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To see how we proceed more clearly, it is perhaps better to go through
our motions in a series of discrete steps and add rather than integrate. We
let our pulse be the spherical shell shown in Fig. 6-1, with a shell thickness
d. Every time our negative-running clock changes by d/c sec, we advance
the shell by a distance d (thus the average shell velocity is ¢).

Now as we come upon some charge at a distance |r - r’| from our
starting point, it appears as it was a time |[r — r'|/c ago. While our shell is
sitting there, we add together all the charge within its thickness d and divide
by |r — r’| (the radius of the shell). We put this number [it is just (p d¥)/
|r — r’|] into our adding machine and then sit back and relax until the shell
moves on to its next position. Of course, as the shell moves ahead one
position, the charges shift too, to the values they had at time ¢ — |[r — r'|/c
— dfc. We repeat our calculation, add the result into our adding machine,
and again wait for the shell to proceed.

Now isn’t this sum just exactly what we want? We are just adding
together all the p dV at the appropriate earlier time and dividing by the
distance |r — r’|. We use discrete steps, but that is no problem inasmuch
as the thickness d can be made arbitrarily small, leading ultimately to an
integral rather than a sum. It would seem then that we have found a new
technique for evaluating both ¢(r,f) and A(r,f)—a technique which, as
we shall see, is especially useful in dealing with moving discrete charges.

6-2 THE POTENTIALS OF A SMALL MOVING CHARGE
(LIENARD-WIECHERT POTENTIALS)

We wish to find the potentials at position r and time ¢ due to a small moving
charge at position r’. By small we mean that we can neglect the variation of
1/|r — r’| as the imaginary spherical shell we have just described passes
over our charge. Now we will carry forth our arguments, assuming the
charge volume to be rectangular in shape and uniform in charge density.
(Of course, any other charge distribution can be subdivided into such
elements and their separate contributions can be added together.) If the
original velocity of the charge at time ¢’ was v'(¢"), we now give it a velocity
—v'(t) for the purpose of doing our sum. As can be seen from Fig. 6-2, if
—v'(¢') is in the direction away from r, then our expanding sphere will spend

Fig. 6-2 Theexpandingsphere
travels a distance L while still
overlapping the charge.
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more time overlapping the charge, and hence the contribution to the poten-
tials will be larger than if the charge were stationary. Conversely, if the
velocity —v'(¢') will now be toward r, the sphere will spend fess time over-
lapping the charge, and the contribution to the potential will be smaller
than if the charge were stationary. Referring again to Fig. 6-2, we see that
our spherical shell travels for a total distance L while still overlapping the
charge. Hence the potential we obtain is just

q L
= — 6-2-1
(p(r’t) |r - r/(tl)‘ l ( )
where / is the length the charge appears to have. But
L-1 L
=— 6-2-2
Ve -r)fr-r| ¢ (6-2-2)
Hence
L{l _ v(t)-[r—;(z)]}z,
cjr - r'|
This leads us to the result
o) = A (6-2:3)
[r — (") |:l - ]
¢
where £’ is a unit vector from r'(¢') tor.
r—r()
= 6-2-4
Ir _ r/(t/)l ( )
Similarly we have for A(r,?),
AQ,f) = AL (6-2-5)
o V() &
cr = vy 1 - -

By means of these so-called Lienard-Wiechert potentials, we may now
calculate the electric and magnetic fields due to our small moving charges.
Although our usual concern will be with situations where v << ¢, we will
for the moment carry along all orders in v/c so that in the future we can deal
comfortably with charges that are moving at relativistic velocities. Our
job then becomes one of differentiating these potentials. That is,

’

B(r,)) = V x av (6-2-6)

, , vl.él
c|r—r(t)|<l - )
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q
(-5
C
1 8 /
-2 v (6-2-7)

c ot eIy — r’(t’)](l 3 v';é’)

E@r,f) = —V
r = r(r)

6-3 DIFFERENTIATING THE LIENARD-WIECHERT
POTENTIALS:; THE RADIATION FIELD

We now undertake the rather laborious task of performing the differentia-
tion called for in Egs. (6-2-6) and (6-2-7). The difficulty lies in the complex
implicit dependence of all the primed terms on r and . We will prepare
ourselves with a few preliminary derivatives.

R el f] (6-3-1)
C

Now

W (D )\

a c \or "
and

olr - r'| o

i
Hence

or 1

A (6-3-2)

¢

Similarly

Vi =~ Lg _L(_‘L r - r’)Vt’

c ¢ \ 0t
and hence
—¢
Ve = — (6-3-3)
Vg
cll — -
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We will also find the following useful:

o8 0 ( r—r ) _ V- v

o o \[r-r Ir — r'|? r—r

’ ’

or
g{_é’x(é’xv’)

ot - |r —-r (6-3-4)

We can now evaluate

? ) V& o V&
EI—,—[lr——r|<l—— . >]~—v é(l . )

’

- ‘r—r’[a?/-é’~—vc—-[€x @ x v)]

or
[~ -y 7] _ — vla . /2
which yields
O, afy YN ==t (¥
‘a—t;_ll’—l"(l— v )—— ¢ (a'é)—v <€ —?>
6-3-5
where ( )
, dv
a -—-W (6‘3-6)

We are now ready to take the gradient of ¢:

dp

—V(P = _(V(p)r'consl - EFVI
ey =€ =[O
t'const ~ LA \2
|r——r’2<1—- Y é)
&
o q 0 veg
A S —Ale=rl{1 =
)
[

r—r

B q = v Y
e
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Combining our terms, we have
72 ’
ofe(-5) - %0 -1 ¢)]

¢ ¢ ¢

—V(p = VI R év 3

r — r’|2(l - )

él ’ . Ar
gé'(a’- &) (6-3-7)

+ N 3
c2|r—r'|<1— Y 8)
4

Next we calculate

1A _ 1o
c ot ¢ or
_] CA J qv’
c or ot c2|r-—r’|(l— v é)
C
—qa’ v

= ’ ’ + ’ 7\ 2
A - r’l(l Y ¢ ) c2|r—r’|2<1 AL )
c ¢

[—— ____|r — r’| (@-&)y—-v-. <€’ - i)]
c c

Hence we have

or, rewriting slightly,

g é’-—i —ga’ + g€ x 2 x -
_1_6A 7 c c 9 1 c

= /./3+ /./3
c o |r—r'|2<1-”5> cz|r——r’|<1—vcé>




6-3 THE RADIATION FIELD 219

1 8A
Combining —V¢ and — < we have

n|<

_q[at — (a,'é/)ﬁ,] + qé/ X (a/ X

E(,) = YA )
Al - r’|<1 =Y cé )

(-5 - %)

+ - YA (6-3-9)
lr —r|? (l - )
c
Next, we calculate the magnetic field B = V x A:
0A
VXxA=(xXxA)g — <W) x vr (6-3-10)

Now

(£~ %)%
—q & — — ) x —
(V X A)l’cons( = i v/.érc 2

Ir — r’|2<1 - )

(4

"+ g€ x a’xv’ v’i- £’—i

0A g8 1 c 9 c c
— s = Yy 2 - . 7\ 2
o c|l'—l"|<1—v g) |r—r’|2<l—-v é)

c c

and
s

qa’x§’+q€’x|:£’x<a’xv?

Y AY]
c2|r—l"|<l—v é)
¢
v/ , v/ , v’
(el el

+ Y RY]
|r—r’|2(1—v 6)
c

QA_XV[’=
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We finally have then

v v'? v
q<—c— X é’)(l - C—2> —qa’ + q[é’ X (a’ X —;—)}
B = v/ é/ 3 + él X v/ é/ 3
2(1 - — > c2|r—r’|<l— )
c c

(6-3-11)

Examining our expressions for E and B, we note that they each divide
naturally into two parts—that which is independent of acceleration and
drops off as 1/|r — r’|*> and that which is proportional to the acceleration
of the charge and drops only as 1/|r — r’|. The terms independent of a
can, as expected, be obtained directly by carrying out a Lorentz transforma-
tion upon the electric field of a static charge g. The terms proportional to a
are the ones which interest us now; they are the so-called radiation fields.
We thus will ignore all terms that are proportional to 1/|r — r’|? in our
present discussion.

We first note that both E and B are perpendicular to £ and to each
other. This is characteristic of the so-called transverse nature of electro-
magnetic radiation. The magnitude of E is the same as the magnitude of B—
a highly desirable result since otherwise we could transform either E or B
away by an appropriate Lorentz transformation.

We also note the remarkable fact that this electromagnetic field seems
to be propagating with time at a velocity ¢. That is, a given acceleration
at time ¢ leads to fields at position r and at time ¢ such that |r — r'|/c =
t — t’. As t increases, the relevant field appears further and further away
from where the acceleration was that gave rise to it.

[r —r

6-4 ENERGY RADIATION: NONRELATIVISTIC TREATMENT

To see what happens insofar as the flow of energy is concerned, we can
evaluate the Poynting vector S.

[4 [ c
- = e— 4 =——E2’ -G
S= —ExB=_—Ex( xE)=-E% (6-4-1)

We will make the nonrelativistic approximation that the velocity
of our charge is much less than ¢. This assumption serves to simplify our
work considerably and is a perfectly valid assumption in all the applications
we will be considering.

To evaluate S, we must first have another look at E. We have, for
vje < 1,

—qa),

k= r - r

(64-2)
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where
I ’ ’ ’ /
a,=a — (a'-€)¢ (6-4-3)

As we can see, a, is the projected acceleration perpendicular to the line
of sight ¢’. [Intuitively one should think of this as follows. The electric
field is directly proportional (with proportionality constant —g/c?) to the
acceleration that we would “‘see” as we watch the particle. The acceleration
we see must obviously appear as it was at an earlier time ¢'. Furthermore,
its apparent magnitude goes down as 1/|r — r’| as we go further and further
away from the location of the acceleration. Finally, what we would see
is just the projected acceleration, that part which is at right angles to our
line of sight. This “intuitive” approach to understanding the radiation
field due to an accelerating charge will be particularly useful when we begin
to examine coherent interference effects due to the organized motion of
large assemblies of such charges.]

We wish to calculate the total energy radiated per unit time by a charge
with acceleration a’ at time t'. Its effect is felt at a distance R away at a
time R/c later. We draw a sphere of that radius about our charge, as shown
in Fig. 6-3. The magnitude of the electric field at (R,0) is just

_ga' sinf
|E(R,0)] = R (6-4-4)
and hence
2 072 o122
||___qa sin‘ @ (64-5)

4nc3 R?

\

\\ Fig. 6-3 We cvaluate the cn-
\ ergy lost by an accelerating
‘I particle by integrating the flux
1 of the Poynting vector around a
I sphere of radius R.
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The total amount of energy which was radiated per unit at time ¢ is then

2,02 T
%= fm‘; j (2n sin® 6) d
0
2 g*a?
= — ———_— —4-
3 3 (6-4-6)

This expression will be encountered quite often in studying the electro-
magnetic manifestations of particle acceleration and is known as the Larmor
formula.

6-5 POLARIZATION

One of the immediate consequences of the transverse nature of electro-
magnetic radiation is the fact that only two polarization states are available
for each radiation direction. That is, we need to choose only two orthogonal
unit vectors, at right angles to §’, and we shall then be able to express our
electric radiation field entirely in terms of components along these two
vectors.

To illustrate then the origin of the various types of optical polarization
we have learned about in elementary physics, it is useful to examine in
detail the radiation pattern due to a charge moving in a circle, with v << c.
In Fig. 6-4 we sketch a coordinate system relative to the center of the circular
path taken by the charge.

The charge moves counterclockwise as viewed from the + z direction.
As we observe the charge from the various directions, we see the acceleration

Fig. 6-4 A charged particle moving in a circle gives rise to circularly
polarized radiation along the axis of its motion and linearly polarized
radiation at right angles to this axis. In other directions the “light” is
elliptically polarized.

X
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vector carrying out its periodic motion with the rotational frequency of the
particle. From along the + z axis, the acceleration vector always appears to
have the same length and rotates about in a circle. Hence we have circularly
polarized light going out along the positive and negative z directions.

At any given point along the +z axis, the electric field vector appears
to rotate in a counterclockwise manner as we look toward the charge. We
will call this right-hand circularly polarized radiation, since if the right thumb
points in the direction of propagation (along the +:z axis), the fingers
follow the direction in which E changes with time. We note, of course,
that if we explore the pattern of E along the +. axis at a fixed time, it looks
like a left-handed screw.

Along the negative z axis the electric field has the spatial distribution
corresponding to a right-handed screw and rotates at any given point in a
clockwise manner as we look toward the charge. Naturally, this is called
left-hand circularly polarized radiation.

In the xy plane the radiation is plane polarized with the electric
vector always lying in this plane.

6-6 THE SCATTERING OF RADIATION BY A FREE ELECTRON

If our radiation field is now incident upon a charge, it will obviously “‘shake”
it. That is to say, the electric field will cause the charge to accelerate and this
in turn will cause the charge itself to radiate. In this way we can say that the
charge has effectively ‘“scattered” some of the incident radiation. It is
remarkably simple for us to calculate the fraction of the incident energy
per square centimeter at the charge that is reradiated in this manner. This
fraction is called the Thomson cross section when evaluated for an electron
in the limit that its velocity is considered small compared with ¢. (The
term cross section is a natural one to use when asking for the fraction of
the energy flux per square centimeter that is affected by a particle. We
imagine that we replace the particle with a disk of a given cross-sectional
area. If the radiation passes through it, it is affected; otherwise it is not.
The symbol for cross section is invariably ¢.)

energy radiated by electron per unit time

Thomson = magnitude of Poynting vector of incident radiation
(6-6-1)
Now, the acceleration of the electron is just given by
a= L _¢E (6-6-2)

m, m,
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and hence the energy radiated by the electron per unit time is just

du  2¢%a® 2 e*E?

a3 3 micl (6-6-3)

The magnitude of the Poynting vector for the incident radiation is given
by

S| = fn— E? (6-6-4)
Thus we have
8 ¢* 87
OThomson = 3~ T 74 = 3 ' 0 (6-6-5)

where we define r, = classical radius of electron = e*/m,c?. Incidentally,
we note that the classical radius of the electron is of the same order as the
radius the electron would have if its mass were largely electromagnetic in
origin (see page 200).

6-7 MATHEMATICAL SUPPLEMENT: COMPLETENESS
AND ORTHOGONALITY

As we become more and more sophisticated in our study of physics, we will
find increasingly more numerous the occasions when we make use of com-
plete sets of orthogonal functions. (In fact, when we come to the study of
quantum mechanics, we will discover that the sets of solutions to given
boundary-value problems are all this type.) We have already come across
one such set of functions, the Legendre polynomials P,(cos §) that we
studied in electrostatics. Other common examples are the harmonic func-
tions sin kx and cos kx and the Bessel functions. Let us then explain in
general terms what we mean by completeness and orthogonality.

A set of functions g(x) will be considered complete over a given
range of x if any reasonable’ function f(x) defined over this range can be
expanded as a linear sum:

16) = 3 g ©7-1)

The functions will be considered mutually orthogonal over the range x

in S
min =

!'For a precise definition of what we call reasonableness the reader is referred to any standard
mathematical text covering functional analysis and eigenfunction expansions. All functions
which we are likely to come across in physics are reasonable.
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x < x,, if

max

f T g dx =0 fori 4 (6-7-2)

*min

where g; is the complex conjugate of g;.

6-8 MATHEMATICAL SUPPLEMENT: FOURIER
SERIES AND FOURIER INTEGRAL

Perhaps the most useful complete set are the harmonic functions sin kx
and cos kx. We begin by considering only the interval 0 £ x £ a over
which we wish to approximate the function f(x). Since we do not care about
f(x) outside this interval, we are free to take it periodic with a periodicity
given by

S =fx + a

Thus we need only make use of those values of & which make sin kx and
cos kx periodic with this same period. Thus

ka = 2nn where n is an integer

We have then, for our expansion,

- .2 il 2nn
fx) =Y 4,sin T x + Y B,cos —x (6-8-1)
n=0 a n=0 a
That the individual functions are orthogonal can be seen from inspection:

. 2nn . 2mm
sin ——x sin —xdx = 0 unless n
a a

=m
Jo
& 27nn 2nm
cos ——xcos —xdx = 0 unlessn = m
) a a
LY
fa 2
. 2nn 2nm
sin —xcos—xdx = 0 for all n,m
Jo a 7

That they form a complete set can only be asserted at this time and not
proven. For a detailed proof the reader is again referred to the mathematical
literature. Our problem then becomes simply one of finding the coefficients of

2 2 . . .
sin —n—n—x and cos j:lx. We multiply both sides of our expansion for f(x)
a

. 21nm .
by sin % and integrate from 0 to a.
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a 2 © a 2 . 2
f(x) sin _nin_xdx = Z A"J‘ sin _ﬂ.x sin ﬂx dx
0 a a a

n=0 0

i “ 2an . 2mm
+ Y B,,J €Os —— x sin x dx
0 a a

n=0
a
= Ay
We have then
A4, =2 J 100 sin 2 dx (6-8-2)
a Jo a
Similarly
2 (e 2
= —J 1) cos 2 x dx (6-8-3)
aJo a

As the range of x over which we wish to consider the function f{x) becomes
infinite, our series naturally becomes an integral. We write

&) = r A(k) sin kx dk + r B(k) cos kx dk (6-8-4)
1]

0

where A(k) dk is the contribution to our “sum” from the interval between
k and k + dk. We remember though that
ikx —ikx ikx = ikx
e e . e — e
cos kx = e te ” and sinkx = ————
2 2i

Substituting, we have
fx) = %J [Bk) — iA(k)]e™ dk + % J [Bk) + id(k)]e ™ dk
0 0

Both A(k) and B(k) must be real if f(x) is to be real. Let C(k) = \/=n/2
[B(k) — iA(k)]. Then we have

1o 1 (= .
=—| Cle™dk + —o=| Clhe ™ dk
) \/z—nL (k)e + \/EL C'(k)e

If we change variables in the second integral, from k to —k, and define
C(—k) = C‘(k) we can combine our terms to obtain

S (x) C(k)e™ dk (6-8-5)

\/__w

To obtain C(k) if we are given f(x) we proceed in a manner analogous to
that used to obtain 4, and B, in the case of Fourier series. We multiply
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both sides by e”** and integrate over x from — o0 to co.

f)e™** dx = 1 C(k) dk J ek —kx gy (6-8-6)

Nz

We now wish to evaluate the integral

o -

"o a
kR gy — fim j gk —kIx gy
= lim —
e ik — K)
. 2sink — k)a

= lm ——%

Let us have a look at the function [2 sin(k — k")a]/(k ~ k') as we let a get
very large. In Figs. 6-5 and 6-6 we plot the function for a = 1 and g = 10.
As is apparent, the function becomes more and more peaked at & = &’
as we let a increase. However, the total area in the peak remains constant
and has a value of about {2a(2n/a) = 2=, as can be seen from examining
the graphs. (The actual area is in fact exactly 2n.) Now, as we take a larger
and larger, we can begin to ignore the function outside the region £ = &/,
inasmuch as it will average to zero in any integral. We define the function

n _ . 2sin(k — k)a
27!6(]( — k) = allrg ——]T

(6 is called the Dirac 6 function.) And we have then, for any integral including
the peak,

(ei(k—k')a —e i(k—k’)a)

(6-8-7)

K+ 6
j ok — k)dk =1
8

k' -
We return then to evaluate

Jw S(x)e** dx = L Jw C(k)2nd(k — k) dk

J2n
= /2n C(K)

Fig. 6-5 A graph of the function [2sin(k — k")a]/(k — k') fora = 1.

2

T — N~ 2n
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Hence we have
) = \/17 f Fxe~ dx 6.8-8)
n —

The functions C(k) and f(x) are called Fourier transforms of each other.

Fig. 6-6 A graph of the function [2 sin(k — k")a]/(k — k") fora = 10.
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6-9 THE INTERACTION OF RADIATION WITH A
CHARGE IN A HARMONIC POTENTIAL

We consider now in detail the “scattering” of radiation by a charge ¢ in a
harmonic potential. We will assume that the incident radiation is traveling
in the +z direction and is polarized with its electric vector along the x
direction. This latter assumption involves no loss of generality for, as we
shall see, it will be possible to superimpose the effects due to a superposition
of incident radiation. We begin with a very simple incoming plane wave

E, = E, cos(kz ~ wt) where o = k¢

At z = 0, we can write
E . .
E = —2°— (€ + e (6-9-1)

We assume the restoring force on the charge to be equal to mw,?. In addition
we assume a resistive force proportional to the velocity of the charge.
Hence our differential equation for x, the displacement of the charge from
its equilibrium position, becomes

d’x N dx

a? "
We assume x to have the form x = 4e™ + Be™ ' and substitute back
into our differential equation.

E, .
+ wplx = -"2—’-:— (¢ + e~iot) (6-9-2)

E .
A(—? ) 2y 450 | ion
[ (—w* + iyo + 0% m e

E .
B(—w? — i 2y _ %0 | -ier _
+[( o iy + wgy*) m |€

For this to be true at any time we must have

9E, 9E,
= B = 6-9-3
2m(wy? — ©* + iyw) 2m(wy? — 0* — iyw) (6-9-3)
We have then
— qu it qu —iwt
= 2m(wy? — w? + iyw) et 2m{wy? — w? — fyw) ¢
qu ei(wr—tp) + e—i(wr—(v)
- m/(©* — 0?)? + y*w? 2
E
= i — cos(w! — @) (6-9-4)

m/(we® - 02 + y*w
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where

Yy
tangp = ————— 6-9-5
®= ol - (6-9-5)

Now, we are not quite finished, since we can add to x any function x” which
is a solution to the differential equation

d*x’ dx’ 2

712—+y—‘-1t—+wox =0 (6-9-6)
The sum x + x’ will also be a solution to our original equation. The solution
for x’ is well known. It is

/ ' / ¥y
X = e” 2 (A sin_[wy? — T Bcos [wy? — TI> (6-9-7

where 4 and B are arbitrary. Inasmuch as this solution is exponentially
damped with time constant 2/y, we can effectively ignore it in most cases.

Now we wish to find the fraction of incident energy per unit area
which is reradiated or scattered by the bound charge. Again we make
use of the Larmor formula for the instantaneous rate at which energy is
radiated.

2 ¢*a® 2 q*(d*x/dt*)?

Prad = -3‘ o = "3_ PE (6-9-8)

But
2 _ 2

dx _ 9Eo0 cos? (&t — @) (6-9-9)

ar  mf(we? — 0?) + yle?
Hence

42,4 .2 _
P, = 2 ¢"Ey*w® cos? (wt — @) (6.9-10)

? m2c3[(cooz _ wz)z + y’wz]
The average radiated power [remembering that the average value of
cos(wt — @) is §] is just
1 q¢*E 2wt
rad ™ 3 m263[(w02 — (02)2 + ')72(1)2]

(6-9-11)

The average incident power per unit area is just

c E;?

Bl=2 =
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We have then, remembering that r, = ¢*/mc?,

T)md o 8n 2 (D4

’I‘fl‘— 3 To (@ — ) + P2’
Now, we might ask, what if the incoming radiation were not just a pure
harmonic function of one frequency? We would like to make use of the
power of Fourier analysis to achieve a solution to the problem. Let us
assume again that our charge is at z = 0 and that the electric field at z = 0
is in the x direction. Let E (¢) be the field at the charge. Then we can write

(6-9-12)

o'scauerinu

E() = E(w)e™ dw (6-9-13)

1 (=

7=

We wish to solve the differential equation
d*x dx 2, o 95O

I +v ar + @y (6-9-14)
If we let
X = —l—j G(w)e™* dw (6-9-15)
27 20

then we obtain

A {G(cu)[—w2 + iyw + 0] — ¢ @} e dy =0
J2r)_ m
(6-9-16)
If we wish this equation to be true for any value of ¢, we must have
Glw) = 96@) (69-17)

m(w,® — w? + iyw)

We are thus in possession of the Fourier transform of x, which, upon
integration, yields x directly:

q ® 8(w) oot
x = e do (6-9-18)
m,/2n .[_w (wo? — ?) + yw

To complete our solution we need only differentiate Eq. (6-9-18) twice and
insert the result into the Larmor formula.

PROBLEMS

6-1. Consider a classical electron going in a circular orbit around a proton with an
initial radius equal to r,.
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6-2.

6-3.

6-4.

8-5.

6-6.

LET THERE BE LIGHT!

(@) Derive an expression for the radius r of the electron as a function of time.

(b) Calculate the time it would take for the electron to spiral into the proton if
it started out at a radius of 107® cm. (This is actually typical of the time it
takes for an electron to go from an excited state to the ground state.)

A nonrelativistic charged particle is brought to rest from an initial velocity v,
by means of a constant acceleration a,. That is,

Vo forr <0
Uy =14 Uy — ao! for0 < t £ vo/a,
0 for ¢t = vo/a,

What is the frequency distribution of the radiation seen by an observer at a great
distance from the particle?

A relativistic particle is slowed down by means of a constant acceleration a
directed opposite to its direction of motion. Plot the laboratory intensity per unit
solid angle of the radiated energy as a function of cos 6 for § = 0.6, 0.8, and
0.95. The angle 0 lies between the direction of motion of the particle and the
direction of radiation in the laboratory.

Derive expressions for the electromagnetic fields E and B corresponding to a
point charge moving with constant velocity v by transforming from the rest
system of the charge into the laboratory frame of reference. Compare your
results with Egs. (6-3-9) and (6-3-11) as evaluated in the case where a’ = 0.

Consider a charge on the end of a spring moving according to the differential
equation

d*x dx 5
e +y—dt—+w0x=0

where w, >> y/2. It starts out with some amplitude which then damps to zero

exponentially.

(a) Find the frequency spectrum which characterizes the emitted electric and
magnetic fields.

(b) Plot the intensity of radiation as a function of frequency in the neighborhood
of wy. How does the width of the frequency distribution relate to the dis-
sipation constant y? .

(¢) What is the ratio of the mechanical energy stored in the system to the mechani-
cal energy lost per cycle? (This number is called the Q of the system.)

Suppose that an oscillating charge is emitting electromagnetic radiation at a
frequency w,. We turn on a receiver and investigate this radiation for a time period
T. If we Fourier analyze the intensity of the received radiation, we will find that
it is largely confined to a frequency range Aw in the vicinity of w,. Carry out
the Fourier transform of the observed radiation intensity and then estimate Aw.

A pair of equal and opposite point charges with electric dipole moment p rotate
with angular frequency @ about an axis perpendicular to the line joining them.
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6-8.

Show that the energy radiated per unit time can be approximated by the expression
du 2 plo*

a3 &
in the event that the separation is much less than the wavelength of the radiation.

Compare this with the sum of the energy which would be radiated were the two
charges traveling separately and independently.

Suppose for a moment that magnetic monopoles existed. What are the radiation
fields that would result from the acceleration of a point magnetic monopole g™ ?

A magnetic dipole g is perpendicular to an applied magnetic field and precesses
about it with frequency w. How much energy is radiated per unit time as a result
of this precession if the wavelength corresponding to w is much greater than any
of the physical dimensions of the dipole? [Hint: Make use of the results of

Probs. 6-7 and 6-8.]
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7
The Interaction of Radiation
with Matter

Having understood the interaction between radiation and a simple charge,
be it free or be it bound in a harmonic potential, we are ready to take the
next step and go to an assembly of charges. Inasmuch as matter is made up
of just such an assembly, we would hope to be able to demonstrate all the
well-known principles of optics by following the electromagnetic radiation
in detail. The kinds of questions we will answer are the ones which have
troubled almost anyone who has studied optics—how does the light get
turned around in a mirror, and why does the light appear to go “slower”
in glass than in air? Just as always, our approach will be the physical one
of saying that currents produce fields which shake charges which produce
233
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more fields which shake other charges, ad infinitum. The beauty will lie
in the rather simple way in which everything will fall together.

Now the actual situation within material at the microscopic level is
quite complicated, and in the end we will need the power of quantum
mechanics to deal with it exactly. There are numerous things we would
have need to worry about including the absorption and reemission of
radiation by atoms, the scattering of radiation by “free” electrons, the
magnetic polarization of the atom, and even the electron spin. Our ap-
proach will be to solve several simple and idealized examples exactly and
then develop a formalism so that when we have finally solved the micro-
scopic problem exactly, we will be able to find the macroscopic properties
of matter directly. The general expressions that we will derive will have
far-reaching applicability (even into the realm of elementary particle
physics), and even the simple models we take will come remarkably close
to reality.

7-1 THE ABSORPTION AND REFLECTION OF RADIATION BY AN
IDEALIZED CONDUCTING SHEET WITH NO MAGNETIZATION

We begin with the simplest of systems, radiation striking normally onto
an idealized conducting sheet with conductivity ¢. The sheet is assumed to
have a magnetic permeability of unity; that is, no magnetic dipole moment is
present anywhere. Our experience tells us that very little, if any, of the
radiation is transmitted through the sheet. We also know that a large part
of the radiation may be reflected back into the direction from which it
came. We would like to understand these results in some detail.

As before we will assume that the origin of the incoming radiation
is some accelerating charge a very long distance away. We can then con-
sider that our incoming wave is a plane wave; the loci of points of equal
field form planes perpendicular to the direction of propagation. As we
just learned, we can subdivide the incoming wave into harmonic compo-
nents and superimpose the results later; this permits us to use a simple
incoming wave of the form?!

Ez5,§) = Epe %"
B/(z,1) = Eqe™ %o

where w = kc. We will, for convenience, take E, = B, = 0.
Now to begin our treatment of the problem, we place a sheet of
conductor of infinitesimal thickness in the path of the radiation, as shown

(7-1-1)

!Our work will be immeasurably simplified by making use of the exponential in this way. If
the true incoming wave has the form E,cos(kz — wt), then we need consider only the real
parts of Eq. (7-1-1) and of all equations for the electromagnetic waves which derive from it.
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in Fig. 7-1. We choose the thickness é to be much less than 2n/k, the wave-
length of the radiation, and small enough so that the amount of radiation
produced by the sheet is infinitesimal when compared with the incoming
wave. We further assume that the current density induced in the conductor
at any point is directly proportional to the electric field at that point.
(Needless to say the proportiopality constant may be frequency dependent.
However at any given frequency, the assumption of proportionality be-
tween current density and electric field is a reasonable one.) Hence we
write, at z = 0,

s __ it

Jx = 0Eqe (7-12)

S =Jj=0

We now find the induced vector potential due to j, at some point
on the positive z axis at a distance z to the right of the sheet. (By induced
we mean not present in the original incoming field but produced through
the mediation of the current in the conducting sheet.) Using cylindrical
coordinates, we write

iw{t —R/c)

2n *max(0)
A,"%0,0,2,1) = & J dof EE"“’R—rdr (7-1-3)
[ 0

Fig. 7-1 A thin sheet of conductor of thickness d(6 << 2m/k) is placed perpendicular to

incoming radiation. Its conductivity is o.
-
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However, r* + z> = R?, and, since z is fixed, we can write
2rdr = 2RdR (7-1-4)

Substituting back into Eq. (7-1-3), we obtain

2n Rmox(6)
A = 5ane‘w'J do j e~ #R 4R
0 z

iot *2n

_ oEee™ j (e MRmx® _ g iki) (7-15)
ik °

Now the term e~ #Rmax® varies extremely rapidly with R,,,,(0), taking on

every possible phase if R, (6) varies as much as a wavelength. Hence we
can ignore this term; it will average out to zero. This leads us to the result

2ndoE,

Az = T2

e7ikzmen  forz >0 (7-1-6)
When we began, we chose our z axis arbitrarily, requiring only that it
lie within our incoming beam of radiation. Hence the result we obtained
in Eq. (7-1-6) is true for any point that lies a distance z to the right of the
conducting sheet, provided that it is within the original beam. If we choose
a point which is outside the original beam of radiation, we would have to
replace z in Eq. (7-1-5) by R,;,(0) and the exponential would average out
to zero. Hence there is no induced vector potential outside the original beam.

Now we can have a look at the induced vector potential to the left
of the conducting sheet (z < 0). The complete symmetry of the situation
requires that

A(—2) = A(2) (7-1-7)
Hence we can write
2naanei(kz +wt)
ik

We now proceed to find the induced electric and magnetic fields.

Az = forz <0 (7-1-8)

, 1 a4,
Exmd(zat) = - 7 ot
—2n66Ege” "=~ forz > 0
= . (7-1:9)
—2ndg Egeikz+on forz <0

(We have made use of the fact that k = w/c in obtaining the above expres-
sions.)

B,™(z,1) = (V x A™™),
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_ anind

T oz
—2n86Eqe”*="  forz > 0

= : (7-1-10)
2ndc Eye =+ 0 forz <0

We should make a number of observations about the induced fields.
First, going off to the right of the sheet is an induced plane wave propor-
tional to and exactly 180° out of phase with the incident wave. When added
to the incident wave, it diminishes its amplitude by a factor 1 — 2z0d.
Obviously, E and B remain mutually perpendicular, and the Poynting
vector is still in the + z direction. Second, going off to the left of the sheet
is a reflected plane wave. The electric field in this induced wave at position
—z is identical with the electric field in the induced wave at position +z.
The induced magnetic fields, on the other band, are equal and opposite at
equal distances to the left and right of the sheet. The Poynting vector
associated with the reflected plane wave points naturally in the — z direction.
Finally we note that the amplitudes of the induced fields are independent
of frequency (provided, of course, that § << 4 = 2x/k). Any frequency
dependence which we discover when dealing with a thick conducting plate
must result then from the interference between the fields generated by
layers at various depths below the surface.

Before proceeding, let us have a look at the energy balance within
the thin sheet. We would like to show that the energy coming in per unit
time minus the energy leaving per unit time is just equal to the ohmic heating
of the sheet. Immediately to the right of the sheet we have

E(+0,5) = E,™(0,0) + E,™(+0,0) (7-1-11)

where +0 refers to “0” approached from the right. Using Eq. (7-1-9),
we find

E(+0,) = E™(0,/)(1 — 2rndo) (7-1-12)
Similarly, using Eq. (7-1-10), we obtain
B(+0,0) = B,™(0,1)(1 — 2ndo) (7-1-13)

Combining these results, we derive the Poynting vector just to the right
of the sheet.
c

Sz( + 05 t) = an

E,»(0,1) B,"(0,7) (1 — 4ndo + 4n*5%c?)

Ignoring terms of order 62, we have then
S, (+0,0) = §,"(0,H(1 — 4nda)
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= 4c_n (1 - 47550')[Exinc(0’?)]2

= energy leaving unit area of sheet, to the right, per unit time
(7-1-14)

The amount of energy leaving to the left per unit time per unit area is
proportional to 6> and can thus be ignored. The rate at which energy is
being delivered to the sheet per unit area is.then

% = ¢da [E™(0,H]? (7-1-15)
This is just equal to the rate of ohmic heating for a volume & of material
[see Eq. (4-1-6)]. '

Now that we know how to find the radiation from an infinitesimally
thin slice of conducting sheet all of which has the same current density
Jx» We can proceed to the case of a thick conducting plate being irradiated
normal to one face by a plane wave of frequency w. For convenience we wil!
first allow the conductor to extend from z = 0 to z = oo (see Fig. 7-2).
As before, the incoming radiation will have the form

E inc(z I) = Eoe—i(kz-—wt)
X ’

Byinc(z,t) - Eoe-—i(kz—m) (7'1'16)

Fig. 7-2 Incoming radiation is normally incident upon a scmi-infinite
conducting sheet with conductivity a.

Einc(z,t) = Eoe—i(kz-m)
e —
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Naturally, we can slice our conductor into an infinitude of individual,
infinitesimally thick slices and add together each of their contributions.
A typical such slice, of thickness dz’, is shown in Fig. 7-2. We are interested
in finding the fields at a distance z from the face of the conductor, and our
typical slice is taken at a distance z’ from that face.

Unfortunately, however, the field which is shaking the charges at z’
is precisely the field we would like to find. We can no longer make the
approximation that this is equal to the incoming field. Hence we allow the
function E,(z,?) to be an unknown. Inasmuch as our incoming plane wave
has frequency w, we shall assume that

Ez,0) = E(2)e™ (7-1-17)

Now if our typical slice dz” at z’ is to the left of z (z = 2’), then its con-
tribution to the field at z is just given by [see Eq. (7-1-9)] '

dE,"(z,t) = —2noE (2)e 2o gy (7-1-18)
On the other hand, if z’ > z, then the contribution of dz’ to the field at z is
dE™(z,f) = —2n0E, ()™ ==+ gz’ (7-1-19)

The total field at z is given by a sum of three terms, the incident field, the
contributions from slices to the left of z, and the contributions from slices
to the right of z. Thus we have

2
E (2) = Egje™ %l — 2naei“"f E(2)e %2 gy
0

o«
—2noe' f E, (2)e* =gy
z

Canceling out " and rewriting slightly, we have the basic integral equation
for E (2):

E(2) = Eje ™ — 2nae“"’j E (2)e* dz
o

—2noelt? f E.(zN)e ™ dz (7-1-20)

Similarly, we find the basic integral equation for B,(z) by adding together
the three parts, the incoming plane wave, the contribution from slices to
the left of z, and the contribution from slices to the right of z [(see Eq.
(7-1-10)].

B,(2) = Eqe™™ — 2nge™** J E (2)e* dz

0

+ 2nae""j E.(2)e”* dz  (7-1-21)

z
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Now we address ourselves to finding the solution to Egs. (7-1-20)
and (7-1-21). The simplest way to proceed is to differentiate E, (z) twice
with respect to z, obtaining a differential equation.

d:;" = —ikEye™* + 2noike J:: E_(z)e™ dz
— 2noike™ J ? E (2)e ™ dz
d;:;" = —k*Eje” ™ 4 2ngk?e = J:Ex(z’)e""z' dz’
+ 2nok?e™ j ’ E,,(z.')e'”‘" dz + 4ngikE,(z)
or =
d;zsz = (—k? + 4noik)E,(2) (7-1-22)
We also note that
L) - i, (7-1-23)

Differentiating B,(z) we will find that it satisfies the same differential equation
as E,(z). In any case it will be much simpler to just calculate dE, /dz and
divide by — ik to find B,.

Before proceeding, we will make a slight digression. The sophisticated
student will observe immediately that we could have obtained these dif-
ferential equations much more rapidly if we had started with Maxwell’s
equations. We would however have lost all our beautiful insight into the
origin of the fields in terms of flowing currents. Nevertheless we shall do
so now if for no other reason than to provide the student with an easily
remembered way of rapidly obtaining the appropriate coefficients in the
differential equation. We start with

E JE

VXB=47Ij+La—=47[o'E+i__

¢ 0t ¢ 0t
VXE:—_I_.a_B
¢ 0Ot

Taking the curl of the second equation and remembering that in this case
V:-E = 4np = 0, we have
V x (V x E)=V(V-E) - V’E
1 d

=~-VE=-—_—-VxB
c Ot
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1 JE 1 0’E

If we search for a solution of the form
E(z,t) = E(2)¢" and E,=E, =0
we obtain for our differential equation

d*E, 4no w?
iz~ ¢ wE, - FE"

= (4noik — k*)E,

just as before. Taking the curl of V x B will obtain for us the same equation
for B,

We return to the problem at hand, the solution of which is now
apparent. In fact there are two possible solutions:

— 7, — 2 -l -

E(2) = { exp (—/4noik — k*2) (7-1-25)

exp (+./4noik — k?z) (7-1-26)

Our first problem is how do we evaluate \/4noik — k*? The answer will

be immediately apparent if we just write 4noik — k* = /k* + (4nak)? e'®.
Then

Vanpik — k* = [k* + (4nok)?]tei*? (7-1-27)

The important thing to note here is that ¢/2 is always in the first quadrant,

and hence /4nraik — k? has a positive real part if ¢ has any value at all

other than zero (see Fig. 7-3). The solution given by Eq. (7-1-26) would

diverge as we approached infinity and hence must be rejected. We are left
then with

E,(z) = Aexp (~./4noik — k?2) (7-1-28)

i

——————— 4nok

\ei

b ———

p—

i
=
~

Fig. 7-3 The cxpression —k? + 4acik
plotted in the complex plane.
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We wish to find 4 to complete our solution to the problem. To do this we
need only substitute back into our integral equation.

A exp (—/4noik — k?z) = Eje™™**
- 27wAe""‘“[ exp [(ik — \/4ngik — k*)z'] dz’
0

- 27wAe"“J exp [(—ik — \/4noik — k*)2’]dz  (7-1-29)

Carrying out the integrals indicated, we find

(Eo +— 2noA ) -k o (7-1-30)
l —

JAnoik — k? ¢

This leads to the result

4= JVanoik — k* — ik

2no

E, (7-1-31)

We have then for the field within the conductor

. — 2 - ’
E (i) = 2™k — K — & b b (—JAmotk — Ko2) e (1-1-32)

2no

To find B,(z,1) we just differentiate E, with respect to z and divide by —ik.

. — 2 - .
B,(z,0) = /anoik — k? Y dnaik — k” — ik

2noik

E, exp (—+/4ncik — k?z) & (7-1-33)

Now these expressions look quite hopeless except for the fact that, for most
metals over a large frequency range, we can ignore k& by comparison with
4no. In that frequency range we have

k k k
E. (z,0) = I: Ime + i( /% - E):I E, exp (—/2nokz)
exp[ —i(\/2rnokz — wt)] (7-1-34)

k .|k
By(Z,I) ~ 2 [(1 - §7‘[—0—:) —1 *8;‘—_]

E, exp (—+/2nckz) exp [ —i(\/2nokz — wt)] (7-1-35)

As the ratio of k to ¢ becomes smaller and smaller (either better conductivity
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or lower frequency), we can ignore k/2no by comparison with . /k/2no and

/ k/8ne by comparison with 1. In that case we can further approximate
E and B as follows:

E (z,)) = /nii; E, exp (—./2n0okz)

exp [—i ( /2nokz — wt — %)] (7-1-36)
B,(2,1) = 2E, exp (—/2n0kz) exp [ —i(\/2nokz — wi)] (7-1-37)

The magnetic field in the conductor thus has a magnitude that is much
larger than that of the electric field. It also lags the electric field by about
an eighth of a cycle in the case where k/o << 1. Both fields drop off in
magnitude as exp (—./2nokz). The term 1/,/2nok, called the skin depth,
is the distance within which the fields drop by a factor of e.

Now to round out our evaluation of the electromagnetic fields in
this simple example, let us calculate the reflected electric and magnetic
fields. We make use of our integral equations again and note that

Ex\"“(z, ) = —2nge'*teNy f exp [ —(J/4noik — k* + ik)z'] dz’
0
12 ¢
- _E /4neik — k ik itk +an) (7-138)
Janoik — k* + ik
We obtain B,"!(z,7) through the equation
B, (z,1) = —E,""(z,1) (7-1-39)

It is interesting to note one other rather important point which is apparent
from looking at the integral equations for E.(z) and B,(z). Both E (2)
and B,(z) are continuous at z = 0. In general the tangential components
of the electric and magnetic fields are both continuous when going across
a nonmagnetic boundary. This can be ascertained through an inspection
of Maxwell’s equations, as follows.

Faraday’s law states that

1 oo
§E dl—_-c—E

If we take our curve of integration as shown in Fig. 7-4, the leg 6 can be
taken arbitrarily small and hence ® can be made arbitrarily small. Thus
Er(region 1) = E,(region 2). Similarly, unless there is a finite surface
current within a layer of zero thickness, the equation

1 JE

VxB=dnj+— —
x nl+cat
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Boundary
| / betwcen
media

I I Fig. 7-4 The tangential components of E and B are

continuous across the boundary of our nonmagneti

5_/' ry gnetic
conductor.

ensures that the tangential component of B is continuous across the
boundary. Obviously, if we are dealing with a piece of magnetic material,
this continuity no longer holds because the sharp charge in magnetization
is equivalent to a finite surface current.

These boundary conditions along with the solution to the differential
equation for E and B in the conductor can serve to fix E and B completely
without having recourse to the integral equation. Before we leave our
conducting sheets, let us see what happens if we remove the restriction
that they be of infinite thickness. We begin by treating one sheet of finite
thickness and then extend our technique to a succession of any number of
such sheets of varying conductivity. We take our sheet to lie between z = 0
and z = a (see Fig. 7-5). For some point x within the sheet (0 < x < a),
we can again express E,(x) in terms of a sum of the incoming field, the
field contributed by currents on the left, and the field contributed by currents

Fig. 7-5 Elcctromagnetic radiation strikes normal to a conducting sheet
of thickness a and conductivity o.

Incoming wave
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on the right. The equation is identical to Eq. (7-1-20) except for the fact
that o is replaced by a.

E.(z) = Ege™ ™ — 27we‘"“f E (2)e* d2
0

— 2nge*: f E.(2)e ™ dz (7-1-40)

z

Again E, (z) satisfies the differential equation dE, /dz? = (—k? + 4ngik)E,,
and again we can write, in general,

E, = A exp (—+/4noik — k?z) + Bexp (++/4noik — k?z) (7-1-41)

This time, however, we have no right to remove the second solution
[exp (\/4naik — k>z)] because we are constrained to the region 0 < z < a.
If we substitute back into our integral equation, we find 4 and B by in-
sisting that the equation hold at any two points z = 0 and z = q, for
example. (The equation will then automatically hold at all other points in
the conductor.) We obtain

A+ B=F, — ZnUf [4 exp (—\/4noik — k*z’)
[+]
+ Bexp (++/4noik — k*z')] e~ ™" dz’ (7-1-42)

and
A exp (—./4noik — k?a) + Bexp (+./4noik — k?a) = Eje™ ™
— 2nge™* f [4 exp (—./4noik — k*z)
0
+ Bexp (+./4noik — k*z’)] e** dz’ (7-1-43)

As you can easily see, the solution to the problem, while messy, is
quite straightforward. There are two independent equations for 4 and B
in terms of E,, g, k, and a. Having found 4 and B, we can proceed to find
the reflected and transmitted waves just as before:

E0(z,1) = —2ngelteton [ f A exp (— Aok — RE2)e ™ d
1]
+ j Bexp (+./4noik — k*z')e”* dz’] (7-1-44)
o

E tmns(z t) = Eoe—i(kz—an) - zna.e—i(kz—wr)
X Ll

X [I A €Xp (—\/mz/)eikz’ dz’
0
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+ I Bexp (+./4ngik — k2z')e** dz’] (7-1-45)
0

Suppose now that instead of having to deal with only one sheet we had two
sheets, as shown in Fig. 7-6, the first with conductivity ¢, and the second
with conductivity o,. If we let E, ,(z,f) and E, ,(z,?) be the solutions inside

the two conductors, respectively, we can write, in general,
Ex,l(z’t) = Ex,l(z)eiw'

= [A exp (—/4mna ik — k?z)
+ Bexp (+./4nc,ik — k*z)}e’"

Ex.l(z’ t) = Ex,z(z)eiw‘

= [Cexp (—+/4na,ik — k*2)

+ Dexp (+\/ 4noyik — k*z))e™

We can write down two integral equations
z
E, 1(2) = Eqe™ ™ — 2nale""“j E, (2)e* ™ dz’
0
: @ Y
- 27w,e*""f E,  (2)e ™ dz
z

(4
- 21t02e"“f E, ,(z")e™ ™ dz’
b

E, ,(z) = Ege™™ — 2ng e” ™ J E, ()" dz
o

Fig. 7-6  Electromagnetic radiation strikes normal to two conducting
sheets.

(7-1-46)

(7-1-47)

(7-1-48)
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z d
— 2na-ze—ikzj\ Ex,Z(z/)exkz' dz — 27750'281sz‘ Ex’z(zr)e—-xkz dz

[ z

(7-1-49)

If we insert Eqs. (7-1-46) and (7-1-47) for E, ;(z) and E, ,(z) into our integrals
and evaluate Eq. (7-1-48) at z = 0,a and Eq. (7-1-49) at z = ¢,d, we will
have four simultaneous equations for A,B,C,D. Thus our solution to
E. (2) will be complete at least within the conductors. The extension to the
regions outside of the conductors is trivial and is left to the reader.

We might add here that any number of parallel conducting sheets can
be treated in this manner. For N sheets we will need 2N coefficients for the
solutions, and the N integral equations will give them to us.

7-2 WE ALLOW THE CONDUCTOR TO HAVE MAGNETIC PERMEABILITY 4

We will now generalize slightly by allowing our conductor to have uniform
magnetic permeability u. We can of course retrace all our steps and ask
what a thin sheet of magnetic-moment distribution will yield for A and
then for E and B. It is simpler however to just make use of Maxwell’s
equations in the same manner as we did on page 241. We now have

Vx<—li>=47wE+—l—a—E
U ¢

o (7-2-1)
VxE= -19B
¢ Ot
This leads to the equations
2
g = 41 98 0
¢ t ¢ (71-2-2)
dnop OB u O°B
B ——— 4 D
v c o T ¢z o
Again we search for solutions of the form
—_ iwt
Ex(z’ t) - Ex(z)e (7_.2_3)
E,=E =0
We find the differential equation for E, to be
d’E,
= = (dnouik — pk?)E, (7-2-4)

dz?



7-2 WE ALLOW THE CONDUCTOR TO HAVE MAGNETIC PERMEABILITY u 249

The result is then

{ exp [ —/uldnoik — k*)z] (7-2-5)
E() =
@ exp [/ u(@noik — k?)z] (7-2-6)

Let us now find the complete set of solutions for the case of the semi-
infinite slab of conductor extending from z = 0 to z = 0. As before,
we can reject solution Eq. (7-2-6) as diverging at infinity. This yields

E(z,0) = Aexp[~/uldnoik — k*)z]e“  forz >0 (7-2-7)

The magnetic field B, can be obtained from Maxwell’s equation:

9E, 1 0B,

= —ikB

0z ¢ ot y (7-2-8)

Hence

1 0E,
By(Z,t) = — ﬁ(— oz

_A4 u(47r;€ik — k?) exp [~/ allnoik — KP)z]e*
forz >0 (7-2-9)
The incident wave has the form
E"(z,1) = Ege™ =70 (7-2-10)
B, "(z,1) = Ege™ %=~ 1 (7-2-11)

The reflected wave has the form
E[f(z,) = Deiks+od (7-2-12)
B M(z,fy = — De'*z+ <) (7-2-13)
where D is a constant, to be determined from the boundary conditions.
Our job is now reduced to finding 4 and D. We do this by requiring

that the tangential components of H and E be continuous across the bound-
ary. This yields

E0+D=A

T L2
Eo__D=A./,u(4nazk k*)

ikp

(7-2-14)
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The solutions for 4 and D are
2ikuE,
A= ki Eo (7-2-15)

Ju@naik — k%) + iku
. . N — 2
D = tku — J/u(dnaik — k%) E (7-2-16)

iky + \/u(47wik — k% ?

Again, it is instructive to look at these solutions in the limit of large
0. We have then

A2k g [EE (7-2-17)
Anoiky no

The fields in the conductor become

[k
Efz,0) = Trl—al- Eyexp(—./2nckuz)

exp[~i<1 /2mokpz — wi — %)] (7-2-18)

B(z,t) = 2uEqexp (—+/2nokpuz) exp [ —i(\/2nokpz — wf)] (7-2-19)

We compare with Eqs. (7-1-36) and (7-1-37) to note the approximate effect
of the permeability u.

1. The skin depth is decreased by the factor /.

2. The magnetic field B, just inside the conductor’s surface is increased
by a factor of u.

3. The electric field just inside the conductors is increased by a factor
of \/ﬁ

7-3 THE PHYSICAL ORIGIN OF THE REFRACTIVE INDEX

We now find ourselves in the beautiful position of having developed a
machine so powerful that we can just stand back and pile up our profits.
When we carried out our analysis of the interaction of radiation with a
conducting sheet we made only one simple assumption, that the current
density j,(z) was proportional to the electric field at that point E,(z). We
called the proportionality constant ¢ and identified it with the conductivity
of the material. However, nothing that we did after that implied that the
constant had to be real (as it is in the case of free electrons in a conductor)
or even that it had to be frequency independent. The physical arguments
which we followed for adding together the effects of all the currents at
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various values of z would have been the same if 6 had been a complex
number with some frequency dependence. Thus we open up a wide range of
applicability for the treatment we have just completed. In particular, we
can deal with all situations where the local induced currents are proportional
to the applied electric field, provided, of course, that the medium in question
is sufficiently uniform and dense so that the variation in the number of
scattering centers within a volume of order A3 (1 is the wavelength of the
radiation) is negligible. (It is the violation of this last proviso that causes
the sky to be blue. Why?)

We will now begin with a rather simple model of a dielectric as a
collection of charges, each of which is trapped within a harmonic oscillator
potential. Using this model, we will show that the currents which flow are
indeed proportional to the applied fields. By carrying over the expressions
we have derived for a conductor, we will discover that dielectrics appear
to have a classical index of refraction, and we will derive an expression for
this index in terms of the frequency of the incident radiation, the natural
frequency of the oscillations, and the density of electrons. We will then
show how it is possible to generalize our results to permit us to treat a
dielectric exactly, given a description of the microscopic forward-scattering
amplitude.

Consider first an individual electron of charge ¢ and mass m in a
harmonic oscillator potential with spring constant mew,2. (Its resonant fre-
quency is w,.) We let the incident radiation on this electron be of the form

E(2,t) = Eje” 'z~ (7-3-1)

If the electron is at z = 0 and it sees a resistive force equal to my dx/dt,
then the differential equation describing its motion (see Sec. 6-9) is

d*x dx qEy ..
F + vy E— + wozx = ——m—e ! (7-3-2)
Letting x = x,e', we find

gk,

= 7-3-3
m(wy? — 0* + iyw) (7-3-3)

Suppose we now take a thin sheet of material made up of N such
charges per unit volume. If we subject this sheet to an electric field E, =
E,e'", then we will induce a current density

Y AT
- (&)
qEOeiwr

= N[ L\ _3-
- N( c )(zw) m(wy? — 0? + iyw) (7-3-4)
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(The factor ¢ converts j, into emu.) Hence it appears as though the material
has an effective conductivity given by

iNg*k
m(wy? — 0® + iyw)

Ot =

(7-3-5)

From here on, we can make direct use of all the machinery we developed
in Sec. 7-1. Wherever we find an expression involving o, we can use o
instead.

Let us return then to the semi-infinite slab of dielectric extending
from z = 0 to z = oo (see Fig. 7-2). Again we can take the incoming radia-
tion to have the form

Exinc(Z,t) = Eoe—i(kz—wr) (7-3-6)

There are two possible solutions for the field in the dielectric. Using Egs.
(7-1-25) and (7-1-26) and substituting o, for ¢, we find

Ang*k*N
—_— — 2 —_— -y
exp[ \/ k o — o 1 o) z} (7-3-7)
B = APk’ N
—— 2 — nq P
exp[\/ k o — o T o) Z] (7-3-8)

Simple inspection will show that the radical will have a positive real part,
and hence Eq. (7-3-8) can be removed as a possible solution. This leaves
us with

E (z,1) = Ae™"nz— o) (7-3-9)
where
4rng®* N
= -3-10
" \/1+m(w02—w2+iyw) (7-3-10)

The quantity » is called the index of refraction. We see that a given phase of
the plane wave within the dielectric moves with an apparent velocity given by

4
Uphasu = ;’ (7-3-11)
Going back to Eq. (7-1-31), we find 4:

4= Jano ik — k* ~ ik E,
200 o¢¢
ink — ik _2n -1
2%09“ o= n2 - 1
2E,

i) (7-3-12)

E,
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We have then our final solution for the electric field in the dielectric:

2E, .
Efz,1) = n+—01 ez forz >0 (7-3-13)

The magnetic field B,(z,?) can be obtained by differentiating E, with respect
to z and dividing by —ik.

E, _.
Bz,1) = %ile-ﬂk"-wﬂ forz > 0 (7-3-14)

To obtain the reflected waves we make use of Eqgs. (7-1-38) and (7-1-39):

refl - ink — ik i(kz + wt)
ESGD ink + ik Co¢
l1—n i(kz + wf)
~ T Eoe forz < 0 (7-3-15)
B M(z,0) = : ; i Eje*zte)  forz <0 (7-3-16)

7-4 WHAT HAPPENS WHEN n < 1? PHASE VELOCITY AND
GROUP VELOCITY

We will now have a good hard look at our expression for index of refraction
and see if we can understand something about the propagation of signals
within the corresponding medium. To simplify our considerations we will
set y = 0. This is not a bad approximation for most dielectrics far from
their resonant frequencies; a detailed treatment of the behavior of a dielec-
tric in the vicinity of its resonances is beyond the scope of this book. Under
this assumption we can write

4ng®*N
= 142N 41
= e a4

—ilknz — wt)

Again we remember that our wave travels within this medium as e
But what does this mean? Can it be that for n < 1 (which happens whenever
w > w,) we have a signal traveling faster than ¢? This would seem to be
in patent violation of everything we have learned when we studied relativity.
Furthermore, it seems absurd, since we never added together anything but
waves traveling at velocity c.

The answer of course is very simple. Just because a wave appears to
travel with velocity greater than ¢ does not mean that information is moving
with that same velocity. We will illustrate by making use of an elementary
mechanical example.
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Let us set out a long row of uncoupled springs as shown in Fig. 7-7.
Each spring has a mass m hanging on it and has a spring constant equal to
mw,?. (Hence the spring and mass will oscillate naturally at frequency wy.)
We take the distance between springs to be dz.

Suppose we now pluck the first mass so as to set it into oscillation.
A very short time d¢ later we pluck the second mass in exactly the same
way. A time ot after that we pluck the third mass, and so on until all the
masses are oscillating. As we watch the springs oscillate, it will look as
though the peak of the oscillation is moving along with a phase velocity
equal to dz/ét. Since ot can be made arbitrarily small, the phase velocity
can be made arbitrarily large (see Fig. 7-7).

So far nothing bothers us at all because no information is being
transferred from one spring to the next. They are all moving completely
independently. Suppose we now wanted to transfer information along the
chain. We would have to link the masses by some means and then we would
have to give one mass an extra pluck so that it had a bit more energy than
the others. This extra bit of energy would then be transferred down the
line, and we would see the various oscillators gain amplitude and then
lose amplitude again as the information passed through them. Needless
to say, the velocity with which the peak amplitude moved down the line
would not in general be the same as the phase velocity.

From looking at our mechanical model we now can extract the key
idea. Information is transferred only when energy gets transferred, and
hence there must somehow be a change in the world wide distribution of
energy density. As long as we are dealing with nothing but a plane wave
of fixed frequency extending from — oo to + o, there is no such change
with time. Either we have to turn the light on at some time, in which case
we would have to track the leading edge of the light beam, or we would
have to produce fluctuations in the energy density of our beam and watch
those fluctuations move along.

Consider first the problem of tracking the leading edge of a light

Fig. 7-7 We cause a wave to propagate with phase velocity equal to dz/6¢ by plucking the
masses sequentially with time interval d¢ between plucks (see text). No information is being
transferred because the masses are all uncoupled.

oz
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beam that has just been turned on. Initially the individual electrons as
they were struck by this light beam would exhibit all the transient behavior
which we have so far blithely ignored. We could solve the problem exactly
by making our light beam up out of a superposition of different frequencies
using Fourier analysis techniques. We could then include the transient
terms and add everything together. Needless to say, the very leading edge
would not move faster than ¢. (In fact, as seems intuitively reasonable,
it will move with a velocity just equal to ¢.) In any case, to solve this problem
exactly is rather tedious and somewhat beyond our scope.

How about producing fluctuations in the energy density of our electro-
magnetic wave and watching those fluctuations propagate? We can do
this rather easily by adding together two waves with frequencies that lie
very close to one another. We let k = kn and use frequencies w and w + dw
which correspond, respectively, to x and k + dk. We have then

EX(Z,I) Eoe—i(xz—wt) + Ele-i[(x +dk)z — (w +dw)t]

— e, 4 i) (342

As can be readily seen, the energy density corresponding to E, varies with z
and has an apparent wavelength equal to 2n/dk. The peaks in energy also
move with velocity equal to dw/dk. This velocity is the one we are interested
in evaluating and is calted the group velocity v,.

do
Vg = ——
dx
cn
= -4-
! 4ng* Nwy? (7-4-3)

m(wZ . 6002)2

Inspection shows that v, is always less than ¢. When @ > w,, the
index n is less than 1 and the denominator is greater than 1. For v < w,,
the denominator is always greater than the numerator divided by c. In
the limit that we can ignore w? compared with w2, we have

¢ .

Y= 3= =0 = phase velocity
Finally, before we leave these harmonic oscillators, let us see how reasonable
our expression for index of refraction is. We would not have much use for
it if it yielded a value of 1000 in the visible when everyone knows that for
most transparent materials with a density of about 1 gram/cm® the index
is about 1.5.

First we note that w, is typically in the ultraviolet for a material
like glass. Let us take w, = 2 x 10® rad/sec and w = 4 x 10'° rad/sec.
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Let us take N = Avogadro’s number = 6 x 1023, We know that

2
a . (¢?) (classical electron radius rg)
m

= (9 x 10%29)(2.8 x 10713
We have then

e \/1 N 4n(6 x 10%3)(2.5 x 10%)

4 x 10*?
=./55>=23

Not bad for a crude guess with a crude model.

7-5 THE INDEX OF REFRACTION IN TERMS OF THE
FORWARD-SCATTERING AMPLITUDE

Unfortunately, the real world is not made up of a collection of simple har-
monic oscillators, and we would never be able to handle a real problem
unless we developed some techniques which had broad practical applicabil-
ity. It turns out to be quite simple to do so. We will assume that the micro-
scopic problem of the interaction of radiation with a typical atom has been
solved and show how we can go from there to an expression for the index
of refraction of macroscopic matter made up of these atoms.

We will assume that the entire atom is coherent insofar as the fre-
quencies that interest us are concerned. By this we mean that the atom
is so much smaller than the wavelength of light that we need not pay any
attention to its physical dimension. Now if we allow a plane wave of radiation
to fall upon the atom, it will absorb and reradiate some of it in all directions.
In particular, some of it will be reradiated in the same direction as the in-
coming radiation, and in interfering with the latter will lead to the effective
index of refraction.

It is clear that our index of refraction should depend then on the
number of atoms per unit volume, on the frequency of the incident light,
and on the ratio of the amplitude of the forward-scattered radiation to the
amplitude of the incoming radiation. To make the connection we will
resort to a very simple trick. We will replace our atom with a classical
accelerating charge that leads to exactly the same amplitude of forwardly
scattered radiation. We will then make use of what we have learned to
calculate the effective conductivity for an assembly of these classical charges.
Having done this, we can immediately write down an expression for the
index of refraction.



7-5 INDEX OF REFRACTION 257

To begin with, let us define the so-called forward-scattering amplitude
f(0) for a single atom, as follows.

amplitude of forwardly emitted radiation
at point 1 cm directly forward of scatterer

amplitude that incident radiation would have
at that same point in absence of scatterer

J0) =

(It is of course assumed that the incoming radiation and the forwardly
emitted radiation have the same polarization. We shall shortly learn how
to deal with the more general case where this assumption is removed.)
Suppose now that we had an incident plane wave given by

E(z2,f) = Eje~kz-on (7-5-1)

Imagine now that we place our classical charge at z = 0 and allow it to
have an acceleration given by

a, = aoeia" (7-5-2)

At a distance z in front of the charge we would see a field due to this accelera-
tion and equal to [see Eq. (6-4-2)]

iw(t —z/c)

E. (due to charge) = —qa0(32
c*z
. —ithz — wt)
= ﬂez___ (7-5-3)
¢’z
The forward-scattering amplitude will then be given by
—qa
£0) = 2 (7-5-4)

*E,

In other words, if we know f(0), then we can replace our atom with a charge
whose acceleration is just given by

_ —PfOE

= (7-5-5)
q
The velocity of the charge is just
-2
= ic’f(OE, giot (7-5-6)
wq

If we make up a macroscopic sheet of these charges with N charges per
unit volume, we have a current density given by
g _ Nif(0)Ege™

i = NL 7-5-7).
Jx chx X ( )
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The effective conductivity is then

if(0
Ouir = —le( ) (7-5-8)
k
Substituting back into Eq. (7-1-25) we find
4nNf(O
1+ —"# (7-5-9)

This expression relates the index of refraction to the atomic forward-
scattering amplitude f(0) and the number of atoms per unit volume, N.
The expression is exact for wavelengths much larger than atomic dimen-
sions and permits us to solve the macroscopic problem as soon as we have
solved the microscopic problem.

7-6 THE FARADAY EFFECT

Of the various phenomena of physical optics none is more beautifully
illustrative of the techniques and ideas we have developed than the Faraday
effect. Let us apply an external magnetic field to a dielectric and then
introduce plane-polarized radiation into it along the direction of the magnetic
field. We will find that the polarization direction will rotate through an angle
proportional to the distance we penetrate into the medium. The ratio of
angle turned to distance traversed will depend approximately linearly on
the magnetic field for reasonable fields. When evaluated for a unit magnetic
field the ratio is called the Verdet constant. We will find in addition that
this entire phenomenon can be understood in terms of a difference in the
index of refraction for left- and right-hand circularly polarized light.

We begin as usual by considering a rather simple model, an electron
of charge ¢ and mass m bound in a harmonic oscillator potential. We will
assume a restoring force equal to —mawy?r where r is the vector displace-
ment from the equilibrium position. In addition we will assume an applied
magnetic field Bé, in the z direction and incoming radiation of the form

E(z,1) = Egee™ =008, 4 E, ¢~ik-ang, (7-6-1)

(We use &, §,, and &; as the unit vectors in the x, y, z directions to avoid
confusion with other quantities labeled by i, j, k.)

For convenience we will place the center of our harmonic oscillator
at the origin of our coordinate system. We set the force on the charge
equal to its mass times its acceleration

dzx d2 n A A it A
m(w & + 217%}_82> = ~mwy* (x8, + y&;) + qE,. ¢,

- B d B d
+ qE,e'" 8, + gc~ lél . d

= & (7-6-2)

dr
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Now, rearranging terms and letting ®, = cyclotron frequency = gB/mec,
we have two equations

d*x ) dy  qE, ..,

W+w0x—wcw=7e (7-6-3)
d’y 2 dx _ qEy,
a Y o= (764

Letting x = x,e and y = y,e'*, we find
g 0 Y =DJYo

EOx

(@0® — 0)xo — iww,py = % (7-6-5)
E
(0o? — 0¥y + ivwxy = quy (7-6-6)
We solve for y, and x,and obtain
_ ql(we® = w?)Ey, + ivw Ey,]
Xo = ml(@o? — 02)? — w*w,?] (7-6-7)
and
0 = ‘I[(woz - wz)EOy - iwchOx] (7-6-8)

ml(wo® — 0*)* — v’w,’]

We can now proceed in one of two ways. We can calculate the currents
in the x and y directions in terms of E, and E,, leading to effective con-
ductivities (in this case, four numbers), and then put everything together
as we have before. Alternatively, we can think a bit about the physical
situation and by being clever come to a conclusion much more rapidly.
We shall do both inasmuch as cleverness is not always a substitute for
brute force in the world of real problems.

First, let us be clever. We ask what would happen if the incident
radiation were circularly polarized? Certainly the trapped electron has no
choice but to go in a circle since there is no preferred direction defined in
the xy plane. The magnetic field then would either push the electron toward
the center of the circle or pull it away from the center. Thus there would be
two different radii, depending on whether the light coming in was left-hand
circularly polarized or right-hand circularly polarized. Reversing the
direction of the applied field would clearly interchange the radii corre-
sponding to right- and left-hand circular polarization.

To test our intuition, we can now solve the problem exactly. Take
first the case of left-hand circularly polarized light incident upon the charge.
As we remember, this means that at a fixed value of z the electric field
vector appears to be rotating counterclockwise as we look along the +:z
axis. How shall we express £, and E,, in order that the total electric field
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behave in this manner? Very simple. We remember that in the end we will
be interested in only the real parts of the expressions we obtain for E, and
E,. If we let Ey, = iE,,, then we have

E = Eye® and  E, = Ey @@+ (7-6-9)

The real parts of E, and E, then rotate in the desired direction as a function
of time.
Substituting this into our expressions for x4 and y,, we have
qEOx

= -6-10
Yo m(wy® — 0? + ww,) 7 )

qEOy
m(wy? — 0? + ow,)

Yo = (7-6-11)
The charge g just follows the electric field, either in phase or 180° out of
phase, depending on the sign of ¢ and on the sign of wy* — @w? + ww,.

In any case the rotating charge produces its own left-hand circularly
polarized radiation in the forward direction. The forward-scattering
amplitude, defined as before, is just

£(0) = —;_2q (—w?) 9 (7-6-12)

m(wy,? — 0? + ww,)

If matter were made up of N such harmonic oscillators per unit volume,
the index of refraction for left-hand circularly polarized light traveling in
the direction of a magnetic field B would be

4nNg*
= /1 7-6-13
L \/ + m(wy? — 0? + ww,) ( )

To go from left- to right-hand circularly polarized light is trivial.
We remember that reversing the handedness of the polarization gave the
same result as reversing the magnetic field B. Indeed, it is only the direction
of B which establishes a handedness in the first place. Hence we can obtain
our result for ng by just letting @, go to — w,.

dng*N
ng = \/ R sy (7-6-14)

(Alternatively we could let E,, = —iE,, and substitute in the expressions
for x, and y,.) At this point it is reasonable to note that ng and n, differ
very little from what they would be with no field. Typically @, is about
2 x 106 rad/sec and w, is 17.6 x 10° rad/sec for 1 gauss. Inasmuch as
magnetic fields are not usually more than 10* to 10° gauss, we expect w,
to be no more than 10*! to 10!2 rad/sec. Typical values of w, in the visible,
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are in the region of 4 x 10*° rad/sec. Hence w,® is larger than ww, by a
factor of about 10° to 10°. We are then entitled to make a linear approxima-
tion for n; and ng.

n+ dny, @
dw,/y °

n,
n” -1 oo,
=n - e (7-6-15)
2
ng =n+ " ada (7-6-16)

2n wy? - w?

Now that we have shown that right- and left-hand circularly polarized
light have different indices of refraction, we would like to see what would
happen if we began with plane-polarized light. As we have seen earlier,
the essential characteristic of left-hand circularly polarized light propagating
in the z direction is that the amplitude of the y component is i times the
amplitude of the x component. Remembering that left-hand circularly
polarized light propagates with index of refraction n,, we write

E (z,f) = Ae~ibmz=ong | jgo=itmz-ong (7-6-17)

where A4 is an arbitrary constant to be determined to fit given boundary
conditions. Similarly

Ex(z,f) = Be itknrz=otg _ jpo=itbnrz=ang, (7-6-18)

We now ask can we superimpose right-hand circularly polarized light
and left-hand circularly polarized light so as to produce light which is
linearly polarized in the x direction at z = 0? That is to say, we search for
values of 4 and B so as to produce a field of the form

E0,1) = E,e'“'é, (7-6-19)

at z = 0. Obviously this can be done by choosing A = B = Ey/2 and
adding together the two circularly polarized plane waves. We have then

E(Z,t) — %eiwt[(e—ikan + e””‘"“z)él (7-6_20)

+ i(e—ikan _ e_ik"Rz)éz]
If we make the approximation
nR =n + A
(7-6-21)
ng=n-—A
then we obtain a simplified expression for E(z,?):
E(z,t) = Ege %"=~ (cos kAz)é;, — (sin kAz)é, ] (7-6-22)

The polarization thus rotates from the x direction toward the —y direction
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(for positive A), going through an angle kAz in a distance z. The Verdet
constant is the rate of change of this angle with respect to distance, per
unit field.

_ka

vV
B

(7-6-23)
For the particular model we have taken, we would have [see Egs. (7-6-15)
and (7-6-16)]

2 2 _
yo 4 o n

=l oI om rad/cm-gauss (7-6-24)
7=

Now, what if we had not been so clever as to see that the natural
solution to this problem makes use of circularly polarized radiation?
Is there some way in which we can treat the problem in a “brute force”
manner which would lead in the end to the ““natural” states for a description
of the system? Fortunately, the answer to this question is affirmative.
Furthermore, the technique we will develop will be of such broad generality
that we will be able to make use of it to deal with systems of substantial
complexity, provided that we can solve the problem on the atomic level.

Before generalizing, however, let us go back to our solution to x,
and y, in terms of E,, and E,, [see Eqs. (7-6-7) and (7-6-8)]. Having found
x and y, we can determine the current densities j, and j, by differentiating
with respect to time and multiplying by Ng/c. We have then

ioNg .. kNg* (wo* — w)Ey, + iow,Ey, .
Je = ——=Xo¢ 't = —~ R c——— 2ot (7-6-25)
ioNg .. ikNg* (wo* — w?)Ey, — iwwEo, .,
Jy == Yo f = p” @ = wz)zy e et (7-6-26)
We notice immediately that these equations have the general form
jx = UXXEX + O'X E
v (7-6-27)

Jy = 6,E. +0,E,

Indeed, this form is sufficient to describe the most general linear index of
refraction problem where transverse fields are propagating only in the z
direction. Let us proceed to solve this general problem; the solution to
our specific problem of the Faraday effect will then fall right out.

Again we make use of integral equations for the case of a semi-infinite
slab to give us the physical insight we need to derive the differential equa-
tions. As before, we break up the contributions to the fields E, and E, at
some position z into those arising from the incoming fields, the currents
to the left of z, and the currents to the right of z. The only difference is that
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both x and y currents can be caused by either x or y fields. We have then,
canceling out the ' term from both sides,

E.(2) = EOxe-—ikz - zne-ikzj [UnEx(Z’) + axyEy(z’)]e""" dz'
0
- 2neihj [0:Ex(2) + 04, E()]e™™ dz’ (7-6-28)

E\(2) = Ege™* —~ 2me™" f [0, Ex(2) + 0, E,(2)]e™ dz’
0o

yx
- 2ne“"f [0, E.(z) + 0,,E(z)]e™* dz’ (7-6-29)

If we differentiate twice with respect to x, we obtain the coupled differential
equations

d*E,
de = MxxEx + MxyEy
PE (7-6-30)
dzzy = M,E, + M, E,
where
M, = —k* + 4niko,,
M., = 4niko,,
(7-6-31)

M,, = 4niko,

yx

M, —k* + driko,,

We note that if we let § be the state given by ¢ = E,&, + E,, then we
can write

d*y
&7 =M
where ,
Mxx Mxy
M= (7-6-32)
M)’x MYY

(M is a tensor of the second rank in this two-dimensional space.)

Let us see if we can find some ¥ for which My = Ay and A is a con-
stant scalar. That is, we look for a polarization state which goes into itself
when operated upon by M. ¥ is then called an eigenstate and A is its eigen-



264 THE INTERACTION OF RADIATION WITH MATTER

value. We desire that
M, -~ DE, + M ,E, =0

(7-6-33)
M,E + (M,, - DE, =0
This requires that the determinant
M, -+ M,
=90 (7-6-34)
M, M, — 2
We have then, for A, the equation
22— MM + M) + (M M, — M M) =0 (7-6-35)
There are two solutions for A which we call 4, and A_, respectively.
M, + M
L - VM, — M)? + AM M, (7-6-36)

The two solutions corresponding to 1. _ are ¥, _, given, respectively, by
E A:t - Mxx

Ef =L (7-6-37)
Now ¥, obeys the equation

"Z’; = A, (7-6-38)
and hence

(@) = ¥.0) exp (tiy/—1.2) (7-6-39)
Similarly

¥-(2) = ¥_(0) exp (£iy/~4_z2) (7-6-40)

Now for any given initial polarization Y(0) = E,.&, + E,£,, we can
decompose (0) into ¥, (0) and _(0) components.

Y(0) = 4y . (0) + By _(0) (7-6-41)

At some other value of z,r we would have then, for waves propagating
in the + z direction,

¥(z,8) = Ay (0) exp [—i(\/ =4z — i)
+ By (0 exp[—i(y/—4-z — wt)] (7-6-42)

In this way we obtain the solution to the general problem of radiation
propagating within a medium. Incidentally, the indices of refraction cor-
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responding to the two values of A are just
NV .
- (7-6-43)

We now apply this general method to the solution of our model for
the Faraday effect. We have in that case

ne - =

. ikNg? we? — w?
Moo= My = K 4 tmik = Lo POy (644)
Anik —kNg?ow
- M, = 2 7-6-45
Mx}’ M.Vx m (woz _- 602)2 - wzwcz ( )
Thus
; - AnNk*qgH(wy? — w?) n dnNk g’ ww,
S m(@o? — ) = 0’w?]  [(we? — 0 — 0’0, Im
4nNg?
= —k? 7-6-46
k [1 tloT o) T wwc]] ( )

The two indices of refraction are

4nNg*
ne = \/ Y oo wa (7-6-47)

The eigenstate corresponding to A, has

E A — M,
2 =% _ ¥ _;  (left-hand circular polarization) (7-6-48)
Ex Mxy
The eigenstate corresponding to A_ has
Al — M, . . L
% = _-H——x_x_ = ~j (right-hand circular polarization) (7-6-49)

x xy

We have thus reproduced our earlier result in this completely general
manner.

7-7 WE REMOVE THE REQUIREMENT OF NORMAL INCIDENCE:
FRESNEL'S EQUATIONS; TOTAL INTERNAL REFLECTION

We have heretofore concerned ourselves only with situations where radia-
tion was incident normally onto the interface between the materials. We
will now remove this restriction and examine in detail what happens when
the radiation has an angle of incidence equal to 6;. The reflected radiation
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will then have an angle of reflection 6, and the transmitted radiation an
angle of refraction 6, (see Fig. 7-8).

We first ask how one can write down a plane wave traveling in a direc-
tion given by a unit vector §,. The plane wave will have two possible
polarizations given by &, and £,, where we take

A
[

4 x b =8

a

o

éaxéb=

A
& xé =8,

As usual, we let @ be the frequency of the radiation and define & = w/c.
Then the wavelength is just given by 2n/nk where » is the index of refraction.
The phase of our plane wave must then change by 2z if we proceed along
£, by a distance equal to 2n/nk. Hence we can write, in general,

E(r,?) = (Egby + Eof)exp[—i(nké,-r — w)] (7-7-1)

Fig. 7-8 Radiation is incident upon an interface between two media, having indices of
refraction n; and n,, respectively. The angle of incidence is 6;.

ny

&,(trans)

¢&,(trans)

m _

¢

&
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We also remember that the magnetic field within a medium is n times
the electric field and is at right angles to it so that E x B points in the
propagation direction. The magnetic field corresponding to Eq. (7-7-1)
is thus

B(r,)) = —n(Ey.6, — Egpé.) exp [ —i(nké,-r — wi)] (7-7-2)

We now return to Fig. 7-8 and set up a coordinate system at some
poinit on the interface. We let the z axis represented by unit vector &; be
normal to the interface and point from medium », to medium n,. The
incident radiation is taken to come from the n; side, and the incident direc-
tion is taken to lie in the xz plane. On general grounds of symmetry, the
directions of the reflected and transmitted radiation must also lie in the
xz plane.

It is now convenient to rewrite Egs. (7-7-1) and (7-7-2) in terms of
one standard coordinate system. We can take &, to be along the y direction
for the incident, reflected, and transmitted radiation. Hence we will uni-
formly set & = £,. The component of electric field in this direction, which
was previously called E,,, will now be called E,,, inasmuch as it is per-
pendicular to the plane of incidence. As far as £, is concerned, we see that

é,(incident) = cos 6, €, — sin §; &,

8, (reflected) = —cos 6, &, — sin 0, &,

&, (transmitted) = cos 0, £, — sin 0, &,

The amplitudes of electric field along these directions will be called Ey,
rather than E,,, to indicate that the field is parallel to the plane of incidence.
The incident electric and magnetic fields then have the form

B0 = [Eo,™ & + Eo)™ (c0s 0, &, — sin 0,45)]

e‘i[nlk(z cos 8; + xsin 6;) — wt) (7_7_3)
B*(r,1) = —n,[E;,™(cos 6; &, — sin 6, &) — Eq ™ &,]

e~ ilmk(z cos 8 +xsin 8:) — wi] (7-7_4)

Similarly, the reflected and transmitted plane waves have the form

Ercfl(r’t) — [EO iefl é2 _ Eollrcfl (COS 0r él + sin 0'_ 53)

g~ ilmk(xsin8, —zcos 6,)— wt}) (7-7_5)
B(r,1) = ny[Eq 1 (cos 8, &, + sin 6, &) + Eq""' &;]

e—i[mk(xsiner—zcos()r)—wt] (7_7-6)
Etmns(r’ t) = [EOJ-lmns 52 + EOHtrans (COS 0' él — sin 6( 53):'

e i[n2k(z cos 8, + x sin 8¢) — wt] (7_7_7)
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BUs(r,1) = —n,[Eo,"™ (cos 0, &, — sin 6, £) — Eo,'™ £,]

e~ i[n1k(z cos B + x sin 8,) — wit} (7-7-8)

We are now ready to apply the boundary conditions at the interface.
We require that the tangential components of E and B be continuous.
Since the tangential components are those along £, and é,, we can write
(remembering that z = 0 at the boundary and factoring out the ' term)

Eo-Lince—l'nlkxsinOi + EOLrefle—imkxsin 0, - EOJ_transe—inzkx sin 8, (7_7_9)
EO“inc cos 9: e—inlkxsino.- _ Eourcﬂ cos Or e~-iml¢xsin0r
= Eq ™™ cos 0, e”inkxsin® (7.7.10)
In order that these equations hold for any value of x, we must have
nykx sin 0, = nykx sin 6, = nykx sin 6,

Thus we learn that the angle of incidence and the angle of reflection are
equal. Furthermore, we have derived Snell’s law relating 6, to 6,.

n, sin 6, = n, sin 6, ‘ (7-7-11)

Rewriting Egs. (7-7-9) and (7-7-10) and adding the equations for the tangen-
tial components of B, we have

inc refl __ trans
Ey, ™ + Ey ™ = E,,

(Eouinc - Eourefl) cos 0;’ — Eoutmns cos 6,

. (7-7-12)
ny(Ep,™ — Eo, ") cos 6, = ny Ey, "™ cos 6,
nl(EOHinc + EOHrefl) _ anoutrans
Solving these, we obtain the well-known Fresnel equations
n, cos B, — n, cos 0 .
E, refl _ 1 i 2 t in¢ 7.7-13
0L nycos 0, + nycos §, °* ( )
2n, cos 8, E, '™
trans _ 1 i 0L 7-7-14
Eo. nycos B; + n, cos 6, ( )
0, — n,cos @ .
Egyret = 2585 T SO - ine 7-7-15
ol nycos B, + nycos 6, ° ( )
inc
Eoulrans = 2nl Cos 01' EO” (7-7-16)

ny cos 6, + n, cos 6;

We notice immediately that £, ™" can be zero at a particular angle
of incidence. This occurs whenever

nycos 0, — n cosf, = 0
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Inserting Snell’s law into the above, we have, for no reflection,
sin 6, cos 8; = sin 0, cos 0,
or

a+a=% (7-7-17)

If 0, and 6, satisfy this condition, then 6, is called Brewster’s angle.

Finally, let us consider what happens when we have total internal
reflection. If n; is greater than n,, then there certainly exists a range of
incident angles for which

" ing, = sin 6, > 1 (7-7-18)

ny

A little bit of thought indicates that this is no problem if we allow 6, to be
a complex number. We find cos 6, by the usual relation

+./1 —sin? 8, = +i/sin* 6, — 1

(N,
=i [[—]) sin® 0, — 1 (7-7-19)
ny

To simplify our notation we let

\2
o= (—1) sin? 9, — 1 (7-7-20)
n

We then note that the phase factor e~ #2%*c%% hecomes

cos 0,

e~ in3kz cos 6 tnzkza

=€

We must eliminate the positive exponential inasmuch as it diverges as
we let z go to infinity. Thus we accept only the negative alternative in
Eq. (7-7-19).

cosf, = —in (7-7-21)

This gives us

EOJ-lrans = 2711 cos 05 OJ_inc
ny cos 0; — inya
g e _ M COS 0; + inya e
oL n, cos 0, — inyo
(7-7-22)
E, trans — 2n1 cos 0,- inc
ol n, cos 0, — ingor Ol
2 i 1
n, cos 8, + in,« .
reftl _ "2 i 1 inc
Eg ™ = e Ey,

ny cos 0; — inyu
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As we anticipate, the magnitudes of the reflected waves are identical
to the magnitudes of the corresponding incident waves but out of phase
with them. The transmitted electric and magnetic fields are given by

ny .
E"(r,) = [Eogmsgz - E(,,l"““s(;l— sin 6, &, + iaél>]
2

e nakaz —ingk sin 6; x +iwt (7_7_23)

ny .
B (r,1) = nz[EM"ﬂ"S<iae1 + Lsin 6, £3> + E0||"““sé2]
2

e~ nakoz—insk sin 8; x +iwt (7_7_24)

A simple inspection of the Poynting vector will show that, averaged over
time, no energy is flowing in the z direction. The only average energy flow
is in the x direction, as expected. The characteristic distance in the z direction
within which the amplitude decreases by a factor e is just
1 A 1
§ = = ‘ (7-7-25)
nke  2m \/(ny/ny)? sin? 6, — 1

We can obtain a feeling for the magnitude of § by taking some typical
values for n,, n,, and sin 8,. We let n, = 1.5 and n, = 1 (corresponding to
a glass-air interface) and take 6, = 45°.

5= —L_=~o45i

2n /3 -1
Typically then the electromagnetic radiation can extend out for a wavelength
or so from a totally reflecting surface.

PROBLEMS

7-1. Find the skin depth in copper, aluminum, nonmagnetic stainless steel, and sea
water for radiation at @ = 10° rad/sec, 10® rad/sec, and 10'° rad/sec.

Ocopper = 1.6 X 107 abamperes/statvolt-cm

Gotuminum = 1.1 x 107 abamperes/statvolt-cm

G ypmintess seet = 0-3 X 107 abamperes/statvolt-cm
Ogun water = 1.5 abamperes/statvolt-cm

7-2. Referring to Fig. 7-2, calculate the time-averaged force per unit volume on the
semi-infinite conductor by the magnetic field, as a function of z. Integrate from
z = 0toz = oo to find the average radiation pressure on the conductor. Compare
this result with the change in momentum per unit area of the incoming and re-
flected radiation.
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7-3. Radiation of frequency w is normally incident upon a semi-infinite slab of
index of refraction n,, which has been coated with a thin layer of index n, (the
thickness of the layer is 6).

(a) Find a general expression for the reflected intensity as a function of w,
ny, 0y, and .

(b) Given n,, find a set of values for n;, and § for which the reflected intensity
at frequency w is zero.

7-4. Linearly polarized light of the form E (z,t) = E,e”"**~ ) js incident normally
onto a material which has index of refraction ry for right-hand circularly polarized
light and n, for left-hand circularly polarized light. Describe the reflected light
quantitatively from the point of view of intensity and polarization.

7-5. Electromagnetic radiation of frequency w is incident on a thick conducting plate
of conductivity ¢ at an angle of incidence 0;. Find the intensity of the reflected
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7-6.

THE INTERACTION OF RADIATION WITH MATTER

light for incident polarization parallel to and perpendicular to the plane of
incidence.

A semi-infinite slab of matter is constituted of N charges per unit volume, each
of which is held in place by an asymmetric harmonic oscillator potential. The
restoring force on each charge for a displacement in the xy plane is

F = —mowo xé, — mwy,’yé,

——————————
Incoming radiation

7-7.

7-8.

eS
¢, out of paper

Left-hand circularly polarized light of frequency w is normally incident upon
the slab, as shown. The amplitude of the incident radiation is E,.

(a) Find the electric field as a function of time at a distance z into the slab.
(b) Find an expression for the reflected radiation. What is its state of polariza-
tion?

A magnetic field B is now applied normal to the surface of the slab in Prob. 7-6.
What are the two indices of refraction and what polarization states do they
correspond to if we take wq,? = $w,,%?

Explain how the Faraday effect can be used to determine the sign of the mobile
charges in a block of dielectric.
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8
Multipole Expansion of the
Radiation Field; Some
Further Considerations on
the Interaction of Radiation
with Matter; Interference
and Diffraction

8-1 A GENERAL STATEMENT OF THE PROBLEM

When we studied electrostatics, we found it convenient to express the electro-
static potential at a point r a large distance from a spatially limited charge
distribution in terms of a power-series expansion. The expansion parameter
was r’/r where the vector r' denoted the position of charge contributing
to the potential. This sort of expansion is not particularly useful when we
deal with radiation because as we have already learned, the radiation fields

213
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must decrease as 1/r in order that there be a net energy outflow from the
radiator. There is however another parameter which is of prime importance,
the size of the source as compared with the wavelength of the radiation.
It is clear that if the size of the source is comparable to the radiation wave-
length, then various parts of the source will interfere coherently.

We shall take then the point of view that ' is sufficiently less than r
so that only electric and magnetic fields decreasing as 1/r must be considered.
Subject to this assumption we will develop a rather general method for
finding the fields and then make the further approximation that r' is much
smaller than the wavelength of the radiation. In the event that the latter
assumption is not true, we can in many cases subdivide the source to the
point where it is true and add the results later. This technique will be used
when we reexamine the index of refraction and when we study diffraction
phenomena.

For convenience we will concern ourselves only with charge and current
distributions which are harmonically periodic in their time dependence.
(If the time dependence of our actual problem does not fit this criterion,
we can decompose it into harmonic components by means of Fourier
analysis.) .

If w is the angular frequency of the time dependence, then we write

i, n = ja)e

p(r', 1) = p(r)e™*

(8-1-1)

Substituting into our well-known expressions for A and ¢ [see Eq.
(5-6-3)], we have

j)exp(—ikjr — r’

[r—r

A1) = e j ) av' (8-1-2)

o(r1) = eiw'Jp(')e"p(_’k" =D gy (8-1-3)

r—r]

where, as usual, k = w/c = 2n/A.

We have already agreed to consider # to be infinitesimal compared
with r. Hence 1/|r — r’| varies only negligibly as we vary r’. We can replace
it by 1/r and take it out of the integral. On the other hand, exp (— ik|r — r’|)
can vary considerably because r* and / are much more comparable. We
note then that

]

[r—r PP4+r?—2r.r

R
~
|

(8-1-4)
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If we let fi = r/r, then we can rewrite the potentials as

—i(kr — ot)
A(r,0) = ir__ Jj(r’) exp (ikfi-x’) dV’ (8-1-5)

—i(kr—owt)
o) = ——— f p(r)exp (ikh - 1) dV’ (8-1-6)

So far we have only assumed that ' << r and have not made any
assumption about the magnitude of 2nr'/A = kr’. Indeed, in many cases
we can carry out the above integration completely and never have any
reason for further approximation. On the other hand, there are many
situations where kr’ << 1 and further approximation is useful. For example,
an atom with a typical size of 10”8 cm will emit radiation with a wavelength
of the order of 5 x 10~ % cm. For those situations, we are entitled to write

exp(ikfi-r) =1+ ikh.r — k¥ h-r)2 + --- 8-1-7)

Substituting into the above equations yields a power-series expansion
for A and ¢:

A=A +A +Ay+

=@+ @+ @3+
where

e—i(kr—wt) .
Ay =— Jl(r’) av’

e—i(kr—wt)
Ay =——— ik Jj(r’)(ﬁ-r’) dv’

and so forth.

We could now proceed to find the electric field by taking —Ve¢ —
1 /A
T and the magnetic field by taking V x A. It is much more convenient

however to make the following observations:
E(r,?) = E@)e**

8-1-8
B(r,?) = B(r)e* ( )

1
Hence, making use of Maxwell’s equation V x B = —

a—E, we have
at
Er) = LV x B(r)

ik

1
=V x [V x A(D] (8-1-9)
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This obviates the necessity of knowing ¢ at all and simplifies our job
considerably.

8-2 ELECTRIC DIPOLE RADIATION
As a first approximation we can ignore kr’ completely. We then find

e-i(kr—an)
Al = ——— J i) dav’ (8-2-1)

We can cast this into a somewhat more elegant form by a bit of manipulation.
We evaluate the x component of | j(r') dV’:
»
J J(F)dV' = 1jr)- & dv’
LY

= |j@)-V'x dv’
~

= |V xjr)dv’ — Jx’V’ i) v’ (8-2-2)

Note that the first of the integrals on the right side of Eq. (8-2-2) can
be turned into an integral over a surface enclosing the current distribution
completely. On that surface j = 0, and hence we conclude

jjx(r') dv'= — jx’V’ - j@) dv’

Generalizing to three dimensions, we obtain

J je)yav = — Jr’[V’ -j@]av’ (8-2-3)
Next, we remember the conservation of charge equation:
. 1 op(r,0)
V/ . /’t - v
i, P

Hence, using Eq. (8-1-1), we have

Vi) = — ikp(r) (8-2-4)
Substituting back into Egs. (8-2-3) and (8-2-1), we obtain our expression
for A (r,?):

21— ilkr — ot)

A =" J ¥ p(r') dV’ (8-2-5)
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The integral now has a very familiar form. Consider the time-dependent
electric dipole moment of the charge distribution.

p() = Jr'p(l",t) av’

= ¢ Jr’p(r’) av’
—— (8-2-6)
Clearly then
ike™ itkr — wt)
A = ——po (8-2-7)

Finally we must determine B and E. We take the curl of A but ignore the
term which goes as 1/r2.

Bl = V X Al
ikve—i(kr—wl)

E—— X Po
r

k2 e~ ilkr — wt)

=———(@0 xpy) (8-2-8)
To find E we take the curl of B and again ignore the 1/r? term.
1
E, = 2 (V x B)

k2 .

= _ﬁc_r_ve—l(kr—mr) x (ﬁ X po)
— k2o~ ikr—at)

= ———tx @ xp)

k2e—i(kr—wl)

= ————[Po — (o D] (8-2-9)

A little bit of thought allows us to rewrite Egs. (8-2-8) and (8-2-9) in
slightly different form:

k? r
E () = TPP (f - 7)
B,(r,5) = &t x Ey(r,0)

where pp(t — r/c) is the component of the dipole moment perpendicular to

(8-2-10)
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fi and evaluated at the time ¢ — r/c. Physically then, to find the electric
field at r, we put our eye there and observe the charge distribution as it
appears to us at that instant. (Naturally we are really looking at the charge
distribution as it was a time r/c in the past.) We calculate the electric dipole
moment of this observed distribution, take the component perpendicular to
our line of sight, multiply by k2, divide by r, and we have our answer.

We would like to compare this result with the one we found earlier
for the case of an accelerating charge [see Eq. (6-4-2)]. Imagine that we
have a charge ¢ undergoing harmonic motion of the form

r= roeiw'
Then the acceleration is just

a = —w’re™
On the other hand, the electric dipole moment is given by

p(t) = qr(t) = qroe”

Hence
q
= — = a(
p() -7 30
Using Eq. (6-4-2), we have
E(r,f) = _—_q__a,(tz_—_ﬂ:l
cr

- w?pp(t — rfc)
c*r

k*pp(t — rfc)
r

This confirms the general result of Eq. (8-2-10) for the simple case of a
harmonically oscillating point charge.

The Poynting vector can now be evaluated and averaged over one
cycle. This would usually require that we find the real parts of E and B,
respectively, then take their vector product and finally do the time averaging.
We can save ourselves some effort however by making the following observa-
tions:

<S>time av —

¢ [E+ E’ y B+ B’
47 2 2 time av

=ﬁ<ExB+ExB‘+E'xB+E'xB'>ﬁmcav
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Now E x B is proportional to ¢**, which is zero when averaged over
time. Similarly E* x B” is proportional to e~ %**, which also averages to
zero. Hence

(S imeny = = CE X B' + E' X By
16n

i

= Re<E x B*)ymenr
87

Since E x B has no time dependence we need not actually carry out any
time averaging and we can write directly
¢

Re (E x BY) (8-2-11)
8n

<S> timeav —

Applying this general result in the case of our dipole we have

¢ k*|po|* sin® 6

S0 imeay = W 2 (8-2-12)
where
fi-
cos ff = Po
Po

Integrating over a sphere, we find the average amount of energy
radiated by the dipole per unit time:

du ck4|p0|2 2n n -
EE——&T— . d!ﬂ 0Slrl 0 do

4 2
- c_k_|3£i (8-2-13)

Lastly, let us apply what we have just learned and calculate the radia-
tion field due to the simple short dipole antenna shown in Fig. 8-1. We
assume that the overall length of the antenna is ¢ and that a << 4.

The current in the antenna is taken to be

10<1 - 2%) e forz >0
I(z,0) = (8-2-14)

27\
10<1 + = >e“‘" forz’ <0
a

In this model then, the current is in the same direction in each half of the
antenna and falls off linearly as we approach the ends.
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M

a/2

a/2 Fig. 8-1 We calculate the radiation field

due to a short dipole antenna of length a.
We assume that a << A where 4 is the
wavelength of the radiation.

To obtain the dipole moment, we can either find p(z") or we can just
make use of Eq. (8-2-1) directly. It is simpler to do the latter.

1 Y %4 ’
Po gc—fl(r)dV

al2 ’ 0 2 ’
= .LIOU (1 - 2i) &+ j <1 + —Z—> dz':l ,
ik o a —al2 a

_ loaéy
= =k (8-2-15)
The angular distribution of radiated power is just
d*u 5
<m> ime av =r <S . ﬁ>timc av
_ < 272 02 9.
= (ka)*1,* sin* 0 (8-2-16)

Thus for a given maximum current, the average radiated power
increases as the square of the frequency in the situation where a << A.

8-3 MAGNETIC DIPOLE AND ELECTRIC QUADRUPOLE RADIATION

In the next order of approximation we consider the second term in the
expansion of exp (ikfi-r’) [see Eq. (8-1-7)]. Substituting into Eq. (8-1-6),
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we obtain
e'*i(kr*m!)
A, (r,t) = T ik Jj(r’)(ﬂ -y dv’ (8-3-1)

It is convenient to break the integrand up as follows:
j@-r) = 3[j@h-r) — rG-m] + 3[i@-r) + r'G-a)
=4 x ( x r)] + 4[ith-r) + (B -j)] (8-3-2)
The part of the vector potential corresponding to the first term on the right
of Eq. (8-3-2) will be called, for reasons which will become apparent shortly,
the magnetic dipole potential A,,. The part corresponding to thé second

term will be called the electric quadrupole potential A,,. We examine the
magnetic dipole potential first.

—itkr —wt) ’ Y, ,
¢ 1 x J [ x ’(2' v (8-3-3)

The integral on the right is nothing other than the magnetic moment of
the current distribution. That is,

A, 1) = —ik

K1) = poe™ (8-3-4)
where
o = %Jr’ x j(r')ydv’ (8-3-5)
Hence
—itkr— i)
A, (r,0) = —ik—r———ﬁ X Ho (8-3-6)

Taking the curl of A, and ignoring all terms which go as 1/r?, we find the
magnetic and electric fields.
BZm = V X A2m
~ilkr — 1)

~ —kZ‘ir—ﬁ x (b % o)

e~ itkr — wt)

= k? , [F‘o - (I‘o’ﬂ)ﬂ]
k? r
= — —— -3-7
rl‘P<t c) 8-3-7)
E —LV x B
2m_lk 2Zm

= —f x B,, (8-3-8)
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Note the amazing similarity to the expressions we obtained for electric
dipole radiation. The magnetic field here has the same relation to the pro-
jected apparent magnetic dipole moment as the electric field has to the
projected apparent electric dipole moment.

An example of such a magnetic dipole is the simple circular current
loop shown in Fig. 8-2. We take the loop to have circumference ¢ and let
the current in the loop be given by

If) = Ie (8-3-9)

(In this case the total length of wire involved in the antenna is the same as
it is for our previous electric dipole.) We will again calculate the average
energy radiated per unit time per unit solid angle and compare it directly
with what was obtained in the case of the comparable electric dipole [see
Eq. (8-2-15)]. The magnetic moment of the loop is just

2

o = 1o Z—n§3 (8-3-10)
Hence
I CH
= é k* o’ sin? 0
- ﬁ—gﬁ (ka)*1,? sin® 0 (8-3-11)

It is instructive then to compare this result with Eq. (8-2-16). We have, for
comparable currents and a comparable size,

(8-3-12)

d*u
dt dQ/ g dipole _ (ka)® = (a>2

< d*u 4n 2
dt dQ/ eiectdipote

A
The intensity of magnetic dipole radiation is thus characteristically
smaller by a factor of about (a/4)? than that of electric dipole radiation.

Fig. 8-2 Asimple current loop
I, a/2n with current I(f) = I,e'* emits
et magnetic dipole radiation.




8-3 MAGNETIC DIPOLE AND ELECTRIC QUADRUPOLE RADIATION 283

(This point is of considerable significance in analyzing the radiation of
atomic states. When we get to study atomic transitions, we will find that
some of them cannot take place through the medium of electric dipole
radiation and hence are appropriately suppressed.)
We next return to the so-called electric quadrupole potential.
e—i(kr—wt)

A, (0 = ikTJU(ﬂ-r’) +r@-j)]dv’ (8-3-13)

Consider the first part of the integral. We will examine its x component.

~

ij(ﬂ-r’) av’ h-r)j-& dv’

=|@-r)j Vx av
.

= |V [x@ -rjdv - j XV - [(d-1)j] dV’

LY

We eliminate the first of these two integrals by converting it into a
surface integral and by noting that j = 0 on the surface. Hence

jjx(ﬂ v = — J XV - [(h-r)i] dV’

- Jx’V’(ﬂ cr)-jav — jx’(ﬂ )V - jdv’
But
V@-r)y=+m
and, remembering Eq. (8-2-4),
Vi) = —ike(®)
We have thus
J-jx(ﬂ r)dv = — Jx’(ﬂ j)dv’ + ik Jx’(ﬁ r)p(r’) dv’
Generalizing to three dimensions, we conclude that
fj(ﬂ-r’) v’ = -—Jr’(ﬁ-j) v’ + ikfr'(ﬂ -r)p(r’) dv’ (8-3-14)

Substituting back into Eq. (8-3-13), we find for A,,

~ i(kr — wt)

A J r(f-r)p) dv’ (8-3-15)

Azq(r,t) = —k2 2r
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To proceed, we wiil take the curl of A,, and find the magnetic field.
Again we ignore terms of order 1/r%.

B,, =V x A,,
7.3 = illr— wt)
= ’k—ei——ﬂ x Jr’(ﬂ-r’)p(r’) av’ (8-3-16)
.
We will add to the expression on the right of Eq. (8-3-16) a term which
is zero but which helps us put the field in a somewhat more conventional
form. We have

l'kSe— ilkr — wt)

By =~ f x j[3r’(ﬁ-r’) — ar?]p(’) dV’ (8-3-17)

The integral on the right side of Eq. (8-3-17) can now be written as the
product of a second-rank tensor Q and the vector fi:

[3r(h-1) — ar2lp(r’) dV’ = Qi (8-3-18)
where the elements of Q are
Q= J (Bxix; — r'28,)p(’y dv’ (8-3-19)
The magnetic field B, is thus
273~ ilkr ~wt)
B,, = ik’e f x Qh (8-3-20)
6r
As usual the electric field is
E,, = —fi x B,, (8-3-21)

The tensor Q is called the quadrupole tensor of the charge distribution.
In the event that the charge distribution is cylindrically symmetrical, we
can calculate the elements Q,; very easily. Letting Q, be the quadrupole
moment of the charge distribution [see Eq. (2-14-20)],' we have

0,=0 fori#
2 3z2
Q11 =05 = J(? - T) p(x’) dv’

- 0, (8-3-22)

!Qur definition of quadrupole moment differs by a factor of 2 from that occurring in many
texts. Quite often, the quadrupole moment of a symmetrical distribution is directly defined
as Qjs.
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Q33 = j(32’2 — rp@)dv’
= 2Qo

We can calculate the distribution of radiated power as a function
of position as follows:

d*u 2
= . ﬁ
<dt dQ>time av ’ <S >limc av

_ck®
T 288%

& x Qa2 (8-3-23)

Unfortunately this expression is rather complex and will not be evaluated
in general. For the particular case of axial symmetry we have

Qh = —Qon,dy — Qonyk, + 200n.8; (8-3-24)
o x Qf* = 9n.2(n> + n,2)Q¢* = 9Q,* cos? O sin* 6 (8-3-25)
60) 2
<a‘%> = %Qno— cos? 6 sin” @ (8-3-26)
time av

As a simple example of such a quadrupole radiator we consider the
assembly of charges shown in Fig. 8-3. The charge —2gq is stationary at
the origin of our coordinate system, and two positive charges oscillate
harmonically, each with amplitude d, about the origin. The two positive

Fig. 8-3  As an example of a quadrupole
radiator we consider the assembly of
charges shown above. The negative charge
is stationary at the origin of the coordinate
system. The two positive charges oscillate
harmonically with amplitude 4 along the
z axis and about the origin. The radiation
pattern is indicated.
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charges are always on opposite sides of the origin and exchange positions
every half-cycle.

To calculate the quadrupole moment @, we assume that at t = 0
the charges are at their maximum amplitude. Then

0o = Jp(t’)r’sz (cos 9) dV’

= 2qd (8-3-27)
The distribution of radiation is gotten from Eq. (8-3-26).
du ckSdtq* L, . .,
—_— = 8-3-2
< p dQ>umeav an °OS 0 sin® 6 (8-3-28)

Integrating over the angle, we can find the total energy lost per unit
time, first for the general symmetrical quadrupole and then for the special
case we have just discussed.

du ck®Q,?
<’£1?> = 6% (8-3-29)
time ay
For our special example,
d ckbd*q?
<?‘t‘> Ly q (8-3-30)
time av

It is instructive to compare this with the dipole radiation which would
result if one of the positive charges and half the negative charge were re-
moved. We would then have a dipole moment |p| = ¢d, and, using Eq.
(8-2-12), we would obtain

du ck*d®q?
= =1 8-3-31)
< dt >elcct dipole 3 (

Comparing directly, we have

(&)
dt elect quadrupole - (kd)2 (8_3_32)

< du> 5
dt clect dipole

This result is very similar to Eq. (8-3-12), indicating, as anticipated, that
electric quadrupole and magnetic dipole radiation have the same basic
strength. Each is weaker than electric dipole radiation by a factor about
equal to the ratio of the square of the characteristic size of the radiator
to the square of the wavelength of the radiation.

Obtaining higher terms in the multipole expansion of the radiation
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field is beyond the scope of this book. The reader is referred to advanced
texts! where more sophisticated mathematical methods are applied.

8-4 WE REEXAMINE THE PASSAGE OF RADIATION THROUGH MATTER

We will now make use of what we have learned about electric dipole radia-
tion and reexamine some of the formalism we developed in Chap. 7 from
a new point of view. We observe that an incoming electric field induces a
dipole moment per unit volume in matter. This induced dipole moment,
which has the same harmonic time dependence as the incident electric
field, gives rise to a radiation field of its own. When we add together all
contributions to the electric field at a point, we will again observe the
characteristic interference which led us-to the notion of refractive index.

We will begin by letting P(r,7) be the polarization per unit volume
of the matter in question. Then, since we will only be concerned with oscil-
lations having frequency w, we can write

P(r,t) = P(r)e (8-4-1)

Consider then a thin sheet of material of uniform polarization and thick-
ness & (see Fig. 8-4). We wish to find the electric field at a point which lies
a distance z from the sheet. To make matters simple we will assume that P

'For example, see J. D. Jackson, “Classical Electrodynamics,” pp. 538-577, Wiley, New
York, 1962.

Fig. 8-4 An incoming beam of radiation causes an induced dipole
moment per unit volume P(r) = P& in a sheet of thickness 5. We are
interested in finding the field due to this polarization at a distance z from
the sheet.

y out of paper

T —

=0 z
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lies along the x axis. Later we can generalize somewhat to an arbitrary direc-
tion for P in the xy plane.

In carrying out the integration over the sheet, we will use the same
technique as was applied in Sec. 7-1. We will consider the sheet to be limited
in extent in order that we be able to consider the projected dipole moment
to be equal to the full dipole moment. Making use of Eq. (8-2-10), we
integrate to find the electric field resulting from the sheet.

e—i(kR—wt)
E,(z,0) = k*P f S 4
sheet R
= k2Poe f " b frm“xw) e Mrdr
0 0 R

2n

kZP(Seiwt J

0

Reax®
do J e *R 4R

2z
ik Poei J (e~ *Rmax® _ g~ ik (8-4-2)

o]

Just as we did when we dealt with Eq. (7-1-5), we ignore ¢~ *Rmax® gince
it will average to zero. This leaves us with the simple result

E.(z,f) = —2nikPde™ %D (8-4-3)

We can compare this result directly with Eq. (7-1-9). The equations are
identical if we just identify ik P with ¢E,. To see that this is reasonable,
let us just go back to Eqgs. (8-2-1) and (8-2-5) and consider a uniform current
disiribution and a unit volume. We have then, removing the integrals,

ikP = j (8-4-4)

But j = oE and hence our result.

Now it often happens that P is related to the applied field by a pro-
portionality constant y, called the electric susceptibility. This propor-
tionality constant which was introduced earlier for the static field will,
in general, be a frequency-dependent second-rank tensor. In our simple
case we have taken w to be a constant number and we assume now that P
is due to an incoming field.

E"(z,f) = Ege™ =) (8-4-5)
Thus, taking the field at z = 0, we have
P = yE, (8-4-6)

Substituting back into Eq. (8-4-3), we find
E™(z,6y = —2nikydEye %) (8-4-7)
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Again, comparing with Eq. (7-1-9), we find
tky =0 (8-4-8)

This means that wherever we previously had ¢ we can now substitute
iky. In particular, going back to Egs. (7-2-5) and (7-2-6), we find the general
solutions for radiation traveling within this medium in the z direction.

exp [—iky/a( + 4y)
E@) = wL/ud + Smwz) (84-9)

i exp [ +ik/u(l + dny)z]

We remember now that the expression 1 + 4my was just equal to the
dielectric constant ¢ in the case of electrostatics. We can define the dielectric
constant at frequency w in the same manner and thus observe that the
refractive index can be put in terms of y and &.

n=Jul +dny) = Jue (8-4-10)

(Needless to say, the dielectric constant and the magnetic susceptibility
that one must use here are not the values obtained from electrostatics and
magnetostatics. The values we need here are to be obtained at the appropriate
frequency w.)

8-5 INTERFERENCE PHENOMENA FROM AN ARRAY OF DISCRETE
DIPOLES; THE NOTION OF COHERENCE

With this section we begin a systematic study of the interference problems
that result when we add together the radiation from a collection of coherent
dipoles. Before we do much adding however it is wise to define precisely
what it is that we mean by coherence, in simple physical terms.

Suppose for a moment that we have only two dipole oscillators
operating at exactly the same frequency. If the phase between the oscillators
remains absolutely fixed, then the amplitude of electric field at any point
in space will remain constant in time. Wherever the electric fields from the
two add constructively, we will have increased intensity. Wherever they
add destructively, we will have decreased intensity. The main point is that
the intensity pattern averaged over a cycle of the oscillation will not vary
with time. These two oscillators are then completely coherent with respect
to one another.

Suppose, on the other hand, that the two oscillators were going very
fitfully in stops and starts so that every so often the phase between them
would jump. If we looked at the combined electric field from the two oscil-
lators at any given point in space, it would vary in amplitude each time such
a jump in phase occurred. If the jumps took place in intervals which were
short compared with the time constant of our sensing instruments, we
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would average over them and see no net constructive or destructive inter-
ference, just the sum of the independent intensities. If the phase jumps
occurred in intervals which were long compared with the instrumental
time constant, we would still see a complete interference pattern, but its
nature would change at each jump. In any case the extent to which we will
say that the sources are coherent will depend on the time constant of our
instrument as compared with the time between phase jumps.

As an example of incoherence we might consider two independent
monochromatic light sources. Since the light from any source is composed
of the contribution from numerous atoms and since each atom only radiates
for a very short time, about 1078 sec, the interference pattern changes
much too rapidly to follow with our instruments. On the other hand, if
the atoms in the two oscillators can be driven together by having them each
scatter the radiation from a third source, then they will act completely
coherently. When we studied the origin of the refractive index, we observed
exactly such a coherence among the scattering centers in our medium as
they were driven by the incident plane wave.

As our first exercise then we examine the interference pattern at a
great distance from a simple linear array of N parallel dipoles spaced a
distance d apart (see Fig. 8-5). We will concern ourselves only with the
electric field in the plane normal to the dipoles; for convenience we will
call this the yz plane and take our dipoles in the x direction. The z axis is
taken perpendicular to the line of dipoles.

We take the dipole moment of the nth dipole to be p,é,. The distance
from the first dipole to the point at which we wish to evaluate the field is r.
Since r >> d, we can write

2,—itkr—wt) N— 1
E (r,0,)) = ———— ) p,eindsind (8-5-1)
r n=0

From here on, in principle, all we need to do is add together the
complex numbers corresponding to each of the dipoles and take the real
part of the sum. This procedure is particularly simple if all the dipoles are
equal. In that case

kZPe—i(kr—wt)N—l ) i
E(r0,0) = — " ) gikndsing (8-5-2)
r n=0
x out Z Fig. 8-5 We are interested in
the radiation field at a position
y (r,0) in the plane normal to an

array of dipoles. We assume
that r is much larger than 4, the
spacing between dipoles.




8-5 COHERENCE 29

We can get a good idea of what takes place here by plotting the sum in the
complex plane. If we let « = kd sin 6, then the various terms in the sum
are vectors of unit length, each of which is rotated at angle « relative to the
previous term. For example, taking n = 4, we have plotted the sums in
Fig. 8-6 for various values of «. It is clear that we have minima with E, = 0
ata = n/2, m, 3n/2, 5n/2, 3n, Tn/2, etc., and maxima when o is any integral
multiple of 2z. Generalizing to arbitrary N, we observe that the pattern

3
Fig. 8-6 We have plotted the sum ). e™ for various values of a. (The dashed line indicates
n=0

the resultant.) We obtain maxima at o = 2mn and minima at o = #/2, #, 3%/2, 57/2, . . .

o = 0 or 2mn (maximum)

LI
x= (minimum)




292 MULTIPOLE EXPANSION OF THE RADIATION FIELD

has a series of N — 1 nulls between large maxima. At these maxima,
o= kdsin§ = 2mn (8-5-3)

where m is an integer. Since k = 2n/A where A is the wavelength of the
radiations, we can rewrite Eq. (8-5-3) into more conventional form:

mi = dsin 0 (8-5-4)

These peaks of constructive interference occur then when the path length
difference between successive dipoles is just equal to an integrai number
of wavelengths.

We find the intensity by squaring the magnitude of E and multiplying
by ¢/8n [see Eq. (8-2-11)].
Ck4 I pl 2| N-1

} einkdsin [
oyl
8nr =0

2

I(r,0) =

(8-5-5)

The intensity pattern for a set of four dipoles is shown in Fig. 8-7.
The potential significance of the analysis we have just completed is apparent.

Fig. 8-7 A plot of relative intensity versus kdsin 0 for a set of four synchroncus dipole
antennas spaced a distance d apart along a line (see Fig. 8-5).
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We have observed that radiation of a given frequency can be made more
and more directional by increasing the number of phased antennas involved
in the transmission. A bit of thought will indicate that by varying the phase
among the antennas we can vary the direction in which the radiation is
transmitted. Thus we see that a large field of phased antennas is the natural
way of “beaming” broadcasts to specific areas around the world.

Incidentally, in a very analogous way we can consider the direction-
ality of a set of receiving antennas. Suppose the dipoles of Fig. 8-5 had
been set to receive rather than transmit radiation. If they were all connected
to a common amplifier with no phase lag among them, then they would
add completely constructively whenever the radiation was coming from
a direction given by Eq. (8-5-4). By varying the relative phase lags from the
antennas to the ampiifier, the directions of maximum sensitivity can be
varied. Much of radio astronomy these days is done with large fields of
phased-antenna arrays.

8-6 FRAUENHOFER DIFFRACTION BY A SLIT; SCATTERING
BY A DISK; THE DIFFRACTION GRATING

We are all qualitatively familiar with the fact that a plane wave of light
passing through a smalil hole in a wall exhibits a remarkable interference
pattern on the far side. This pattern is generally explained in terms of the
so-called Huygen’s principle, which tells us to consider gach point on a
wavefront as a new source of radiation and add the “radiation” from all
of the new “‘sources” together. Physically this makes no sense at all. Light
does not emit light; only accelerating charges emit light. Thus we will begin
by throwing out Huygen’s principle completely; later we will see that it
actually does give the right answer for the wrong reasons.

What happens then as our radiation strikes a wall with a hole in it?
Referring to Fig. 8-8 we see that the radiation to the right of the wall is a
superposition of the incoming radiation and the radiation arising from the
oscillating dipoles in the wall. If we were to fill in the hole so as to make the
wall complete, then nothing would penetrate the wall. That is, the complete
wall radiates just enough to completely cancel the incoming plane wave
to the right of it. Hence the radiation which appears when the hole is open
must be precisely canceled out by the radiation from the stopper as we cover
up the hole. This makes our calculation of the diffraction pattern very
simple. We need only calculate the radiation from the stopper itself. The
radiation field to the right of the hole is equal and opposite in amplitude
to that which would be emitted by the stopper if it were radiating all by
itself with the same dipole moment per unit area as the rest of the screen.

Our job then consists of two parts. First, we must find out what the
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—

S ————

el
Fig. 8-8 An incoming plane wave strikes an
opaque wall with a hole in it. If the “stopper”
were inserted into the hole, then no radiation

—————

would penetrate. Hence the stopper radiates
just enough to cancel the radiation which
would be transmitted through the hole. We
find the radiation pattern on the right by
taking the negative of the clectric field which
would be radiated by the stopper.

dipole moment per unit area of our wall® is in terms of the incoming radia-
tion. Second, we can replace the combination of incoming radiation and
wall by the “equivalent” stopper alone. Giving this stopper a dipole moment
per unit area which is equal and opposite to the rest of the wall, we calculate
its radiation pattern and have the answer to our problem.

Let £ be the dipole moment per unit area of our wall. If the wall
were complete, then the field contributed by its oscillating charges [see
Eq. (8-4-3)] would just be

Exwall(z’ t) = —2mik P e~ ilkz—or)
if the incoming radiation had the form
Exinc(z, t) - Eoe —i(kz — ot)

Then in order that the total radiation to the right of the wall be zero, we
must have

p il (8-6-1)

1We assume throughout that the radiating dipole distribution in the wall has negligible thick-
ness. In other words, the wall is made of exceedingly opaque material. We also ignore the
displacement current at the edge of the hole or disk which results from the discontinuity in
the current distribution. These edge effects arc only important if the hole is of the same order
of size as the wavelength.
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We thus replace the incoming radiation and the wall with its hole by the
stopper having dipole moment per unit area equal to —E,/2nik. If we
let 1’ refer to a point on the aperture and r be the place at which we wish
to know the electric field, then, using Egs. (8-2-10) and (8-6-1), we obtain

Et) = ikE, ot exp (—ik|r — 1)
D= 2n aperture ll' -r

[We assume here that the diffraction angle is relatively small so that we
need not worry about taking the projection of the dipole moment normal
to the propagation direction. That is the reason for writing Eq. (8-6-2)
as an approximation. |

As a simple exercise we can now calculate the diffraction pattern
from a rectangular slit in.the so-called Frauenhofer limit, where the distance
from the slit to the point of interest r is much larger than any dimension
of the slit itself. We set the origin of our coordinate system at the center
of the aperture with the z axis normal to the wall and pointing in the direction
of propagation of the incoming radiation. We take the aperture to extend
fromx = —a/2tox = +a/2and fromy = —b/2toy = +b/2. As before,
the incoming radiation will be taken as polarized in the x direction. To
simplify matters we will only consider relatively small angles where both
x and y are quite a bit smaller than z, making Eq. (8-6-2) valid. We have
then

dA’ (8-6-2)

kE. . [9? b/2 e e
E (x,p,2,0) = 220 giox J dx’ J dy SRCEHKE =D 6
2n ~a/2 ~bj2 |r —-r

We can take the denominator out of the integral, since it varies very little
over the aperture. We can also approximate |r — r’| using Eq. (8-1-4).
We have then

kE —itkr—ot) faj2 b/2 . r/
E.(x,y,z,0) =~ 5208 dx’ dy exp [ ikt (8-6-4)
2mr ~af2 —b/2 r

The integral splits very simply into the product of an integral over x” and
one over y'. Thus we have

ikE e—i(kr—wr) a2 o ,
Ex(x,y,z,t) = oi etk(smex)x dx/

2nr —aj2
b/2 o
<J ezk(sm()y)y’ dy> (8-6-5)
-b/2

where

. x .
sin §, = — and sin 0, = Y
r r
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Integrating, we obtain

iable Eqe™ e~ o)
E(opzn) = 0

sin (k izl— sin 9x> sin (k —g— sin 9y>
p (8-6-6)
k 2

Before we go on to calculate the intensity of the diffracted radiation,
it is well to make some interesting observations. Note the phase of 90°
between the directly forward-going diffracted field (0, = 6, = 0) and the
field that would be present there if the wall were removed. Note also that
the amplitude of the directly forward-going diffracted field varies inversely
as the wavelength of the incoming radiation. The longer the wavelength,
the wider will be the diffraction pattern and hence the weaker will be the
intensity at the center.

It is convenient to express the intensity of the diffraction pattern
in terms of the amount of energy per unit solid angle at emission angles
0, and 8,. Since the Poynting vector determines the energy passing a given
area per unit time, we can write

d*u > r
<dt dQ>,imeav -7 <S 7>umeav

sin 6, k > sin 0,

sin?( e = sin 9,) sin2<k % sin 9,
= I, - 3 5 5 (8-6-7)
(k 5 sin Bx) (k — sin 9y>
where
I, = intensity per unit solid angle in forward direction
_ ca**k’Ey? 8.6.8
S (8-6-8)
A plot of the intensity pattern versus k —;— sin 6, for 6, = 0 is shown
in Fig. 8-5. Note that the minima occur at angles such that
2mn mi 2ne nl
i 0 _= I —— i = = — -0
sin 6, i p or sin @, b b (8-6-9)

where m and n are integers and A is the wavelength of the radiation.
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Intensity, arbitrary scale

A

T 2n 3n

k%sin 0,

Fig. 8-9 A plot of intensity versus (ka/2)sin 6, for a slit of width a.

We will not go through the trouble of integrating the intensity over
angle to find out how much of the incident energy makes it through the
hole. Needless to say, all the energy which strikes the hole makes it through
and contributes to the diffraction pattern. If we carried out the integral
for any shape aperture, we would find

d?u
SR dQ = (incident ener it nit ti .
Ll <dQ dt> time av {incident energy/unit area/unit time) ;.. av

angles (area of aperture) (8-6-10)

Suppose that we replaced the wall with a hole in it (of arbitrary shape)
by a disk which precisely matches the aperture (see Fig. 8-8). Now only a
very small amount of energy is absorbed in the opaque disk and most of the
radiation continues on as before in the plane wave.

To calculate the radiation pattern we need only ascribe to the disk
a dipole moment per unit area equal to Ey/2zik [see Eq. (8-6-1)]. The
total field is then obtained by summing the incident field and the field
produced by the disk.

. kE, . exp (—ik|r — r'})
E ~ itkz =~ wt) _ IRLD o i o Sl L CAP
x(x’y,z5t) = EOe 27'[ € disk |l' _ l'/
) jkE e i%r=o0 r-r
~ —itkz~wr) __ ! 0 ik ’
> Eye S Jdisk exp| ik — dA

(8-6-11)
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It is interesting at this point to determine the forward-scattering
amplitude of the disk. Back on page 257 we defined the forward-scattering
amplitude f(0) for a single scatterer. The definition here is identical; we
take the ratio of the amplitude of forwardly emitted radiation at z = 1 cm
to the amplitude that the incident radiation would have had at the same
point if there were no scatterer. Hence we have in this case

0 = - X J dA’
disk

— 12—]; (area of disk) (8-6-12)

Taking another look at Eq. (8-6-11), we see that the scattered radiation
is identical except for a minus sign to that which we obtained when we had
a hole rather than its complementing disk [see Eq. (8-6-2)]. Hence, making
use of Eq. (8-6-10), we conclude that

Ooasiic = elastic scattering cross section® of disk
= area of disk (8-6-13)

Since the disk absorbs all the energy which is incident on it, we can also
write

0, = area of disk (8-6-14)
Summing the two, we have the total cross section.

Gt = 2 (area of disk) (8-6-15)

We can rewrite Eq. (8-6-12) in terms of the total cross section, in a somewhat
weaker form than we have it. As we shall see, this will be a result which will
prove to be independent of the opacity of the disk.

k
Im f(0) = - et (8-6-16)

Summarizing then, we have shown that the elastic scattering cross
section and the absorption cross section of an opaque disk are identical.
Furthermore, we have related the total cross section to the imaginary part
of the forward-scattering amplitude. (In the case of an opaque disk the
forward-scattering amplitude turned out to be completely imaginary.)
These results will turn out to be of substantial importance when we study
the scattering and absorption of elementary particles quantum mechanically.
Indeed, the relation between the imaginary part of the forward-scattering

!For the definition of cross section see page 223.
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amplitude and the total cross section goes under the name of the optical
theorem in many quantum-mechanics texts. (The sign is often reversed
because the sign convention for i is taken differently.)

What, we might ask, would be the situation if the disk had not been
completely opaque? To answer that we first go back to our complete wall
which is radiating the plane wave represented by Eq. (8-4-3). Again, for
convenience, we let z be the dipole moment per unit area (p= PJ). In
the case of an opaque wall we found that z = Ey/2nik [see Eq. (8-6-1)].
We will modify this result by letting

_ nE, e
p= 2nik ®-6-17)

The electric field to the right of the wall (see Fig. 8-4) would then be
E(z,6) = Eg(1 — ple”® " forz >0 (8-6-18)
The fraction & of the incoming energy which is transmitted through the
wall is just given by
F=|1-n (8-6-19)

If we now make up a disk having area A of this nonopaque material,
we would anticipate its absorption cross section o,,, to be given by

Oaps = (1 — F)A (8-6-20)

The outgoing radiation to the right of our disk would be

: kE, _, .
E(x,y,2,f) = Ege~ == _ ue—t(kr—wt)I CXp<ik r-r )dA’
disk

2nr r
(8-6-21)
The forward-scattering amplitude would be
nik
0) = - — 8-6-22
f@=-"1-4 (8-6-22)

Finally, the elastic cross section would be |n|? times the elastic cross section
for an opaque disk of the same area. Hence, referring to Eq. (8-6-13), we have

Ceraic = [n|*4 (8-6-23)
Summing the elastic and absorption cross section to find the total cross
section, we obtain

Ootal = a- |l - r’lz t Inlz)A

=24 Ren (8-6-24)
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Hence, the so-called optical theorem works for a nonopaque disk:

Im f(0) = ——;Ren

= — ol (8-6-25)

This general result was derived subject to the small-angle approxi-
mation which we have been making all along. It happens however to be
independent of this approximation and is completely true in general. As
mentioned before it plays a very important role in studying the quantum-
mechanical scattering of elementary particles.

We now return to our wall with its aperture and replace our single
slit with a series of N parallel slits each of height a and width b. The arrange-
ment of the slits will be as shown in Fig. 8-10. We take the origin of our
coordinate system at the center of the first slit. All slits extend from x =
—af2 to x = +a/2. The first slit extends from y = —b/2 to y = b/2. The
nth slit then extends from y = (n — 1)d — b/2toy = (n — 1)d + b/2. We
calculate the electric field exactly as we did in the case of a single slit except

Fig. 8-10 We investigate the diffraction-interference pattern caused by
a series of N slits each of width b that are spaced a distance d apart.

/-Origin of coordinate system
i _
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that the integral over y’ consists of N different parts.

lkE e-—i(kr—wt) a/2 o ,
Ex(X,y,Z, t) = —_ 3 elk(sm Ox)x dx’
n -af2

N {(n—1}d+b/2 e
( ) j e dy’) (8-6-26)

n=1 J(n—1)d—-b/2

Our expression can be simplified somewhat by noting that

(n—1)d+b/2 b/2
J eik(sin 8,y dyl = eik(n —1)dsin 8y J eik(sin 0y)u du (8-6-27)
( -

n—1)d—b/2 b/2
Substituting back and integrating, we find an expression for E,.

. a . . b .
iabE, e~ r= a0 sin (k - sin 9x> sin <k - sin 0y>

2nr

Ex(x,y’z9t) = a b
k—2—s1n 0, k—2-sin 8,

. y eik(n—l)dsin 8, (8-6-28)
n=1

If we go back and compare this expression with Eqgs. (8-6-2) and
(8-6-6), we come to a very interesting conclusion. The intensity pattern
arising from'a set of N slits spaced a distance d apart can be arrived at by
multiplying the intensity pattern for a single slit by the intensity pattern for
N dipole antennas with the same spacing.

PROBLEMS

8-1. A dipole radiator (see Fig. 8-1) is set parallel to a perfectly conducting wall. The
distance from the dipole to the wall is A/2 where 4 is the wavelength of the emitted
radiation. What is the intensity distribution as a function of 8 in a plane per-
pendicular to the dipole at a long distance away from it?

moment
into paper



8-2.

8-3.

8-4.

MULTIPOLE EXPANSION OF THE RADIATION FIELD

Suppose the electric dipole radiator of Prob. 8-1 were replaced with a magnetic
dipole radiator (see Fig. 8-2) whose moment was oriented in the same direction.
How would the intensity distribution change, if at all?

Consider the dipoles of Probs. 8-1 and 8-2 turned so as to have their moments
perpendicular to the conducting plane. Evaluate the radiated intensity as a
function of 6 at a long distance away for each of the two cases.

A classical atom is made up of two electrons traveling in a common circle of

radius @ about a helium nucleus. (The orbits of the two electrons coincide.)

Assume the frequency of rotation to be w where w << 2nc/a.

(a) Find the radiation pattern if the two electrons are always on opposite sides
of the circle from one another and are following one another around. How
much energy is radiated per unit time?

®

()

(b) How much energy would be radiated per unit time if the two electrons moved
together as one doubly charged object?

(¢) How much energy would be radiated per unit time if the two electrons traveled
in opposite directions about the circle?

Calculate the Frauenhofer diffraction pattern that would result from a circular
aperture of diameter D illuminated by radiation of wavelength A. Sketch the
pattern for the case where D = A.
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8-6. A beam of light of wavelength 5 x 107° ¢cm is normally incident upon a square

8-7.

glass plate of thickness 10™* cm and 10~ 2 cm on a side. The glass is ideal, com-

pletely nonabsorbing, and has refractive index 1.5.

(a) What is the scattering cross section of the glass plate? That is, what fraction
of the incident energy per square centimeter is removed from the beam and
reradiated?

(b) What is the angular distribution of the reradiated light?

(¢) What are the real and imaginary parts of the forward-scattering amplitude
of the plate as a whole?

(d) Suppose the phase of the scattered radiation could somehow be shifted
relative to the incident radiation by 7/2. What would the apparent absorption
cross section of the plate be to an observer who was measuring its forward-
scattering amplitude? Can you think of how to produce this shift? You
would be reinventing the phase-contrast microscope.

As we fly at 30,000 ft, most of the atmosphere is below us. Why is it then that
the air above us seems so much bluer than the air below us? Would the sky be
blue if the density of the atmosphere were uniform throughout and the same as
it is at sea level?
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9
Waveguides and Cavities

One of the more useful applications of what we have just learned about the
reflection of radiation at a conducting surface is in the field of waveguides
and cavities. A waveguide is a rather simple device. Imagine that we have a
long, hollow tube which is a perfect mirror on the inside. If we put a light
bulb at one end, some light will obviously be carried to the other end.
Hence the pipe or waveguide is a means of transferring radiant energy from
one place to another with minimal attenuation.

Now in the pipe we have just described, we tacitly assumed that the
pipe diameter was very much larger than the wavelength of the light. Hence
we did not need to worry about any coherent interference effects as the light
bounced back and forth across the pipe. If we were to take the wavelength
to be comparable to the transverse dimension of the waveguide, we would
observe a variety of such effects, and these indeed are largely the subjects
of this chapter.

304
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Now to make our work simple, we will limit our considerations to
rectangular waveguides and cavities. (A cavity is a length of waveguide
which is capped off at each end.) Without much physical difficulty, but with
considerably mathematical difficulty, other shapes can be considered by
the reader. We will begin by assuming the walls of our waveguide to be
perfectly conducting. Later we will consider the effect of having only a
finite conductivity.

9-1 THE PERFECTLY CONDUCTING, RECTANGULAR WAVEGUIDE

Consider then a straight pipe with rectangular cross section whose height
and width are @ and b, respectively. We will set up our coordinate system
at some point in the waveguide, as shown in Fig. 9-1, with the z axis pointing
in the direction in which we want our radiation to propagate. The inside
of the waveguide extends from x = 0 to x = g and from y =0 to y = b.

Now we could begin by writjng down a plane.wave, letting it reflect
each time it reaches a surface, and then adding everything together. It is
however much simpler to start from scratch and look for solutions to
Maxwell’s equations subject to the boundary condition that the tangential
component of E be zero at the surface. We have

1 JE
VxB=— —
% ¢ 0Ot
and
1 0B
VXE= -~ — —
x ¢ Ot

Taking the curl of the second equation, we obtain
Vx(VxE)=V(V- E)- VE
1 ¢

1
~ T a VxB=-5

O*E
ot?

[

Fig. 9-1 Segment of a rectangular waveguide of cross section a x b.
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But V- E = 0. Hence

1 °E
V2E - ?2‘ W“ = 0 (9-1-1)
Similarly
1 ’B
VZB o c_2 at2 pu— (9-1-2)

These wave equations hold for each of the components of E and B indepen-
dently. For example, we can write

1 0?E(x,y,2,0) _

VzEx(x’y’Zst) - ;2_ atz 0 (9'1_3)

Now we can search for a solution to this equation of the form
E(x,y,2,1) = E, (X)E,,(WE,,(2) E,,()

(It is possible to show that the solutions of this form make up a complete
set; any solution to the problem can be expressed in terms of them.) Sub-
stituting back, we have

| &E,, 1 dE, | &K,
E, (x) dx* E.(» da&? E. (z) dZ*
1 d’E

TR e -0 O

Since each term in this sum involves a different and independent variable,
we can set each equal to a constant.

d’E, d*E,,

R

d’E d’E ©-1-3)
T Th'E. = —CRE,

As usual we define w = ck. In order that Eq. (9-1-4) hold, we must have
kllz + k212 + k312 = k2 (9-1-6)
Now the solutions for E, and E,, are of the form
E, = A, coskyx + By s.in kygx ©-17)
E, = Ay coskyy + By sink,y

In order that the radiation be travelimg in the direction of increasing z,
we need only make use of those products of E,, and E,, which combine
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ky,z with — ot and leave out the ones which combine k;,z with +at.
That is to say, we keep only the terms leading to sin(k;,z — wf) and
cos(k;,z — wf) among the various products of sin k3,2, cos k3,2, sin wt,
and cos wt. We throw away the alternative terms sin(k;,z + «¢f) and
cos(k;;z + wt). Now we can represent an arbitrary combination of sin
(ksyz — wt) and cos(ky, — wf) by taking the real part of E, e ‘*s127 %"
and allowing E,, to be a complex number. We have then

E.(x,y,2,1) = Eq,(Ay; cos ky;x + By, sin ky1X)(A4;; cos kyyy
+ B, sink, y)e kazma0  (9.1.8)
Similarly
E/(x,y,2,1) = Eg, (A5 cos kypx + By, sin ky;x)(A4,; cos kypy
+ B,, sin k,,y)e k22790 (9.1.0)
E,(x,y,2,t) = Eg,(A;3 cos kyax + By sin ky3x)(A,;5 €08 ky3y
+ B,, sin k,;p) e kzm90 (9.1.10)

The boundary conditions on the tangential componentsof Eat x = y = 0
tell us that

Ay =4, = A3 = Ay = 0 (9-1-11)

The requirement that V- E = 0 everywhere within the waveguide tells
us that

By =B,,=0

kll = klz = k13 (=k1 by deﬁnition)
kyy = kay = ky3 (=k, by definition)
ky, = ki3, = ki3 (=k; by definition).

In addition, if we incorporate the remaining arbitrary constants into the
definitions of E,, E,,, and E,,, we have

kyEoy + kyEo, + ik3Ey, = 0 (9-1-12)
where

E, = E,, cos k,x sin k,y e~ %= oD
E, = E,,sin k,x cos k,y e™!¥s= 7% (9-1-13)
~ i(kaz — ot)

E, = Ey,sink xsink,ye

Finally the requirements that E, = E, = Qaty = band that E, = E, = 0
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at x = a yield the restrictions

mn nn
ki = — =— 9-1-14
1 a kz b ( )
where n and m are integers. To find the magnetic field components B,,

B,, and B, we take the curl of E and remember that
VXE=—- i QE
¢ Ot

Integrating the curl of E with respect to time and multiplying by —¢, we
obtain

B = % (kyEo, + iksEyy) sin kyx cos k,y e~ ®sz= o)
B, = — —;%(klEo, + ik Eoy) S kyx sin kpy e~ %790 (9.1.15)

B, = ;_‘ (ki Eo, — kyEoy) cos kyx cos kyy e ==

We notice incidentally that V - B = 0 as expected.

Now because of the constraint that k, Ey, + Kk, Eq, + ik3Ey, = 0,
we cannot choose E,, E,,, and E,, arbitrarily. It is convenient to define
two different classes of solutions for a given choice of the integers # and m.
One, called the transverse electric mode (TE), has E,, = 0. The other, called
the transverse magnetic mode (TM), has B,, = 0. Hence, for the latter,
kiEy, — kyEq, = 0.

We can easily show that any possible solution to the problem for a
given m,n, and o can be written in terms of TE and TM modes. If E,,™,
Eo,"E, Eo,™, Eo,™, Eo,™ represent the coefficients corresponding to
those modes, we require only that

Eox = Eo,"® + Eo,™
Ey, = Eo,F + Ep,™ (9-1-16)
Ey, = EOzTM
In addition, we have the two conditions that
kiEg,TE + kyEg,”E = 0
ki EZJ“ - kzzE:i“‘ =0 —
Solving these five equations for the five unknowns, we have

k22E0x - klkZEOy

E TE =
ox k4 k2
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kleOy - k1k2E0x

E TE _
o ki? + ky?
m_ ki*Eox + kikyEo,
Eo " = 2 2
o mu_ ka*Eoy + KukaEo,
i ki2 + kj?
EOzTM = Eo,
Incidentally the requirement that E, "%/Ey,T® = —k,/k, establishes that

E,,'F and E,,'F have the same complex phase. The same is true of E,,™
and E,,™. However Eo,™ = i(k,E;,™ + k,Eq,™)/k; and is 90° out of
phase with either E,,™ or E;,™.

It is instructive at this point to have a look at some of the simpler modes.
A mode will be written as TE,, , or TM,, ., depending on its type and the
values of the integers m and n. The simplest is clearly TE,,, for which we
have

The requirement that k, Eo,™ + k,E,,"® = 0 permits us to conclude that
in this case E,, = 0. Hence

. Tt _; _
E. = E,,sin 57e ilksz ~ )

E,=E, =0
B, =0
k M n —ilk3z — w
B, =73E0xsm—l;-ye thaz =)
B = _ilc_ZE sin_T_t_ye—i(kg,z—wr)
z k Ox b

If we now assume E,, to be real, we can find the fields as they actually exist
within the waveguide by taking the real parts of these equations.

E. = E,, sin %y cos (k3z — wi)

k
B, = 73 E,, sin —Z—y cos (k3z — wi) (5-1-19)
k, T
B, = — " E,, cos ¥ sin (k3z — wb)



310 WAVEGUIDES AND CAVITIES

We see that the electric field just runs across from the plane at x = 0 to the
plane at x = a. The magnetic field, on the other hand, appears to go in
closed loops centered about the points where the electric field is zero. We
indicate the directions of the field lines in Fig. 9-2. Solid lines represent
electric field and dashed lines represent magnetic field.

The logical mode to examine next would be the TM,. We note how-
ever that this mode as well as all modes of the form TM,,, or TM,,, are
zero by virtue of the fact that k, Eq, = k, E,, = 0 for these modes (since
either k, or k, is zero). This means that the lowest frequency which can
pass through the waveguide is in the transverse electric TE,, (or TE,,)
mode

fora > b

min

— forb < a

This mode, called the dominant mode, is the important one in the transmission
of microwave power. At any frequency below the minimum value, k5 will
be imaginary and hence the radiation will be attenuated exponentially in
going down the waveguide.

When we examine the velocity at which radiation travels down the
waveguide, our first reaction is that it appears to be w/k,, which is greater
than ¢ (since k; < k). To understand this it is convenient to think of the
entire process as composed of the superposition of waves being reflected
back and forth from the walls. We illustrate this process in Fig. 9-3 where
we show only one set of wavefronts (ignoring the reflected ones to avoid
confusion). We see that in one period 7 the wavefront will move a distance
¢t at right angles to itself. The observer will think that the wave has moved
a distance v,7 downstream along the waveguide, where v, = c/sin 6. The

Fig. 9-2 Sketch of the field lines in the mode
TEy;.
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Fig. 9-3 Diagram of one set of wavefronts, illustrating the phase and
group velocities and their relationship with ¢.

rate at which information moves down the waveguide is just ¢sin 6 = v,
Hence

v,0, = ¢ (9-1-20)

We observe from our mathematical expressions for E,, E,, and E, that
v, = w/k;. The group velocity can also be obtained, as before, by dif-
ferentiating w with respect to k5. We have

(k1?2 + ky? + k33)e? = o?

and hence
dw ki ,
5;(‘; = P ¢t = Ug

as expected. To see if all this makes sense we can transform into a frame of
reference moving with the group velocity v, down the waveguide. We should
then have a situation where the solutions for E,, E,, and E, should not
depend upon z. We first examine the term k,z — wt. Qur Lorentz trans-
formation yields

z =92 + Ber)

t = y(t’ +—ﬁ—z’>
c

In our case

k
== and d

c = =
P w ' c/kr + k2
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We have then

kit
kyz = y(ky2') +
3 (ks k2t K
w3t
—wt = —y(k;z’) —

Hence
kyz — ot = Jki® + k%t (9-1-21)

We see then that the term e~ %32~ %" becomes exp (i\/k,* + k,* ct’) and
the z’ dependence falls out. Since x = x” and y = ', the dependence on
the x and y directions remains unchanged. The coefficients E,,, Eo,, Eo,,
By, By, By, are, of course, transformed like the appropriate elements
of a second-rank tensor. Inasmuch as longitudinal fields transform into
themselves under this transformation, the two sets of modes TE,, and
TM,, ,, retain their characters.

9-2 IDEAL RECTANGULAR CAVITIES

If we take a segment of waveguide of length d and cap it off with a sheet
of conductor at each end, we have a rectangular cavity. We will let the
cross-sectional dimensions of the waveguide segment be a and b as before
and assume for the moment that the walls of the cavity are perfectly
conducting.

Physically we can now think of the radiation as coming to one end
of the cavity, reflecting back, coming to the other end, and reflecting again.
If we choose the frequency right, the radiation will add constructively each
time around, leading, as we shall see, to a standing wave. If the frequency
is ever so slightly off resonance, then each reflection will throw the wave
a bit more out of phase with the original wave, and the net result will be
the destructive cancellation of the radiation by itself.

If we had considered a real cavity, on the other hand, rather than
an ideal one, the radiation would be diminished in amplitude at each suc-
cessive reflection. Hence, even if it was a bit out of phase after the reflection
which brings it back to the original position, it still could never interfere
completely destructively. We expect then that the resonance width, the
frequency range over which the cavity resonates, will depend on the absorp-
tion of radiation by its walls.

At the moment though let us stick with our perfect walls and find
the solutions to Maxwell’s equations within the cavity subject to the same
boundary conditions as before—the tangential components of the electric
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field are zero at the walls. As before we can search for solutions which are
products of separate terms, each depending on one coordinate only. We
follow the same procedures as we followed in dealing with waveguides
and obtain

E = E,, cos k;xsin k,y sin k,z !

E, = E,, sin k,x cos kyy sin kyz e*" 9-2-1)

E, = E,, sin k,x sin k,y cos kyz '
with

wZ

k12 + k22 + k32 = ? = kZ (9'2"2)

and
In mn nw
k== k=70 k= (9-2-3)

where /, m, and »n are integers. For convenience we can define the two vectors
k and E, as

k = (k, k;, k3) (9-2-4)

Eo = (EOxa Eow Eo:) (9'2‘5)
The requirement that V - E = 0 leads to the restriction on E, given by

k-E, =0 (9-2-6)
We find the magnetic field as before by taking V x E and integrating with
respect to time (V x E= — % %)

X

B, = % (k x E;), sin k,x cos k,y cos k;z "

B, = —gi (k x E,), cos k,x sin k,y cos kyz " (9-2-7)
B, = % (k x E,), cos k,x cos k,y sin kyz &"!

Now, since E, must lie at right angles to k [see Eq. (9-2-6)], we can choose
two standard vectors E,™ and E,™ and express any solution in terms of
them. Again we define E, " so as to have no z component. Thus

kiEo,™® + kyE,TE = 0 (9-2-8)
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We define E,™ so as to lead to no z component of magnetic field. That is,
(k x E™), =0
or
kyEq™ — kyEo,™ = 0 (9-2-9)
We can see immediately that E,™8 and E,™ are normal to each other:

EOxTEEOxTM + EOyTEEOyTM — EOxTEEOyTM
k, k
- 21F TE _Z_E ™) _ 0
+ ( X, Cox )<k1 ox
Since E,,"™ = 0, we have

E,TE-E,™ =0 (9-2-10)

Incidentally our choice of the normal modes was somewhat arbitrary. We
chose to give preference to the z axis, but we could just as easily have chosen
the x or y axes. Obviously the normal modes obtained if we had used the
x or y axes as our preferred direction can be expressed in terms of the normal
modes we have just obtained. We see then that the system has two normal
modes for each allowed frequency w and an infinite number of possible
solutions for w.

Again we will label the modes as TE,, , and TM, , ., respectively.
Now for any mode we have either

kyEo,™® + kyEq,"® =0 or kiEgy™ — kyEg,™ = 0

In either case E,, and E,, are in phase with each other because &, and
k, are real numbers. In the case of a transverse magnetic mode we can
write ki Eo,™ + kyEg,™ + k3Ep,™ = 0, and hence E,,™ is also in
phase with E,,™ and E,,™.

As a result we see that the electric and magnetic fields are 90° out of
phase with respect to each other if the cavity is resonating in one of its
modes. When the electric fields are at their maximum, the magnetic fields
are zero, and vice versa. The energy stored in the fields thus is alternately
electric and magnetic. To illustrate this, let us take the simplest mode
corresponding to the lowest frequency. If we assume the dimensions a, b,
and d are such that a < b < d, then the minimum frequency corresponds
to/ =0, m =1, n = 1. This frequency, wy,,, is just given by

2 2
Woy; = ¢ (-Z—) + <—Z—) 9-2-11)

Only the TE,, ; mode exists for this frequency. If we take the real parts of
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E,, B,, B,, we have the following electromagnetic fields for this mode.

E, = E,, sin %y sin —Z—z cos wt

E =E =0

B, =0 (9-2-12)
k . .

B, = — fEOX sin %y cos %z sin wt

B, = ]—CkEEOx cos —Z—y sin %z sin w!
Figure 9-4 shows the electric fields at time ¢+ = 0 and the magnetic fields
which follow a quarter cycle later. As we can see the charge will oscillate
from one side of the box to the other, just as in the case of a capacitor shunted
by a perfect inductance. As we expect, the magnetic field reaches its maximum
at the time of maximum current flow, when the electric field is zero.

Other modes will, of course, correspond to different and more com-
plicated charge distributions oscillating about the cavity. The principle
is the same although the frequencies are higher.

9-3 LOSS IN THE CAVITY WALLS; THE NOTION OF ¢ IN GENERAL
AND AS APPLIED TO OUR CAVITY

We begin by making some remarks about a resonant system in general.
For any resonant system which is oscillating by itself, there is a given amount
of energy loss per cycle which is often proportional to the energy stored.
For example, in the case of our cavity, the energy loss per cycle is propor-
tional to the average component of the Poynting vector normal to the cavity
wall, which is in turn proportional to the energy density of the electro-
magnetic field. A mass vibrating at the end of a spring and being acted
upon by a resistive force proportional to its velocity has an amplitude which

x Z
Fig. 9-4 The lowest mode TE,,; in
a cavity of dimensions @ x b x d(a < b
< ¢). Solid lines represent electric
field. Dashed lines represent magnetic
0 fields a quarter cycle later.
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diminishes exponentially and hence loses energy at a rate proportional to
its stored energy. For all systems of this sort we can define a parameter
called the Q of the system as follows:

__energy stored in system

energy lost per cycle ©-3-1)
If U is the energy stored in the system, we can write
du w
= 2_7zoé 9-3-2)
where w, is the resonant frequency. Hence
U = Uye™ (@oi2nQr (9-3-3)

If the energy stored is proportional to the square of the amplitude of oscil-
lation, as is most often the case, then the amplitude will diminish as
e~ (wol4ndt Thys, if A represents the coordinate which is oscillating (the
electric field in the case of a cavity), we can write

A= AOe—(wg/4nQ)t+iw0t (9_3_4)

We can ask now for the frequencies which are present if we Fourier
analyze this oscillation. We have then (assuming the oscillation to begin at
t=0)

1

N

4o
glw) = 2=
V2 Jg
—A,

- S2r[—we/AnQ + i(wy — )]

The energy density per unit frequency interval is proportional to |g(w)|?,
which turns out to be

Aty =

J g(w)e' dw

e~ (wo/4nQ +iwg — iw)t dt

(9-3-5)

 2nf(we — ®)7 + (we/4nQ)°]
The full width at half-maximum of the resonance curve is just given by
Wy

Aw = 270 (9-3-7)

lg(e)] (9-3-6)

This is more or less what we anticipated on the basis of the arguments we
made earlier about reflection and absorption within our cavity. The larger Q
is, the sharper our resonance.

It remains for us to evaluate the Q of a cavity whose walls have con-
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ductivity o. This is actually quite simple if we remember that the tangential
components of both E and B are continuous as we cross into the metal.
We remember also that B (the tangential component of B at the surface)
remains essentially unaltered as we reduce the conductivity from infinity
to some finite value, as long as /k/8nc is much less than 1 [see page 243
and in particular Eqgs. (7-1-36) and (7-1-37)]. On the other hand, E, which
is zero for infinite conductivity, increases in proportion to ./k/no as we
reduce the conductivity.

To find an exact expression for E; in terms of B), we can make use
of Maxwell’s equation for conducting material and insert the appropriate
time dependence.

1 9E
V x B =4noE + — = = (4n + ik)E (9-3-8)

We have already solved the problem however if we just go back to
Egs. (7-1-36) and (7-1-37). Letting & be a unit normal vector pointing into
the cavity wall, we can write

1 [k .
Ej =~ /;I;(B|| x f)ei/* (9-3-9)

To find the energy leaving the cavity per cycle we must evaluate the
normal component of the Poynting vector along the cavity wall and average
it over time. Referring back to Eq. (8-2-11), we have

4
S PO = —
< >tlmt, av 87[

Applying this result to Eq. (9-3-9), we find that

Re (E x B (8-2-11)

¢ k in
<S'ﬂ>timcav = —8-7? 'E&'Re (|B1‘|28 /4)

c | k
8n \ 270 |B”|2 @-3-10)

Let us return to Eq. (9-2-7) and evaluate the above expression for one
wall at a time. For convenience we make the following notational changes:

i

(k X EO)x
By, = & X Tk
Ox k
Bo, = &%E_O)L (9-3-11)
Bo — (k X EO)z

§ k
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For the wall at x = 0 we have then

B, =0
B, = iBy, sin k,y cos k;z
B, = iB,, cos k,y sin k;z "

and
B> = |B,* + |B|?
= B,,? sin? kyy cos® kyz + By,? cos? kyy sin? kyz (9-3-12)

If we integrate the Poynting vector over the wall at x = 0, we find

du
- Boy® + Bo.”) bd 9-3-13
<dt >thr0ugh wall T 32 \/—( OY + B,,%) ( )

atx=0

The total energy lost per unit time (averaged over time) is thus

du c |k ) 5 )
it - B2
<dt>through 167V 2no [(BOy + Bo )bd + (Box” + 0y )yab
all walls + (Bon + Bozz) ad] (9-3-14)

The energy lost per cycle is then
A 1
L = [aBo,2(b + d) + bBo,a + d)

cycle 8./ 2nck

+ dBy%(a + b)] (9-3-15)

To complete our calculation of the Q of our rectangular cavity, we must
know the total energy u stored within the cavity. We can best evaluate this
energy at the time when the electric fields are all zero and the magnetic
fields are at their maximum. At that moment we have

B, = B, sin k;x cos k,y cos k3z
B, = By, cos k;x sin k,y cos k3z (9-3-16)
B, = By, cos k,;x cos k,y sin k;z

The energy stored at that moment per unit volume is
1 a b d
=— J dx j dy f dz(B,> + B> + B,»)
8n 0 0

bd
=7 (Box + Bo,® + Bo,?) (9-3-17)
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Finally dividing Eq. (8-3-18) by Eq. (8-3-16), we have

B abd(Bo, + By, + By?)
"~ 48[aBo, (b + d) + bBy,*(a + d) + dBy,Xa + b)]

20 (9-3-18)

where 0 = skin depth = 1/,/2nck. This simplifies considerably in the case
of a cubical cavity where a = b = d = L. In that case

L
mQ = o< (9-3-19)

The important thing to note is that 2zQ is approximately equal to
the ratio of cavity volume to the volume corresponding to the skin depth.
Over a wide range of frequencies this ratio increases as the square root
of the frequency. Typical values of Q in the microwave region for silver
are about 104,

PROBLEMS

9-1. A long perfectly conducting waveguide of cross-sectional area 5 cm by 10 cm
carries microwave energy in the dominant TE,, mode. Keeping the maximum
amplitude of electric field fixed, find and graph an expression for the trans-
mitted power as a function of frequency. Does the asymptotic behavior as
w — oo make sense?

9-2. Suppose we now cap off a section of the waveguide described in Prob. 9-1 by
means of a plate having finite conductivity ¢. We introduce energy into the
open end in the TEy,; mode at frequency w. What is the fraction of the incoming
energy that is absorbed by the end plate?

9-3. Suppose the entire waveguide described in Prob. 9-1 were made of copper.
How would radiation of frequency w be attenuated in the TE,;, mode as a
function of distance along the waveguide? Suppose the frequency «w were
sufficiently large so as to allow propagation in the TM,, mode. Would the
attenuation be any different from that in the TE;, mode at the same frequency?

9-4. A rectangular cavity with perfectly conducting walls has dimensions of 2 cm by
4 cm by 8 cm.
(@) What is the lowest resonant frequency at which this cavity will oscillate?
(b) Suppose the cavity is opened to air. Estimate the change in its resonant
frequency.
(¢) What would the Q of the cavity become if its 2 cm by 4 cm faces were
made of copper?

9-5. A waveguide is made of two perfectly conducting coaxial cylinders with the
radiation propagating in the space between them. Show that it is possible to
have a mode in which both the electric and magnetic fields are perpendicular
to the axis of the cylinder (transverse electric and magnetic mode—TEM).
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Is there a cutoff frequency for this mode? What is the velocity of propagation
of this mode?

Z

@



Copyrighted Materials

Copyright © 1972 Dover Publications Retrieved from www.knovel.com

10
Electric and Magnetic
Susceptibility

In earlier chapters we studied the effects of the macroscopic electric and
magnetic properties of matter on the electric and magnetic field distribu-
tions. In this chapter we will try to explain, at least in a simple-minded sort
of way, how it is that these properties exist. We will revert to a microscopic
description of matter and see how the polarizability of individual molecules
leads to a reasonable understanding of electric and magnetic susceptibilities.
Needless to say, we are not prepared at this point for the full rigors of
quantum theory and statistical mechanics; we will find though that we can
g0 a long way with “seat-of-the-pants” reasoning and come up with results
which are not too unreasonable.

321
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Electric or magnetic polarization is the result of the average molecule
having an electric or magnetic dipole moment in a given direction. This
average moment can arise from two alternative sources or from a combina-
tion of them. .

1. The molecule (or atom) can normally be free of any intrinsic moment.
Applying an electric or magnetic field will however induce a moment.
This, in general, will lead to a relatively small electric or magnetic
susceptibility.

2. The molecule may already have an electric or magnetic dipole moment.
In this case the applied field will try to align this moment. Clearly the
average polarization is temperature dependent because collisions be-
tween molecules tend to disrupt the alignment. (It is also possible,
as in the case of ferromagnetism, that a certain amount of long-range
coherence exists among a fairly macroscopic group of molecules. The
extent of this coherence will also be temperature dependent. Needless
to say, coherence can lead to very large susceptibilities.)

We will begin by discussing the electric susceptibility of material whose
molecules have no intrinsic electric dipole moments. This treatment is
relatively simple because we have no need to worry about the disrupting
influence of collisions. We will then introduce some notions which derive
from statistical mechanics and which will permit us to deal with a large
number of interacting molecules at a given temperature 7. When we apply
these notions to molecules having intrinsic electric dipole moments, we
will be able to estimate the extent of their average polarization in the presence
of an external electric field. The same types of treatment will be carried out
for magnetism.

Finally, we will say a few words about ferromagnetism and its origin
in the closely coupled behavior of neighboring atoms.

10-1 THE ELECTRIC POLARIZABILITY OF NONPOLAR
MOLECULES HAVING SPHERICAL SYMMETRY

Naturally, we start with the simplest molecular system, an atom having
complete spherical symmetry. We can think of the electrons’ charge as
being distributed over a sphere of about 0.5 x 1078 cm. The nucleus is of
negligible size (= 107!* cm) and can be thought of, for our purposes, as a
point charge at the center of the electron cloud. We would like to find out
how much of a dipole moment is induced if an external field E, is applied
(see Fig. 10-1).

To first approximation the nucleus will move relative to the electrons
to the point where the restoring force from the electron cloud just equals the
applied field. At a distance r from the center of a uniform charge distribution
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Fig. 10-1  An applied electric field causes the
positive nucleus to be displaced relative to the
center of the electron cloud, leading to a net
electric dipole moment.

of radius R and total charge Q, the field is given by (seec page 33)

Or
E=2% (10-1-1)
In our case Q@ = — Ze where —e is the electron charge and Z is the atomic
number. In order that E just precisely balance E,, we must have
R3
= —F (10-1-
r=—-£ (10-1-2)

The dipole moment p of the atom is then
3

R
=Ze —E
P = Ze K,
- R°E, (10-1-3)

In general, we can think of our atom as having an atomic polarizability «
such that p,,4 = aE,,,. In the case of the simple model we have taken above,
the polarizability is just equal to R3. This result is not in terrible disagree-
ment with what we would have obtained had we done a complete quantum-
mechanical calculation. For example, in the case of atomic hydrogen, o
turns out to be equal to 3a,> where a, is the Bohr radius (a, = 0.52 x 1078
cm).

Notice that the displacement of the nucleus is not very large for the
sort of fields that are available in the laboratory. Typical high fields are in
the hundreds of gauss (100 gauss = 30 kV/cm). Using our value of 0.5 x
1078 cm for R and letting Z = 1, we find, for a field of 100 gauss, that r =
2.5 x 107 '* cm. This is a very small displacement indeed, smaller in fact
than the radius of the nucleus itself.

On the whole we expect a certain amount of variation of atomic
polarizability as we vary the details of the atomic structure. For example,
we expect that noble gases with closed shells and no valence electrons might
be harder to distort than alkali metals with & relatively free valence electron.
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We also anticipate a modification of the elementary atomic polarizabilities
when atoms are bound into molecules. These variations can be substantial
and can run over several orders of magnitude. Hence precise measurements
of polarizabilities can serve as important analytical tools in the study of
chemical structures.

10-2 THE RELATION BETWEEN ATOMIC POLARIZABILITY
AND ELECTRIC SUSCEPTIBILITY

Some time ago [see Eq. (2-6-22)] we defined the proportionality constant
between electric field and dipole moment per unit volume to be the electric
susceptibility y.. That is to say, P = y,E. One would naively guess that
the ratio between the electric susceptibility x, and the atomic polarizability
(which we will call «,) would just be the number of atoms per unit volume N.
This is however not exactly the case; we must be careful to read the fine
print in our definitions. When we defined polarizability, we related the
induced dipole moment p to the applied electric field E,. That is to say,
p = o E,. On the other hand, the susceptibility equation relates the average
dipole moment per unit volume at some point in the dielectric to the total
field at that point. Since the applied field on the dipole does not include any
part of the field caused by the dipole itself, we must be careful to remove that
field when evaluating the atomic polarizability in terms of y,.

The applied field E, at the dipole is just equal to the total field E
minus the field due to the dipole itself. We must average everything over the
volume taken up by the dipole, which we will call ¥. We have then

CEy = (Epy — (Eyom)v (10-2-1)

To carry out this averaging process rigorously, taking into account
the complete charge distribution of the atom, is difficult. We will make the
approximation that the distance between atoms is much larger than the
atomic size. We will then let ¥ be the average volume per dipole, or i/N.
The assumption that I is much larger than the atomic size permits us to
make use of only the leading dipole term [Eq. (2-6-7)] to obtain the field
due to the atom itself within V. We have then

1
<Ealom>V = ?JVV Ealom av

1 1
- B v 2.2
VLV(;) \Y Ir_r,l>dV (10-2-2)

where r’ is the location of the atomic dipole.
We convert this to a surface integral, obtaining

1 1
< alum)V V Lurracc (p |l' _ r/

of V

)ﬁ dA (10-2-3)
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If we now simplify matters by letting ¥ be a sphere of radius b about the
point r’, we find

<Eatom>V =

1
surface

of V
4
—3np
= 10-2-4

> (10-24)
(A little bit of thought will convince the reader that the shape of the volume
V is irrelevent provided it is symmetrically situated about the position of
the dipole.)

Taking V' = 1/N, we have our result

(Eqomdy = —37Np = —3nP (10-2-5)
Finally, going back to Eq. (10-2-1), we can write

Epy = Noi, = (E)y + 3nP

1 4n
=|—+—|P
(xe B )
This yields the equation for y, in terms of «,:

_ No,
"1 — 4nNa,/3

In the limit where N becomes very small, y, reduces, as expected, to
No,. We might ask about the other limit, where N gets large. Is it really
possible that y, becomes infinite for a particular value of N and then becomes
negative for N greater than that value? We remember that o, is about equal
to the volume of the atomic charge distribution [see Eq. (10-1-3)]. When
we began our derivation for y,, we assumed that the volume of the charge
distribution was very small compared with the average volume per dipole.
That is,

Xe (10-2-6)

1
<

o, <']V

or
No, << 1 (10-2-7)

Thus the domain of validity of Eq. (10-2-6) does not include the situation
where 4nNo,/3 is comparable with 1.

10-3 POLARIZABILITY AS A SECOND-RANK TENSOR

The most general linear relationship between the applied electric field E,
and the polarization p of a molecule is that of a second-rank tensor with
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components &;;. That is,
3

pi= 3 %k (10-3-1)

f=d) LY ]
We will now demonstrate a rather important property of the tensor o,
namely, its symmetry. The component «;; is the same as the component o ;.
To see the physical meaning of this let us take our electric field, for example,
in the y direction and of magnitude E,. This would give rise to a polarization
component in the x direction equal to «,, E,. If instead we had taken the
same magnitude of electric field along the x direction, we would have found
a y component of polarization equal to a,, E,. If a;; = «;,, we could
conclude that these two resultant components are equal.

The demonstration of the symmetry of o rests upon the very simple
observation that the electrostatic energy of a given charge distribution
cannot depend upon the historical sequence of events by which it was built
up. All that should matter when we determine the interaction energy of a
given dipole p and the applied field E, are the magnitude of p and E, and
the angle between them. Suppose we change E, slightly and allow p to
change accordingly by an amount dp. The amount of work done on the
charges in p by the field E, is just

dW =E, - dp (10-3-2)
Suppose now that we allow the z component of E, to be zero and let E,;

and E,, be the x and y components, respectively. To arrive at these final
values for the components of E,, we can proceed in one of two ways:

1. We can first build up the x component of E, to its final value, allowing
the y component of E, to remain zero. We then raise the y component
of E, to its final value.

2. We can reverse the order, first bringing up the y component of E,
and then the x component of E,.

Let us begin first with procedure 1 and evaluate the work done by
E, on p as we bring it up by the indicated two-step process. In the first
step we have

Eal Eal
Wi(a) = J E,dp, = J ayy g dE,
0 0
=0y, E,,?
In the second step of procedure 1 we have
Wya) = «12E, Egy + 305, E,5°
The total work for procedure 1 is thus

W(a) = 351 Eyy® + 3052 E0p + 04, B, By (10-3-3)
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Completely analogously, procedure 2 yields
W(b) = soy1 By ® + 300, Eop” + 03, By Ep (10-3-4)

Letting W(b) = W{(a), we conclude that

fi

Ayy = %2

Obviously, the same proof works for any pair of indices i and j. Hence we
generalize for all 7 and j

(10-3-5)

One very important consequence of this symmetry is the possibility
of diagonalizing the polarizability tensor (see Sec. 1-7). We can find three
mutually perpendicular directions in which p and E, are colinear. These
three axes are three fundamental axes of symmetry for the system. The
remarkable point is that three such axes of symmetry exist for the polariz-
ability even though the charge distribution itself may be totally asymmetrical
and show no axis of symmetry.

Oj = O

10-4 THE POLARIZABILITY OF A POLAR MOLECULE

Quite commonly the molecules out of which our dielectric is composed have
a built-in electric dipole moment. If the dielectric is a liquid or a gas, then
the molecules will be relatively free to rotate and will tend to line themselves
up with their dipole moments lying along the direction of an applied electric
field. Were it not for the fact that collisions between molecules are continually
upsetting this alignment, one might expect the molecules to eventually all
point along the field. Qur chore then in this section is to understand, first,
how large the permanent dipole moment of a typical polar molecule is
likely to be and, second, to calculate, making use of some basic ideas from
statistical mechanics, a value for the polarizability of the molecule as a
function of temperature.

Water is a very typical polar molecule. Referring to Fig. 10-2, we see
that the water molecule is quite asymmetric. The two hydrogen atoms are

//
(u

———eeeep
Net dipole moment

) Fig. 10-2 The water molecule has a net dipole

° H moment because of the fact that the electrons

from the hydrogen spend a part of their time

N “going around” the oxygen nucleus.
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attached to the oxygen atom so as to have the OH axes make an angle of
about 105° with one another. The electrons from the hydrogen atoms then
spend a good part of their time around the oxygen atom, leading to a net
dipole moment, as shown. We can estimate its size very approximately by
noting that each electron is displaced by about a Bohr radius (g, = 0.5
% 1078 cm) on the average from its proton. This leads to a moment p,
given by
Do = 2ea, cos 52.5°
&~ 2(5 x 1071 esu)(0.5 x 1072 cm)(0.6)
=~ 3 x 1078 esu-cm
In actual fact, the dipole moment of a water molecule is
Po(water) = 1.84 x 107 !8 esu-cm (10-4-1)

We will next make use of the Boltzmann distribution to determine
the polarizability of the average polar molecule in an applied electric field
E, at a temperature 7. We shall not go through the details of deriving the
Boltzmann distribution equation or justifying it. We will only assert that
statistically the dipoles will be distributed according to the distribution
function e~ "*T where W is the dipole’s potential energy in the electric
field and & is Boltzmann’s constant. That is, the probability of finding the
dipole pointing into a given solid angle dQ will be proportional to ¢~ "/*7

and dQ. We can thus write
dN — ~-WikT
70 = Ae (10-4-2)

where A is chosen to suitably normalize the distribution. If there are N,
dipoles altogether, we have

.
No=4A J e W 4Q (10-4-3)

The potential energy of a dipole p, in an applied field E, is just
W= —po-E, = —pyE, cos 8 (10-4-4)
Substituting in Eq. (10-4-3), we obtain

2r L3
No =4 J do J ePoEacostkT sin 0 df

0 0

-1

1
= 274 J ePoEaxkT gy

=== - (10-4-5)
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where
p 0 Ea
= -4-6
a T (10-4-6)
Solving for 4, we now have
Noa (10-4-7)

A= rr——
2n(e” — e

To find the average polarization we note that the only component which is
not averaged out is that along E,. If we let p be the component along E,,
we have

P = pgcosd (10-4-8)

and

A
p= oA Jpo cos 0 e AT 4Q
V]

2 1
= "pod j xe” “* dx

Ny 1
e+ e " 1
= ——— —— -4-9
po (ea _ e—-a a) (10 )

The function on the right of Eq. (10-4-9), called the Langevin function
L(a), can be expanded for small values of a:

Loy = S5 -
e —e a
~da forsmalla (10-4-10)
We have then our final result, relating p to E,,

— 1 pOZEa

3 kT
The polarizability «, is thus given by

(10-4-11)

O = T (10-4-12)
It is interesting to evaluate this for the water molecule at room temperature
(300°K). We have then
1 (1.84)% x 10736
3 (1.4 x 1071%)(300)
=27 x 107 c¢m? (10-4-13)

o, (water at 300°K) =
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Needless to say, this is an order of magnitude larger than the polarizability
of a nonpolar molecule [see Eq. (10-1-3}].

10-5 DIAMAGNETISM

We are all quite familiar with the attractive force which the pole of a magnet
exerts on a piece of iron, but very few of us realize that the same pole can
repel a drop of water. This is because the forces related to diamagnetism,
as displayed by the interaction of a magnetic field and water, are so weak
on the scale we are accustomed to that we tend to ignore them. Nevertheless,
diamagnetism represents an important example of the application of the
laws of electrodynamics on the atomic scale and an excellent experimental
tool for probing atomic structure.

Diamagnetism is most clearly observed in those atomic systems which
have no intrinsic magnetic dipole moments. In the event that such a moment
does exist, the applied field will try to align it, giving rise to paramagnetism,
a phenomenon which generally masks diamagnetism at room temperature
and which will be discussed shortly. To treat diamagnetism properly really
requires solving the quantum-mechanical Schrodinger equation in the
presence of a magnetic field; nevertheless, we can go a long way toward
understanding it by means of a crude classical model. At the very least we
will determine the order of magnitude for the effects we anticipate and their
dependence on atomic size.

We will take as our simple model an electron with charge e traveling
in a circular orbit of radius 7y, about a nucleus to which it is attracted by an
electrostatic force F,. The speed of the electron will be taken as v, ; its
angular momentum about the nucleus has magnitude L, = muvgr,.

Naturally the above atomic system has a magnetic moment g, which
is parallel and opposite in direction to L,. Purely diamagnetic molecules
can be produced by tying two of these atoms together in such a way that
their angular momenta are forced to be in opposite directions. (This anti-
correlation of the angular momenta of electrons arises out of the Pauli
exclusion principle, a rather profound rule which governs the quantum-
mechanical behavior of all particles having half-integer spin.) Alternatively,
we can produce a purely diamagnetic medium by heating it sufficiently
so as to keep the angular momenta of the molecules randomly oriented in
direction. In any case, we will assume in our treatment that there is no
preferential direction along which angular momenta are aligned, but rather
that they are uniformly and isotropically distributed.

Incidentally, we recall from Eq. (4-10-1) that a simple relationship
exists between g, and L, :

eL,

Bo =35~ (10-5-1)
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Let us see what happens when we apply a magnetic field B in the same
direction as L, (see Fig. 10-3). In the process of bringing the field up to its
final value, we will induce an electric field (Faraday’s law) which will on
the average be opposite in direction to the velocity of the electron. This
will cause the electron to speed up (because of its negative charge) and will
increase the magnitude of its magnetic moment (opposite in direction to
B). If we take a time Az to bring the magnetic field up, then we expect an
average component of electric field along the electron’s path given by

1 AD 1 B

~_ _lae_ 1 .8
ok = -+ X ¢ O A

Solving for E, we have

roB

E=_ "% 10-5-2
2¢ At ( )
In this time interval, E changes the momentum of the electron by an amount
- B
Bp = eE At = — T (10-5-3)

Before we can evaluate the change in the magnetic moment, we must find
if the radius of the orbit will be altered by the introduction of the magnetic
field. Remembering that F, is the centripetal force excited on the electron
before the field is turned on, we have

2 2
Fy =T _ Po_ (10-5-4)

The additional centripetal force needed to keep the electron in the same
orbit after the field has been turned on is just

AF = 2Po 8P (10-5-5)
mrg

But, using the result from Eq. (10-5-3) for Ap, we find

AF = — % bo B (10-5-6)

Lo
,/’——— ‘-~‘\\
\__/ B f  Fig.10-3 We apply a magnetic field Bto a
classical atom having magnetic moment g,
1 as shown. This causes a change in magnetic
Ho moment opposite in direction to B.
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This is exactly the extra force which is supplied by the magnetic field B
acting on the electron as it moves with velocity v, around the nucleus.
Hence the radius r, remains unchanged, and the change in magnetic moment
is given by

eAL  ery Ap a
2me  2mc

e’ry’B
—o (10-5-7)

Ap =

dme

In the above example, the applied field caused the (negative) electron to
speed up, inducing an increase in the (negative) magnetic moment. If indeed
we had taken L, opposite in direction to B, the electron would have started
with its magnetic moment pointing along B. It would have slowed down
upon application of the field, and, again, the change in magnetic moment
would be opposite in direction to B. Indeed, retracing our steps, we see
that Ay is again given, exactly as before, by Eq. (10-5-7).

Suppose now that we had set our atom with its magnetic moment g,
at right angles to the applied field B. As we learned back in Chap. 4 the
angular momentum and magnetic moment would precess about B as
shown in Fig. 10-4. Looking along the direction of B, we would see the
plane of the atom rotating clockwise. This clockwise rotation would look
to us like an added magnetic moment pointing opposite in direction to B.
The angular frequency associated with this precession is [see Eq. (4-10-2)]

¢B

W, =~ —
L 2me

(10-5-8)

To find the magnetic moment Apu associated with ; we must first
find R?, the mean squared distance of the electron from the axis of pre-
cession. Remembering that the magnetic moment of a current loop is equal
to the current times the area of the loop, we have

e w
|Ap| = —

O RE 5.
~ 5ok (10-5-9)

,/
/ \V

!

E #  Fig.10-4 The magnetic moment u precesses about
\ the magnetic field B giving rise to an additional
\ component of magnetic moment opposite in direc-

\ .
- tion to B.
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A simple geometrical evaluation will demonstrate that

R = % (10-5-10)
Substituting into Eq. (10-5-9), we have finally
e’r,’B
A _ - 1 - Y-
K 8mc? (10-5-11)

In fact we can combine the results expressed in Eqs. (10-5-7) and (10-5-11)
into one equation which works for any orientation:
¢&R’B

2 (10-5-12)

Apu = — o
K dmc

where again R? is the mean square distance of the electron from a line
through the nucleus and parallel to B.

It is illuminating to get some feeling as to the magnitude of Ay and
compare it with the magnetic moment of the electron itself. If we take
ro as 107® cm, we obtain

Apl = 3.5 x 10728 Besu-cm
{An|

The electron’s magnetic moment, g eL/2mc [see Eq. (4-10-4)], can be
calculated if we let L take on the quantized value of h/4n where h is Planck’s
constant. For an electron, g = 2, and hence

eh

= > 9.2 x 1072! esu-cm.
dnme

Ho

We note then that even in fields as high as 30 kilogauss the induced
magnetic moment per atom is at least three orders of magnitude less than
the magnetic moment of the electron itself. Small wonder that diamagnetic
effects are relatively small and easily masked by paramagnetic effects,
especially at low temperatures.

10-6 PARAMAGNETISM AND FERROMAGNETISM

As we have mentioned earlier, paramagnetism results from the fact that
an atomic or molecular system may have a residual magnetic moment after
all energetically feasible “cancellations” among electrons have taken place.
For example, if the molecule has an odd number of electrons, then there
is no way in which the effect of the intrinsic magnetic moment of the last
odd electron can be fully eliminated. Hence, just as when we were dealing
with an electric field and polar molecules, there will be a predisposition for
the residual magnetic moments to align themselves with the field. Again
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the extent of alignment will depend on the temperature and will be calculable
by means of the Boltzmann distribution function e~ "/, The only problem
we have is what to use for W because, as we discovered in Chap. 4, the
variation in the energy of the system as we rotate our dipole around will
depend on just exactly what we are keeping constant—the current in the
dipole, or the flux through the dipole, or perhaps something else. Indeed
it would seem at first glance that we would have to understand the detailed
dynamics of the atom itself to make some evaluation of W.

Fortunately, this is not the case. As we learned when we studied
diamagnetism, the change in the magnetic moment of our atom, even for
a fairly large applied field, is small and can be ignored. Hence, as far as an
outside observer is concerned, the dipole always has a torque equal to
Ho % B, acting on it, where g, is the magnetic moment in the absence of
field and B, is the applied field. This torque is such as to try to get s, and
B, in the same direction. Thus the externally observable mechanical behavior
of the magnetic dipole in a magnetic field is exactly the same as if we re-
placed its magnetic moment by an equal electric dipole moment and the
applied magnetic field by an equal applied electric field. We have then

W= — y-B, (10-6-1)

This leads us [see Eq. (10-4-9)] to a result for the average value of the
component of g along B given by

B=to (i’f_ﬂ - i) (10-6-2)

(10-6-3)

For small values of a we can expand the Langevin function as before with
the result
1 ”OzBa

S (10-6-4)

I

i

It is again instructive to have a look at the order of magnitude of this
polarization and compare it with diamagnetism. We can evaluate f/u,
in terms of B, and T if we allow y, to be equal to the electron’s intrinsic
moment

~ L BoBs g2 1045
> 0. -

LN
Ho 3 kT
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For comparison. we find for the case of diamagnetism that

i 2R?B
<.".) x-S~ 038 x 1077 B,
Ho diamag 4mc Ho

We see then that at room temperature paramagnetic effects are not
orders of magnitude larger than diamagnetic effects. We might just determine
the magnitude of the force on samples of a typical paramagnetic material
at room temperature in a reasonable magnetic field gradient. Let us set up
a magnetic field along the z direction of our coordinate system of the form

B = B(z) = (B, + k2)k (10-6-5)

That is to say, B increases linearly with increasing z in our region of interest.
Let us now place our sample, consisting of N paramagnetic atoms, at the
origin of our coordinate system. It will develop a total magnetic moment of
Nik:

« 1 Npg*Bok

Nik =~ — -6-
{1l 3 T (10-6-6)
Making use of Eq. (4-7-20), we find the force on the sample:
1 2B, xk
F=nNg 2B = L Mo Bork (10-6-7)

0z 3 kT
We take the following typical values (for 1 gram of sample):
N =~ 1x10%3
B, = 10,000 gauss
x = 1,000 gauss/cm
T = 300°K

Inserting these values into Eq. (10-6-7), we find the magnitude of F to be
about 175 dynes. This is not very much at all, not even 20 percent of the
weight of the sample. Clearly then, paramagnetism alone is not responsible
for the large forces on iron in the vicinity of a magnet.

Before we go on to understand the origin of ferromagnetism, we
should make one final observation related to paramagnetism. When we
develop the quantum theory of atoms, we will discover that the possible
orientations of pu, with respect to B, are quantized, whereas in our derivation
we assumed that any orientation was possible. This does not make a large
qualitative difference to our result. For example, in the case of an atom
having only a single electron spin contributing to its moment, there are
two orientations possible, parallel and antiparallel to the applied field.
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In this case the Langevin equation becomes

ji B
./.l_ tanh EEL."
Ko kT

If

> N]??“ for low field or high temperature (10-6-8)
Comparison with Eq. (10-6-4) indicates only a factor of 3 difference in the
low-field or high-temperature approximation. The agreement of quantum
theory with classical theory improves as we deal with larger atomic angular
momenta and a correspondingly larger number of possible orientations
relative to the applied field.

None of what we have donie so far would give us any clue to the re-
markable phenomena of ferromagnetism. If we take an iron atom all by
itself, then we would find that 11 of its 26 electrons would have their spins
lined up in one direction and 15 would have their spins lined up in the
opposite direction. This would imply an excess of 4 Bohr magnetons of
magnetic moment for the atom as a whole. (The unit of electron magnetic
moment, eh/2me, where h is Planck’s constant divided by 2z and m is
the electron mass, is called the Bohr magneton.) The excess moment would
actually occur in the next-to-last atomic shell which is not completely
filled. Naturally we can calculate how much magnetic field this magnetic
moment could lead to in its immediate vicinity and we could then estimate
how much correlation should exist between neighboring atoms. It is not
hard to estimate the magnitude of this effect; needless to say it is nowhere
near what is needed to establish the high degree of correlation which exists
between neighboring atoms in a crystal of iron or nickel. There must then
be a new type of “‘force” which is acting here to establish the strong tendency
of neighboring atoms to have parallel spin.

To really understand this force even qualitatively requires a study of
quantum mechanics beyond the scope of this book. One of the fundamental
rules governing the behavior of particles with intrinsic angular momentum
equal to a half-integer times Planck’s constant divided by 2n [spin =
(n/2)h] is the Pauli exclusion principle. This principle forbids two such
particles from occupying identical quantum-mechanical states at exactly
the same time. (That is why the two and only two electrons in the innermost
shell of an atom have their spins pointing in opposite directions.) One
result of this principle is the fact that two highly overlapping electron clouds
tend to have opposite magnetic moments. Now two neighboring iron atoms
in an iron crystal are bound together as a result of the sharing of the electrons
in their outermost shells. These electrons in turn act on the two sets of
aligned electrons in the unfilled inner shells and cause them to line up together
It is this so-called exchange force between the two atoms that gives rise to
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ferromagnetism. If we were to examine unmagnetized iron microscopically,
we would find that it was made up of almost macroscopic domains, each
with typical volume of about 10~ * mm?. Within a given domain the moments
of the individual atoms all point in the same direction with an average
moment per atom of about 2.2 Bohr magnetons. As we apply an external
field to the iron the domain boundaries begin to move. Those domains whose
moments are along the direction of the applied field grow at the expense
of domains whose alignment is not as fortunate. Of course, the more the
applied field, the more overall alignment we obtain until we reach the
point of saturation. At this point, typically 15,000 gauss in iron, the leading
domains have conquered all there is to conquer and no more magnetization
can be induced.

Needless to say, if we raise the temperature of our iron we reach the
point where the high correlation between neighboring atoms is destroyed.
Above this temperature, called the Curie point, iron is more or less a
paramagnetic solid.

PROBLEM

10-1. Estimate the magnetic field which one iron atom produces at the site of its
neighbor in an iron crystal. Compare the magnetic interaction energy of two
neighboring iron atoms with kT for 7 = 300°K.
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Tables

CONVERSION TO “PRACTICAL" UNITS

. Symbol Gaussian Practical Relati
Quantity ymbo unit unit elation
Distance s cm meter I meter = 100 cm
Mass m gram kg 1 kg = 1000 grams
Time t sec sec
Velocity v cm/sec meter/sec 1 meter/sec = 100 cm/sec
Work, energy W erg joule 1 joule = 107 ergs
Charge q esu coulomb 1 coulomb = 2998 x 10° esu
Current I emuy/sec ampere 1 ampere = 10! emu/sec
(abampere)
1
Electric field E gauss volt/cm 1 volt/cm = 2998 gauss
1
Electric 7] statvolt volt 1 volt = —— statvolt
. 299.8
potential
Magneticfield B gauss weber/m® 1 weber/m? = 10* gauss
Resistance R statvolt/ ohm 1 ohm = 2908 statvolt/abampere
abampere ’

339
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FUNDAMENTAL CONSTANTS

Quantity Symbol Value
Speed of light in vacuum c 2.998 x 10'° cm/sec
Fundamental charge e 4.803 x 107 % esu
Planck’s constant h 6.626 x 10727 erg-sec
Rest mass of electron m 0911 x 10727 gram
Rest mass of proton M, 1.672 x 10724 gram
Avogadro’s number No 6.022 x 10%* mole™!
Boltzmann’s constant k 1.38 x 107 !¢ erg/°K
Electron volt eV 1.602 x 107 '2 erg
Rest energy of electron mc? 0.511 x 10%eV
Rest energy of proton M,c? 0.938 x 10°eV
Bohr radius a, 0.529 x 10" % cm

SOME USEFUL VECTOR RELATIONS

Viuw) = uVv + vVu

VA-B)=(A-V)IB+(B-V)A + A x(VxB)+Bx(VxA)
V-uA) =uV-A+Vu-A

V- (AxB)=B-(VxA)—A-(VxB)

V x (uA) =u(V x A) + Vu x A
Vx(AxB)=(B:-V)A—-—(A-V)B + A(V-B) - B(V-A)
Vx(VxA)=VV.A)- VA

Vx(Vu=0

V-(VxA)=0

V-FdV:fF-ﬁdA

v 5

o

JVdeV=JﬁdeA
| 4 s

Vo dV = J g dA
Jv s

§F-dl=I(Vx F)-fdA
(o} S
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